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O n  n u l l - s e t s  f o r  c o n t i n u o u s  a n a l y t i c  f u n c t i o n s  

By LE~NART CARLESON 

1. Let E be a compact set with a connected complement, f2. If  F is tho 
class of functions /(z) which are analytic in .q and have a certabt property P. 
then a set E is said to be a "null-set" with respect to F, if this class consists 
entirely of constants. An investigation of these null-sets for certain properties 
P has recently been published by AnLFORS and BEUI~Lt~'(~ [t]. For example 
they consider the PA~NLEV~ problem where P is boundedness. I a  this paper l '  
is a continuity property, and our aim is to give metrical conditions on the 
corresponding null-sets. 

We denote by L~(E) and C,~(E) HAUSDORr'r measure and capacity of order 
a, 0 < a < , ,  ')" for their  definitions we refer to [2] A function / ( : )  (not m,ces- 
sarily single valued) is said to belong to Lip a, 0 < a < 1, if for every circul'~r 
arc 9' of length l y ] <  1 and for every branch of ](z), 

f/(z)dz] ~ M I~I", 

where M is a constant independent of y. 

2. Our first theorem is concerned with multiple valued functions ] (~). 

T h e o r e m :  Let F be the class o/ /unctions belonging to Lip a an;1 hav,.i~(i sb~!:' 
valued real part. Then E is a null-set i/ and only i/ 

L,~(E) = O. 

If  L ~ ( E ) >  0, then there exists a real, completely additive set function /; 
vanishing outside E such that  

The function 

(a) # (E)  = 0, 

(b) fld#l = 1 ,  
E 

(c) I#(C)[ < - M r  ~ for every circle C of radius r. 

/ (z) = f log (z - $) d:~ (~) 
E 
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is non-constant and belongs to F;  the continuity of R e / ( z )  is proved in [2], 
page 16, and the continuity of I m  ](z) can be proved similarly. 

If, on the other hand, L~ (E) = 0, suppose that  / (z)  = u (z) + i v  (z) belongs 
to F. We cover E by a family of disjoint circles {C,} with radii {r~.} such tha t  

r a <  e. 

This is always possible since L ~ ( E ) =  0 and a < 1. Let  7 by  any closed, 
smooth curve, not meeting any circle C,. Then 

7 C v C,, 

where the summation runs over those ~ which correspond to circles interior 
to 7. Hence, letting e-+ O, we obtain 

J ' O u  
o ~ d s  = 0 .  

7 

] (z) is thus single valued and bounded whence (see [1], page 121) 

/(z) - -  constant, 

and the theorem is proved. 

3. If we suppose furthermore that  the imaginary part  of ] (z) is single valued, 
the dimension of the null-sets is increased by 1. 

T h e o r e m :  Let F~ be the class o/ single valued /unctions belonging to Lip a. 
Then E is a null-set i] LI+~(E) = 0 .  I /  CI+~(E) > O, E is no null-set. 

The second part  of the theorem is proved in[2].  We suppose tha t  LI+~ (E) = 0 
and / ( z ) e  Lip a. Let  {R~.} as in the sequel denote a covering of E by a finite 
number of squares with sides {~,.} such tha t  R~ and Rt,, v # #, have parallel 
sides and no interior points in common. We also suppose that  the set on the 
boundary of R~ which belongs to E has measure zero. We here suppose that  

E. 

If  
C2 /(z)=co+CJ+z~+.-, 

Z 

it is sufficient to prove that  

(1) Cl = 0, 

as the argument then can be repeated on th3 function z (/ (z) - -  Co) etc. By 
(-~AUCHY'S formula we have 
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R,, 
k..2 

Let z, ER. .  Then 

1 ]. Ic:l-<~Y~ It(~)-/(~,)lld~l= ~ O ( ( ~ l ~ + a )  �9 

R v  

Thus (1) holds and the theorem is established. 

4. The limit case a = 1 is particularly interesting and gives rise to functions 
with bounded derivatives. In  order to characterize the null-sets of this class 
from a metrical point of view, we need to devide the family of sets with positive 
Lebesgue measure into classes of null-sets. I t  is remarkable that  the generalized 
capacities can also serve for this purpose. We shall for the sake of simplicity 
only consider sets E interior to the closed unit circle 09. 

We define the classes N~, 0 ~ a ~< 2, of null-sets: E belongs to N ,  if 

c .  (~  - E) = c~ (~), 0 -< ~ < 2, 

m E  = 0, a = 2, 

where Co denotes the logarithmic capacity3 Every set E belongs to No, since 
the mass of the equilibrium distribution is situated on the boundary of co. 
Furthermore, every set in N2 belongs to N, ,  a < 2. We shall actually prove 
tha t  the set N ,  increases as a decreases: 

(2) N,~ < N~, if a > fl. 

Every  set E thus defines a cut a' in the sense that  E eN,~ if a <  a' ,  but  
E C h ~  if a > a ' .  

To prove (2), let E E N~ and O. be an open set consisting of n circles C~ 
with radii - - < ~ ,  such that  c o l O g n e ,  l i m O . = E ,  and put  F , = o J - - O , .  

n=oo  
Let /,~ and # be the equilibrium distributions corresponding to F ,  and co and 
the kernel r-% If  v is the distribution corresponding to eo and r-fl, we define 
the completely additive set functions v. as follows: 

Since 

l . (OF) 
v. (e) = / ~  (e) .  ~ ( ~ ) ,  

( ~ (e), 

l i r a / ~  (e) -- tt (e), 
m.~O0 

e < C~, i = 1 , 2  . . . .  n, 

e outside all C7. 

we can choose m > n so tha t  

(C~) < K p .  (C~), 

s A condi t ion  of th i s  k i nd  is g iven  in  [1]. 

i =  1 , 2 , . . . , n ,  
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where K is a constant  independent of n. Furthermore we have 

~ , ~ ( ~ -  E) = ~. 

I f  u~, and u are the fl-potentials generated by v~ and v, and s > 0, we find 

whence 

. ( z ) - u . ( z )  = I ; - ~  ~' l . - ; l"J  + I . - ~ I " '  
I z - ; l ~  Iz-~l>~ 

f d/~n (~) lu (z) - -  u,~ (z)] _< 8 (s) + K ~,-;3 I z _ ~ [~ 
~o 

- - -  + ~ - ~ -  (s + a,O-, ~, 

where 8 ( s ) - ~ O  as s -~O.  

and 

which was our assertion. 

We conclude 

lira sup [u (z) - -  u~ (z)] = 0 
n = ~  Z 

C,, ( , ,  - E)  = C~ (~o1. 

5. We shall now prove tha t  the cut  defined by  the null-sets for the c l a s s / ' 1  
of functions with bounded derivatives is a '  = 2. More precisely we have the 
following 

T h e o r e m :  A sufficient condition that E is a null-set /or the class 17" 1 is that 
E E N2. A necessary condition is that E E Nv  /or every p < 2. 

Suppose tha t  m E  = 0 and let {R~} be a covering as above. 
z~ E R~, 

f /(~1 d~ = - -  f (z - -  ~ . ) / '  (~)d~ = 0 (a~). 
I f  v R v 
k . 2  

Thus 

We have, 

e l  - -  1 f 2 ~ i  Y~ / (z) dz = Y~ 0 (~:) 
R v  

for all coverings of this kind, whence 

c 1 = 0, 

and the first par t  of the theorem follows as above. 
Suppose, on the other hand, tha t  Cp (co - -  E) < Cp (co), 1 < p < 2. Let  F be 

a closed subset of c o -  E, bounded by  a finite number  of circles. Let  # be 
the corresponding equilibrium distribution such tha t  

f ~e(t) 
V -  u ( O  = V - j i g _ t i p  - o o n  F.  

F 
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We define 

(3) /(z)= .(fV--u(~)d~d v , ~ _ z  
o) 

~ = ~ + i ~ .  

] (z) is holomorphic outside c o -  F, and we shall prove that 

(4) ]im ]z/(z) l --> 5 > 0 
z ~  

and 

(5) l/'(z)l<M, 

where ~ and M are independent of F. 
To prove (4), let v be the equilibrium distribution for oJ and the kernel r -v. 

We obtain 

f 1 ( f 1 1 > ( y > 0  [V -- u (r dv (r = G ( F ) - -  d#(O [~<_tl ~ C~(F) G(~o)-- 
. 

co /~ (o 

according to our hypothesis. As furthermore V -  u(~)>--0 and v has a con- 
tinuous density, (4) follows. 

As to (5), we suppose for the sake of simplicity that the origin belongs to 
F and consider ]' (0). Setting ~ = re i~ we obtain 

2 z  1 

u - - u  I 1  1 

to F 0 0 

We devide the last integral into three parts where the integration is taken 

over the intervals (0, [~]), (]~J, 2 J t [ ) a n d  (2It[, 1)respectively. Denoting by 

A certain absolute constants we obtain the following estimations of the integrals: 

Itl 
Y 

IIII<-A. d#(t)H v+i r .J Itl p 
F 0 F 

2 I t ]  2 z  2 I t  I 

f f d r ( d O  f f d r X  r p-1 
l / s ] -  < d~t(t) .~ r .  It--~'l ~ < - A .  d~(t) .~ r ]tip [ r - - l t l [ ~ - ~  

F Itl o F Itl 

1 

.F 21tl 

<_ A u (o). 

<_ An(O). 
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We thus find 
1/' (0) 1 -< A u (0), 

and since the argument works for all points on F a n d / '  (z) is evidently bounded 
outside co, (5) is proved. 

We now choose a sequence of sets Fn such that  

lim F .  = ~o - -  E; 
?t:= oo 

the corresponding functions ]~ (z) then satisfy (4) and (5). We can choose 
subsequence ni such that  

lim ]~i (z) = ] (z) 
i = o o  

exists, where ] (z) is holomorphic outside E and satisfies (4) and (5). From (4) 
it follows that  ] ( z ) ~  0, and the theorem is proved. 

If we suppose that  ]' (z) is uniformly continuous outside E, the picture is 
completely changed as shown by the following theorem. 

The o r e m:  A necessary and su]/icient cgn~lition that E is a null-set/or the class 
o] /unctions with a uni/ormly continuous derivatiw outside E, is that E has no 
inner points. 

The necessity is evident. Suppose that  E has no interior point and let {R,} 
be a covering. We find 

If 

we get 

w h e n c e  

f ] (z) d z = - -  f (]' (z) - - / '  (z,)) (z - -  z,) d z. 

eo 1(5) = sup sup I/' (z + h) - - / ' ( z ) ]  

I f ] (z) d z I < 4 (~ oh ((~,), 
Rv 
t.2 

Ic l 2 

But this last sum is as small as we please and so 

The theorem follows as before. 
C 1 : 0 .  

6. The linear sets are particularly simple for the PAINLEV~ problem. For 
the class I'I certain product sets of a simple kind have a similar position. If 
E~ and Ey are two sets on the x- resp. y-axis, the set E of points z= x + i y  
with x E E~ and y E Ey is denoted by 

E = E~ X Ey. 
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T h e o r e m :  I /  E~ is the interval (0, 1), then E = E~ X Ey is a null-set /or the 
class F1 i] and only i ] E  e N2.1 

We suppose E r N2. Then m Ey > 0, and there exists a function ~ (z)which 
is bounded and holomorphic outside Ey. The function 

1 

l ( z ) =  j (z - 
0 

is non-constant and has a bounded derivative, for 

1 

/ '  (z) = . f ~ ' ( z - -  ~ )d$  = q(z) - -  ~ ( z - -  1). 
0 

These product sets E also give us imformation about the properties of the 
null-sets of the class F 0 of functions which are holomorphic and uniformly 
continuous outside E. A necessary condition on the null-sets is C1 ( E ) =  0. 
This condition is not sufficient and there is no equivalent condition which is 
expressible in purely metrical terms as shown by the following 

T h e o r e m :  E = Ex X Ey, mEu ~ O, is a null-set /or F o i/ cn~ only i/ Ex is 
countable. 

Suppose tha t  E~ is countable and tha t  / (z)E T 0. The modulus of continuity 

eo (6) = sup sup [/(z + h) - -  ] (z)[ 

then tends to zero. I f  {R,} is a covering of E, we obtain as before 

7~ 

I t  is easily seen that,  under our assumptions, this last sum can be made a s  
small as we please, whence 

C 1 ~ 0  

and /(z)------constant, which was our assertion. 
On the other hand, if E~ is not countable, there is a distribution # of the 

unit mass on E~ which is continuous. If  ~ (z) is bounded and holomorphie 
outside Ey, 

t (z) = . f  - d 
F~ 

is an example of the desired kind. 

1 See Ds~jor [3]. 
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'1'~) -,(. t lmt  1he , 'omlit ion C I ( E  ) -: 0 is no t  sufficient,  we need  only  choose 
a s,.! /..',: which ;s n(,t c~)untablc bu t  lms h)gari thmie capac i ty  zero, for, as is 
ea:-ilv -ht ,un.  :~ ne('ess~rv and  sufficient c(m(lition t h a t  C I ( E )  = 0 is t h a t  E.~ 
]~,s \aJ,id~in;~ },,a:~rithmic capaci ty .  

I<FVI';!:I;;N~'I':Y,. I] A h l f o r s ,  L. and B e u r l i n ~ ,  A.,  (!onformal invariants  and function- 
lh,.,,v,.li,. ~ll--,.r~. .\~.ta Math. 83 (1~50). [12] C a r l e s o n ,  L.,  On a class of meronaorl)hie 
Itm,.;i,,~,- ~md it< .~ /wia tcd  t~xcepti(mal st't.'. Uppsala lqS0. --- [3] Den joy ,  A. ,  Sur ]es 
-it(~,la~ir. , l i- , , . , t i~,, ,~ des f()w'ti-ns mmlyti(llwg mdf~,mnes. Comptcs rendus 1-19 (1909). 

Tryckt den 25 juli 1950 
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