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1. Introduction

The question of whether there exists a Banach space X on which every bounded linear
operator is a compact perturbation of a scalar multiple of the identity has become known
as the “scalar-plus-compact problem”. It is mentioned by Lindenstrauss as Question 1 in
his 1976 list of open problems in Banach space theory [32]. Lindenstrauss remarks that,
by the main theorem of [10] or [33], every operator on a space of this type has a proper
non-trivial invariant subspace. Related questions go further back: for instance, Thorp [42]
asks whether the space of compact operators I(X;Y) can ever be a proper complemented
subspace of £(X;Y’). On the Gowers—Maurey space X, [23], every operator is a strictly
singular perturbation of a scalar, and other hereditarily indecomposable (HI) spaces
also have this property. Indeed it seemed for a time that Xz, might already solve the
scalar-plus-compact problem. However, after Gowers [22] had shown that there is a
strictly singular, non-compact operator from a subspace of Xgm to Xgm, Androulakis
and Schlumprecht [4] showed that such an operator can be defined on the whole of Xgp,.
Gasparis [20] has done the same for the Argyros—Deliyanni space X,q of [5].

In the present paper, we solve the scalar-plus-compact problem by combining tech-
niques that are familiar from other HI constructions with an additional ingredient, the
Bourgain-Delbaen method for constructing special Z.-spaces [12]. The initial moti-
vation for combining these two constructions was to exhibit a hereditarily indecompos-
able predual of ¢;; such a space is, in some sense, the extreme example of a known
phenomenon—that the HI property does not pass from a space to its dual [19], [9], [6].
Serendipitously, it turned out that the additional structure was just what we needed to
show that strictly singular operators are compact. It is interesting, perhaps, to note that
the Schur property of ¢; does not play a role in our proof and, indeed, we have no general
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result to say that an HI predual of #; necessarily has the scalar-plus-compact property.
We use, in an essential way, the specific structure of the BD construction, which embeds
into our space some very explicit finite-dimensional ¢..-spaces. As well as the (now) clas-
sical machinery of HI constructions—a space of Schlumprecht type (cf. [40]), Maurey—
Rosenthal coding (cf. [35]) and rapidly increasing sequences based on ¢;-averages—we
add the possibility of splitting an arbitrary vector into pieces of comparable norm, while
staying in one of these ¢2,’s. This allows us to introduce two additional classes of rapidly
increasing sequences, and these in turn lead to the stronger result about operators.
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2. Background
2.1. Notation

We use standard notation: if A is any set, £o(A) is the space of all bounded (real-valued)
functions on A, equipped with the supremum norm || - || and ¢;(A) is the space of all
absolutely summable functions on A, equipped with the norm ||z|;=}" ., |z(a)|. The
support of a function z is the set of all a such that z(a)#0; coo(A) is the space of functions
of finite support. We shall write ¢, for the space £,(N), where N is the set {1,2,3,... }
of positive integers, and £} for ?,({1,2,...,n}). Even when we are dealing with these
sequence spaces we shall use function notation x(m), rather than subscript notation, for
the mth coordinate of the vector z.

When x and y are in cgo(A) (and more generally when the sum exists) we shall
write (y, ) for . 4 #(a)y(a). If we are thinking of y as a functional acting on x (rather
than vice versa) we shall usually choose a notation involving a star, denoting y by f*, or

something of this kind. In particular, e, and e}, are two notations for the same unit vector
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in coo(A) (given by e,(a’)=0d4.q/), to be employed depending on whether we are thinking
of it as a unit vector or as the evaluation functional z— (e}, z)=x(a). We apologize to
those readers who may find this kind of notation somewhat babyish.

We say that (finitely or infinitely many) vectors z1, z2,... in ¢gp are successive, or
that (z;)ien is a block-sequence, if max supp z; <minsupp z;1 for all 4. In a Banach space
X we say that vectors y; are successive linear combinations, or that (y;);en is a block
sequence of a basic sequence (z;);en if there exist 0=¢; <¢2<... such that, for all j>1,
y;j is in the linear span [z;:q;—1<i<g;]. If we may arrange that y;€[z;:q;—1<i<gj],
we say that (y;)jen is a skipped block sequence. More generally, if X has a Schauder
decomposition X=@p, . F, we say that (y;)jen is a block sequence (resp. a skipped
block sequence) with respect to (F,)nen if there exist 0=gyo<¢1 <... such that y; is in
@qj_1<n<qj F, (resp. @qj_1<n<q_7 F,). A block subspace is the closed subspace generated

by a block sequence.

2.2. Hereditary indecomposability

A Banach space X is indecomposable if there do not exist infinite-dimensional closed
subspaces Y and Z of X with X=Y ®Z, and is hereditarily indecomposable (HI) if every
closed subspace is indecomposable. The following useful criterion, like so much else in

this area, goes back to the original paper of Gowers and Maurey [23].

PRrROPOSITION 2.1. Let X be an infinite-dimensional Banach space. Then X is HI
if and only if, for every pair Y,Z of infinite-dimensional subspaces, and every >0,
there exist y€Y and z€Z with ||ly+z||>1 and ||y—=z||<e. If X has a finite-dimensional
decomposition (Fy,)nen it is enough that the above should hold for block subspaces.

We shall make use of the following well-known blocking lemma, the first part of
which can be found as Lemma 1 in [34]. The proof of the second part is very similar,

and, as Maurey remarks, both can be traced back to R. C. James [29].

LEMMA 2.2. Let n>2 be an integer, let €€(0,1) be a real number and let N be an
integer that can be written as N=nF for some k>1. Let (z;,)N.; be a sequence of vectors

in the unit sphere of a Banach space X.

(i) If

> (n—e)*

N
Z ixi
i=1

for all choices of signs +, then there is a block sequence y1,Ya, ..., Yn €[x;: 1<i< N] which

is (1—e)~t-equivalent to the unit-vector basis of (7.
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(ii) If

< (14¢)*

N
Z il‘i
i=1

for all choices of signs +, then there is a block sequence y1,ya, ..., Yn €[2;:1<i< N| which

is (14-€)-equivalent to the unit-vector basis of €7 .

2.3. Zo-spaces

A separable Banach space X is an .Z x-space if there is an increasing sequence (F,)nen

of finite-dimensional subspaces of X such that the union |J _n F, is dense in X and,

Fn

neN
for each n, F,, is A-isomorphic to 3™ Tt has long been known that if a separable
Zso-space X has no subspace isomorphic to ¢1, then the dual space X* is necessarily
isomorphic to ¢;. (This follows from [26, Corollary 8], and can also be deduced easily
from results in [2], [25] and [31].) It is, of course, an immediate consequence that the
dual of a separable, hereditarily indecomposable .Z,.-space is isomorphic to ¢;.

The Bourgain-Delbaen spaces X, 3, which inspired the construction given in this
paper, were the first examples of Z,,-spaces not containing c¢y.

Further results in this direction are given in [13].

2.4. Mixed Tsirelson spaces

All existing hereditarily indecomposable have, somewhere at the heart of them, a space
of Schlumprecht type; rather than working with the original space of [40], we find it
convenient to look at a different mixed Tsirelson space. We recall some notation and
terminology from [8]. Let ({;);en be a sequence of positive integers and let (6;),en be
a sequence of real numbers with 0<6;<1. We define W{[(4,,0;);en] to be the smallest
subset W of cgg with the following properties:

(1) tepeW for all keN;

(2) whenever ff, f3, ..., fr€W are successive vectors,
n
0;> [ ew,
i=1

provided n<l;.
We say that an element f* of W is of type 0 if f*=2e} for some k and of type 1

otherwise; an element of type 1 is said to have weight 6; if

fr=0;>f;
i=1
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for a suitable sequence (f)7_; of successive elements of W. It is possible for a given f*
to have more than one weight (but this does not cause problems). The reader who is
familiar with [8] should note that our W is what would there be denoted WJ. It is worth
noting that if f*€W and, for all i, g*(¢) is either 0 or £f*(7), then g*€W.
The mized Tsirelson space T[(4;,0;);en] is defined to be the completion of cop with
respect to the norm

]| =sup{(f*, z): f* € W[(,,0;)jen]}-
We may also characterize the norm of this space implicitly as being the smallest function

x> ||z|| satisfying
lj

ol =max{ el o500, 3 o 1,
=1

where the supremum is taken over all j and all sequences of finite subsets

Er <E2<...<Elj.

Schlumprecht’s original space is the result of taking [;=j and 6;=1/log,(j+1).
In the rest of the paper we shall choose to work with two sequences of natural
numbers (m;) en and (n;);en. We require m; to grow quite fast, and n; to grow even

faster. The precise requirements are as follows.

Assumption 2.3. We assume that (m;,n;);en satisfy the following:
my >4

My =m3;

ny=mg;

N1 2 (16n;)'08 Mt Zm?-H (4n;)los2mit,

A straightforward way to achieve this is to assume that (m;, n;) ey is some subse-
quence of the sequence (22j,22j2+1)j€N. From now on, whenever m; and n; appear, we
shall assume that we are dealing with sequences satisfying Assumption 2.3.

As in [8], it will be important to have good upper norm estimates for some special
vectors in a certain mixed Tsirelson space and we shall need a minor modification of
Lemma I1.9 of that work. For convenience in our calculations we work with the space

T|(Aan, m;l) jen], though our later applications 3n; rather than 4n; would suffice.

LEMMA 2.4. For g*€cop and rEN, let M,.(g*) be the number of values of i for which
95477 1F g* €W (a5 )y 5) and 7<logy m, then M,(g°) < (dngy1)" L. In
particular,

#{ieN:|g* (i) >m; 2} < (4nj,1)'o82 M0,
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For any fEW[(JZZLnj,mj_l)jeN], we have
BN F )] > m '} < (dngy )5 ™,

Proof. We proceed by induction on the size of the support of g*, noting initially
that if this support is a singleton then M,.(¢*)<1 for all r, so that there is nothing to
prove. Otherwise, for some h#jy, some n<4n; and some sequence of successive vectors

g1 €W [(Ain,, mj_l)j75j0], we have

n

* —1 *

g =my ng'
k=1

If h>jo then |g*(i)|<m;1<mj_02 for all 4, and so M, (¢g*)=0 for all r<logy, mj,.

If h<jo and |g*(i)|>4"" then for some k we have m; '|g;(i)|>4"", which implies
that |g;(i)|>4"""1. Thus
n
M,(g*) <> My 1 (gi) <n(dnjo—1)" "> <dnp(dnj, 1) > < (4njo 1),
k=1
by our inductive hypothesis applied to the gi’s, which have support smaller than that
of g*.

If we now consider an arbitrary f*€W[(y,, mj_l)jeN] we may define g* by setting

g*@:{ PG, 6> my

0, otherwise.

We note that g* € W[(Fp,, m{l)jeN], by a remark we made earlier. Since the values of

g*(i)| are all either 0 or greater than m !, ¢* is in fact in W[(@,,,m: 1), <;,] and
Jo J 7 J<Jo

#{i eN:|f* ()| >m; ' = #{ieN:[g* (i) >m '}
S#{ieN:|g" (i) >m; 2} < (4nj, )82 ™0~ O

PROPOSITION 2.5. If jo€N and f*eW[(%nj,mjl)jeN] is an element of weight

m;l, then
jo -1 -1 . .
’<f*7n'1zel>’ < { 2m}i mjo ) Zf h/<.]05
Jo = my if h>jo.

In particular, the norm of nj_ol Z?:“’l e in T[(Mnj,mj_l)jeN] is exactly mj_ol.
If we make the additional assumption that f*GW[(JZij,mj_l)j#jo] then
g ~1 -2 . .
2m, “m. if h<
D R o
= my -, if h> jo.

In particular, the norm of nj_ol S0 e in T[(Jzﬁnj,mj_l)#jo] is at most mj_OQ.
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Proof. We write
f = mh . Z fkv

where n<4ny, and f7, ..., f are successive elements of W[(e@ﬁnj,m;l)j]. If h>jo then

| £*|loo <my ', which immediately yields

Tjo
—1§ : 1
’<f*7nj0 €l> m
=1

Assuming now that h<jy, we may estimate as follows:

(s n;Zez>] mim el Y If)

(i —1, -1
i:| f* ()| >my, mj,

<mh1m +mh1 712 Z £ (8)]

il fp (@) >m !

(because the supports of the f; are disjoint)

<mh1m Ytmy ' _12#{1 | fa(i |>m

(because || f]lco <1 for all k)

1

— -1 -1,_-1 . logy mj, —1
<y, myHmyng S dng (dng, 1) 082 Mo

(by Lemma 2.4)

— —1 1 log, m;;
<my, myHmy ng ~H(4nj, )82 ™o
<m, m er L2
="""h h Jo

1, —1
<2my mg

(by Assumption 2.3 (4)).
If we make the additional assumption that f*€W{[(#,,,
calculation shows that

L) -
‘<fn Z>’ Sy g Py gty 1 6)] > m 7
=1

k=1

-1 )
m; ) j4,) an analogous

< m;lm;f+mgln;014nh(4nj0,1)1°g2 mj,—1
(by Lemma 2.4 applied to f; € W[(“4n,, m}l)j#o])

—1

2
smy,

-1 -1 —
ms, +2m,, nj,

(as before). O
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3. The general Bourgain—Delbaen construction

In this section we shall present a generalization of the Bourgain—Delbaen construction
of separable Z,,-spaces. Our approach is slightly different from that of [11] and [12],
but the mathematical essentials are the same. We choose to set things out in some
detail partly because we believe our approach yields new insights into the original BD
construction, and partly because the calculations presented here are a good introduction
to the notation and methods we use later. It is perhaps worth emphasizing here that BD
constructions are very different from the majority of constructions that occur in Banach
space theory. Normally we start with the unit vectors in the space cog and complete with
respect to some (possibly exotic) norm. The only norms that occur in a BD construction
are the usual norms of /., and ¢;. What we construct here are exotic vectors in £, whose
closed linear span is the space we want.

The idea will be to introduce a particular kind of (conditional) basis for the space
{1 and to study the subspace X of ¢, spanned by the biorthogonal elements. Since ¢,
is then in a natural way a subspace of (and in some cases the whole of) X*, we shall be
thinking of elements of ¢; as functionals and, in accordance with the convention explained
earlier, denote them by b*, ¢* and so on. In our initial discussion we shall consider the
space ¢1(N) (which we shall later replace by ¢1(I"), with " being a certain countable set
better adapted to our needs).

Definition 3.1. We shall say that a basic sequence (d )nen in £1(N) is a triangular
basis if suppd: C{1,2,...,n}, for all n. We thus have

n
* *
d;, = E Qn,m €
m=1

where, by linear independence, we necessarily have a,, ,7#0. Notice that the linear span
[dy,d5, ..., d}] is the same as [e],e5,...,ef], that is to say, the space {7, regarded as a
subspace of ¢1(N) in the usual way. So, in particular, the basic sequence (d}),en is
indeed a basis for the whole of ¢;. The biorthogonal sequence in ¢, will be denoted
(dn)nen; it is a weak™* basis for £, and a basis for its closed linear span, which will be

our space X.

PROPOSITION 3.2. If (d¥)nen is a triangular basis for ¢1(N), with basis constant M,
then the closed linear span X=[d,:neN] is an Lo rmr-space. If (d})nen is boundedly
complete, or equivalently (dn)nen s shrinking, then X* may be identified with ¢1(N),
where ||g*[|x- <[lg" L <M|lg" || x-
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Proof. In accordance with our “star” notation, let us write P for the basis projec-

tions ¢ — ¢, associated with the basis (d)nen. Thus

e [, ifmgn,

0, otherwise;

*

because e €t =[d},...,d%], we also have Ple’ =e

m

when m<n. If we modify P by
taking the codomain to be the image im P;=/7, rather than the whole of ¢;, what we
have is a quotient operator, which we shall denote by ¢,,, of norm at most M. The dual
of this quotient operator is an isomorphic embedding i,: €% — ¢ (N), also of norm at

most M. If m<n and uell, we have

*

(inu)(m) = (e, intt) = (gnep,, u) = (en,, u) = u(m).
So iy, is an extension operator £ —{.(N) and we have
[ulloo < llinulloo < Mllull

for all uel? . In particular, the image of i,,, which is exactly [dy, ..., d,] is M-isomorphic
to 7, which implies that X is an £ pr-space.
In the case where (d}),en is a boundedly complete basis of ¢1, X* may be identified

with ¢; by a standard result about bases. Moreover, for g*€/¢;, we have
lg"[[x+ =sup{(g”, z) :x € X and [|z]loc <1} <|lg"[]1-

On the other hand, if ¢* has finite support, say supp¢*C{1,2,...,n}, we can choose

wel? with |lul|=1 and (g*,u)=||¢g*|l1. The extension =i, (u) is now in X and satisfies
[z <M and  (g",z)=Ilg"[1.

Thus [lg* [t <M|lg"[|x-- H

We shall say that (d7), is a unit-triangular basis of ¢1(N) if it is a triangular basis

and the non-zero scalars a,, ,, are all equal to 1. We can thus write
* % *
dn =€, Cps

where ¢;=0 and suppc) C{1,2,....,n—1} for n>2. The clever part of the Bourgain—
Delbaen construction is to find a method of choosing the ¢} in such a way that (d})nen
is indeed a basic sequence. The idea is to proceed recursively assuming that, for some
n>1, we already have a unit-triangular basis (d}, )", _; of £7. The value of P*b* is thus
already determined when 1<r<n and b* e/}.



10 S. A. ARGYROS AND R. G. HAYDON

Definition 3.3. In the set-up described above, we shall say that an element c¢* of
07 is a BD-functional (with respect to the triangular basis (d,)7,_;) if there exist real
numbers «€[0, 1] and S€ [O, %) such that we can express ¢* in one of the following forms:

(0) ae; with 1<j<n,

(1) B(I—P;)b* with 0<k<n and b*€ball £ N[ef:k<j<n],

(2) aej+pB(I—P;)b* with 1<j<k<n and b*€ball £7N[e] :k<j<n].
We shall refer to such a functional ¢* as being of type 0, 1 or 2, respectively. The non-
negative constant J will be called the weight of the functional ¢*. We may regard a
type-0 functional as being of weight zero. Indeed, both (0) and (1) are “almost” special
cases of (2), with 8 (resp. ) equal to 0. In the construction presented in this paper,
we do not use functionals of type 0, and the constant « in case (2) is always equal to 1.

However, it may be worth stating the following theorem in full generality.

THEOREM 3.4. ([11], [12]) Let 6 be a real number with 0<0<3 and let d},=e},—c},
in €1 be such that c1=0 while, for each n, c;, €L} is a BD-functional of weight at most
0 with respect to ()" _1. Then (df)nen is a triangular basis of £y, with basis constant
at most M=1/(1—260). The subspace X=I[d,:neN] of ls is thus an Ls r-space.

Proof. Despite the disguise, this is essentially the same argument as in the original
papers of Bourgain and Delbaen. What we need to show is that P, is a bounded operator,
with || P} ||<M for all m. Because we are working on the space £1, it is enough to show
that ||Pxe

First, if n<m, then P} e} =e’, so there is nothing to prove. Now let us assume that

|<M for every m and n.

nl
n

n>m and make the inductive hypothesis that || Pyef||<M for all k<m and all j<n; we
need to look at Pper ;. We use the fact that

n
* N £ *
en+1 - dn+1 +Cn+17

with ¢}, ; €/} being a BD-functional. We shall consider a functional of type (2), which
presents the most difficulty. We thus have

Cr1 = e +0(1—Py)b",

where 1<j<k<n and «, § and b* are as in Definition 3.3, and S<6 by our hypothesis.

*

Now, because n+1>m, we have P} d;

+1=0, 0
P =abnej+B(Py,—Pa)b"

If k>m the second term vanishes, so that

[1Pnenll = allPrejll <[|Prejll,
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which is at most M by our inductive hypothesis.
If, on the other hand, k<m, we certainly have j<m so that P;e;=e}, leading to

the estimate

[ Preniall < allef |+ Bl Prb” ||+ Bl P o™

Now b* is a convex combination of functionals e;” with [<n, and our inductive hypothesis
is applicable to all of these. We thus obtain

[Pk et || <at2MB<1+2M0= M,

by the definition of M =1/(1—26) and the assumption that 0<5<6. O

The Z-spaces of Bourgain and Delbaen, and those we construct in the present
paper are of the above type. However, the “cuts” k that occur in the definition of BD-
functionals are restricted to lie in a certain subset of N, and thus naturally dividing the
coordinate set N into successive intervals. As in [27], it will be convenient to replace the
set N with a different countable set I" having a structure that reflects this decomposition.
This will also enable us later to use a notation in which an element y€I' automatically

codes the BD-functional associated with it.

THEOREM 3.5. Let (Ay)qen be a disjoint sequence of non-empty finite sets, with
#A1=1; write

q
r,=J4, and T=[]A,.
p=1 pEN

Assume that there exists 9<% and a mapping T defined on T\ A1, assigning to each
YEA 41 a tuple of one of the following forms:

(0) («a,&) with 0<a<1 and €Ty;

(1) (p,B,b*) with 0<p<gq, 0<B<O and b*e€ballly (T,\I',);

(2) (a,&,p, B,b") with 0<a<1, 1<p<gq, €T, 0<B<0 and b*eballéy (T \T)).

Then there exist dj=e%,—c3€l1(T') and projections P,  on £1(I') uniquely deter-

mined by the following properties:

* * d*a { EF 3
(A) P(O,q]d“/:{ ! ~f7 \
0, if vel'\Ty.
0, Zf 7€A17
ﬂ(IﬁP(()’p])b ) Zf T(V):(pa/gab )7

O[@Z—I—ﬁ(I—P(%’p])b*, Zf 7(7):(a7£vp7 ﬂ? b*)
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Furthermore, the family (d3)er is a basis for £1(I') with basis constant at most M =
(1—-260)~t. The norm of each projection P(’B,q] is at most M. The biorthogonal vectors
d generate an Lo ar-subspace X (I',7) of Loo(I'). For each g and each u€ls(Ty),
there is a unique iq(u)€[dy:vE€L,] whose restriction to Ty is u; the extension operator
g loc(Ty) =X (L', 7) has norm at most M. The subspaces My=[d:vEA | =1q[loc(Ag)]
form a finite-dimensional decomposition (FDD) for X; if this FDD is shrinking then X*

is naturally isomorphic to ¢1(T").

Proof. We shall show that, with a suitable identification of I" with N, this theorem
is just a special case of Theorem 3.4. Let k,=#I", and let n—vy(n): N—I be a bijection
with the property that Ay ={~(1)}, while, for each ¢>2, Ag={y(n):kq—1 <n<kq}. There
is a natural isometry J: €1 (N)—£1(I') satisfying J(ej,)=e ). It is straightforward to
check that if dj,=J~"(d,,
(The cuts k that occur in the BD-functionals ¢}, are all of the form k=k,.) All the
assertions in the present theorem are now immediate consequences. The projections
B (B#J]
projection of Theorem 3.4. When ordered as (d(n))nen, the vectors d, form a basis of

)=e} —c, then the hypotheses of Theorem 3.4 are satisfied.

whose existence is claimed here are given by P("E) al =J P,:q J~1, where P} is the basis

their closed linear span, which is an . a-space. The extension operator, which (by
abuse of notation) we here denote by 44, corresponds to the iy, that occurs in the proof
of Proposition 3.2. The assertions about the subspaces M, =[d.(,):kq—1<n<k,] follow
from the fact that (d(n))nen is a basis. O

We now make a few observations about the space X=X (I, 7) and the functions d,
taking the opportunity to introduce notation that will be used in the rest of the paper.
We have seen that for each y€A,, 1 the functional d7 has support contained in I';, U{v}.
Using biorthogonality, we see that d, is supported by {y}U(I'\I';,41). It should be noted
that we should not expect the support of d,, to be finite; in fact, in all interesting cases,
we have X Neco(T')={0}.

As noted above, the subspaces M, =[d,:y€A,,] form a finite-dimensional decompo-
sition for X. For each interval ICN we define the projection Pr: X%@ne[ M,, in the
natural way; this is consistent with our use of P(T), n] in Theorem 3.5. Most of our argu-
ments will involve sequences of vectors that are block sequences with respect to this FDD.
Since we are using the word “support” to refer to the set of v where a given function is
non-zero, we need some other terminology for the set of n such that z has a non-zero
component in M,,. We define the range of x, denoted ranx, to be the smallest interval
ICN such that z€@P,, .,
r=i4(u), where u=x|p, €l (I'y) satisfies I',Nsupp u=9.

M,,. Tt is worth noting that if ran z=(p, ¢] then we can write



THE SCALAR-PLUS-COMPACT PROBLEM 13

4. Construction of B, v and Xk

We now set about constructing specific BD spaces which will be modelled on mixed
Tsirelson spaces, in rather the same way that the original spaces of Bourgain and Delbaen
have been found to be modelled on £,,. We shall adopt a notation in which elements v of
A, 41 automatically code the corresponding BD-functionals. This will allow us to write
X (T') rather than X (T, 7) for the resulting .Z..-space. To be more precise, an element ~
of A,11 will be a tuple of one of the forms:

(1) y=(n+1,5,b*), in which case 7(v)=(0, 8, b*);

(2) y=(n+1,¢,6,b*), in which case 7(y)=(1,{,rank &, 3,b*).

In each case, the first coordinate of v tells us what the rank of ~y is, that is to say
to which set A, 41 it belongs, while the remaining coordinates specify the corresponding
BD-functional.

It will be observed that BD-functionals of type 0 (in the terminology of Defini-
tion 3.3) do not arise in this construction and that the p in the definition of a type-1
functional is always 0. In the definition of a type-2 functional, the scalar « that oc-
curs is always 1 and p equals rank¢. We shall make the further restriction that the
weight G must be of the form mj_l, where the sequences (m;)jen and (n;);jen satisfy
Assumption 2.3. We shall say that the element v has weight mj_l. Notice that here (in
contrast to §2.4) the weight is unambiguously defined. In the case of a type-2 element
y=(n+1,¢, mj_l, b*), we shall insist that £ be of the same weight mj_1 as .

To ensure that our sets A, ; are finite, we shall admit into A,; only elements
of weight m; with j<<n+1. A further restriction involves a recursively-defined function
which we call age. For a type-1 element y=(n+1, 3,b*) we define agey=1. For a type-2
element y=(n+1,¢, m;l, b*), we define age y=1+age &, and further restrict the elements
of A,,+1 by insisting that the age of an element of weight m;l may not exceed n;. Finally,
we shall restrict the functionals b* that occur in an element of A, by requiring them
to lie in some finite subset B,, of ¢1(T';). It is convenient to fix an increasing sequence of

natural numbers (N, )nen and take B, ,, to be the set of all linear combinations

* *
b* = E ane,,

WEFH\FP

where }2, cr \r, |ay|<1 and each ay is a rational with denominator dividing Ny!. We
may suppose the N,, are chosen in such a way that B, , is a 27"-net in the unit ball of

£,(T'»\I'p). The above restrictions may be summarized as follows.
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Assumption 4.1.

n+1
Apt1 € U {(n—|-1,mj_1, b*):b* € By}

Jj=1

P
U U {(n+1,¢, m;l, b*): £ e Ay, weight £ = m;l, age&<n;,b*€By,}.
We shall also assume that A, 1 contains a rich supply of elements of “even weight”,

more exactly of weight m;l with j even.

Assumption 4.2.

[(n+1)/2]
A1 |J {n+1,my)} b):b" € By}
=1

n—1 |p/2]
U U U {(n+1,£,m2_jl, b*): &€ Ap,weightfzmg_jl,agef <ngj,b* € By}

p=1 j=1
For our main construction, there are additional restrictions on the elements with
“odd weight” mgjlfl. However, there is some interest already in the space we obtain
without making such restrictions. We denote this space B, 7; it is an isomorphic predual
of ¢; which is unconditionally saturated but contains no copy of ¢g or ¢,. An analogous
space Br, modelled on the standard Tsirelson space, rather than a mixed Tsirelson

space, was constructed a few years ago by Haydon [28].

Definition 4.3. We define B,r=Bn,r[(m;j,n;)jen] to be the space X (I'), where
I'=T"™2 ig defined by the recursion A;={1} and
n+1
Api1= U {(n—l—l,m]-_l, b*):b" € By}
j=1
n—1 p
U U U{(n—f—l,{,m;l,b*) €€ Ap,weightfzmgl, age&<n;,b*€By,}.
p=1j=1
The extra constraints that we place on “odd-weight” elements in order to obtain
hereditary indecomposability will involve a coding function that will produce the ana-
logues of the “special functionals” that occur in [23] and other HI constructions. In our
case, all we need is an injective function o: I'—N satisfying o(y) >rank-y for all 4. This
may easily be included in our recursive construction of I'. We then insist that a type-1

element of odd weight must have the form

(n—|—1,m2_j171,ef7)
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with rank n<n and weight n:mgil_2 <”2_j2—17 while a type-2 element of odd weight must
be

(TL+17 fa m2_j1—17 6;;)
with rank £ <rank n<n and weight n:m;;(g).

Definition 4.4. We define Xk =Xk [(m;,n;)jen] to be the space X (T'), where I=T'%
is defined by the recursion A;={1} and

[(n+1)/2]
Anii= | {(n+1,my,b):b" € By}
j=1
n—11p/2]
UU U {(n+1,§,m2_j1,b*):f6Ap,weightﬁzmgjl,age§<n2j,b*EBWL}

p=1 j=1
L(n+2)/2]
U U {+1,myl ep)inel, and weightn=mj', <ny”,}
j=1
n—1[(p+1)/2]
UU U {(n+17§7m2_j1_17€:;)ZSEAP,Weighté.:mgjl_l’

p=1 j=1 . .
agef <ngj_1,n €, \I'y, weight n = m401(£)}.
Although the structure of the space X (I') is most easily understood in terms of the
basis (d,)er and the biorthogonal functionals d7, it is with the evaluation functionals
e’ that we have to deal in order to estimate norms. The recursive definition of the

functionals d7 can be unpicked to yield the following proposition.

PROPOSITION 4.5. Assume that the set I' satisfies Assumption 4.1. Let n be a pos-
itive integer and let v be an element of A, 1 of weight m;l and age a<n;. Then there
exist natural numbers 0=py<p1<...<ps=n-+1, elements &1, ...,{, =" of weight m;l with
&€, and functionals bre€ball1(T',, _1\Tp,. ) such that

a a a a
* * —1 * * * —1 * *
=D dg Amit Y P, b= de tmt Y PG b
r=1 r=1 r=1 r=1

If 1<t<a then we have

a a
* %k * —1 * *
€y =€ T Z d5r+mj Z P(Pr—lvoo)br :
r=t+1 r=t+1
Proof. Given Assumption 4.1, this is an easy induction on the age a of v. If a=1

then ~ has the form (n+1, mj_l, b*) and

* g% *
ey, =d+c,
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where ¢, is the type-1 BD-functional

* —1 p* B —17%
cy=m; Pl o)b" =m; b,

with b*€ By, Chall ¢1(T',,). So, if we set po=0, py=n-+1, bj=>b* and & =, we have

-1

* * * * * —1 px*x *
e’)’:d€1 +mj P(;Dmoo)bl:dﬁl +m; P(poml)bl'

J

If a>1 then « has the form (n+1,¢, m;l, b*) and ¢ is the type-2 BD-functional

* %k —1 px*x *
= egtmy B, o)b"
If we apply our inductive hypothesis to the element £ of weight m;l, rank p and age

a—1, we obtain the desired expressions for el O

We shall refer to the first identity presented in the above proposition as the evaluation
analysis of v and shall use it repeatedly in norm estimations. The form of the second
term in the evaluation analysis, involving a sum weighted by mj_l, indicates that there is
going to be a connection with mixed Tsirelson spaces; the first term, involving functionals
dg, with no weighting, can cause inconvenience in some of our calculations, but is an
inevitable feature of the BD construction. The data (p.,b%, &), will be called the
analysis of v. We note that if 1<s<a the analysis of &, is just (p,, b, & )5_;.

With the definition still readily at hand, this is a convenient moment to record an
important “tree-like” property of odd-weight elements of T'X, even though we shall not

be exploiting these special elements until later on.

LEMMA 4.6. Let v and ~' be two elements of T'K both of weight mz_fL1 and of ages
aza', respectively. Let (pi, ey, ,&i)i_q, resp. (p;,e;;;,gg)g‘;l, be the analysis of -y, resp. .
Then there exists 1 with 1<I<da’ such that {,=§; when i<l, while weight n; #weight n/
for all j when I<i<d'.

Proof. If weight n;#weight n; for all >2 and all j, then there is nothing to prove
(we may take [=1). Otherwise, let 2<I/<a be maximal subject to the existence of j
such that weight n; =weight 77;. Now this weight is exactly Myg(¢)_ ), which means that j
cannot be 1 (because the weight of 77 has the form myy_2). Thus o(§]_;)=0(£;-1), which
implies that §_,=¢;_1 by the injectivity of o. Since [—1=age¢ , and j—1=age;_1,
we deduce that j=I. Moreover, since the elements &; with i<l/—1 are determined by
&1—1, we have &;=¢! for i<l. O

In the remainder of this section, and in the next one, we shall be dealing with a space
X=X (T') and shall be making the Assumptions 4.1 and 4.2. Our results thus apply both
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to B, and Xk. We note that, since the weights m; Lare all at most =, the constant M
in Theorem 3.5 may be taken to be 2. This leads to the following norm estlmates for the

extension operators i,, and for the projections P associated with the FDD (M, )nen:

linll = 1Pomll <2, [1Pnoo)ll <3: [[Pannill <4, el = 1 Panke, 00y €€l <3

Assumption 4.2 enables us to write down a kind of converse to Proposition 4.5 which will

lead to our first norm estimate.

PROPOSITION 4.7. Let j and a<ng; be positive integers, let 0=po<pi<...<p, be
natural numbers with p122j and let b} be functionals in By, _, p,—1 for 1<r<a. Then

there are elements &, €'y, such that the analysis of y=¢&q is (pr, b%, & )5 ;.

Proof. This is another easy induction on a. For a=1, Assumption 4.2 and the

hypothesis that p; >2j guarantee that the tuple & =(ps, mgjl, bt) is in '), . We continue
recursively, setting £r+1—(pr+17€r7mgj 0y i) O

PROPOSITION 4.8. Let (z,)%_; be a skipped block sequence (with respect to the FDD
(Mp)nen) in X. If j is a positive integer such that a<ng; and 2j<minranxs, then

there exists an element v of weight mz_j1 satisfying

Z-Tr 2 m2j1 Z @]

Hence
a

P

r=1

> mgf Z [

Proof. Let pg=0, and choose p1, pa, ..., p, in such a way that ran z,C (p,—1,p,). Thus

we have x, =iy _1(u,), where the element u,=x,|r, _, has support disjoint from I', _,.

Since ||i,,|| <2 for all n, we have ||u,||>3||z,||, and so there exist 1, €Iy, _1\I',,_, with

[y ()] = 5l -

The functional by ==e; is certainly in B, _1 and with a suitable choice of sign we

r—1,Pr

may arrange that
<b:f7 xr> = ‘ur(nrﬂ > %ern

By Proposition 4.7, there is an element v of A, whose analysis is (p,, b}, & )%—;.

We shall use the evaluation analysis to calculate

Silxm):@, y

s=1
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For any r and s, x5 €[de:ps—1 <rank { <p;], while rank &, =p,, whence
(di.,x5)=0 forall r and s,

while
(P

Dr—1,Pr

)b:7x5> =7, Pp,_1,p.)%s) =0,

for all r#s. In the case r=s we have

<P(>;0r—hpr)b:’ ) = (b, P(p7‘717pr)'r7'> = (b, ).

The evaluation analysis thus simplifies to yield

a - a . 1 a
S a) =ma S > gyt S el =
r=1 r=1 r=1

The lower estimate we have just obtained indicates that there is a close connection
between our space X and mixed Tsirelson spaces of the kind considered in §2.4. With a
bit more work, one can show that a normalized skipped-block sequence in X dominates
the unit vector basis of T'[(.%7,,,, mgjl) jen]. We shall not need this more precise result in

the present work.

5. Rapidly increasing sequences

We continue to work with the space X=X (I'), introduced in the previous section. We
saw in the last section that skipped block sequences admit useful mixed Tsirelson lower
estimates provided Assumption 4.2 holds. We now pass to a class of block sequences that
admit upper estimates of a similar kind provided Assumption 4.1 is true. The following

definition is a variant of something that is familiar from other HI constructions.

Definition 5.1. Let I be an interval in N and let (zy)rer be a block sequence (with
respect to the FDD (M, )nen). We say that (zx)ker is a rapidly increasing sequence, or
RIS, if there exists a constant C' such that the following hold:

(1) ||lzg||<C for all kel,
and there is an increasing sequence (ji)ges such that, for all &,

(2) Jr4+1>maxranzy,

(3) |zk(7)|<COm; ! whenever weight y=m; " and i< jj.

If we need to be specific about the constant, we shall refer to a sequence satisfying

the above conditions as a C-RIS.
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LEMMA 5.2. Let (z)rer be a C-RIS and let (ji)rer be an increasing sequence of

natural numbers as in the definition. If y€I' and weight *y:mi_l then, for any natural s,

6Cm;, if i <ir,

el P )| <
€3 Py 7] {3Cmil, if i e

Proof. We first consider the case where i>jk4+1, noting that this implies that
i>maxranzy by RIS condition (2). As in Proposition 4.5, we may write down the

evaluation analysis of v as

(03 (07
=D diAmit Y b Py, oo,
r=1 r=1

where 0=py<...<pq—_1, and b} is a norm-1 element of ¢1(T'), supported by 'y _1\T',._,,

1 1

while &, is of rank p, and weight m; ~. Since A, contains no elements of weight m;

unless ¢4, we must have p; >¢. Thus p; >maxran zy, from which it follows that

Py, 00)°P(s,00)Tk = Psvp, 00) Tk =0

for all r>1. For the same reason, we also have
<dZT7 P(s,oo)xkr> = <P[’;T,oo)egr7 P(s,oo)wk> = <€ZT7 P(S,OO)P[pr,oo)‘rk?> =0
for all r. We are left with
(€2, Prs,coy i) =m; (BT, Plsooy )| <my || Prs ooyl lok]] < 3Cm;

In the case where i <ji, we again use the evaluation analysis, but need to be more
careful about the value of s. Since we shall need this argument again, we state it as

a separate lemma. Clearly, what we need here is an immediate consequence if we put
§=Cm;". O

LEMMA 5.3. Let i be a positive integer and suppose that x€X has the property that
lz||<C and |x(§)|<d whenever Weightfzmjl. Then for any s and any v of weight

1

m; ~ we have

1{€3, Ps,00)T)| < 204+4Cm; L.

Proof. As before we consider the evaluation analysis

= dr +mi b e Py, o).
r=1 r=1
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If s>p, then P(*;,oo)ei:O. If 0<s<p1, by applying P(*E),s] to each of the terms in the

evaluation analysis, we see that
* * %k * * % —1 px*x *
P(&OO)G'Y - e’y*P(O,S]ev =y Ty P(Ovs]bl’
which leads to
(€35 Ps,o0) )| < 0+my 1] | P, | || < 5+2Cm;

by our assumptions.
In the remaining case, there is some ¢ with 1<¢<a such that p,<s while p;y1>s.

As in Proposition 4.5, we may rewrite the evaluation analysis of v as
a a
k * —1 *
e'y _ezt—i_ Z dEr—’_ml Z P(zr_l,w) (b’l")’
r=t+1 r=t+1

which gives us

Fla )05 = & = Fo g (€3) = €5 =, =mi Py, (bi4)-

When we recall that weight &, =weight v, this yields

(€3, Pls,ooy@)| < 20+mi [P, gl ]l <4Cm,

(pt,s

as above. O

PROPOSITION 5.4. (Basic inequality) Let (xg)rer be a C-RIS, let A\ be real num-
bers, let s be a natural number and let v be an element of T'. Then there exist ko€l and
a functional g*eW[(%nj,mj_l)jeN} such that

(1) either g*=0, or weight(g*)=weight(y) and supp g* C{kel:k>ko};

2)
‘<€:, P(S,OO) Z /\k$k>‘ <4C)\k0|—|-60<g*, Z |/\k|€k>

kel kel

Moreover, if jo is such that

o <
‘<€§7 Z Akxk>‘ \Oglea;(|kk|a

keJ

for all subintervals J of I and all €T of weight mj_ol, then we may choose g* to be in
W{( sy m5 ) jt0] -
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Proof. We proceed by induction on the rank of v, noting that if « is of rank 1 then

we have P’ _ eX=0 whenever s>1, so that

(s,00) Y
« 0, ifs>1,
<efyaP(s,oo)ZAkxk:>:{ if
= Mzi(y), if s=0.
Thus ky=1 and ¢g*=0 have the desired property.

Now consider an element 7 of rank greater than 1, of age a and of weight mgl.
Taking (jx)ren to be a sequence as in the definition of RIS, we shall suppose that there
is some [ €1 such that j;<h<jj+1. (The cases where h<jy for all k€l and where h>jr11
for all kel are simpler.)

We split the summation over k into three parts as follows:

<€:, P(s,oo) Z Ak$k> = Z Ak <€:, P(s,oc)l'k>+<eikyu P(s,oo))\lxl>+ <€:, P(s,oo) Z )\kxk>a

kel kel kel
k<l k>1

and estimate the three terms separately.
When k<! we have h>j; > jr+1 so that

|<€:k/, P(s,oo))‘kxk>| < SCmgl\)\M < 3Cm;k1|/\k|,

by Lemma 5.2. Using the inequality m;>47, which follows from Assumption 2.3 (2), we

obtain

Z >\k<€j;,7 P(s,oo)xk>

kel
k<l

o0
-1 -1
<30 kél m;, |\ <3C E lmj max |Ar| < Crilgi<|)\k|.
j=

For the second term, we have the immediate estimate

\< P@,w)mﬂ <Py | I | < 3CIA-

Thus, putting the first two terms together, we have
‘ <e;, P(S’Oo) ; )\kxk> ‘ < Crilg?( |)\k|+30|)\l| < 4C|)\k0 | (5.1)

for a suitably chosen ko <lI.
We now have to estimate the last term

(o5

kel’

)
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where I'={ke€l:k>1} and z} =P oc)Tr. We shall use the evaluation analysis of -,

a a
—1 *
eh =D di Amyt Y biePy, o)
r=1 r=1

Let I)={keI':ranz}, contains p, for some r}, noting first that #Ij<a and secondly
that for keI’\I) the interval ranz) meets (p,_1,p,) for at most one value of r. If, for
r>1, we set I'={kel'\I}:ranx; meets (p,_1,p,) but no other (p, _1,p,)}, then each
I’ is a subinterval of I’ and we have

<€:, .Z‘;C> = mi:1<b:’ P(pr—laoo)'r;€> = mi:1<b:’ P(S\/pr71,00)mk>

if keI (r>1), while

<€:,ZL‘;€> =0

if keI'\Ur_, I... Thus,

<efy, Z )\kz;€> = <efy, Z )\kx§€>+m}:1 Z<b:, Plsvp,_1,00) Z )\kxk>.
r=1

kel kel kel
Applying Lemma 5.2, we see that, for any kel’,
|<6f/7 x;€>| = |<€,>§,, P(s,oo) (xk)>| < 6C’m,:1.

Applying this inequality just to the k€I, we deduce that

<e;‘, Z /\kﬂf;c>‘ <6Cm; " Z |Ak|+mj !

kel’ kel

a

Z<b?vp<svpm,oo> > )\kifk>‘ (5.2)

r=1 kel

Now, for each r>1, the functional by is a convex combination of functionals +e; with

pr—1<rankn<p,, so we may choose 7, to be such an n with
(5P 3 At < (P 3 )|
kel kel

For each 7, we may apply our inductive hypothesis to the element 7, €I, the RIS (2x)rer
and s'=sVp,_; obtaining k. €] and g} € W (3, mj_l)jeN] supported on {ke€l:k>k,}
satisfying

‘<e;;T,P(svpr_m) > Akmk>’ <4C|)\kr|+60<g:, > |)\k|ek>. (5.3)

kel kel
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We now define g* by setting

s = (X e doter v ).
kel r=1
This is a sum, weighted by m; ', of at most 3n, functionals in W[(Mg,nj,mj_l)jeN], sup-
ported by disjoint intervals, and is hence itself in W[(<73p;, mj_l)jeN}. Putting together
(5.1), (5.2) and (5.3), we finally obtain

o)

r=1 kel

Z<62T7P<s,oo> > Akxk>’

r=1 kel

‘<62,P(S7Do) Z)\kmk>‘ <4C|)\k0|+6Cm}:1 Z |)\k\+m}:1

kel kel

<AC| Ao |[+6Cmy > [ Ag|+my !
kel

<0 60zt (3 el 30 (el (o7, 3 ke ) ))
=1 kel

kel

<40Vl +00(07, 3 e )

kel’

If jo satisfies the additional condition set out in the statement of the theorem, we
proceed by the same induction. The base case certainly presents no problem. When we
pass to the inductive step, considering v with weight 7:m,:1, it is necessary to consider
separately the cases h#jo, and h=jj,. In the first of these cases, the proof proceeds
unchanged, since we may assume inductively that the g introduced above have been
chosen to lie in W[(,!Z{gnj,m;l)j¢j0].

Finally, if h=7jy we have a simple way to estimate

<€:,, P(s,oo) Z )\k(Ek>.

kel

Indeed there is at most one value of k, say [, for which s is in ran zy and P, o0)2r=0 for
k<l. If we set J={kel:k>I} we then have

<eikya P(spo) Z Akxk>

kel

<P 4] (5, 3 |

keJ

By our usual estimate || P, «)||<3 and the assumed additional condition, this is at most
4C'| Ay, | for some I<koel. We can then take g*=0. O
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COROLLARY 5.5. Any RIS is dominated by the unit vector basis of
T[(%n]‘ ) mgl)jEN]‘

More precisely, if (xg)rer is a C-RIS then, for any real M\, we have

Z)\kxk Z)\kek

kel kel

<10C

)

where the norm on the right-hand side is taken in T[(,Qf;;nj,mj_l)jeN].
As well as this domination result, we shall need the following more precise lemma.

PROPOSITION 5.6. Let (v1),2°, be a C-RIS. Then
(1) For every y€T with weight y=m; ' we have

o -1, -1 . .
”flzxm)‘ <{ 0GR do
it ACn; ' +6Cmy ", if h=jo.

In particular, if h>jg, we have

”J'o
-1 —2
nj, Zka‘ < 10Cm; ",
k=1
and also
Mo
-1 -1
nj, Z:ck glOC’ij .
k=1

(2) If Mg, 1<k<ny,, are scalars with |A\;|<1 and having the property that

> Akmk(V)’ < Cmax Ay
ke

for every v of weight m;ol and every interval JC{1,2,...,n;,}, then
Jo

—1 E :
njo )\kak

k=1

<10Cm;”.

Proof. This is a direct application of the basic inequality, with all the coefficients
Ak equal to nj_ol. Indeed, for (1) there exists g*GW[(,szfgnj,mj_l)keN] (either zero or of
weight m; ') such that

Tjo

Mjg
nj_ol Z xk('y)‘ < 4C’nj_01+6C<g*, nj_ol Z ek>.
k=1

k=1
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Using Proposition 2.5 to estimate the term involving g*, we obtain

< { ACn; t+12Cm; tmy Y, if h < o,
ACn; ' +6Cm, ", if h > jo.

njo ’

nt Y k()

k=1

2
Jo*

If the scalars Ay satisfy the additional condition, then the ¢g* whose existence is

The formulae given in (1) follow easily when we note that nj, is larger than m

guaranteed by the basic inequality may be taken to be in W[(ﬂfgnj,mj_l)#jo} so that
the second part of Proposition 2.5 may be applied, yielding

o -1 -2 1 . .
nflz m)’g{wnﬁ) +12Cm; 2myt,  if h<jo,
et ACn; ' +6Cm, ", if b > jo.

This leads easily to the claimed estimate for

. O

njo
nt Z AT
Jo KLk
k=1

It turns out that in our space there are three useful types of RIS. One of these
is based on an idea that will be familiar from other constructions, that of introducing
long ¢1-averages. We defer our discussion of this construction until a later section. We
shall deal first with the other two types of RIS, which involve the £, structure of our
space, and provide the extra tool that we eventually use to solve the scalar-plus-compact
problem.

We have already remarked that the support of an element of X is not of great
interest—indeed the support of any non-zero element of X is an infinite set, and contains
elements ~ of I' of all possible weights. There is, however, a related notion which is of
much use. Recall that a vector z whose range is contained in the interval (p,g] can be
expressed as iq(u), where u€l(I'y) and supp(u) CI'¢\I',. It turns out that the support
of u contains a lot of information about x. We shall refer to supp(u) as the local support.

A formal (and unambiguous) definition may be formulated as follows.

Definition 5.7. Let  be a vector in @, .y M, and let g=maxran z; thus  may be
expressed as iq(u) with u=z|p,. The subset suppu={yely:2(7)#0} is defined to be

the local support of x.
The following easy lemma uses an idea that has already occurred in Lemma 5.2.

LEMMA 5.8. Let v€T' be of weight m;l and assume that Weight(ﬁ);ém;l for all &€
in the local support of x. Then |z(v)|<3m; ||z].
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Proof. Let g=maxranxz so that x=i,(z|r,) and, by hypothesis, weightf;ém,:l
whenever £€T'; and x(§)#0. If ranky<¢ we thus have z(y)=0 and there is nothing

to prove. Otherwise we consider the evaluation analysis of v,

a a
—1
=D i Amit D b Py, )
r=1 r=1

and let ¢ be chosen minimal subject to p;=rank & >q. (Since y=¢, such a t certainly

exists.) As in Lemma 4.5, we may rewrite the evaluation analysis as

a a
* * * —1 *
67:6&4- Z d5r+mh Z bTOP(prflaOO)'
r=t+1 r=t+1

For r>t we have p,._1 >maxranz, whence P, _, -)r=0, and similarly <dzr, 2)y=0 for all
r>t. It follows that

. B m;1<b§7 P(ptfhoo)x)—l-(eztil,m}, ift>1,
.T("}/)—<6§”£C>— —1 /1% .
m,, " (b}, x), ift=1.
Since, in the first of the above cases, we have rank &_1 <q and weight ft_lzm,jl, which

imply (eg, ,,2)=0, we deduce that in both cases
() =m0y, (b, Plp, 1 o0yz)| < 3, |- O

We can now introduce two classes of block sequences, characterized by the weights
of the elements of the local support.

Definition 5.9. We shall say that a block sequence (zy)ren in X has bounded local
weight if there exists some j; such that weight 7>m;11 for all v in the local support of
xy, and all values of k. We shall say that (zy)reny has rapidly decreasing local weight
if, for each k and each v in the local support of 41, we have weight 7<m;k1, where

ip=maxran Tg.

PROPOSITION 5.10. Let (zp)ren be a bounded block sequence. If either (zy)ren has
bounded local weight, or (zy)ren has rapidly decreasing local weight, then the sequence

(zk)ken is an RIS.

Proof. We start with the case of rapidly decreasing local weight and let mj_k1 be
the maximum weight of an element v in the local support of xj. By hypothesis, ji4+1>
max supp % so that RIS condition (2) is satisfied. Also, if h<jj and ~ is of weight my,
then |z (7)|<3mj, !||z|| by Lemma 5.8. So (zx)ren is a C-RIS with C'=3supy, ||zx]-
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Now let us suppose that weight ’y}mj_ll for all v in the local support of x; and all k.
For k>2 define jy=1+max supp xy_1, thus ensuring that RIS condition (2) is satisfied. If
weight y=m; !, where h<j, there are two possibilities: if h>j; then |vx(7)|<3m; |||
by Lemma 5.8; if h<ji then |z4(7)|<||zk||<my, 'my, |2xll. Thus (zx)ken is a C-RIS,
where C is the (possibly quite large) constant m;, supy, ||zx]|. O

PROPOSITION 5.11. Let Y be any Banach space and T:X(I')—=Y be a bounded
linear operator. If ||T(x)||—0 for every RIS (ap)ren in X(T) then ||T(zx)||—0 for
every bounded block sequence in X (T).

Proof. 1t is enough to consider a bounded block sequence (zj)ren and show that
there is a subsequence (%;);en such that || T'(z})||—0. We may write =i, (ugx) with
uk:xk|qu supported by I'q, \I'y,_,. For each k and each NeN, we split uy as vfgv —|—w,iv,
where, for yel'y, ,

e . o )
0, otherwise, 0, otherwise,

and set
lecV =g, (vljcv) and Zl]cv =g, (wljcv)

We notice that [[y2 [|<||ig, || |v2 | <2||xk||, with a similar estimate for ||z7' ||, so that the
sequences (Y2 )xen and (2} )gen are bounded. We note also that weight y>m ' for all y
in the local support of y,iv and weight”y<m;,1 for all v in the local support of z,iv .

So, for each N, the sequence (y2 )xen has bounded local weight and is thus an RIS,
by Proposition 5.10. By hypothesis, || T(y2)||—0 for each N. Hence we can choose a
sequence (ky)nen tending to co such that HT(y,JCVN)H—>O. If we put Ny=1 and then,

recursively, set NjH:quj, it is easy to see that the sequence (z,ivzi _)j N has rapidly
J

decreasing local weight. Thus this sequence is an RIS and we hence have ||T(z,iv )||—0.

Since Thy, zy,ivzéj —&—zgjj , setting Jc; =Tpy, We have found a subsequence (xg)jeN of (k) ken
with ||T(x%)|—0. O

The above proposition will play an important role in proving compactness of oper-
ators, but in the meantime we shall use it to give our promised proof that the dual of X

is £1. There is an alternative approach using /;-averages.
PROPOSITION 5.12. The dual of X (T') is ¢1(T).

Proof. As we have already noted in Theorem 3.5 it is enough to show that the FDD
(M,)nen is shrinking, that is to say, that every bounded block sequence in X is weakly
null. So let ¢ be an element of X*. By the upper estimate of Proposition 5.6 we see that



28 S. A. ARGYROS AND R. G. HAYDON

p(zr)—0 for every RIS (zx)ren. Now Proposition 5.11, applied with T'=¢, shows that
o(xr)—0 for every bounded block sequence (zy)ken- O

Remark. We can see that X (I') has many reflexive subspaces. Indeed, suppose that
(gn)nen is an increasing sequence of natural numbers, and that, for each n, F, is a finite-
M. Then (F,)nen is an FDD for the subspace

W:@Fn,

neN

dimensional subspace of @, ., .,
n n

and (F,)nen is shrinking because (M, )nen is. But (Fp,)nen is also boundedly complete,
by the lower estimate of Proposition 4.8. Thus W is reflexive. We shall see later in §9
that W* is hereditarily indecomposable whenever W is a subspace of this type in the
space Xg.

6. Exact pairs and dependent sequences

In the first part of this section, we shall still only be using Assumptions 4.1 and 4.2, so
that our results will apply when X is either of the spaces B,r and Xk. The special
properties of the second of these spaces will come into play only from Definition 6.3

onwards.

Definition 6.1. Let C>0 and let e€{0,1}. A pair (z,n)€X xT is said to be a
(C, j,e)-exact pair if
(1) [{dg,z)|<Cmj " for all £€T;
(2) weightn:mj_l,
(3) ll=[[<C and z(n)=¢;
(4) for every element 7’ of I' with weight ’=m,; 17&mj_1, we have

Ccm; Y, ifi<jy,
< { Sy R
Cm; =, ifi>j.
Remark. Tt is an immediate consequence of Lemma 5.3 that a (C, j, €)-exact pair

also satisfies the estimates

6Cm; ', ifi<y,

€, Ploooyr)| <
[(ens Plooo))| {6ij1, ifi> 4,

for elements 7’ of T" with weight n’:mi_l#mj_l.
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It will be seen that these estimates, as well as those in the definition, have much in
common with those of Lemma 5.2. Our first task is to show how we can construct exact
pairs, starting from an RIS. For the moment, we are only concerned with the case e=0;

the case e=1 will become important when we come to the HI property in §8.
LEMMA 6.2. Let (zy),%, be a skipped-block C-RIS, and let qo <q1<...<@n,, be nat-
ural numbers such that ranx, C(qx—1,qx) for all k. Let z denote the weighted sum

n2;

-1 2 :
z:mganj Tk
k=1

For each k let b be an element of By, ,,q.—1 with (b}, xk)=0. Then there exist (;€A,,,
1<i<ny;, such that the element n=C,,, has analysis (qi,b%,G)i2 and the pair (z,7m) is
a (16C,27,0)-ezxact pair.

Proof. For any £€T, <d2, xy) is non-zero for at most one value of k, and so
({dg, )| =magng) (dE, )| < majng) | dE| k]| < Cmay,

which is condition (1) in the definition of a (C, 27, 0)-exact pair. We next note that, by
Assumption 4.2, there exist (;€A,,, 1<i<nyy, given by

Clz(qumQ_jlabik) and Ck:(qkack—hmgjlab;:;)a for 2<k<n2]

The element n=(,; has weight mgjl and analysis (g;, b, Q);Zjl; its evaluation analysis is

n2; n2;

* * —1 * *
€n= Z de +m2j Z P(qk—lka) (bk)
k=1 k=1

Since ran xp C(qx—1,qr) for all k, we see that

naj

()= {ep, 2) =ng; Y (O, wn) =0.
k=1

Moreover, ||z]|<10C by Proposition 5.6 (1). So condition (2) holds.

We now have to consider an element 7’ of I' with weight n'=m;, ' #ma;, in order
to establish condition (4). We shall use the fact that (xx),>, is a C-RIS and apply
Proposition 5.6 (2), with jo=2j:

naj;

> k()
k=1

_ 16Cm; ", if h <25,
oo = mazny] <o

ACmagjny, +6Cmgymy, t <10Cmy)!,  if h>2j.
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We are finally ready to make use of the special conditions governing “odd-weight”
elements of I'. We need to consider a special type of rapidly increasing sequences whose
members belong to exact pairs.

Definition 6.3. Consider the space Xx=X(T), where ['=I'¥ is given in Defini-
tion 4.4. We say that a sequence (a:l):l:f’*l is a (C,2j0—1,¢)-dependent sequence if there
exist Ozpo<p1<...<pn2j071, together with ;€T _1\Tp, , and §€A,,, 1<i<ng 1,
such that
1) for each k, ran xx C(pr—1, Pk);

2) theelement {=¢,,, , €A

. —1 . ) * . ’I’L2j071.
pajo 1 Das weight m, ., and analysis (p;, ey, &), 21

(

(

(3) (x1,m) is a (C,4j1—2,¢)-exact pair;

(4) for each 2<i<ngj,—1, (zi,m:) is a (C,44;, €)-exact pair, with ranz; C(p;—1,p;)-
We notice that, because of the special odd-weight conditions in Definition 4.4, we

necessarily have mljllfzzweight m <n;j%71, and weight 77i+1:m2j1i+1a where j;11=0(&)

for 1<i<n2j0,1.

LEMMA 6.4. A (C,2jo—1,¢)-dependent sequence in Xk is a C-RIS.

Proof. We shall show that the RIS conditions are satisfied for the sequence of integers
(71)ien, where j1=4j1—2 and j/=4j; for i>2. For each i>1 we have maxranx;<p;
and j;,,=40(&;)>rank{;=p;. This establishes condition (2) in the definition of RIS.
Condition (3) follows from the definition of a C-exact pair. O

LEMMA 6.5. Let (:172)?:2’1071 be a (C,2jo—1,0)-dependent sequence in Xk and let J

be a sub-interval of [1,n25,-1]. For any v €T" of weight maj;,—1 we have

> @)

icJ

<3C.

Proof. Let &;, n;, p; and j; be as in the definition of a dependent sequence and let
denote &, ,, an element of weight maj, 1. Let (p;, ej;g,{z’-)gl:l be the analysis of 4" and
let the weight of n] be

. Myir ifi=1
weight 7, = { 412 ] N ,
Myji, if2<i<d.

We note that a’<ngj,—1 because ' is of weight mg;,—1. We may apply the tree-like
property of Lemma 4.6 deducing that there exists 1<I<a’ such that (p.,n., &)= (p:, i, &)
for i<l while jp#j. for all i<a’ when k>I. Since ranxyC(pr—1,pr) and (Pr—1,pr)=
(Ph_q,p}) for k<,

() =zr(y) = m2_j1]71<P;k,17oo)e:]k \Tg) = mz_jifrrk(nk) =0
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for all such k.

We may now estimate as follows:

S a (N @) |+ ()]
keJ keJ keJ
k<l k>1
M+ Y g, we)+maps i€ P, o0 Th)]
keJ i<a’
k>1

<C+4njj_y max [(der, Tr)+maj_y (enrs Ploy_y 00)Th)|-
k>1
i<a’
Now we know that, provided k>1, weight n, #weight n} for all 4, so by the definition

of an exact pair (Definition 6.1), and the remark following it, we have

(dg, xn) +my 1 P,y .00y (n})] < C weight ng+6Cmy,. _; max{weight n}, weight n }

< 2C max{weight 1, weight n} }

-1

_ -1
=2C max{my;, 5, my;_,

—2
<2Cng;,_yq,

using the fact that ma;, 2 and myj _» are both at least n%jofl' We now deduce the

inequality |>,.; z:(v')|<3C as required. O

We finish with the main inequality of this section, which shows that averages of
0-dependent sequences satisfy a much stronger upper norm estimate than given by Propo-

sition 5.4 for a general RIS.
PROPOSITION 6.6. Let (z;)24"" be a (C,2jo—1,0)-dependent sequence in Xx. Then

n2jo—1
Nojo—1 z;
i=1

<30Cmy;7 ;.

Proof. We apply the second part of Lemma 5.6, with \;=1 and with 2j,—1 playing
the role of jy. Lemma 6.5 shows that the extra hypothesis of the second part of Lemma 5.6
is indeed satisfied, provided we replace C' by 3C. We deduce the claimed inequality. [J

7. Bounded linear operators on Xk

We shall now show that Xk has the scalar-plus-compact property. For technical reasons

it will be convenient in the first few results to work with elements of Xk all of whose
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coordinates are rational, that is to say with elements of XxNQ'. Since (as may be readily
checked) each d¢ is in Xk NQT, as are all rational linear combinations of these, we see
that XxkNQT is dense in Xxk.

LEMMA 7.1. Let m<n be natural numbers and let x€XxNQ" and ycXk be such
that ranz and rany are both contained in (m,n]. Suppose that dist(y,Rxz)>d. Then
there is b* €ball 1 (', \T',), with rational coordinates, such that b*(z)=0 and b*(y)>34.

Proof. Let u,v€Ls (T, \T') be the restrictions of x and y, respectively. Then z=i,u

and y=i,v, and so, for any scalar A,
ly—Az|| < [lin]l [[v—Aul|.

Hence dist(v, Ru)>14 and so, by the Hahn-Banach theorem in the finite-dimensional
space loo (I \T'y,), there exists a* €ball 4 (I, \I',,) with a*(u)=0 and a*(v)>3d. Since
x has rational coordinates, our vector u is in QU»\I' . It follows that we can approximate
a* arbitrarily well with b*€QF\[' retaining the condition b*(u)=0. O

LEMMA 7.2. Let T be a bounded linear operator on Xk, let (x;)ien be a C-RIS in
XkNQL and assume that dist(Tz;, Rx;)>6>0 for all i. Then, for all j,pEN, there exist
z€[x;:i€N], ¢>p and n€A, such that

(1) (z,m) is a (16C,24,0)-exact pair;

@) (T2)(n)> 555

(3) I qu>>Tz\|<m2]

(4) (P, g6 T2)> 36.

Proof. Since the sequence (T'z;);en is weakly null, we may, by taking a subsequence
if necessary, assume that there are p<qg<gq; <... such that ranx; C(g;—1,¢;) for all i>1,
and

|[(I—=Prg,_,.q))Txil| < m2 25 < 80m2j1(5< 12806

It certainly follows from this that

dist(P(thqi)TfEi, Rmi) = gggé

We may apply Lemma 7.1 to obtain b} €ball 4, (T'y,_1\I'y,_, ), with rational coordinates,
satisfying

<b:<7 x1> =0 and <b:<7 P(Qi—laQi)T'Ti> > %5

Taking a further subsequence if necessary (and redefining the ¢;), we may assume that
the coordinates of b have denominators dividing N4, _1!, so that b€ By, , 4,—1, and we
may also assume that ¢; >2j. We are thus in a position to apply Lemma 6.2, getting
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elements §; of weight m2_j1 in Ay, such that the element n=¢,,, of A, has evaluation

analysis
naj; naj

1
€ _ng +m2 ZPQL I;lh
and such that (z,7) is a (16C, 27, 0)-exact pair, where z denotes the weighted average

na;

-1 § :
z:mganj Z;.
i=1

We next need to estimate (T'z)(n). For each k, we have
(1= Pgy_y,q0) Tkl < mzjlé
so that

(Txy)(n) = <@:,’ P(qk_l,qk)Txk> ong ' = m2g <bk’ P(qk 1"]1»)Txk> Om2jl(5 > éggg 273'16‘

It follows that

n2;
(T)(0) =i sy S (Taw) 1) > 1
For inequality (3), in which we are taking ¢=gy,,;, we note that p<qx_1<qr<q for
all k, so that
(I = Pip,q) Tzl = | (Po,p)+ Plg,o0)) Tl
= [1(Plo,p)+ Plg,00)) (I = Py .q)) T |
<O =Pig_y.ai)) Tl
< m;f&
using our usual estimates for norms of FDD projections. The inequality for the weighted

average z follows at once. Inequality (4) follows from (2) and (3), since
<P(’;7q]e;, Tz) > (Tz)(n)— (I —Pypq)Tz| > 1—76(5—m2_j15 > %5. O

PROPOSITION 7.3. Let T be a bounded linear operator on Xk and let (z;)ien be an
RIS in Xk. Then dist(Tz;,Rxz;)—0 as i—oo.

Proof. By density, it will be enough to prove the result for an RIS in XxNQT.
Suppose, if possible, that (x;);en is a C-RIS in this subspace, with dist(Tx;, Rx;)>d6>0
for all . The idea is to obtain a 0-dependent sequence by making repeated applications
of Lemma 7.2.
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We start by choosing jo such that
maj,—1 > 1920C||T||6~*

and j; such that m4j1,2>n§j0_1. Taking p=py=0 and j=27;—1 in Lemma 7.2, we
can find ¢ and a (16C, 4j; —2, 0)-exact pair (z1,71) with rankn1=q1, (T21)(n1)> 26 and
1

(1 = P0,g))(T21)[|[<myj, 0. Let pr=q1+1 and let ; be the special type-1 element of

Ay, given by §&1=(p1,maj,—1, €5, )-

Now, recursively for 2<i<ngj,—1, define j;=0(§—_1), and use the lemma again
to choose ¢; and a (16C,4j;,0)-exact pair (z;,7;) with rankn;=g¢;, ranz; C(p;—1, q],
<P(§97:_1,q7:]e;k7i’Tzi>>%5 and H(I—P(p“qi])(Tzi)H<ij1i(5. We now define p;=¢;+1 and
let &; be the type-2 element (pi,gi,l,m;jiil, efh_) of Ap,.

n2jg—1

It is clear that we have constructed a (16C, 2jp—1, 0)-dependent sequence (z;);-}

By the estimate of Proposition 6.6, we have
-2
lz]] < 30'16Cm2jo_1

for the average
n250—1

—_n-1 )
Z=MNgyj 1 E 2.
i=1

However, let us consider the element y=¢,; , of A _» which has evaluation analysis

Prigjo—
n2j5—1 n2j5—1
* * —1 * *
&y = Z dfi—i_m?jo*l Z P(Pi—lxpi)em'
i=1 i=1

Noting that pr=qr+1 for k>1, and that maj, >myj, —2>n3; _;, we may estimate (17'z)(y)

as follows
n2j4—1
(T2)(7) =ng 4 (Txk)(7)
k=1
n2j4—1
—1 * *
>nyt 1 > (P o€ Tk = (I =P,y ) (T )
k=1
n2jp—1
—1 —1 * % —1
Z Ngjo—1 (Mo 1 Py pp) > T1) =My 50)
k=1
N2jo—1 3
—1 1 2
> 0551 ) <8m2j01—”2j01>
k=1
—1
>m2j0715

4
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So B

Majo—1 _ 0majy—1]2]
4 4.30-16C

1)
1Tz >
which is a contradiction because

-1
C (5m2j0_1

T
1900 Il

by our original choice of jj. O

THEOREM 7.4. Let T be a bounded linear operator on Xx. Then there exists a scalar
A such that T — I is compact.

Proof. We start by considering a normalized RIS (z;);cn in Xk. By Proposition 7.3
there exist scalars \; such that | Tx;—\;x;||—0. We claim that A; necessarily tends
to some limit A. Indeed, if not, by passing to a subsequence, we may suppose that
[Aig1—Ai|>0 for all i. Now the sequence (y;);eny where y;=x9;_1+x2; is again an RIS,
so that there exist p; with ||Ty; — p;y:||—0 by Proposition 7.3 again. We thus have

|(A2s — s ) x2i+ (Ai—1 — o) 25 —1 ||
ST w2s = Agiwai |+ || Tr2i—1 — A2im1@2i—1 ||+ | Ty — payil| — 0.
Since the RIS (z;);en is a block sequence, there exist [; such that P(()’li]yi:l'%,l and

Py, 00)yi=x2;. Using the assumption that the sequence (z;)ien is normalized, we now

have

[A2i—1—pil = [[(A2im1— pra)T2i—1 || < 1Po,1 | [|(A2i — pi)w2i + (A2im1 — i) w2i—1

with a similar estimate for |[Ag; —p;|. Each of these sequences thus tends to 0, so that
A2; —Ag;_1 also tends to 0, contrary to our assumption.

We now show that the scalar A is the same for all rapidly increasing sequences.
Indeed, if (x;)ieny and (z});eny are RIS, with |Tz;—Az;||—0 and ||Tx,—Nz}||—0, we
may find i1 <iz<... such that the sequence (y)ren defined by

{ X, ik is odd,
Yk =

/

x; , if k is even,
k

is again an RIS. By the first part of the proof we must have A=\".

We have now obtained A such that ||(T—AI)z;||—0 for every RIS. By Proposi-
tion 5.11, we deduce that ||[(T—AI)z;||—0 for every bounded block sequence in Xx.
This, of course, implies that T'— \I is compact. O
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8. f1-averages and the HI property

Definition 8.1. An element x of X will be called a C-¢} average if there exists a
block sequence (z;)?_; in X such that z=n"13Y"}_, z; and ||zx||<C for all k. We say
that  is a normalized C-£} average if, in addition, ||z|=1.

A standard argument (cf. [8, §I1.22]) using the lower estimate of Lemma 4.8 and

Lemma 2.2 leads to the following result.

LEMMA 8.2. Let Z be any block subspace of X. For any n and C>1, Z contains a

normalized C-£} average.

Proof. Write C=(1—¢)~! and choose an integer | with n(1—¢/n)'<1; next choose
j sufficiently large as to ensure that ng;>(2mo;)! (by Assumption 2.3 (4) any j}%l will

achieve this in some comfort); finally let & be minimal subject to
maj < (1—e/n)~".

Since 3(1—¢/n)"*<(1—¢/n) ¥ <my; we have

N9 > (2ma;)! = (1—¢/n)~* > nk.

If (2;)ien is any normalized skipped-block sequence in Z, we can apply Lemma 4.8
to see that

'Ilk

e

i=1

1
> §m2_j1nk > (n—e)".

It now follows from Lemma 2.2 that there are normalized successive linear combinations

Y1y s Yn Of (2;)ien such that

n

>(1-6) Ja

=1

n
E a;Y;
i=1

for all real a,. In particular, there is a normalized C-¢7 average. O

LEMMA 8.3. Let = be a C-£}” average. For all vET we have |(d;,x>|<30nj_l. If
v is of weight m; with i<j then |z(y)|<2Cm; .

Proof. Let $=nj_1 kL, wk, as in the definition of a C-¢7 average. For any ~ there
is some k such that (dﬁ,x)znj._l(di;,xk). Thus

(5, @) <mj s | el < 3Cn; .
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Let us now consider the case where weight y=m,, with ¢+<j. From the evaluation

analysis,
e =D df Amit Yy brePy, e,
r=1 r=1
it follows that . .
()<Y g 2)+m > [P,y - (8.1)
r=1

r=1

By what we have already observed, we have
Z I(dg,,z)| < 3Can;1. (8.2)
r=1

To estimate the second term in (8.1) we follow the argument in [8, p.33], letting
I, (resp. J,) be the set of k such that ranzy is contained in (resp. meets) the interval
(pr—1,pr). We have #J,.<#I,+2 and Y »_, #I,<n;. Moreover, for each r, we have
P, poyxr=xy if kel,, while Py, | , y2,=0 if k¢ J, and

1Py, oyl < Allzg]| <AC, if k€ J,\I,.
It follows that
1P,y przll <1 (CH#I+8C) < COnj ' (#1+8).
Summing over r leads us to
> NP,y pazl <Cnj ' (nj+8a). (8.3)
r=1

Combining our inequalities, and using the fact that a<n;, we obtain
lz(y)| < 3Can;1 +m;1n;1(0nj +8Ca) < Cm; " +5Cnm]71 <20m; " O

LEMMA 8.4. Let I be an interval in N, let (x)rer be a block sequence in X and let
(Jk)ken be an increasing sequence of natural numbers. Suppose that, for each k, xj is a

C-ZT“ -average and that ji11>maxranz,. Then (zk)ker is a 2C-RIS.

Proof. We just have to prove RIS condition (3) and this is an immediate consequence
of Lemma 8.3. O

COROLLARY 8.5. Let Z be a block subspace of X, and let C'>2 be a real number.
Then X contains a normalized C-RIS.

Proof. This is immediate from Lemmas 8.2 and 8.4. O
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We shall next need modifications of some lemmas established in the previous sec-
tion, here adapted so as to deal with (C,2j,1)-exact pairs and (C,2j—1, 1)-dependent

sequences, rather than with the “c=0" case.

LEMMA 8.6. Let j be a positive integer and let (xy),>, be a skipped-block C-RIS,
such that minran 2o >2j and ||xg||>=1 for all k. Then there exists 0€R, with |0|<2, and
there exists y€I', such that (z,7) is a (32C,2j,1)-exact pair, where x is the weighted

sum
n2;

= 0mgjngj1 E Ty
k=1

Proof. We may apply the construction of Lemma 4.8 to obtain an element v of I" of

weight mo; such that
naj

ng Y ww(y) > gmy)
k=1

For a suitably chosen §€R with 0<6<2 we have z(y)=1, where

n2;

= 0mgjngj1 E Ty
k=1

Proposition 5.6 (1) implies that ||z||<20. We thus have condition (2) in the definition of
an exact pair.

Conditions (1) and (3) are established by the same arguments as were used in
Lemma 6.2, the constant  resulting in the change from 16C to 32C. O

Using Lemma 8.5, we now immediately obtain the following consequence.

LEMMA 8.7. If Z is a block subspace of X then for all jEN there exists a (65,27,1)-
exact pair (x,n) with t€Z.

The proof of the following lemma is sufficiently close to that of Lemma 6.5 for us to
omit it.
LEMMA 8.8. Let (z;);20"" be a (C,2jo—1,1)-dependent sequence in Xk and let J

be a subinterval of [1,n9j,—1]. For any 7' €T of weight maj,—1 we have

<4C.

D (D)

i€

LEMMA 8.9. Let (z;),2" be a (C,2jo—1,1)-dependent sequence in Xx. Then

n2jo—1 n2jo—1
-1 —1 1 i —2
Nojo—1 E T || = mayj, 1 but Nojo—1 (—1)'x; <400m2j071.
i=1 i=1
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Proof. Using the notation of Definition 6.3 it is easy to show, by induction on a, as
in Lemma 4.8, that

a
> wilba) =maj sa,
=1

whence we immediately obtain

n2_j0—1 n?jo—l
1 —1 — 1
Nojeo1 D || Zngp 1 D Tilus, ) =g 1.
=1 =1

To estimate
n2jp—1

"2_33371 (=1’
i=1

9

we consider any y€TI" and apply the second part of Proposition 5.6, with \;=(—1)" and
with 2jy—1 playing the role of jyo. Lemma 8.8 shows that the extra hypothesis of the
second part of Lemma 5.6 is indeed satisfied, provided we replace C' by 4C. We deduce
that

N2jo—1

”2_jt—1 Z (—1)'a;

i=1

-2
<400my2_,,

as claimed. O

LEMMA 8.10. Let Y and Z be block subspaces of Xk. Then, for each £>0, there
exist y€Y and z€Z with |ly—z||<e|ly+z].

Proof. We start by choosing jo and j; with maj,—1>2600e1

and my;, —2 >n§j071.
Next we use Lemma 8.7 to choose a (65, m4j, —2, 1)-exact pair (z1,7:) with 21 €Y. Now,
for some p; >rankn; Vmaxran zq, we define & €A, to be (p1,maj,—1, e;;l).

We now set jo=0c(&1) and choose a (65, muj,,1)-exact pair (z9,72) with zo€Z
and minranx,>p;. We pick ps>rankn,Vmaxranzs and take & to be the element
(pz,fl,mgji_l,efp) of Ap,. Notice that this tuple is indeed in A, because we have
ensured that weight ngzm;}(él).

Continuing in this way, we obtain a (65,2jp—1, 1)-dependent sequence (x;);en such
that z; €Y when 7 is odd and z;€Z when 7 is even. We define

y:in and z= in,
i odd i even
and observe that, by Lemma 8.9,

N2jg—1

>

i=1

ly+z|| = > ngjy—1mMayj 1
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while
n250—1

> (=i

i=1

ly—=z| = <40-65n2jo,1m;ji_1. O

The previous and Proposition 2.1 now yield the following theorem.

THEOREM 8.11. The space Xk is hereditarily indecomposable.

9. Reflexive subspaces with HI duals

We devote this section to a proof that Xk is saturated with reflexive HI subspaces having
HI duals. The proof involves reworking much of the construction of §6 in the context of
a subspace of Xk and its dual. By standard blocking arguments, it is enough to prove

the following theorem.

THEOREM 9.1. Let L={lo,l1,la,...} be a set of natural numbers with 1, 1+1<l,,

and for each n>1 let F, be a subspace of the finite-dimensional space

Pu,_,in¥k= P M.
ln_1<k<l,

Then the subspace

W:@Fn

neN
of Xk is reflexive and has HI dual.

We note in passing the following corollary, which gives an indication of the “very
conditional” nature of the basis of /1 that we have constructed. For the purposes of the
statement we briefly abandon the “I" notation” and revert to the notation of Definition 3.1
and Theorem 3.4.

COROLLARY 9.2. There exist a basis (d})nen of ¢1 and natural numbers ki <ks<...
with the property that the quotient £1/[d} :n€ M) is hereditarily indecomposable whenever
M is a subset of N such that both M and N\ M contain infinitely many of the intervals

(kps kpt1].

The rest of this section will be devoted to the proof of Theorem 9.1. We have
already remarked at the end of §5 that the subspace W defined in the statement of the
theorem is reflexive. The subspaces F;, form a finite-dimensional decomposition of W,
the corresponding FDD projections being Q (,,,n) =P

w=Pu,, 1,)lw, when 0<m<n.

The dual space W* has a dual FDD (F}),en and corresponding projections Qfm.n]' We

mln]

shall establish hereditary indecomposability of W* via the criterion Proposition 2.1. We
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write R for the quotient mapping Xj;=¢; W™ and observe that if fcF for 1<n<N
then the norm of f*:Zivﬂ frin W* is given by
1w~ =inf{llg"]| - g° € X, and Rg" = °}.

LEmMMA 9.3. If f*€im Q?‘M7N]:@M<n<N FrCW* then there exists k*€ X5 =£1(T)
with supp k* CTy 1\, [|K*[[1 <4 f*[| and RP(7M71N)k*:RP(7M7OO)k*:f*-

Proof. We extend f* by the Hahn-Banach theorem to obtain g*€Xj=¢;(I") with
Rg*=f* and [|g" |2z =l /*[lw+. We set h*=Pg1,)9"€l1(Liy-1) and E*=h"xr,
noting that

& [ < WPl < 20lg™ [l < 4llg™ llxz =417

To check that RP(*E ik =RP k*=f*, we first note that
MHIN) (In1,00)
P(ﬂEMOO)k* :P(*lz\/j,oo)h*7

because P(ij)l*:O whenever supp!*CI',,. Since both k* and h* are supported by

I'yy—1, we have

P(* lN)k:* :P("ZJVI,OO)P(T)JN)]C* :P* )k* :P* h* :P(*EM,OO)P(T),IN)h* :PE;I\/IJN)g*.

I, (Iar,00 (Iar,00)

It follows that

RPG ik =RP,, 109" =9 Puyanlw =9"Quun = [ O
LEMMA 9.4. Let j>1, 1<a<ng; and M < Mo<M;<...<M, be natural numbers,
with 2j <M. For each i<a, let f be in ball@Mi_KngM% Fr and write f*=7 | fr.
Then there exists yeI' with Pg,; ,e3=0 and ||4m2jR(ei;)—f*||<2*lM+3; in particular
1S [lw= <5ma;.
Proof. By Lemma 9.3, there exist kj€¢1(I'y,, ,\I'i,,, ) such that [[k}[1<4 and
R(P&Mi,pll\li)k;):fi*' Since Bi,,, | i, 1S an e-net in baﬂ&(Flel\FlMFl ), with e=
27 It LI =24 e can choose b} € Bl | 1y, _, such that [|h —4bF[|; <27 =243,

Now write p;={ys, for 1<i¢<a and apply the construction of Proposition 4.7 to obtain

-1

vE€A,, with evaluation analysis

a a
—1 * *
= Z dg, +ma; Z Ploi_1,00)bi -
i=1 i=1

Since rank {;=p; € L for all i, we have Rdg, =0 and so

a

D (T —4ARP, | )b)

=1

17 —=4mo; R(e3)|| =

‘ S HRPG?FhOO]hz_4RP(’;%—1,OO)b;k”
=1

@ oo
<3 [Ihr by <33 272 — gk,
=1 i=1

It follows that || f*||<[[4ma; R(e)[|+8<5my;. O
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LEMMA 9.5. Let Y be any block subspace of W* and let n and M be positive in-
tegers. For every C>1 there exists a 4C-(}-average weW , with Qo ayw=0, and a
functional g* €ballY with Qf, p9*=0 and (g*,w)>1.

Proof. The proof is a dualized version of Lemma 8.2. We suppose, without loss of
generality, that C'<2 and choose [ and j such that C*>n and n2j>(10m2j)l; we take k

minimal subject to Ck>5m2j noting that

no; > (10m2j)l > (QCkil)l > Ckl > nk.

Now take ( f;*)fi1 to be a normalized block sequence in Y Nker Q?O, M) We may apply

Lemma 9.4 to obtain

< 5m2j < Ck

Z +f7

i=1

So by part (ii) of Lemma 2.2 (with C=14-¢) there are successive linear combinations
g%, ..., g% such that ||gF||>C~* for all 4, while

> g
i=1

for all choices of sign. Since (g;);en is a block sequence in ker QE‘O M]s We can choose

<1

M< Nyo< Ny <...<N,, such that Q?Ni—l Ni]gz‘:g;-“. Now we choose, for all 7, an element
w; of W such that [|w;]|<C and (g, w;)=1. If we set w;=Qn,_, n,wi then we have
lwi||<4C and (g}, w;)={(g},w;)=1, while (g;,w},)=0 when h#i. The element

K3
n
w=n"" Zw;
i=1

is thus a 4C-7 average, with Qo ,w=0, and satisfies (g*,w)=1, where

g°=> g; €ballY. O
i=1

LEMMA 9.6. Let Y be any block subspace of W*, and N and j be positive integers.
Then there exists a (1280, 24, 1)-exact pair (z,7v) with z€W, Qo,n)2=0, P(T)’lN]eizo
and dist(ReZ,Y) <27t~

Proof. We may assume that [y >7. By repeated applications of Lemma 9.5, we
construct natural numbers N<Mo<M;<... and j; <j2<..., elements w;=Q (rs,_, a1, Wi
of W, and functionals g7 =Q{,, | j,9; €ballY” such that

(1) w; is a 5-£}7 -average;

(2) (g7, wi)21;

(3) Jit1>M;.
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It follows from Lemma 8.4 that (w;);en is a 10-RIS.
Writing g* =7} g; and applying Lemma 9.4, we find vy of weight my, jl such that
[[4ma; R(ex)—g*[| <273 We thus have

dist(Re,Y) < ||Rei;— %mz_jlg* | < 24N+1mz_j1 <27lv,

and - sy - .
Ay 3 wi(1) 2 3 (g wi) =2 ) 2 S (1-5-271) > B2
i=1 i=1 i=1

We now set Z:ngjn;jl ?:231 w;, where 6 is chosen so that z(y)=1; by the above in-

equality 0<6<8.
To estimate ||z]| and |z(7")| when weight 'y’:mgl;émgjl, we return to Lemma 5.6
deducing that

1600m; ", if h<2j,

z|| <1000 and |z(7')| <
Izl 127 {1%%%; if h>2j.

So (z,7) is certainly a (1280, 27, 1)-exact pair. O

LEMMA 9.7. Let Y7 and Y3 be block subspaces of W* and let jo be a natural number.
Then there exists a sequence (xi)zjl"fl in W, together with natural numbers 0=py<
P1<.<Pnyj;,_1, and elements n, €Ly, _1\L'p,_, and §EA,,, 1<i<ngj,—1, satisfying the
conditions (1)—(4) of Definition 6.3 with C=1280 and =1, and such that, for all i>1,
the following additional properties hold:

(5) rank§=p;€L;

(6) P, pu€n=¢€n, and Py, p(@i)=i;

(7) dist(Rey,, Yi)<27Pi=1, where k=1 for odd i and k=2 for even i.

Proof. We start by choosing j; such that mg4;, —2 >n§j071 and then apply Lemma 9.6
to obtain a (1280,4j; —2,1)-exact pair (z1,m1) with 21 €W. Set p;=ly,, where Ny is
large enough to ensure that Pg ,,)21=Q0,n,)71 =71, rankn; <p; and 2P >2ng;, 1. Let
E1=(p1, Mgy 1) €A, .

Continuing recursively, if for some ¢<ngj,—1, we have defined §;€A,,,, where p;=Iy;,

we set j;y1=0(&;) and apply Lemma 9.6 to get a (1280, 45,11, 1)-exact pair (241, 7i+1)

with 241 €W, Qo,n5,1%i+1=F0,p,Ti+1=0, P(’E)’pi]ej‘“+1 =0 and dist(R*e,’;i+1,Yk)<2_pi,
where k£ depends on the parity of i+1. We now take N, large enough, set p;1=In,,,
and define & 41=(pit1,&i, My 15 7Mi41) E€Ap,, - O

We are now ready to finish the proof of the theorem. We consider any two infinite-
dimensional subspaces Y; and Y5 of W* and apply Lemma 9.7 obtaining a dependent
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sequence satisfying properties (1)—(7). By property (7) we may choose, for each i, an
element y; of Y}, with
ly; - Ref, Il <277
We set
y*:mgji_l Z y; €Y and z*:mz_j})_1 Z Yy €Ys.
i odd i even

If v is the element &,,; ,, then the evaluation analysis of v is

n2jo—1 n2jo—1 n2jo—1 n2jo—1
* * —1 * * * —1 *
€y = Z dﬁi +m2j0—1 Z P(pi—l’oo)erli - Z d&i +m2jo—1 Z €ni>
=1 =1 =1 =1

because P(*B’pi_l]e;;i =0. Since rank §;=p; €L for all i, we have

n2j—1

which leads to

n2jp—1

Hy*+zﬂ|<1+Hn@;1 > Re; ||=1+|Res| <2.
=1

We shall prove that ||y*—z*|| is very large by estimating (y*—z*, ), where x is the

average
N2jp—1

x:ngjt—l Z (=),
k=1
about which we know from Lemma 8.9 that

]| < 40-1280m;7 ;.

By (7) and the definition of a 1-exact pair, we have

P { 1, ifi=F,
e ap) =
TR 0, if i A,

so that
n250—1 n250—1
.

(yr —=" @) =ngp ymapt o Yyl wk) Zngp mat Y ((en,m) =277
i,k=1 i,k=1

-1 ) —p1 1,1
= maj, 1 (1=ngj,1277) = 5myj 4,

the last step following from our choice of p; with 2P1 >2nq; _;.

We can now deduce that

maj,—1

102400

We have shown that the subspaces Y; and Y5 of W* contain elements y* and z*, with

ly"—="[| =

ly*+2*|<2 and ||y*—z*| arbitrarily large. By Proposition 2.1, we have established
hereditary indecomposability of W*.
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10. Concluding remarks

10.1. Operators on subspaces of Xk

If we are looking at a bounded linear operator T:Y — Xk defined only on a subspace Y
of Xk, rather than on the whole space, then, as in other HI constructions, the arguments
of the preceding section can be used to show that T can be expressed as Ay +.5 with S
strictly singular. However, as we shall now see, in this case the perturbation need not be

compact.

ProrosiTION 10.1. There ezists a subspace Y of Xk and a strictly singular, non-
compact operator T from Y into Xk. In fact, for a suitably chosen Y, we may choose

T mapping Y into itself.

Proof. By a theorem of Androulakis, Odell, Schlumprecht and Tomczak—Jaegermann
[3], in order to find Y and a strictly singular, non-compact T:Y — Xk, it is enough to
exhibit normalized sequences (2;);eny and (y;)ien in Xk such that (y;);en has a spread-
ing model equivalent to the usual ¢;-basis, while (z;);en has a spreading model that is
not equivalent to that basis. For (z;);ey we may take any normalized RIS; indeed, by
Proposition 5.4, the spreading model associated with any RIS is dominated by the unit
vector basis of the mixed Tsirelson space T[(%%4,,, m;l)jeN], and so is not equivalent to

the ¢1-basis. For (y;)ien we may take a specific sequence, setting
Yn = Z dg.
£eA,
The result we need is a lemma about norms of linear combinations of these vectors.

LEMMA 10.2. Let F be a finite set of natural numbers with min F'>j and #F <2no;.

Then, for all real scalars ay,

neF

1
= 1 Z |-

ner

Proof. Without loss of generality, we may assume that

1
ICEED PN
neF neF
and we may choose p1,pa,...,pr in F, with p; 11 >p;+1, r<py; and

Sz Y lal
=1

nelF
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Since p; 2min F'>25, we have that A, does contain type-1 elements of the form
(pl,mgjl,:lzezl), with n1€l'p,—1. We take & to be such an element, and continue re-
cursively, for 1<i<r, taking 7,41 to be any element of A,, ;1 and &;41 to be the type-2

element (p;y1,&;, mZ_jl, :I:efnﬂ) of Ap,.,. If =&, then the evaluation analysis of I is

T T
* * -1 *
€y = Z d"Ei +m2j Z :l:P(pi—lqpi)e:Ii'
i=1 =1

If we write y=) . p @nyn, we have (dzi,y>:ani for each ¢, so that

* —1 * *
€y (y) = Z p; +My; Z iP(Pi—l,pi)em (1)-
i=1 i=1

We have not until now been explicit about how the signs 4+ were chosen, but it is now

clear that this may be done in such a way that eX(y)=>"7_ a5, =7 > p lanl. O

It is now clear that the theorem of Androulakis et al. may be applied. In order to
get the refined version where T takes Y into itself, it is enough to look a little more
closely at the proof given in [3]. It turns out that we may take (y;)ien as above and
Y to be the closed linear span [y;:¢€N]. It may be shown that, for any RIS (z;):en,
the mapping y;—x; extends to a bounded linear operator from Y to Xk. Since Y, like
all other infinite-dimensional subspaces, contains an RIS, we may choose the x; to lie
inY. O

10.2. Very incomparable Banach spaces

The original spaces X, ; of Bourgain and Delbaen provided, for the first time, a contin-
uum of non-isomorphic %5 -spaces. It has also been noted [1] that if we take Y to be
a Hilbert space and X to be X, ; with, for instance, 0<b<%<a<1 and a*+4b*=1, then
all operators from X to Y and all operators from Y to X are compact. The construc-
tions in the present paper allow us to exhibit a continuum of spaces X, a€c, such that
L(Xa, X3)=K(Xq, Xp) for all a#S.

We start by taking an almost-disjoint family (L4 )aeec of infinite subsets of N. For
each v we enumerate L, in increasing order as [ and define

@ __

m;

[
me and ng =mne,

. 2
where (m;,n;)=(2%,2% +1) is the sequence mentioned in §2.4.

Now we may take X, to be either By [(Fpe, 1/mf)jen] or Xk [(Fne, 1/mS)jen].
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LeEMMA 10.3. Assume that a#0 and let T: Xo—Xg be a bounded linear operator.
For any RIS (2;)ien in Xqo, we have ||T(x;)||—0 as i—o0.

Proof. Let (x;);eny be a C-RIS in X, and suppose, if possible, that ||Tz;||>0>0
for all 4. Since (Tx;)ien is weakly null, we may, by taking a subsequence, assume that
(T'z;)ien is a small perturbation of a skipped-block sequence in Xg. Thus, if | :lgjel;ﬁ,
we may apply Proposition 4.8 to conclude that

ny
-1
n, E Tx;
i=1

On the other hand, Corollary 5.5 tells us that

5mfl
1

1,
. > 1M 1”1 ' Z [Tz >
B r=1

ny

nl_l E €Z;

i=1

n

nl_l g €;

i=1

<10C
Xo

bl

where the norm on the right-hand side is calculated in T'[(.#%,,, m; Y jer.]. If 1 is not in

J
L, then this norm is at most mf2 by Lemma 2.5, so that

ny

-1 2 :
ny; ZT;

i=1

<10Cm; 2.
Xa

By the assumed almost-disjointness of Lg and L., we can certainly choose j such that
lgj ¢ Lo, and m;>40C||T||671, yielding a contradiction. O

THEOREM 10.4. If a#[, every bounded linear operator from X, to Xg is compact.
Proof. This is immediate from the preceding lemma and Proposition 5.11. O

Remark. The topologies ({1, X,) provide a continuum of very incomparable weak*
topologies on ¢1: indeed, any linear mapping on ¢; which is continuous from o(f1, X,)

to o(¢1,X3), with a#0, is necessarily compact.

10.3. The space of operators £(Xk)

Of course, the spaces £(X) and K(X) of bounded (resp. compact) linear operators on
an infinite-dimensional Banach space X are always decomposable. (Indeed, for finite-
dimensional subspaces FCX and FCX™*, the subspaces X*®F and FF® X are comple-
mented.) So we must not hope for too much exotic structure in these spaces of operators.
In this section we shall look briefly at subspaces of £L(Xx). Certainly, £L(Xk)=K(Xk)DRI
has HI subspaces, such as those isomorphic to Xk, and subspaces isomorphic to Xj; =/;.
It has no subspace isomorphic to ¢g, by a result of Emmanuele [16]. (The main result
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of [16] shows that c¢g does not embed into (X, ;) and the same proof works for Xxk.)
We shall now see that K(Xk) does have other subspaces with unconditional basis. It is
a general fact that if (x,)nen is a basic sequence in a Banach space X then the injective
tensor product £;®.X contains a sequence equivalent to the “unconditionalization” of
the basic sequence (x,,)nen. This follows immediately from the following exact formula

for the norm of a finite sum of elementary tensors in ¢;®.X:

i:l:xj

Jj=1

n

Ze?@xj

Jj=1

=sup
€

)

where the supremum is over all choices of signs.

In the case of Xk, the space of compact operators K(Xk) is isomorphic to (1R ¥k,
and so contains the unconditionalization of any basic sequence in Xk. An interesting
special case is that of the basis (d.,),er; we have chosen to prove the following proposition

in a way that does not depend on the general theory of tensor products.

PROPOSITION 10.5. The family (e3®d.)er is an unconditional basis of a reflexive
subspace of K(Xk).

Proof. Let us write U, =e®d., considered as the rank-1 operator
LH5xK“‘>%K,

x— x(y)d,.

For a finite linear combination W=3__ . w(y)U, and any z€ball Xk we have

W@)l=| > wmz(r)d,

RIS Y

Z Fw(y)dy

RIS %

< max
ST

We shall write ||W]|| for the last expression on the line above. We have thus shown that
W<
On the other hand, if we choose u(vy)==+1 for v€l',, in such a way as to achieve the

maximum in the definition of ||WW|| and then set y=i, (u), we have

W= Y- wE)u@)d, | =W @) < W linll <2(W].
v€ln
Thus the operator norm | -|| and the unconditionalized norm ||-|| are equivalent on

[U,:v€T]. It will be convenient to work with the latter norm.
Given a linear combination V=3__ . v(y)U,, any vector >_ . +v(y)dy in Xx
(whether or not the signs achieve the supremum in the definition of the unconditionalized

norm) will be called a realization of W.
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If the subspace [U,:y€I] is not reflexive, then by unconditionality there is a skipped
block sequence equivalent to the unit vector basis of either ¢y or ¢;. We shall treat the
case of ¢1, leaving the (very easy) other case to the reader.

We consider a normalized skipped block sequence with

Vi= Z 'U(’Y)U'y
YELp;—1\I'p;
and suppose, if possible, that (V;);en is C-equivalent to the usual ¢;-basis for the norm

Il Il More precisely, let us suppose that |||V;[|<C for all 4, and that

S| =3 lati)

i=1
for all scalars a;. Let us note that if W is a linear combination of the form
l+n

W=n"t 3 V,

i=l+1

then any realization W of Wis a C-ty-average (as in Definition 8.1). Indeed W is

expressible as

l+n
nt YV,
i=l+1

where the V; are realizations of V;, and so satisfy ||V;||<||Vi|| <C for all i.
We now look at Lemma 8.4. It should be clear that, by choosing sequences (jx)xen
and (Ig)ren growing sufficiently fast, we may define
Litng,
Wi=nj' Y Vi,
i=l;+1

in such a way that any realizations /V[7k form a 2C-RIS in Xk. In particular,

Njo Njg
—1 -1 p
o Z Wil = 1n5, ZWk
k=1 k=1
for suitable realizations Wk, yielding
njO
-1 -1
ng,t Y Wil <120my ],
k=1
by Proposition 5.6. On the other hand,
Njo "jo betmin,
-1 Il -1 -1 :
"o ZWk = II"o ank Z Vil
k=1 k=1 i=l+1

which is at least 1, by our assumption on (V;);en.
So we have a contradiction for suitably large values of jj. O
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10.4. £L(Xk) as a Banach algebra

In his 1972 memoir [30], B. E. Johnson set up the theory of cohomology of Banach alge-
bras, and introduced the notion of an amenable Banach algebra. He posed the question
of whether the algebra £(X) can ever be amenable for an infinite-dimensional Banach
space X. Whether £(X) is amenable remains an important open problem for a number
of concrete Banach spaces, including ¢, (p#1,2) [15]. For more about amenability of
Banach algebras, including the definition, the reader is referred to [14]. Without going
into such details we can note that Xk gives an example that answers Johnson’s question.
We are grateful to H. G. Dales for bringing this question, and the relevant references, to

our attention.
PROPOSITION 10.6. The Banach algebra L(Xk) is amenable.

Proof. It is shown in [24] that K£(X) is amenable if X is an .Z)-space, 1 <p<oo; thus
K(Xk) is amenable. Tt is shown in [14, Proposition 2.8.58 (i)] that the algebra obtained
by adjoining an identity to a non-unital amenable Banach algebra is again amenable. In
our case this gives us the amenability of L(Xk)=K(Xk)®RI. O

10.5. Open problems

Our constructions give no clue as to whether there exists a reflexive Banach space on
which all operators are scalar-plus-compact. The construction of such a space, if one
exists, will need new ideas. We thus have no example of a reflexive space on which
all operators have non-trivial proper invariant subspaces. It is piquant to observe that,
at the other end of the spectrum, the construction of a reflexive space on which some
operator has no non-trivial proper invariant subspace has also proved to be very resistant
to attack. We refer the reader to the papers of Enflo [17], [18] and Read [37], [38] for more
about the “invariant subspace problem”, noting the more recent paper [39] of Read, in
which a strictly singular operator is constructed which has no non-trivial proper invariant
subspace.

As we remarked in the introduction, we do not know whether an isomorphic predual
of ¢1 which has the “few-operators” property in the scalar—plus—strictly-singular sense
necessarily also has this property in the scalar-plus-compact sense. We therefore pose

the following problem.

Problem 10.7. Let X be an .Z,,-space on which every bounded linear operator is a
strictly singular perturbation of a scalar multiple of the identity. Is every strictly singular
operator on X necessarily compact?
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In this context, we are grateful to Yolanda Moreno Salguero for pointing out to us
that, in general, a strictly singular operator on an .Z,,-space does not need to be weakly
compact. Indeed, it is easy to see that for any separable, infinite-dimensional %, -space
X, there is a quotient operator from X onto c¢y. If X has no subspace isomorphic to cg,
such an operator is strictly singular.

Working with T. Raikoftsalis, the present authors have recently constructed another
counterexample to the scalar-plus-compact problem. Like the space presented here, it
is an Z,.-space constructed by the Bourgain—Delbaen method. However, the new space
has non-separable dual and has a subspace isomorphic to £;. We believe it to be the
first example of an indecomposable space containing ¢;. The only obvious obstruction to
embeddability of a given Banach space X into an indecomposable space is the existence

in X of a subspace isomorphic to ¢g. We therefore are led to pose another problem.

Problem 10.8. Let X be a separable Banach space with no subspace isomorphic
to ¢p. Does X necessarily embed in an indecomposable space?

It is tempting to push this conjecture one step further by asking if a separable
Banach space not containing ¢y can be embedded in a space with the scalar-plus-compact

property. However, it is easy to see that this is too much to hope for.

ProPOSITION 10.9. The space 1L does not embed in a separable Banach with the

scalar-plus-compact property.

Proof. Let Y be a separable space that contains subspaces Y7 and Y5, isomorphic
to ¢1 and {5, respectively. By a theorem of Pelczyniski [36], the existence of a subspace
isomorphic to ¢; implies that there is a quotient operator @ from Y onto C[0,1]. As is
well known, there exists a quotient operator R:C[0,1]—Y>. The composition RQ: Y =Y

is weakly compact and non-compact, and hence not of the form A+ K. O

Finally, we would like to draw the reader’s attention to the problems posed by
Bourgain [11, p. 46] about the spaces X, and .Z.-spaces in general. Problems 1, 2 and 3
remain open. Hoping that his or her appetite has been whetted by the present paper,
we leave it to the reader to find out what these problems are. Concerning Problem 4, we
now know [21] that there is an infinite-dimensional Banach space with separable dual,
no reflexive subspace and no subspace isomorphic to ¢y. The present paper yields an
example of an %, -space with no unconditional basis sequence. But we still do not have
an example of a space X with X™* isomorphic to #; and not containing ¢y nor a reflexive
subspace. Only Problem 5 has been completely settled: each X, is saturated with £,
for some p [27].
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Note added in proof. Problem 10.7 has been answered in negative by M. Tarbard
Related to Problem 10.8 the first author and Th. Raikoftsalis [7] have shown that

every separable reflexive space is embedded into an indecomposable reflexive. More-

over, recently, the authors in collaboration with D. Freeman, E. Odell, Th. Raikoftsalis,

Th.

Schlumprecht and D. Zisimopoulou have proved that every Banach space X with

separable dual not containing a complemented subspace isomorphic to ¢; is embedded

into an .%,,-space with the scalar-plus-compact property.
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