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On the coefficients in the power  series expansion o f  a ra- 
t ional function with an application on analytic cont inuat ion 

By CHRISTER LECH 

The  coef f ic ien ts  of  t h e  power  series 

2 - - x  i + 2 x + . . . .  ,~ 2, ~ . 

h a v e  the  p r o p e r t y  t h a t  t h e  d e n o m i n a t o r s  fin t e n d  to  in f in i ty  e x p o n e n t i a l l y  w i t h  
2 

. . . . . .  be r ep laced  by  a n o t h e r  rational func t i on  the  i ndex  n. L e t  t h e  f u n c t i o n  2 - - x  

G(n 
and  t h e  coeff ic ients  fl,, ( ~ . ,  fl,,: = 1)*  be  a l t e r ed  accord ing ly .  Might  i t  t h e n  

occur  t h a t  s i m u l t a n e o u s l y  l im fin = cx~ a n d  fl~ = 0 (n k) ? W e  shall  g ive  an  answer  

in t h e  n e g a t i v e  in p r o v i n g  the  fo l lowing  t h e o r e m :  
Let r (x) be a rational /unction, which in the neiqhbourhood o/ x = 0 is repre- 

Oin 
sented by a power series with rational coe//icients, whose :reduced /orms are ~ , ,  

= G(O ~1 ~_~ n r(~) ~o + ~ x + +  ~,x + . . .  

~,,, fl,, integers, (~n, fin) = 1 n = 1, 2, 3, . . . 

fl~ = 1, when 7n = O. 

Then,  either the sequence I~,~1 (n = 1, 2, 3 , . . . )  is bounqed or l ira t�9 ~.** 

The  p roof  is g iven  in t h e  sec t ions  1 and  2 below.  I n  sec t ion  3 the re  is an 
a p p l i c a t i o n  on a n a l y t i c  c o n t i n u a t i o n  in connec t i on  wi th  a p a p e r  1 by  P ro fe s so r  
F.  CARLSO~r The resu l t s  of th is  n o t e  were  also sugges ted  b y  h im.  

* (a, b) means the highest common divisor of a and b. 
** We put f in=  1, when % = 0, for the sake of brevity. In reality, only those values 

of n are considered for which a n 4- 0. A remark of this kind is relevant sometimes also in 
the sequel. 

1 CARLSON, 13ber Potenzreihen mit  ganzzahligen Koeffizienten, Math. Z., 9 (1921), p. 1-13. 
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c. LECH, O n  the coe f f i c ien ts  i n  the p o w e r  ser ies  e x p a n s i o n  

1. We begin with the case where r ( x )  is of the form 

b o  

(1) bo § bl  x + ' " + bm x ~ = a~  § a l  x + ' " + a~ x n + " ' " , 

in which the numbers  b,. are rational integers, not  all with a common factor. 
Apparently a0 = 1. Multiplying (1) by b0 + bl x + . -  + b~x m and equating the 
coefficients for x n in both members, we get a recursion formula for a~ : 

bl b~ b~ 
(2) an = - -  ~ a n - 1  - -  boo a n - 2  bo a n - m  n >-- 1 

(a~ = 0 for v < 0 ) .  

F rom this formula it appears tha t  all the a,. are rational numbers  and, if 
b o = + 1, integers. Next  we assume tha t  bo is a power of a prime p. I f  

n m 
= ~  

an f l , ,  (:On, fl~) = 1, we shall show tha t  .=~lim V r f l ~  >- V 2 .  In  this case, th, 

formula (2) m a y  be writ ten 

_~ C l  C 2 Cm 
(3) a ,  - pl~, a n - 1  + pi,; a n - 2  + "'" + p j , , ~ a n - m  n > 1, 

where c,. and #~ are integers, (c,, p) = 1 and, for one v at  least, ,uv > O. I f  
c, = 0 for certain values of v, we also put  the corresponding /xv = 0. 

Let  the greatest of the numbers ~--~, v = 1, 2 , . . . ,  m be r, where q > 0, 
v q 

(r ,q) = 1 and consequently r > 0 ,  1- -<q--<m.  We introduce u as a q:th root 
of p, thus ;gq = p, and make the substi tution 

a~ 
an = ~rn" 

We obtain a~ = 1 and a recursion formula:  

(3)' , r , p 
an = k l  a n - 1  + k 2 a n - 2  + " "  -~" km a n - m  n >-- 1. 

Denote by  S the class of numbers  which can be written in the form 

(4) H u  e , 

where H is an integer and s a non-negative integer. Since p = gq, we m a y  
assume tha t  in (4) H is not  divisible by  p. A number  in S is then said to 
be divisible by  u, if and only if s > 0. Evidently,  for a rat ional  integer, 
divisibility by  u is equivalent to divisibility by  p. 

The numbers  k, and a'~ in the formula (3)' belong to  S, and when these 
numbers are writ ten in the form (4), the exponents of u become congruent  to  
r . v  to modulus q; at  least one of the k~ is not divisible by g. This is seen 
directly for the k,., and by  induction for the a~. 
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ARKIV FOR MATEMATIK. B d  1 nr 24 

We assert tha t  if one a~ is an integer, not  divisible by  p, then there is 
another  such number  with higher index. Since a~ = 1, it follows then tha t  
there  is an infinity of such numbers. 

Let  k,., be the last of the k~ which is not divisible by  ~. Suppose tha t  
does not  divide a',, but  all, the  following a~ (n > n'). In part icular  u would 
divide the numbers a~'+l, a~,+2 . . . . .  a . ' + , ' - l .  But  then the formula (3)' with 
n = n'  + v' implies tha t  a~,+.,, is not  divisible by  • and the s ta tement  follows. 

p r t r r 

a:,+, ,  = k 1 a,~'+, ' - i  + "'" + k r  an'+l + k c a n '  + k ~ , ' + l  a n ' - I  A- " . .  A- kman'+ .. . .  ,, 

divides every  an ~ divides very k~ 

I t  is seen tha t  a~,,+,,, is equal to a sum of integers (the exponent  of ~ in every 
te rm being congruent to  zero to modulus q), which are all except one divis- 
ible by  p. 

If an infinity of the a'~ are integers, not  divisible by p, it follows tha t  in- 
^ ,  n 

finitely m any  a~ = ~ have a reduced denominator  fin = ~ >-- un > pm ~ 2,~, 

tha t  is 
n m 

li~m V ~  >- V2.  

When bo =V _+ 1 is not a power of a prime, we may  write bo = b'o. b~;, where 
b~) is a power of a prime, and (b~, bo') = 1. Substi tuting 

, r  

an 
(5) ~ = ~b~)~' 

we get from 
(3) for a,~: 

,, bl , b~ b~' ,, bm (b~') ~-1 , 
a n  = - -  ~,o a n - 1 - -  - - b ~ -  a n -  2 . . . .  b'o an-~n. 

When an fl~, ( ~ ,  f l~ )=  1, we have just proved ~=oclim Vi}~-~ I -> V2. 
~t m 

0C n 

a ,  = fl~, ( ~ ,  fl~) = 1 it also follows from (5) t ha t  ~=oclim V I fl~ I -> V2. 

proof is completed in the case where r ( x )  is of the form (1). 

2. In the more general case, when we have 

(2) a. recursion formula for an of the same kind as the formula, 

With 

Thus the 

(x) g(x) = / ~ ) '  

g (x) and / (x)  being polynomials whose coefficients are rat ional integers, we may 
assume, without  loss of generality, t ha t  the coefficients b~ in the polynomial 

/ ( x ) = b o + b l x + . . . + b m x  m 
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C. LECII, On the coeff icients in  the power  series expans ion  

have no common factors. This amounts to a possible multiplication of r ( x ) b y  
an integer, which is of no importance for what is to he proved. If bo = • 1 
we have seen before that the coefficients in the power series for the function 

1 
/ ( x )  are integers, and this must obviously hold also for the function [g(X)(x). If 

I 
bo #_+ 1, it is true for the function / (x)  that,  with the notations used, 

n 

Jim |/]/3,~[ > 1. We shall now prove the corresponding inequality for g(x)  under 
. . . . .  / ( x )  
the non-restrictive assumption that  ( / x ; ,  g ( x ) =  1. 

For the sake of brevity we introduce the notation f l , { F ( x ) }  as follows. 
F ( x )  is to be an arbitrary function which can be expanded about the origin 
in a power series with rational coefficients, 

9(0 0~1 5c ~n n + . . . .  + 

t 
~(,'~, fl,'~ integers, (~,, fl',) = 1 n = 1, 2, 3, . . . 

fl~ = 1, when ~ = 0. 

Then, by definition, f t ,  {F(x)} = ]fl~l. Our statement will be: 

I /  / ( x )  and  g ( x )  are p o l y n o m i a l s  whose  coe[]icients are ra t iona l  integers,  a n d  
( ] x ' ,  g (x  ) = 1, then 

n ~ 

(6) ,=~lim / > 1 imp l i e s  ,=~r / e-  (/(x)J f 

By means of Euclid's algorithm it is possible to find polynomials p l ( x )  and 
P2(X) whose coefficients are rational integers, and a rational integer K, so that  

o r  

(7) 

We put 

Pl (x) / (x) + p~ (x) g (x) = K 

K g (x) 
] (X} = P2(X) / ( X )  ~- PI(X)"  

1 
/ (x) -- C~ + Cl X + " " + Cn X n + " ' " , 

g(x)) =do + d l z  + ' + d,~x" + " ,  /(x) 

P2 (x) = e o + e I x + " ' "  + ek x ~. 

Then, according to (7), for large values of n,  

K c n =  e o d .  + el dn-1 + " "  + e k d n - k ,  
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from which follows 

K 
Thus 

. . . . .  -<  "" t ,  ( x ) /  

lim --< i~m ~8//(x311 ' 
n=r162 L n = ~  

of which (6) is an immediate consequence. 

Our theorem is now completely proved by the following lemma 1, which we 
shall not demonstrate here: 

I], in  the ~)ower series expans ion  o] a rational ]unction about the origin, all 
the coe//icients are rat ional  numbers,  then the ]unction can be writ ten as the quotient 
o] two polynomials  wi th  integral coe//icients. 

3. Suppose  that / ( x )  is an analyt ic  ]unction, regular ang one valued inside the 
un i t  circle, except /or a / in i te  number  o] s ingulari t ies ,  an~ that, in  the neighbour- 
hood o[ the origin, it is  represented by a power series wi th  rational coe//icients,  

/ (x) = a o + a i x  + . . . +  a~ x ~ ~ . . . .  

a~ =finn 

ten, fin integers, (O~n, f i n )  = 1 n = 1, 2, 3, . . . 

fl~ = 1, when ~n = O. 
Then,  i /  

(8) l i~ [ f ln l  = o% lim fin = O, 
n=or n~or n 

/ ( x )  cannot be continued across the un i t  circle. 

The proof of this theorem depends wholly upon CARLSON'S work, mentioned 
in the introduction, which states a necessary condition for us to be able to 
continue / ( x )  across the unit circle: with the notation 

the inequality 

(9) 

ap, ap+l, . . .7 apq q-1 

ap+l, ap~ 2, �9 � 9  ap+q 

U p + q - l ,  Up+q,  . . . ,  a p + 2 q - 2  

1 

lira [ A(p q) I p~< 1 

must hold for q = p, p ~ 1. 

1 t I E I ~ E ,  K u g e l f u n k ~ i o n e n  17, i n  t h e  s e c o n d  e d i t i o n  I o. 52-53 .  
m o r e  g e n e r a l l y ,  for  a l g e b r a i c  f u n c t i o n s .  

T h e  l e m m a  is  s t a t e d  t h e r e  
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C. LECIt, On the coefficients in the power series expansion 

As we have shown previously, the relations (8) involve that  / (x)  cannot be 
a rational function. It  follows, according to BOREL 1 and P6LYA 2, that there 
exists no number P0 such that  p > P0 implies that  A(vv) = A(vv+l) = O. Thus, 
either A(vP)4:0 for infinitely many p or A(vv+a)# 0 for infinitely many p. 

We write 

(1o) m a x  I ,1 = N = 
p~v<3p 

Then, by the second of the relations (8), 

(11) lim ~o(p) = 0. 

Let 191, P2 . . . . .  p~(.u be the primes ~ N, zt (x) the prime number function. If 
we multiply every column in the determinant A~ ) by*  

llog NI [lo~ ,~'l [_log~] 
(12) T = px I-l~ v , l  p2[_log p2J . . . prt(N)l-l~ ~ N n('N), 

all the elements in the new determinant become integers. Thus, if A~v)# O, 

(13) TP I A~P) I -> 1. 

By the prime number theorem, ~ (N) log  N . N as a bounded function of N. 

Hence, on account of (10), (11) and (12) 

1 __ ~(N) lOgNq~(p) 

(14) lim T ~ 1 < l i m e  i v -  = 1. 

If A~')+ 0 for an infinity of p, it follows from (13) and (14) that  

1 

l im I A(,;> ? >- 1. 
79=cr 

In a similar way, it may be shown that,  if A(vP+l):~ 0 for an infinity of p, 

1 

lim ] A (p+1) ]p2 ~ 1. 
;0=er 

The inequality (9) is therefore contradicted either for q = p  or q = p  + 1, 
which proves the theorem. 

BOREL Sur  u n e  a p p l i c a t i o n  d ' u n  t h6o rSme  de  M. H a d a m a r d .  Bul l .  Sc iences  M a t h . ,  (2), 
X V H I  (1894) , .p .  "22-25. 

2 P6LYA, U b e r  P o t e n z r e i h e n  m i t  g a n z z a h l i g e n  K o e f f i z i e n t e n ,  M a t h .  A n n . ,  4 (1919), p.  
4.q7-513. See a lso  C a r l s o n ' s  pape r .  

* [x] is  t h e  i n t e g r a l  p a r t  of x. 

T ryck t  den "22 september  1950 

Ul)psala 1950, Almqvi~t & \Viksells Boktryckeri AB 
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