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On an inequality concerning the integrals of moduli of
regular analytic functions

By BENGT ANDERSSON

With 1 figure in the text

1. Let f(z) be an analytic function, regular in a convex domain D and on
its boundary C. Let L be a rectificable curve in D. Our problem is to estimate

(11 d=]
L

by means of the integral

[1@del.

C

Professor F. CarLsox (1) has shown that in the case D being a circle, then
1
Sri@dz1=t [vorroa
I ¢

where V (f) is the upper limit of the sum of the angles at which thé elements
of L are seen from a point ¢+ on C. He has called my attention to the pos-
sibility of solving the problem for convex domains by the same method as
the one he uses for a circle.

GABRIEL, in a first work (2), has treated the problem for a circle and in a
second work (3) for convex regions.

2. Let L be a rectilinedr segment in D). We may suppose that L is parallel
to the real axis. Let F(,z) be a function that for each z€ D is an analytic
function of Z, regular in D and continuous on C. Then, by Cauchy’s theorem,
we have

- L [T 10
yué (z,2)t —2

Hence

1 Fz2 1
If(z)lﬁé;J’F(;‘,j) PR | @) dt]
and
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[li@a1=y [roliva
L ¢

where
_ [|Ez) dz
b l(t)w./"F(z,z)t—z
i
Let z€ L and t€C. If { — 2 = re?, then
dz | | do '
t—2z sin 6
t
Fig. L.

Let u(Z,z) be an harmonic function of , regular for €D, z€ D. When
. 1
—~t€C along a path in D, then u({,2) -~ log |5in 0] Let v ((,z) be the
conjugated harmonic function and put

F(t,2) = e tiv,
Then

2) 2@ = [e®2]do).
L
If D is the circle |{| < R, then we obtain by this construction
‘e =] ues
If(c,z)zg[l—Rz;_Eé C ) = 9
and hence

Ay =2fldo) =2V
L

where V(t) is the angle at which the segment L is seen from a point ¢ on C.
This is exactly F. CarLsoN’s result which is easily extended to the case,
where L is a polygon and finally a rectificable curve. Now we shall prove the
following theorem

Theorem. Let L be o rectificable curve in a convew domain D. Then

flf(zwzlSf;,_fvmlf(t)dtl
z ¢
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where A = 4 and V() is the upper limit of the sum of the angles, at which the
elements of L are seen from the point t on C.

It is sufficient to prove that w(z,2) < log 4.  Further, we can assume that

1 1
the curve C is smooth. The potential of a double layer u.(f) = ;log m

on C 1s

.) - { [0 2] - Jmoatm ol
When ¢ - t,€C along a path in D, then

U ()~ Iogl ,,+ {,uz(t)al[arg(t——to]_.logl m10| = u (lg, 2)

o

since C is convex and the double layer is non-negative.
Hence follows
u((,2)=U,(), C(e€D.,
Putting ¢ = 2z, we get
u(z,2) < U,f2) = flog [sin 0] = log 4.

This proves the theorem.
If the inner curve L is convex, then V() < 2z and®

3) [li@dzl < a[|fwdt]; 4-4
L C .

3. The obtained value 4 = 4 is not the best possible. Let as be that arc
of C for which 0 <argt—2 =0 and let w (¢, ay, D) = @ (, as) be the har-
monic measure of a, with respect to the region I). Then

1
4) U (2, Z) == [Iog mdw (Z, ao).
c

For convex regions the following lemma holds:
Lemma 1. o (z, ag) is an absolutely continuous function of 0 and

o<detal 1
do L7
Let 40 > 0 and consider the function
Aw = w(z, ag+4+ 4 o) — (Z, ag)

} GaBRIEL (3) has shown this inequality with 4 = 7 (1 + ¢) -+ e.
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which is an harmonic function of z, regular in D. Since Aw is the harmonic
measure of the arc Aa = agys9 — g, it i1s non-negative and the lower bound

do . . . .
of 70 is immediately obtained. .

Let H be the half-plane that is bounded by the straight line through the
end-points of Aa, and that does not contain Aa in its interior. If A0 is
sufficiently small, then 2€H. Let « be the rectilinear segment between the
end-points of Aa. Then it is well known that

w(zad; H)—Adw=0.

For the left member is a regular harmonic function of z in the region H-D,
where it has non-negative boundary-values. But

w(z,a; H) = Ane
Hence" '
do 1
6 n
and the lemma follows immediately.
Now we may write 4) as
27
1 dow(z a
5) u(z,z)=[logrsi—m——(§6 o)dﬂ.
From lemma 1 follows that
0<u(zz2) <— [logl |d0—10g4

This is the result that we have already obtained. But (di% cannot take 1ts

. 1. . . . .
maximum-value — in the whole interval of integration since
7

2n

do (2 @) 0 _ _
f 76 d0 =w(z,C) = 1.

0
We use the following lemma :

Lemma 2. If g(0) and h(8) are integrable, g(0) 'non-incmasing, and

0<h(0)<k [h(6)d6 =M
0
then
Mk

fghde<kfgde
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Put
: [
H(0) = [Rdo.
0
Then H(a) = M and

in 0<60<M/k
0£H(0).<_{k6 in /

M in M/k=6<a.

Since g(0) is non-increasing, it follows that

Mk

fghde_[gﬂ fHdg<[gH kfedg—Mfdg—

Mk
a Mk Mk Mk

~|gH — kloo—H a)/g+kfgde_kfgda.

Mik

[~]

This proves the lemma.

We can write the integral 5)
72

6) u (2, 2) [log h(G

where i i d
h(0) = ( ) " (dc;)n- i (ﬁ)n+o+ (d_cg)zﬂ"".

From lemma 1 follows that 0-<< k(0) < Further

a[p

/2
fh(e)d() —w(0) =1
3 ,
Now, applying lemma 2 to the integral 6), we obtain
' ' . nf4

6.

4 1
< <<
O_u(z,z)_nflogsin Gd
0

By integrating the Well-known development
n— Bn

log g2=,  |0|<=

where the B, are Bernoulli’s numbers, we obtain

n}4
4 (1 . S 27B,  (m)\2n
;]logsined +1+2n2n+ () log4 K.
0
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A numerical calculation gives K = 0.1100. Thus
=9 < 4¢-K = 35833 < 3.6.

This upper limit gives the improved value of 4.

By the formal calculation of wu(2,z) we have supposed for the sake of
simplicity that the element of L at the point z is parallel to the real axis.
If the angle between this element and the real axis is 8, then

1
ug(2,2) = b[ log ISTITO—:W do(z, as).

Hence

27

1

é;fuﬁ(z, 2)df = log 2fdw(z, as) = log 2.
0 C

Thus, the mean-value of us(z,z) for all elements at z is log 2.
If D is a circle, then uz(2,2) = log 2 for all § and z€ D. But in the general
case % (z,z) is not constant. The function

is schlicht for 6| =<1 and represents the unit circle [w] =1 on a convex

domain D for |§]| <2 — V3. If § =2 — V3, then we can show by elementary
calculus, that the value of u(z,2) at z =0 for a segment L, coinciding with

the real axis, is log (1 +%) Hence the best possible value of 4 in the

. . . 2
theorem, obtained by this method, is =1 + —=-

V3

Lemma 3. Let z = w + ayw® + --- be schlicht and map the unit circle |w| <1
on a convex region D. Then for 0 <p < 1:

2n
1
oy ./‘log
0

where A 1is the constant calculated in the preceding.

Tz(g€?)

dp<4+ Iogg

Putting -6, = arg z (0¢'?) we have Jz = |z]| sin 6,. In the z-plane the circle
|w| < p is represented on a convex region D, < D. We denote by «p the arc

0<argz=<0, z€ the boundary of D,.
Now, it is easily seen that
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2n 27

R N I e - / 1 - <
2n'[10g d(p—" loglsinoldow(z—(), o, Dp) = A.
0

Hence the lemma follows. It is evident that in the lemma we can substitute
Tz by the more general cos f- Tz + sin Rz where f is real.
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