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A n  i n e q u a l i t y  o f  P a l e y  a n d  c o n v e r g e n c e  a .e .  o f  

W a l s h - F o u r i e r  s e r i e s  

By PER SJOLIN 

I n t r o d u c t i o n  

Let  Sn denote the n th  partial sum of the Walsh-Four ie r  series of a funct ion 
] e L 1 (0, 1). Let  M/(x)  = supn I Sn (x) l. I n  this paper  we will prove results concerning 
the operator  M, which are analogous to the results for t r igonometric  Fourier  
series proved by  Carleson [2] and H u n t  [3]. I n  [1] Billard has shown tha t  the 
Walsh-Four ie r  series of an L2-funetion converges a.e. Billard essentially uses the 
same method  as Carleson but  makes some modifications of the proof to adapt  
it to  Walsh  series. We proceed in the same way  and use H u n t ' s  var iant  of 
Carleson's method with modifications according to Billard. The results are: 

Theorem. 

(A) I /  S~o [/(x)[ log + I/(x)l log+log + I/(x)[ dx< ~ ,  then Sn(x) converges a.e. 

(B) H/fill •Const. S~ I/(x)l ( l og  + ]/(x)l) 2 dx+ Const. 

(c) JJM/II~ < G II/il~, ~ < p < ~ .  

(D) m { x  e (O, 1) I Ml(x) > y} < Const. exp ( - Const. y/lllJl ~), y > o. 

To be able to prove (A), (B) and (D) we estimate certain constants in a 
theorem of Paley ([4], p. 249). This is done in Section 1. The result needed for 
the proof of the theorem is the following lemma: 

Lemma 1.8. Assume / e L ~ ( 0 , 1 ) .  Let ~={~7k}~_1 with ~k=O or 1, k = - 1 , 0 ,  
1,2, . . . .  Let 

H / ( t ) = s u p ] ~ _  ~7~Ak(t) , 

where Ak = $2~+1 - S~k /or k >~ 0 and A-1 = $1. Then 

( m{te (o, 1)lHl(t)>y} <Const. exp -- C o n s t . ~  , 

where the constants are independent o/ 7" 

In  Section 2 we use H u n t ' s  method and L e m m a  1.8 to prove the following 
basic result: 
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r. SJ6LIN, Inequality of Paley 

Lemma 2.7. Let Ze be the characteristic ]unction o/ a measurable set F ~ (O, 1). 
Then 

m{xe(0 ,1 ) ]MZr (x )>y}<~B~y-VmF,  y > 0 , 1 < p < ~ ,  

where Bv <<. Const. p ~ / p -  1. 

Using Lemma 2.7 we could continue in the same way as in [3] to prove (B), 
(C) and (D). However, to establish (B) and (D) we use another method, shown to 
us by  Professor Carleson, which also gives (A). This is done in Section 3. For 
ordinary Fourier series this method gives the result 

(E) If  ~ ] / ( x ) l l o g  + I/(x)llog + log + I/(x)] dx< ~ ,  then the Fourier series of [(x) 
converges a.e. 

1. Estimation of constants in a theorem of Paley 

Let  dP0, qbl, ... denote the t tademacher  functions and Wo, w 1, ... the Walsh func- 
tions on (0, 1). We introduce notations for dyadic intervals: 

COo. 2 = ( - 2 , 2 ) ,  O~-1,-1=(--2,0), O)0.-1=(0,2) and 

o~j,=(~-2 - ~ , ( ~ + 1 ) 2  ~), vinteger>~0,~integer,  - 2 - 2 v ~ < j ~ < 2 " 2 ~ - l .  

If  /ELI(og), co=toil, v>~0, we define 

a~=a~(~o)=a~(co,/)=lo21 /(t)we~(t)dt, l=O, L2, . . . ,  

n- - I  
S~(x )=S  n(x,~o)=S,~(x,~,[)= ~ a  l(~,[)w~,z(x), n>~I, and S o(x)=O, 

1-O 

g e + l _  1 

~k(x)=A~(x,~o)=Ak(X,~O,I) = y az(m,l)wel(x), k = O ,  1, . . . ,  a n d  
l - 2 k 

m I ( x )  = aow o (x). 
For j = 0, 1, 2, ..., let 

2 j if O < t < 2  j-i ,  

~*(t)= - 2  j if 2 - J - l < t < 2  -j, 

0 otherwise. 

I f  n =  ~e i2 '  (e~=O, 1) we define ~=(t)= ~ ~*(t). 
i = 0  e i = l  

~f ~ , 2 - '  and t:~,m-'<~,,~,~o, 1)let ~t :~ l~ , -~ ,12- '  
1 1 1 

I t  is wellknowu tha t  for every x E (0, 1) the formula w~(x q-t)= w,(x)w~(t)holds  
for almost all tE(0,1).  For v~>0 we define a mapping 
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~o~:o9o~--,(0,1) by ~v~ = ~+12 -~. 
y 

[ 2  ~ if 
If n = ~ r  let n[ogY"]=!,n ,>~ e,2' v~>O, 

if v< O. 

We define v+=v  if v>~O and v+=O if v<O. If n[o9]=2 ~§ we write nint(og) 
(o9 = ogj~). 

We first give formulas for Sn and Ak. 

Lemma 1.1. Assume o9 = o9~ ~ o9oo a n d  x E co. Then 

Sn (x, o9) = fJ ( t )  w~n (x 4- t) a~  (x ~- t) dt, 

Ak(x, og)= fJ(t)a*+~(x~-t)dt, k>~O. 

Proo]. 

n>~O, (1.1) 

n--1 n l f ro  S~(x, o9) = z=0~al(o9'/)w2~l(x)=2~0 /(t)w2"z(x4t)dt 

= 2~L / (t) (n~olW2~z(x 4 t)) dt. 

(1.2) 

Using (1-4) in [1], p. 363, we get (tEo9) 
n - 1  n - 1  

we, (x 4 t) = ~ w, ( ~  (x 4 t)) = wn (~. (x 4 t)) an ( ~  (x 4 t)) = 2-~w2~ (x 4- t) @ .  (x 4 t), 
0 0 

which yields (1.1). 
(1.2) can be proved in the same way if we use the equality 

2k+l_l  
w~ (x) = a* (x). 

2~ 

If /ELi(O, l) we define a maximal function /*: 

r(t)=sup• fyl dx, 

where supremum is to be taken over all intervals I saVisfying t e l c ( O ,  1). I t  
is wellknown that  the following estimate ~ holds: 

Lemma 1.2. There exists a constant C > I  such that'/or 2~<p< 

; ,/*,V dt <~ C ;  ,/," dt. (1.3) 

For a proof see [5]. p. 652. 
We need some more lemmas. 

553 



P. SJOLIN, Inequality of Paley 

L e m m a  1.3. I /  C is the same constant as in (1.3) the /ollowing inequality holds 

(suplS~.l)'dt<C I/l'dt, 2 ~ < p < ~ .  (1.4) 
n 

Proo/. From (1.1) it follows t h a t  

I s~.(t) l <<2nfl/I d~, 

where t E I c (0, 1) and  m I  = 2- n. We therefore have  sup~ ] S~, (t) l ~</* (t), which 
yields the lemma.  

L e m m a  1.4. Let m 1 > m a x  (m2, ms, ..., mq) and let r be an odd positive integer. 
Then 

f ~  Arm, A m ,  Area* . .  Amqdt O. (1.5) 

Proo/. This l emma is p roved  for r = 1 in [4], p. 250, and  the same proof holds 
also in this case. 

T h e o r e m  1.5. Assume k is an even integer >~2 and /6Lk(O, 1), / real. Then 

(~ A2) 1/2 ~<Const. ]/kH/]tk. (1.6) 
i / Ilk 

Pro@ In  [4] (pp. 253-254) Pa ley  proves  II(E~l A~n)i~ll~ <B~ II/ll~" However, t h e  
me thod  used by  Pa ley  gives Bk > (Const.) k and we modi fy  the proof to get (1.6). 

Le t  v = �89 k and F~ = ~-~i 1 Am = S ~ .  Assume N - 1 >~ n I >~ n.~ >~... >~ n~ 1. We h a v e  

F~= f~+  An -_F.~+ Z • ~ zLF.,+ ~ AnAm, 
n=nl  n=nl  n+m 

n ~ <~ n . ra <~ N 1 

and  it follows t h a t  

f~ f~ N-I i l l  2 2 2 A 2  2 2 A s  2 2 An, . . .An~_lFgdt  = --=~...An,~xFnldt+ ~ -n1 . . .An ,  aA~dt 
n=nl 0 

N - l  f 2  f :  + 2 Z A~, A s An F~, dt + ~ 2 2 An~... An,, ~A~Am dt. 
� 9 " nv-- i 

n=nl  n*rn 
n l <<. n , rn <~ N - 1  

The two last  t e rms  vanish  according to L e m m a  1.4 and  we get 

N- 1 i~1 f i  2 2 
5 A s ~, . . . . . .  Aun~_lA2n dt ~< A~, An~ 1Fgdt. 

7t=Tt 1 �9 0 
(1.7~ 

Le t  7(no . . . . .  n,  1) denote the number  of different pe rmuta t ions  of no, . . . ,n ,  1, 
We have  
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f~/ N - 1  2xl k/2 f~ et= x A:... AL et 
no, , . . ,  n v _  1 

N l>~no>~...>~nu_ 1 

I t  is easy  to ver i fy  t h a t  ~(n+ .. . ,  n~ 1) ~<w(n~, ---, n: 1)- Using this inequal i ty  and  
(1.7) we get 

/ N - 1  2 \ k / g  

~ y(n, n 1 . . . . .  n~ 1) A~: 2 2 , , . . .  An,_IA~ dt 
n l  . . . . .  n ~  1 n - ~ n ~  

N - l > ~ n 1 > ~ . . . ~ n ~  1 

nx . . . . .  n r  1 
N l ~ n l ~ . . , ~ n  r I 

) = "",  ""A~v 1 F ~ d t  

N- l>~n l>~ . . .>~nr_  i 

1 / N - a  Z'~ a 

t t6]der ' s  inequali ty now gives 

o l ( ~ l A 2 n ) V d t < v / f l / N - 1  ,~ ,(~ 1 ) / ~ / f 1  xtll~, 

['I/N 1 \~ f F ~ d t .  t h a t  is | | ~: A2n~ dt ~ v  ~ "~ 
J o  \ - I  / J o  

L e m m a  1.3 implies f :  /~ I \~ 

and (1.6) follows f rom this est imate.  

Theorem 1.6. I /  k is an even integer >~ 2 and / is real, then 

II/ll~ ~< Const. k 1~ A~/ (1 8) 
\ - 1  / k" 

Pro@ Paley  has p roved  (1.8) with a constant  Bk instead of Const. ~ ([4], pp. 
251-252), bu t  his me thod  gives a larger value for  Bk than  Const./c. 

We first  prove  

F~+ldt<~(Ck) ~ A dt, N =  - 1,0, 1 , 2 , . . . ,  (1.9) 

where C is the same constant  as in L e m m a  1.2. 
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We show (1.9) by induction with respect to N. For N = -  1 we have 

/ ~  A2\ k/2 

f ~  f ~  / ~  \k/2 (1.101 

For 0 ~<n~<h r we have 

(Fn+l - F~)  dt = [(Fn + A~) ~ - Fn k] dt = ~n  --~ 
i=l 

f l A2i b "~k- 2i r/~ 
= Y  2i 1=1 

because the terms with odd i equal 0 according to Lemma 1.4. We therefore get 

r ~  + l dt = ( F~ +1 -- F~) dt + F~ dt 
0 n=0 

:n~-0t~1 2} A n F  n d , +  Ak_l d, 

~ / k X  N 1 

"~]--~1 ~2j) n--~- 0~<n~<Nmax F~ -21 d'  

"~Z . | | ~A~}  max F~ 2Jdt. 

Thus, letting I ,  = ( Z  A•] max F~ ej dr, 
\ - 1  / O<~n<~h r 

we have F~+ldt<~j=l  ~ 2~ J" (1,11) 

For ] <  �89 H61der's inequality implies 

/ ~  2\~:/2 ~(2j)/k//-1 / \k \(k-2j)/k 

According to Lemma 1.3 and the induction assumption (1.10) we have 
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I t  follows that  

Ij  <~ C (k-2j)lk (Ck) k -2j f ~  / oo 2\ k j2 1 / ~ \ k/2 

This inequality obviously holds also for ] =  �89 
Using (1.11) we get 

We have 

1 / ~ A2 ~ k/2 �89 

( ) ~ k .<1 ~ k ( k - 1 ) . . . ( k - i + l ) l  .<1 ~2_t+1<~, �89 k (Ck)_2i <~ ~. ( . I  (ek) -I - k 1 
2~ ~=2 \~1 "~ C ~=2 j=~ f : 2  :.U.-i k ~ ~C~=~ 

and (1.9) follows. 
We can now continue in the same way as in Paley 's  proof ([4], p. 252) and 

we get (1.8). 

Remark. Theorems 1.5 and 1.6 hold even if k is not an even integer. To extend 
Theorem 1.5 we can use Marcinkiewicz's interpolation theorem and the extension 
of Theorem 1.6 follows from an argument  similar to the proof of Theorem 1.7. 

In  the sequel let ~={~k}k~_l, where ~ k = 0  or 1. 

Theorem 1.7. Assume / E L ~ (0, 1), p/> 2, and let /~ (t) = ~-1  ~n An (t,/). Then 

II/,11  -< Const. p llfll~- (1.12) 

Proo]. A combination of Theorems 1.5 and 1.6 gives II/~11~ < Const. F '2 Iltll , v/> 2. 
In  the original version of this paper  we used this estimate instead of (1.12) and 
obtained a slightly weaker theorem than  the theorem in the introduction. How- 
ever, the inequality (1.12) can be obtained as a consequence of a result of 
C. Watari  [6]. Watari  proves 

m ( x e  (0, 1)[ I/,(x) I >y}~<Const. H/H1, y > 0 .  
y 

Using this result and Parseval 's  formula and applying Marcinkiewicz's interpola- 
tion theorem we obtain 

II/ 11  ~< Const. 1 3. II/ll , 1 < p <  (1.13) 

(1.12) now follows from (1.13) and a standard argument  with conjugate indices. 
We will now prove Lemma 1.8 (see the introduction). 

Proo/ o/ Lemma 1.8. First  assume /ELY(O, 1), p>~2. We have 

H/(t) = sup ~kAk(t, sup Ak(t,/,) = sup ]S~n(t,/7)1. 
n k =  - I  n I t= - 1  n 
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From Lemma 1.3 and Theorem 1.7 we get  

IIHlth, < Const. II1,,11,, < Const. p II111,,. 

From the proof of Theorem (4.41) in [7], p. 119, it follows tha t  ]/[ ~ 1  implies 

fo eXp (Const. [H/I) dx <~ Const., 

and the lemma is an easy consequence of this estimate. 
B y  a change of scale we can prove Lemma 1.8 with (0, 1) replaced by  an  

arbi t rary  interval o~ = co j, : 

Lemma 1.9. Let /EL~176 eo=coj~, v>~O. Let H / ( t ) = s u p ~ l ~ -  ~VkAk(t,o~,/)[. 
Then 

( Y ) y > 0 .  (1.14) m{t  E ~o [Hl(t ) > y} ~< Const. I~ I exp - Const. ] [ ] ~  , 

2. Proof  o f  the basic result 

We need some more notations.  If  /ELl(co), co= eoj,, v~>0, we write 

1 
A~(oo)=A~(o, l )=~=o I ~(o~)I 1 + (Z_ n)~ 

and  * A~:~(oJ)=max,,.A,~,](o~ ), where max imum is to  be taken over the four  
subintervals ~o' of (o with 4[o) ' [=]co[ .  I f  / E L l ( 0 , 1 ) ,  n~>0 and xEe)=ms~ceo0o 
we define 

(x, ~o) = s* (x, ~o, l) = ( l(t) wn (t) a~ (x 4 t) S* dr. 
d,o 

For  x e c%o let S* (x) = S* (x, coo. 2) = S* (x, COo -1) = S* (x, c%o ) and S~ (x) = S~ (x, o~oo ). 
From (1.1) it follows tha t  

I sn (x) l = Is* (x) l. (2.1) 

We also define the operators M and MN (N positive integer) by  

MI(x) = sup ]S~(x) l and i z~/(x)  = sup [S~(x) l. 
n n<~N 

We will now prove the basic result using Lemma 1.9 and the method  in [3], 
Sections 5-11. Since our  proof contains no new ideas, bu t  is just  a combinat ion 
of the proofs in [1] and [3], we do not  give all the details. 

Star t ing from a funct ion / = ZF and numbers  1 < p < ~ ,  y > 0, N > 0 and k ~> 0, 
we define the Walsh polynomials Pk (x, co) (oJ : coj~, v ~> 0) and the set Gk ([3], Section 
5). We get  

I f  a~ is a coefficient of Pg(x, eo) then laSl~b~y~'2(b~=2 ~), (2.2) 
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l a , , ( w , / -  P ( . ,  co)) I < b~y ~/~ for all m, (2.3) 

 mF. (2.4) 
(n.aOeGk 

We define Ak(x) and Xk as in [3], and take  X* as the union of all intervals  
~oy.~-2 such t ha t  @,~_~D~oj~ for some o~ j~X~.  We then  have  

mX~ < 16bky-PmF, (2.5) 

I f  o~=Xk then Pk(x,~o) has a t  mos t  b; a terms,  (2.6) 

I f  o~c~X~ and P~(x, O))=~a'nw~(X ) then [P~(x, o~)] < ~  ]a'~] <~b;2y ~/~. (2.7) 

Defining ~ as in [3] and then  G~ as in [1], p. 373, we get 

5 <Cons t .  ba16y-VmF. (2.8) 
(n, eo)eG~ 

The following two lemmas  are consequences of the definitions made  above 
(see [1], pp.  373-374). 

L e m m a  2.1. Assume ~o=~j~, v~>O, ~odgX~ and (n ,w)qGk (k>~l). Let Ql(X) 
denote the sum o/ those aw~(x) in Pk(x, oJ) /or which I n - ~ [ w ] ] > ~ b ;  1~ holds. Let 

For x C eo we then have 
Pk (x, e)) = Qo (x) § Q1 (x). (2.9) 

Qo (x) = alw~, (x) § a2w~ ~ (x) ,  where [a  21 ~< l ai [ "< L .9 p/2 --~,k Y and t)q[w]-X2[eo]l=I. (2.10) 

L e m m a  2.2. Assume eo ~- X* and (n[~o], ~o) ~ G~. Let o~j, j = 1, 2, 3, 4 satis/y 
4](oj] = ]o)], ~ojc ~o. Let Pk(x, ~oj) = Qo(x, o)j)+ QI(x, eoj), where Q1 contains those 
terms aw~ in Pk /or which In[~%]l-~t[eoj]]>~b; 1~ 

Then Qo (x, wl) = Qo (x, ms) = Qo (x, wa) = Qo (x, w4). 

We now define the set  S as in [3] and take  S* as the union of all (ot,,~-2 
for which oJj,.~_~D@~ for some @ ~ c S .  We get  

mS* <~ 16y-V mF, (2.11) 

voo~=S* implies A*(eo0)<y  and A*(o~0)<y p for all n, (2.12) 

I f  co0 ~= S* then  b~-ly >A*n (~%) >~ bky for  some k>~l,  u n l e s s / = 0  a.e. on ~o 0. (2.13) 

According to [3] there exists an  integer L =  L(p) such tha t  

p* 
L(p) <~ Const. (2.14) 

p - 1  

and o)o~:S* and A*(a)o)>~bky imply  y'/2<~b;l/4y. (2.15) 
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Given (n[coo], cool r coj ..... - 2 ~<Vo ~ < N -  2, (if r r we assume tha t  coo 
equals  r or r 2) and k~> 1 satisfying the condition 

G* * A.E.,ol (coo) < ~(k)  : (n[coo],COo) E kL and bk-ly ,  

we construct  the par t i t ion  ~N((n[coo],coo),k ) of coo as in [3]. I f  x Ecoo N r 
and  x is not  an  endpoint  of an  r we define COo(X ) as in [1], p. 374. 

Now assume n int  (coo) and  COo(x)cCO'=COo, CO'=COj,~,. Le t  nl=2"+n[CO']. As 
in [1], pp.  375-376, we get 

t _< []S*(x, COo)l- ]S~*l(X, CO )] --~R~(x, COo), (2.16) 

where R. (x ,  COo)= sup Z~j+~oAj(x, COo, E~) n = Zo~2~ (2.17) 
k i 

1 f~ /(u)w.(u)du. (2.18) and  E .  (t, COo) - I coo (t) l .(t) 

Now let T*(n[COo], COo) = {x E COo ]Rn (x, COo) > CLk bk-iy} ,  (2.19) 

where C is a constant .  (If Vo< 0 let 

COo)) R. (x ,  coo)= sup ~-~o ~jAj(x, COoo, E ~ ( . ,  

and  T*(n[COo], COo) = {x E COoo JR. (x, COo) > e L k  bk- iy}.  ) 

Observing t ha t  ]E~(t, COo)[<~Const. b k ~y and using L e m m a  1.9 we get 

mT* (n[COo] , COo) ~ Const. ] cool exp ( - Const. CLk). (2.20) 

We  sum up the results in the following lemma: 

L e m m a  2.3. I /  n i n t  (COo), n[COo] and COo satis/y ~(k) ,  x E COoo and COo (x) = COt ~ COo, 
then /or x (~ T* (n[COo] , COo) 

]S*(x, COo)[- [$2~'+,E~.1( x, CO')l <~CLkbk_ly. (2.21) 

We define the sets X*, T* and  W* as in [3]. Le t t ing  E = S * U  X*U T*U W* 
we then  get  

m E  <~ Const. y-V mF.  (2.22) 

We now prove  the analogue of L e m m a  10.2 in [3]: 

GkL, where L e m m a  2.4. Assume COo = tot ..... x e coo N cooo, x ~ E and (n o [coo], COo) ~ * 
> * k is de/ined by bk-xy A~oEool(COo)>~bky. Then there exist 0) 1 and nl such that 

cos ~ COo, (2.23) 
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and 

(n~[co~], co~) e G~L, n ~ i n t  (co;), where 41co;I = I cod, 
In,[COo]-no[coo]l<Ab~ 1, where A is a constant. (2.24) 

I[ n satislies [no[COo]-n[COo] I <.2Ab~ ~, then 

I IS~ ~ . . . .  [ ol(X' COo){--{ ~o~[~,l(X, COo)ll ~<Const. {An,E~o](COO)+ b~y}. 

Proof. Defining coo, CO', Po, P as in [3] we get 

(2.25) 

A~ (CO', l - P)  <- r~2. (2.26) "~-~LY for all n 

' - b ~/~ (2.27) and A~ot~;~ (COo, Po) > (b~ ~L, Y. 

Po must  contain an index ~t with Ia[coo]-no[COo]l<b -'kL, because otherwise we 
would have (Po = ~ a~ wa,) 

�9 , 1 
Anot~,;] (COo, Po) ~ ~ [a~[ A n,[~,;] (o~o, w~) = ~ [a~] ~o 1 + (X, [coo] - no [COo]) ~ 

t 

which contradicts (2.27). 
Since (no[cool , coo)~G*L we have according to L emma  2.1 PkL(X, CO')= Qo(x, co')+ 

Qi (x, o9'), where 

and 
Qo=QlWa,+~2w& with led<le l<b 2y, and (2.28) 

All indices 2' of Q1 satisfy IX' [w'] - n o [CO'] I ~ >~ -k~.~-l~ (2.29) 

Lemma 2.2 implies 

The polynomials Qo corresponding to different subintervals  CO' are 
equal. (2.30) 

(2.27) implies (bk -- bl~) y <~ Anoto;l (COo, Qo) + A ~oto;l (COo, Q~), and using (2.28) and 
(2.29) we get 

1 + [COo] - no [COo]) 

We define n~ = ~1- (n~ [COl], CO;) e GkL for some CO; = coo. If  CO~ ~ CO~, 4]CO;] = l co, ], 
then  r I ~ COo, nl  int (CO~), (n 1 [ml] , COl) E G*kL and In1 [COo] -- no [COo] I < bkL- 5. Using this 
est imate together  with (2.26) and (2.29) we get 

A �9 ~ �9 �9 

nlEo~l (coo, Q,w~, + &w~,) -~ Anlto:l (coo,/) + A n,[o;l (coo, / - Po) + A n.Eo~l (oo, Q1) 

-~ A~IE~,1 (coo,/) + VkL V-- ~kL V" 
We also have 

A 
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and a combination of these inequalities yields 

* J- b 1/2~ ~ (2.31) I 11 < Const. (coo), kL 

If we use (2.12), (2.24) now follows from the above estimates. 
I t  remains to prove (2.25) and we therefore assume tha t  n satisfies 

]no[cool - n[coo] ] < 2Abk 2. (2.32) 

Assume xeo)" ,  4 t d ] = l c o o l .  According to [1], p. 381, we have 

11S2*,nE~ol (x, coo) l - [ SnE~'~ (x, co")] ~< Const. A*E~,I (coo). (2.33) 

Using (2.26), (2.29) and (2.32) we get 

Ant~o'3 (co',/) <~ A~t~o'l (co', / - P) + A~E~'1 (co', el wa, + 02wa,) + A~E,o'1 (co', Q1) 

VULv+2l~ll 17 + bkL y. 

A combinat ion of this inequali ty with (2.33) gives 

S* * ,bl/e + ,  [[ ~ .. . .  ~o~(x, coo)l- ls~. . ,~(x,  coo)l ~<Const.( kLY 'e,I) 

"+" nr~-I 
a,(co", 1) w2~o+2,(x ) (if no[co"]< n[co"]). (2.34) 

I l = no[~Orq 

The last sum is less than  or equal to 

I~  az ( / -  P)  W2~o+2 z (x) l + I~= a, (Q~) w2~0+2 z (x) l 

§ ]~  a~ (e~ wa, + ~2w~) W~o+e z (x)[ = dl + d2 + d3. 

(2.3), (2.15) and (2.32) yield 

d~ <~2Ab;2b~y<bky (L large), 

d2= 0 because of the definition of Q~ and (2.32), and 

d3<21  [. 

(2.25) therefore follows from (2.31) and (2.34) and the lemma is proved.  
We can now conclude the proof of the basic result in the same way as in [3]. 

Since we need not  make any  essential changes of the argument  in [3], we omit 
this par t  of the proof. We finally get 

IS*(x) I ~<Const. ~ib~_~Ly=Const. i y ,  x~E,  n<~N. 
i - 1  

Hence m{x]Mn/(X)>Const.  Ly} <<,mE and the basic result follows if we use (2.22) 
and (2.14). 
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3. Proof of the theorem 

Proo/ o/ (A). From the basic result we get 

m{xe(0,1)]MZp(x)>y}~<Const .  ~ - 1  y-~mF, l < p < 3 ,  y > 0 .  (3.1) 

For 0<  y <  �89 we substitute p =  1 + (log (l /y)) -1 in (3.1). After some computation 
we conclude 

m (x e (0, 1) I MZF (x) > y} < Const. _1 log 1 mF, 0 < y < �89 (3.2) 
Y Y 

Taking p =  2 in (3.1) we get 

m{xE (0, 1)IMZF(x) >y} ~<Const. y-2mF, y >0. (3.3) 

Let N denote the set of all functions of L 1 (0, 1) which take only finitely many 
values, where the taken values are zero or of the type 2N~§ 2s '+  ... § 
Nn < Nn 1 < ... < N1, N~ integers. Also let 

g(/) = I~l/(x) l {log + I/(x) l log + log + I/(x) l § 1} dx. 
,Io 

For / E N ,  J(/)< �89 we define a function ]EN in the following way: 

(a) If / ~ 0  we let ] ~ 0 .  

(b) If / ~ 0 ,  let a be the largest number of the type 2 -n, n~>2, which satisfies 
5 a ~ J ( / ) .  From this it follows that  ( 1 / ~ ) / e N  and 

< �88 (3.4) 

( l /a )  / takes some value ~>4 ( ( l / a ) / <  4 implies J ( / )<  43), (3.5) 

g(/) < 10a. (3.6) 

Let  Gn=(xE(O, 1)]2n<~(1/a)/(x)<2n+l}, n = 2 , 3  . . . . .  and let Zn be the charac- 
teristic function for G n. We now define ] by 

From (3.7),it follows that  

2 xna a (3.7) 

oo 

l = ] + a Y. 2~zn, (3.s) 
2 

hz) <�89 for x e  0 an, ](x)=l(x) 
2 

We will now prove 

/ e N ,  J ( / )< �89  implies J(])<~J(/) .  

otherwise. (3.9) 

(3.10) 
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(3.10) is obvious if J ( / ) = 0 .  For J ( / ) > 0  we set / = g + h ,  where 

r162 r162 

g(x )  = h ( x )  = 
otherwise, otherwise. 

We have J( / )= J(g)+ J(h)>1 5~. (Gn and g defined as in the definition of ].) From 
h <  4a it follows that  J(h) < 4~, which gives J(g) > ~ > ~J(h). Using (3.9) we get 

g(]) <~ g(~g) + g(h) <~ �89 J(g) § g(h) <~�89 + ~ 4 g ( g ) + ~ J ( h )  = ~ (J (g)§  g(h)) = 9 j ~ (1), 

and (3.10) is proved. 
We now prove the following lemma: 

Lemma 3.1. Assume / E N  and J ( / ) <  �89 Then there exists a set E with mE <~ 
Const. j(])l15 such that 

x ~ E implies M](x) <~ M](x) + j(/)2/5. (3.11) 

Proo/. This lemma is obviously true if J ( / ) =  0. For J ( / )>  0 we use the same 
notations as in the definition of ]. Let 9 be a number larger than 1 and define 

Fn={xe(O,  1)lMZn(x) >~2  nn2}, F =  U Fn, 
2 

g~  : ( xe  (0, 1 ) [92-~n-~< MXn(x) <<.e2 nn~} 

and L n = {xE (0, 1) ] Mgn(x) ~< e2-~n-2}. 

From (3.2) and (3.3) it follows that  

(3.12) 

and 

mFn~<Const. 1-2nn-~log 12nn-2mGn if Q2-nn2< 

mE n<~Const. 2nn -~ 1 n 2 mGn <~ Const. - 2 n-  mGn otherwise. 

We now estimate the measure of F: 

mF <~ ~ m F  n <~ Const. 

1 2 + Const. ~ - 2~n - mG. ~ Const. 

+ Const. ~ fa  1 / dx. 
02--nn2>/ ~ n ~ 

From the definition of J(/) it follows that  

1_ 2nn_ 2 log _1 2nn_2mGn 

(3.13) 
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We now wan t  an es t imate  of M ( ~  2nZn) outside F.  We have  

) 
d CFn 2 2 n 

The definit ion of Ln implies 

fc M ( ~  2nZ~) dx~S + ~on-~=S+Const. Q, (3.14) 

where S = ~ 2 n MZ,~ dx. (3.15) 

In t roduc ing  the  dis tr ibut ion funct ion /~  (;t) = m{x e (0, 1)] MZn (x) > ;t} we get 

f Kn ['02 nn~ ~2-nn~ 2 '~ MZ,~dx=-2"Jo2_.n_22d#.(X ) = - 2= [2/~.(2)]02_. _ 2 + 2"J~z_.n_2['~ (2) d2. 

We will now prove  

2 n ~  MZ" dx <~ C~ fa a. 1] l~ l- / l~ l~ l- / ~ (3.16) 

We consider three cases: 

Case 1. Q 2- ~ n 2 ~ �88 

Using (3.2) we get 

2~(MZn dx ~ Const. 2 ~ log 1 2nn2mG~ 
JK. Q 

/*e2 ~ l o - ( 1 / 2  ' 
+ Const. 2nJe2_.n 2 ~ - /  J d2mG~ = Const. 2nlog 1 2nn~mG n 

+ Const. 2n ( ( log  1 2 1 n _2 2 

According to the mean  value theorem there exists a number  ~, log (1/ /~)2~n-e< 
~ <  log (1//~) 2nn 2, such tha t  

~< Const. log n log 1 2nn~ ~< Const. log 2 n log n. 

(3.16) now follows f rom the above  es t imates  and  the definit ion of G n. 
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Case 2. ~2-~n 2< _~< ~2-nn2. 
Using (3.2) and (3.3) we have the following estimates: 

/ '  1 
2n|MZ= dx <~ Const. 2 n log : 2~n2mGn 

JK. 
(1/4 log ( l /k)  ?~- .~2 1 

+ Const. 2 n ! d~t mGn + Const. 2 ~ | V2 d~mGn 
,J e2-nn -2  ~ J 1/4 '~ 

1 2 

The mean value theorem implies (log 4 <  ~< log (1/~) 2=n 2) 

(log -1 2'~n2) 2 - (log 4)2 = (log -12nn2- log 4) 2~ 

<~ Const. (log l- 2nn~- log ~ 2nn-2) log 

~< Const. log 2 ~ log n 

12nn~ 

and it is easy to see that (3.16) holds. 

Case 3. ~2-~n-2>~. 
(3.3) implies 

2"f~MZ.dx<~C~ 2~mGn+C~ 2"I ~2-~d~2..n_ ~ ~ d~mGn<~C~ 

which yields (3.16) also in this case. 
(3.15) and (3.16) imply S~<Const. J [ (1/a) / ] .  From (3.14) we now get 

fc M (c~ ~2 2nZn) dx <~ Const. ~j  (1/) + C~ ~Q. 

Let 7 be a positive number and let 

H = lx E (O, 1) [ x E CF, M (~ ~2 2n Zn) (X) > }' } and E=FUH. 

We obviously have 

mH <~ Const. ~- J (1- /) + Const. ~Q, 

and if we use (3.13) we get 
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I f  we choose ~ = j ( / ) - 2 / 5  and y =  j(/)2/5, we obta in  

mE < Const. j([)lls. 

I f  x ~ E we have  M/(x) ~ M](x) + M(a ~ 2nZ~) (x) ~< M](x) + g(/)e~, and the  l emma 
is proved.  

We need another  lemma:  

L e m m a  3.2. There exist constants C1 and C2 with the /ollowing property: 

I /  J ( / ) < 1  we can lind a set E such that mE~C1J( / )  115 
and M/(x)<~C2J([) 2/5 i/ x $ E .  (3.17) 

Proo/. We first consider the case when /EN .  We define a sequence {[~}~=0 of 
funct ions belonging to N b y  /0=/ , /~+1=/~ ,  i = 0 ,  1,2 . . . . .  Using L e m m a  3.1 and  
(3.10) n t imes we get 

n- i  ( 9 ~2~/5 
i / ( x )  < i / n  (x) + g(/)~15 ~=0Z \ ~ ]  (3.18) 

outside a set  of measure  smaller  t han  Const. J(/)1/5 ~--01 (9/10) ~/5. F r o m  (3 .5 )and  
the  definit ion of ] it follows t h a t  / n ~ 0  if n is sufficiently large and  it is easy  
to see t ha t  (3.17) holds for / E N .  

Now assume />~ 0 and  J(/)< 1. We can then  find a sequence {[n}~-i such t ha t  
]n E N, J(/n)<~J(/) and l i m , _ ~  J ( / - [ , ) =  0. For  fixed K there  exists an n such 
t h a t  MK([--/n) = supk< K I Sk (/-- [n) l <~ j(/)21s, since MK ( / - - / , )  tends to zero uni- 
fo rmly  when n tends to infinity. We  therefore have  

MK(/) <~ i~ ( ln )  + i ~ ( l  - In) <~ Const. g(ln) m + g(/)2~ < Co j(/)215, 

Co= Const., outside a set of measure  smaller  than  Const. J(ln) 1/5 ~Cons t .  j([)l/5. 
I f  E~ = {x E (0, l) I i K / ( x )  > c0g(/)  ~/5} this es t imate  gives mEK <~ Const. g(/),ls. MK ~< 
MK+i implies EKcEK+I, and we get  m ( U F E K )  = l i m K - ~ m E K ~  Const. j(/)1~5. 
F r o m  the definit ion of EK it follows tha t  (3.17) holds with E =  U F E K .  Thus  
we have  proved  the l emma  for posit ive [ and  it is easy  to see tha t  it holds also 
for general  complex /. 

We  are now able to prove  (A). We assume tha t  (A) is not  true.  We can then  
find a real funct ion / wi th  J([) < ~ and  S~ (/) diverging on a set  of posit ive measure.  

This means  t ha t  there exist numbers  e > 0  and (~ > 0  such t h a t  lim S ~ ( / ) -  
lira S~(/)>~ s on a set  of measure  ~. We now choose a Walsh  polynomial  P such 
t h a t  2C~J(/-P)2J~< ~, CIJ ( / -P) I /5< (~ and J ( / - P ) <  I (C1 and C~ as in L e m m a  

3.2). Using (3.17) we get  t h a t  l im S~([) - l im S~(/) = lim Sn([ - P) - lim S n ( / -  P) <~ 
2 M ( / - P )  <~2C2J(/-p)2/s< s holds outside a set  of measure  smaller  t han  
C1j ( /_  p)l ]5< ~, and  this gives a contradiction.  This completes  the  proof of (A). 

The proof of (E) is the  same. 

Proo/ o/ (B). We first  use the  basic result  to deduce the following lemma.  

L e m m a  3.3. We have  

(p F f{( Mgp)~'dx 4 Const2 \~1-1] mS', 

38:6 

l < p <  ~ .  (3.19) 

567 



r. sJSLIN, Inequality of Paley 

Proo]. Let  1 < Pl < P < P2 < o~ and let 

/~(~) = m { x e  (0, 1) [ MZF(x) >2}. 

The basic result gives the following estimates of ~(;t): 

-< BY' ~ P ' ~ F  and /~(;t) -~--p~, . . . . .  

Using the first est imate for ~ • 1 and the second for ;~ ~> 1 we get  

p~ Pl ~ P2 + p B ~ m F  )~p-p, 1 d~ = P BplmF + Bp,mF. 
P - Pl P2 - P 

If  we select Pl and P2 sui tably (e.g., for p near 1 we can take p l= �89247  1) 
and p 2 = p + � 8 9  and use the estimate of By given in Lemma 2.7, (3.19) 
easily follows from the last inequality. 

For  / E N  we now define a funct ion ] in the same way  as in the proof of (A) 
bu t  with J(/) replaced by  

= j ll(/) i {(log+ II(x)I) 2 + 1} dx  I(/) 

This time we need no restriction of the type  J(/)< �89 but  define ] for a l l / E N .  
Using the same notat ions we get 

< �88 (3.2O) 

( l / a ) /  takes some value ~>4. (3.21) 

I ( / ) <  45 implies I ( / ) <  10g and I(/)>~ implies a = ~ .  (3.22) 
c~ 

/ = ] +  ~ ~ 2~Z~, where Z~ = Za,. (3.23) 
2 

1(}) <~ ~ I(/). (3.24) 

Now let p~ = 1 + ( l /n) ,  n = 2, 3 . . . . .  Using Hblder 's  inequali ty and (3.19) we get  

MXn dx <~ (MZ,)"  dx) ~< Const. (m~n) 1/pn 

~< Const. n 2 (mGn) n/(n+l), n = 2, 3, . . . .  (3.25) 

We have (mGn) n/(n+l) ~ Const. mGn + 2 -2~, since mGn > 2  -2~ implies (mGn) ~/('~+1) 
Const. mG~. Combining these estimates we get  

~< Const. ~ ~ 2~n 2 (Const. mG~ + 2 e~) = Const. ~ ~ 2nn~mG~ 
2 2 

+ C~ ~162 ~ 2~ne22 2'~ "< C~ ~ I  ( 1 / )  + C~ ~" 
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Using (3.22) we can p rove  ~ I [ ( 1 / ~ ) / ] < C o n s t .  (I(/)-t-I(])1/2), so we get 

f~M( /  <~ (I(/) § I(/)~/2). (3.26) i) dx Const. 

I t  follows tha t  

f : M / d x < f ~ M ] d x + f : M ( / - ] ) d x < f ~ M ] d x + C o n s t . ( I ( / ) + I ( / ) l / 2 ) .  (3.27) 

We now define /o=], ]i+1=]~, i = 0 , 1 , 2 ,  . . . .  Repea ted  use of (3.27) and (3.24) 
gives 

fl f0 M/dx < M/K dx § ~ Const. [ (~J  I(/) + (~)~/~ I ( / )  1/2] 
v=O 

Const. ~ [(~0) ~ I(/) § (~0) ~/2 i(/)1/2] ~ Const. (I(/) + I(/) 1/2) 
v = 0  

Const. I(/) + Const. 

This es t imate  implies t ha t  (B) holds for /EN.  For  posit ive / ( B ) n o w  follows 
b y  approx imat ion  of / wi th  functions belonging to N,  and  it is easy to see t h a t  
(B) holds also for complex ]. 

Proo/ o/ (C). We use the me thod  in [3]. We get  

IIM/II   < A.  II/11",, where A~ ~ Const. p 1 B~ ~ Const. - - - -  p -  

F r o m  this (C) follows with  
p2 p5 

Cp ~ Const. p _ ~  A~ ~ Const. (P _ 1)3" 

p3 

(p - 1)2" 

Proo/ o/ (D). The basic result  implies 

m(xE(O, 1)IMXF(X ) >y}<C'p 'y -PmF for p > C o n s t . ,  (3.28) 

where C is a constant .  Taking  p=e-~yC -1 in (3.28) we get  

m(x e (0, 1) I MZp(x ) > y} ~< Const. exp ( - Const. y) mR, y > Const. (3.29) 

Now assume 0 ~ < / ( x ) ~ l ,  xE(0 ,1 ) .  We then  have  / = ~ 2 - n X n ,  where Zn are 
characterist ic  funct ions for measurable  sets. Le t t ing  A = ~ 2  ~/2 and  using 
M / < ~ 2  nMXn and (3.29) we get  

m(x I M/(x) > Ay} <~ ~ m(x 12 n M)Cn (x) > 2 riley} 
1 

> 2 n / 2 -  ~ ~ , ~  �9 = ~ m {x[MZn (x) Yk ~- wonst. L exp ( - Const. 2"/ey) 
1 1 

~< Const. exp. ( - Const. y), y > Const. 
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Since m(x[M/(x) >Ay} ~<1 for y > 0 ,  the restriction y >Const. is unnecessary, 
and we get 

0~</(x)~<l implies m{xlM/(x)>y}<Const, exp(-Const, y), y > 0 .  (3.30) 

I t  is easy to see that  the condition 0 <~](x)~< 1 in (3.30) can be replaced by 
][/[[oo ~< 1, and from this (D) follows. 

Note on departure ]rom ]irst version 

The original vers ion of th is  paper  was  Communica ted  10 J a n u a r y  1968, as indica ted  above  
the  ti t le.  Tha t  vers ion had  (log + [](x)]) 3/~ ins tead of log + ]/(x)[ in (A), i t  had  (log + [](x)l) 5/2 ins tead  
of (log + [/(x)[) ~ in (B) and,  finally, i t  had  (y/[[[[[ r162 ins tead  of y/[[][[or in (D). The change to t he  
p resen ta t ion  now adop t ed  was  made  in proof ,  11 J u n e  I968. 
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