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1. Introduction

Let (M, g) be an n-dimensional compact smooth Riemannian manifold (without bound-
ary). For n=2, we know from the uniformization theorem of Poincaré that there exist
metrics that are pointwise conformal to g and have constant Gauss curvature. For n>3,
the well-known Yamabe conjecture states that there exist metrics which are pointwise
conformal to g and have constant scalar curvature. The Yamabe conjecture is proved
through the work of Yamabe [65], Trudinger [58], Aubin [2] and Schoen [53]. The Yamabe
and related problems have attracted much attention in the last 30 years or so, see, e.g.,
[57], [3] and the references therein. Important methods and techniques in overcoming
loss of compactness have been developed in such studies, which also play important roles
in the research of other areas of mathematics. For n>3, let g=u4/ (n=2)g. where u is

some positive function on M. The scalar curvature Ry of § can be calculated as

R_@ — u—(n+2)/(n~2) (Rgu_ 4(7’1,—21) Agu> 7
n_—

where R, and Ay denote respectively the scalar curvature and the Laplace-Beltrami
operator of g. The Yamabe conjecture is therefore equivalent to the existence of a
positive solution of
—Lyu=Ru2/(n=2 on M,
where 0
n_.
L;:=A,——=R
g g 4(n_1) g

is the conformal Laplacian of g, and R=0 or R=42(n—1). The Yamabe problem can
be divided into three cases—the positive case, the zero case and the negative case—

according to the sign of the first eigenvalue of —L,. Making a conformal change of
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metrics §=¢¥ ("2 g, where ¢ is a positive eigenfunction of —L, associated with the
first eigenvalue, we are led to the following three cases: R;>0 on M, R3=0 on M and
Ry<0 on M. The positive case, i.e. Rg>0, is the most difficult.

Let R
_ 1! it
Ag = — (Rlcg 2(n_1)g)

denote the Schouten tensor of g, where Ric, denotes the Ricci tensor of g. We use
MAg)=(A1(Ag), ..., An(A4y)) to denote the eigenvalues of A, with respect to g. Clearly

1
gxi(Ag)=5m—_1—)Rg.

Let .
Vlz{/\eR" ZA,->1},

=1

and let
I'(Vi)={sA|s>0, A€V}

be the cone with vertex at the origin generated by V;.

The Yamabe problem in the positive case can be reformulated as follows: Assuming
A(A4)€eI(V1), then there exists a Riemannian metric § which is pointwise conformal to g
and satisfies A(A43)€0V; on M.

In general, let V be an open convex subset of R"™ which is symmetric with respect to
the coordinates, i.e. (\y, ..., A\, ) €V implies (A;,, ..., Ay, )€V for any permutation (i, ..., )
of (1,...,n). We assume that @#9V is in C?* for some a€(0,1) in the sense that OV
can be represented as the graph of some C?*-function near every point. For A€oV, let
v(A) denote the inner unit normal of V. We further assume that

v(A) el :={AeR"|)\;>0,1<i<n}, Ae€dV, (1)
and
v(A)-A>0, Ae€dV. (2)
Let
T(V):={sA|xeV, 0<s< o} (3)

be the (open convex) cone with vertex at the origin generated by V.

Our first theorem establishes the existence and compactness of solutions to a fully
nonlinear version of the Yamabe problem on locally conformally flat manifolds. A Rie-
mannian manifold (M7, g) is called locally conformally flat if near every point of M the

metric can be represented in some local coordinates as g=e¥® Y7 (dz*)2.
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THEOREM 1.1. For nz3 and a€(0,1), we assume that V is a symmetric open
convez subset of R™, with @#£0VeC*?, satisfying (1) and (2). Let (M" g) be a com-
pact, smooth, connected, locally conformally flat Riemannian manifold of dimension n
satisfying

AMAHeT (V) on M™.

Then there exists a positive function u€C**(M™) such that the conformal metric §=
ut/ "= g sqtisfies
AMA;) €V on M™. (4)

Moreover, if (M™, g) is not conformally diffeomorphic to the standard n-sphere, then all
positive solutions of (4) satisfy

||UHC4,0¢(Mn7g)+||1/U||C4,Q(Mn,g)<C on M"™,

where C is some positive constant depending only on (M™,g), V and «a.

Remark 1.1. Presumably, the existence of a C%*-solution of (4) should hold under
the weaker smoothness hypothesis 8V €(C%*. We prove this under an additional hypoth-
esis that V is strictly convex, i.e. principal curvatures of 8V are positive everywhere. See
Appendix B.

We make the following conjecture:

Congecture 1.1. Assume that V is an open symmetric convex subset of R", with
@#IVeC™, satisfying (1) and (2). Let (M™g) be a compact smooth Riemannian
manifold of dimension n>3 satisfying

A(Ag)eT(V) on M™

Then there exists a smooth positive function ueC*(M™) such that the conformal metric

g=u*(""2)g satisfies

AA;) €0V on M™. (5)

For V=V, it is the Yamabe problem in the positive case. In general, the equation
of u is a fully nonlinear elliptic equation of second order, and therefore the problem can
be viewed as a fully nonlinear version of the Yamabe problem.

The fully nonlinear version of the Yamabe problem has the following equivalent
formulation. The equivalence of the two formulations is shown in Appendix B.

Assume that

I'CcR" is an open convex symmetric cone with vertex at the origin (6)
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satisfying
Ir,crcrly:= {/\eR"

i’\i>0}' (7

=1

Naturally, " being symmetric means that (Ay, Az, ..., \n) €D implies (A;;, Ay, ooy Ai, JED
for any permutation (i1, 2, ...,4,) of (1,2, ...,n).
For a€(0,1), assume that

feCH(T)NCO(T) is concave and symmetric in A;, (8)
satisfying
f'ar‘ =0, Vfely, on r (9)
and
lim f(sA)=o00, X€l. (10)
§—»00

Conjecture 1.1 is equivalent to the following conjecture:

Conjecture 1.1’. Assume that (f,T') satisfies (6)—(10). Let (M™ g) be a compact
smooth Riemannian manifold of dimension n>3, satisfying A(A4)€l’ on M™. Then
there exists a smooth positive function u€C*°(M™) such that the conformal metric
G=u*("=2)g satisfies

f(AM(A45))=1, A(Ag)el, on M™ (11)

Theorem 1.1 is equivalent to the following theorem:

THEOREM 1.1’. For n>3 and a€(0,1), we assume that (f,T') satisfies (6)—(10).
Let (M™, g) be a compact, smooth, connected, locally conformally flat Riemannian mani-
fold of dimension n satisfying A(Ay)€l’ on M™. Then there exists a positive function
ueCH*(M™) such that the conformal metric G=u*""? satisfies (11). Moreover, if
(M™,g) is not conformally diffeomorphic to the standard n-sphere, all solutions of (11)
satisfy

lullgs.o(rrmgy +111/ullcta(pang) <O (12)
where C>0 is some constant depending only on (M", g), (f,T') and .

Remark 1.2. C°- and C'-bounds of u and 1/« do not depend on the concavity of f.
This can be seen from the proof.

For 1<k<n, let

Uk(/\)= Z )"il“‘Aik

1€i1<...<ig<n
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be the kth symmetric function and let I'y be the connected component of {A€R™|
0k (A)>0} containing the positive cone I',,. Then (f, I‘):(a;/ k T'k) satisfies the hypoth-
esis of Theorem 1.1', see [7].

Remark 1.3. For (f,I')=(01,T1), it is the Yamabe problem in the positive case
on locally conformally flat manifolds, and the result is due to Schoen [53], [55]. For
(f, )= (a;/ 2, T';) in dimension n=4, the result was proved without the locally conformally
flatness by Chang, Gursky and Yang [9]. For (f, F):(J}/ " T,), an existence result
was established by Viaclovsky [64] on a class of manifolds. For (f, F)z(a;/ k T'k), the
result was established in our earlier paper [35], while the existence part for k;é%n was
independently established by Guan and Wang in [24] using a different method. Guan,
Viaclovsky and Wang [22] subsequently proved the algebraic fact that A(Ag)€l’y for
k>3in implies the positivity of the Ricci tensor, and therefore (M,g) is conformally
covered by 8™, and both the existence and compactness results in this case follow from
known results. For (f, I‘):(U,i/ k, Tk}, k=3, 4, on 4-dimensional Riemannian manifolds, as
well as for (f, F):(a,ﬁ/ k I'x), k=2,3, on 3-dimensional Riemannian manifolds which are
not simply-connected, the existence and compactness results were established by Gursky
and Viaclovsky in [30].

Remark 1.4, If we assume in addition that feC*© for some k>4, then, by Schauder
theory, (12) can be strengthened as

lluller .o (aam gy 11/ wll ok oo (arm, gy < C,

where C'>0 also depends on k.

Since our C°- and C*-estimates for solutions of (4) (or, equivalently, of (11)) do not

make use of the convexity of V (or concavity of f), we raise the following question:

Question 1.1. Under the hypotheses of Theorem 1.1’, but without the concavity
assumption on f, does there exist a positive Lipschitz function v on M™ such that

by (n=2)

g=u g satisfies (11) in the viscosity sense?

Equation (11) is a fully nonlinear elliptic equation of u. Fully nonlinear elliptic
equations involving f(A(D?u)) have been investigated in the classical and pioneering
paper of Caffarelli, Nirenberg and Spruck [7]. Extensive studies and outstanding re-
sults on such equations are given by Guan and Spruck [20], Trudinger [59], Trudinger
and Wang [60], and many others. Fully nonlinear equations involving f(A(VZu+g))
on Riemannian manifolds are studied by Li [43], Urbas [61], and others. Fully nonlinear
equations involving the Schouten tensor have been studied by Viaclovsky in [62] and [64],
and by Chang, Gursky and Yang in the remarkable papers {9] and [8]. There have been
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many papers, preprints, expository articles, and works in preparation, on the subject
and related ones, see, e.g., [17], [26], [63], [27], (28], [23], [24], [5], (33], [35], [4], [22], [30],
(29], (13], [34], [44], [45], [10], [25], [12], [31], [19] and [41]. The approach developed in
our earlier work [35] and continued in the present paper makes use of and extends ideas
from previous works on the Yamabe equation by Gidas, Ni and Nirenberg [18], Caffarelli,
Gidas and Spruck [6], Schoen [54], [55], Li and Zhu [49], and Li and Zhang [46].

For g=u*("=2g we have (see, e.g., [62])

2 -2 2
mu ]Vu| g+Ag,

where covariant derivatives on the right-hand side are with respect to g.

2 12 n_

Let gi=u*/(""2)gq.,, where gg,; denotes the Euclidean metric on R™ Then, by the
above transformation formula,

Ag=ut/ DAY dz* da’,

where

P

n_2 (—n—2—)2u_2"/("_2) VU@VU

R Ty e I v 2

and I is the identity nx n-matrix. In this case, A(44, )=A(A"), where A(A*) denotes the
eigenvalues of the symmetric n x n-matrix A%.

Let ¢ be a M6bius transformation in R™, i.e. a transformation generated by transla-
tion, multiplication by nonzero constants, and the inversion z+x/|z|?. For any positive
C2-function u, let uy:=|Jy|(*~/2" (yo4p), where Jy, denotes the Jacobian of 9. A calcu-
lation shows that A%+ and A%o+ differ only by an orthogonal conjugation, and therefore

A(A™) = A(A%)or. (13)

Let S™*" denote the set of real symmetric nxn-matrices, O(n) denote the set of
real orthogonal n X n-matrices, UCS™ ™ be an open set satisfying

O~ 'U0=U, 0€0(n), (14)
and let FeCY(U) satisfy

F(OT'MO)=F(M), MecU, OcO(n). (15)
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By (13) and (15),
F(A™)=F(A")o1.

We proved in [35] that any conformally invariant operator H(-,u, Vu, V2u), in the

serise _
H( - ug, Vuy, Viuy) = H( -, u, Vu, V3u)orp,

must be of the form F({A¥).

Our next theorem concerns a Harnack-type inequality for general conformally in-
variant equations on locally conformally flat manifolds. Let S7*"C8™*™ denote the set
of positive definite matrices. We will assume that U and F further satisfy

UN{M+tN|0<t<oo} is convex, MeS"*", NeS}*", (16)
(Fy(M))>0, MeU, (17)

where F;;(M):=(0F/0M,;)(M), and, for some §>0,

Il

THEOREM 1.2. For n3>3, let UCS™ ™ satisfy (14) and (16), and let FeC'(U)
satisfy (15), (17) and (18). For R>0, let u€C?(Bsg) be a positive solution of

Xn: ij)l/2< 5}. (18)

4,j=1

F(M)+#1, MeUﬁ{MeS"X"

F(A*)=1, A“€U, in Bsg, (19)
where Bsg denotes the ball in R™ of radius 3R and centered at the origin. Then

(sup u) (inf u) < C(n)6G~™/2R> ", (20)

Br Bar
where C(n) is some constant depending only on n.

Let
U= {MGS"XH | /\(M) eFk}

and
Fk(M)ZO'k()\(M)), MeUy.

For (F,U)=(F1,U), (19) takes the form

—Au= %(n—2)u(”+2)/("_2) in B3g.
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Remark 1.5. The Harnack-type inequality (20) for (F,U)=(F1,U:) was obtained
by Schoen in [54]. For a class of nonlinearity including (F, U)=(F,:/k, Uy), 1<k<n, the
Harnack-type inequality was established in our earlier work (35].

Remark 1.6. In Theorem 1.2, there is no concavity assumption on F', and the con-
stant C(n) is given explicitly in the proof. The Harnack-type inequalities in [54] and [35]
are proved by contradiction arguments which do not yield such an explicit constant.

Let g be a smooth Riemannian metric on B3CR™, n>3, and let (f,T') satisfy our
usual hypotheses. Consider

f()\(Au4/(n—2)g)):1, )\(Au4/(n—2)g)€F, in Bj. (21)

Question 1.2. Are there some positive constants C and §, depending on (Bs, g) and
(f,T), such that
(supu) (inf u) < Ce®™", 0<e<é,
Be Bo.

holds for any positive solution of (21)7

Remark 1.7. The answer to the above question is affirmative for the Yamabe equa-
tion (i.e. (f,I')=(01,T1)) in dimension n=3,4, see Li and Zhang [48].

We have avoided the use of Liouville-type theorems in the proofs of Theorems 1.1,
1.1" and 1.2. However, in order to solve Conjecture 1.1 on general Riemannian manifolds,
to answer Question 1.2, or to study many other issues using fully nonlinear elliptic
equations involving the Schouten tensor, it is important to establish the corresponding
Liouville-type theorems.

For n>3, consider

~Au=3(n—2) Pt/ (=2 on R™, (22)

It was proved by Obata [51] and Gidas, Ni and Nirenberg [18] that any positive
C?-solution of (22) satisfying Jrn u?™("=2) <00 must be of the form

" (n—2)/2
we) =) (ot )

1+a?|z—%2

where a>0 and ZeR"™. The hypothesis [g. u?/ ("=2) <00 was removed by Caffarelli,
Gidas and Spruck [6]; this is important for applications. The method in [18] is completely
different from that of [51]. The method used in our proof of the Liouville-type theorems
on general conformally invariant fully nonlinear equations (Theorem 1.3) is in the spirit
of [18] rather than that of [51]. As in [6], the superharmonicity of the solution has played
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an important role in our proof of Theorem 1.3, see Lemma 4.1. On the other hand,
under some additional hypothesis on the solution near infinity, the superharmonicity of
the solution is not needed, see Theorem 1.4 in [35].

Somewhat different proofs of the result of Caffarelli, Gidas and Spruck were given
n [14], [49] and [46]. In particular, the proofs in [49] and [46] fully exploit the conformal
invariance of the problem and capture the solutions directly rather than going through
the usual procedure of proving radial symmetry of solutions and then classifying radial
solutions. A related result of Gidas and Spruck in [20] states that there is no positive
solution to the equation —Au=wu? in R"™ when 1<p<(n+2)/(n—2).

For n>3 and —oco<p<(n+2)/(n—2), we consider the equation

F(AY) =up~(+2/(n=2) " guey 4>0, on R™ (23)
For (F,U)=(Fy,U;), equation (23) takes the form
—Au=3(n-2)v?, u>0, on R™

THEOREM 1.3. For n>3, let UCS™*" satisfy (14) and (16), and let FeC*(U)
satisfy (15) and (17). Assume that u€C?(R™) is a superharmonic solution of (23)
for some p, —co<p<(n+2)/(n—2). Then either u=constant or p=(n+2)/(n—2) and,
for some TER™ and some positive constants a and b satisfying 2b6%a=2I€U and
F(2b%a™21)=1,

a (n—2)/2
= ———— . 24
u(z) <1+b2|x—a‘7|2> , c€R (24)

Remark 1.8. For (F, U)=(F,i/k, Ug), 1<k<n, a solution of (23) is automatically

superharmonic.

Remark 1.9. The most difficult case is for p=(n+2)/(n—2). When (F,U)=(F1,U1),
the result in this case (the rest of this remark also refers to this case), as mentioned ear-
lier, was established by Caffarelli, Gidas and Spruck [6],
hypothesis the result was proved by Obata [51] and Gidas, Ni and Nirenberg [18]. For
(F,U ):(Fk1 / k Uk), and under some strong hypothesis on u near infinity, the result was
proved by Viaclovsky [62], [63]. For (F,U)=(F; /2 Uy) in dimension n=4, the result is
due to Chang, Gursky and Yang [9]. For (F,U ):(F; /¥ Uy), the result was established
in our earlier paper [35]; for (F, U):(le/g, Us) in dimension n=>5, as well as for (F,U)=
(F21 / 2 U;) in dimension 7>6 under the additional hypothesis [g. u2 ("=2) <00, the re-
sult was independently established by Chang, Gursky and Yang [11, Chapter 3|. Under

while under some additional

some fairly strong hypothesis (but weaker than that used in [62] and [63]) on u near
infinity, the result was proved in [35] without the superharmonicity assumption on .
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As mentioned earlier, Theorem 1.1" in the case (f,I')=(01,T'1) is the Yamabe prob-
lem in the positive case on locally conformally flat manifolds, and the result is due to
Schoen (53], [55]. The proof in [55] has three main ingredients: The first is the exis-
tence of the developing map due to Schoen and Yau [56], the second is the use of the
method of moving planes, and the third is the Liouville-type theorem of Caffarelli, Gidas
and Spruck [6]. A major difficulty in extending the result for (f,I')=(c1,T'1) to fully
nonlinear (f,T') was the lack of a corresponding Liouville-type theorem. An important
step was taken by Zhang and the second author in [46], which gives a proof of Schoen’s
Harnack-type inequality for the Yamabe equation without using the Liouville-type the-
orem in [6]. Adapting this idea, we established in [35, Theorem 1.27] the Harnack-type
inequality (20) for a class of nonlinearity including

(F,U)=(F/*5 Uy), 1<k<n,

under the circumstance that the corresponding Liouville-type theorem was not available.
This also made us recognize the possibility of proving Theorem 1.1’ without the corre-
sponding Liouville-type theorem. Indeed, in [35] we have developed an approach, based
on the method of moving spheres (i.e. the method of moving planes, together with the
conformal invariance of the problem), to prove the existence and compactness results for
the fully nonlinear version of the Yamabe problem on locally conformally flat manifolds
under the circumstance that the corresponding Liouville-type theorem was not available.
Another major difficulty in proving Theorem 1.1’ is the lack of C%- and C'-estimates
of solutions. We have developed a new approach in [35], again based on the method of
moving spheres, to obtain such estimates. We have also introduced in [35] a homotopy
which connects the general fully nonlinear version of the Yamabe problem to the Yamabe
problem, and used the degree for second-order fully nonlinear elliptic operators in [42]
and the result in [55] for the Yamabe problem to prove the existence of solutions to the
fully nonlinear ones.

In [21], Guan, Lin and Wang have also presented a proof of Theorem 1.2, under
an additional concavity hypothesis on F, and of Theorem 1.1’. We clarify these over-
laps in this paragraph: These results follow immediately from our earlier work [35] and
Lemma A.2—a quantitative version of a calculus lemma used repeatedly in [35]. Indeed,
the only change one needs to make is to move the four lines below {4.3) on page 1446
of [35] to be right after line 5 of the same page. After making this change, the gradient
estimate stated on line 7 of the same page follows from Lemma A.2, and Theorem 1.2,
under an additional concavity hypothesis on F, and Theorem 1.1, as well as our new
CP- and C'-estimates, follow from the proofs of Theorem 1.25 and Theorem 1.27 in [35].
Theorem 1.2 and Theorem 1.1, with an emphasis on our new C°- and C'-estimates based
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on the method of moving planes, were presented by the second author in his invited talk
at ICM 2002 in Beijing. The proof in [21], following [35] (in particular, following the
above-mentioned steps developed there), provides the ingredient beyond [35] which, as
explained above, amounts to Lemma A.2. We present the proof of Theorem 1.1' and
Theorem 1.1 in §2 and §3, respectively. The proof of Theorem 1.1/, which appeared in
slightly shorter form in [34] and in preprint form in [37], contains one slight simplifi-
cation of the arguments in [35] which avoids the use of local C*-estimates (only global
C*-estimates are needed); the proof of Theorem 1.2, which also appeared in slightly
shorter form in [34] and in [37], contains one more ingredient to remove the concavity
assumption on F', which also yields an explicit constant C'(n) in (20).

Due to Theorem 1.1’ (or Theorem 1.1), Conjecture 1.1’ (or Conjecture 1.1) mainly
concerns the problem on Riemannian manifolds which are not locally conformally flat.
In general, equation (11) does not have a variational formulation. A plausible approach
is to establish a priori estimates (12) for all solutions of (11), and to use the homotopy
in [35] to connect the problem to the Yamabe problem. For the Yamabe problem (i.e.
(11) for (f,T)=(o1,T1)), such estimates were given by Li and Zhu [50] in dimension
n=3; the estimates in dimension n=4 follow from a combination of the results of Li
and Zhang [48] and Druet [15]; Li and Zhang have extended the estimate to dimension
n<7, as well as to dimension n>8, but under an additional hypothesis that the Weyl
tensor of g is nowhere vanishing, see [47]. The Liouville-type theorem of Caffarelli, Gidas
and Spruck has played an important role in the proof of this result. It is clear that
Theorem 1.3 will also play an important role in proving Conjecture 1.1’

The main difficulty in proving Theorem 1.3 is to remove the possible isolated sin-
gularity of u at infinity. By the conformal invariance of the problem, we may assume
that the isolated singularity is at 0 instead of at infinity. The following analytical issue
is relevant: Let ue C>°(B1\{0}) and veC>®(B;) be positive solutions of

F(A*)=1, AYeU, in B;\{0}
and
F(A")=1, A%eU, in By,
satisfying
w>v in B1\{0}.
Is it true that
liminf (u(z)—v(z)) >07?
z—0

If the answer to the above question were “yes”, then the proof of Theorem 1.4 in
[35] would yield a proof of Theorem 1.3 for p=(n+2)/(n—2). So far, the answer to the
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question is not known even for (F, U ):(F,i / k, Uk), 2<k<n. The answer to the question is
“yes” for (F,U)=(Fy,U;) due to some elementary properties of superharmonic functions
in a punctured ball. As far as we know, the isolated singularity issue encountered in
the application of the method of moving planes has always been handled by providing
an affirmative answer to a local question like the above. Our proof of Theorem 1.3
avoids this local question by exploiting global information of u, through a delicate use
of Lemma 4.1. The proof of Theorem 1.3 also fully exploits the conformal invariance
of the problem and captures the solutions directly rather than going through the usual
procedure of proving radial symmetry of solutions and then classifying radial solutions.
Two proofs of Theorem 1.3 appeared in preprint forms in [38] and [39]. We present in §4
the proof in [39]. The present paper is essentially the first part of [40].

Acknowledgment. Part of this paper was completed while the second author was
a visiting member at the Institute for Advanced Study in the fall of 2003. He thanks
J. Bourgain and the institute for providing the excellent environment, as well as for
providing the financial support through NSF-DMS-0111298. Part of the work of the
second author was also supported by NSF-DMS-0100819.

2. Proof of Theorem 1.1 and Theorem 1.1’

In Appendix B, we deduce the equivalence of Theorem 1.1 and Theorem 1.1". Therefore
we only need to prove one of the two theorems.

Proof of Theorem 1.1'. Without loss of generality, we further assume that f is
homogeneous of degree 1. Indeed, in Appendix B, we construct a new function f which
is homogeneous of degree 1, and satisfies the same assumptions as f does and f “1(1)=
£,

We first establish (12). Let (M, g) be the universal cover of (M™, g), with ¢ MM
being a covering map and g=i*g. It is well known that there exists a conformal immersion

: (M, §) — (8™, 90),

where go denotes the standard metric on 8™ By A(A4)€T and the assumption I'CT',
we have Ry>0. Hence by a deep theorem of Schoen and Yau in [56], ® is injective. Let

Q=o(M).
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CrLaM 2.1. We have that
éguéC and |Vyu|<C  on M7,

where u€C?(M™) is an arbitrary positive solution of (11) with g=u*™"2g and C>0
is some constant depending only on (M™, g) and (f,T).

For convenience, we introduce
U={AeS8™"|XA)eT}

and

F(A)=f(MA), AeU.

We distinguish two cases:

Case 1. Q=8";

Case 2. Q#£8S™.

In Case 1, (®71)*§=n*/("=2 gy on 8™, where 7 is a positive smooth function on S™
Let 2=wu0c%. Since F(Aﬁ/;/m_z)g):l on ]l7l, we have

F(A[(ao@—l)nﬁ/(n—mgq) =1 on8"

By Corollary 1.6 in [35], (e®~*)n=alJ,|("~2/2" for some positive constant ¢ and
some conformal diffeomorphism ¢: S® —8". Since ©*90=|J,|*/"go, we have, by the above
equation, that

F@ D (n-1)e) = fla™"2\(4,)) =1,

where e=(1,...,1). By (10) and the concavity of f, we know that Vf(\)-A>0 for any
A€T'. Thus f|sr=0, and (10) implies that a is a constant uniquely determined by (f,T).

Fix a compact subset F of M such that i(E)=M". Since (M™, g) is not conformally
diffeomorphic to (S™, go), 71 (M™) is nontrivial. Let 2))e E and 7@ e M be two distinct
points satisfying (7)) =(2®)=maxp;~u. Then

1
distg, (2(21), 8(2%)) > -
Consequently,

min{[J,(®(# V)], |, (@)} <C,

from which we deduce that

min{a()n(@E")), a@@®)n(eE®)} <C.
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It follows that

maxu=a(") =a(&*) <C.

Moreover, we also know from the above and the formula of @ that
|Jo,|<C on 8",

from which we deduce that

el llom(smgo) +111/ 1| llom sm.g60) < C(m)

and therefore

l[ullem (arn,gy+ 11/ tllem (armg) S C
for some C depending only on (M, g), (f,T) and m. The estimates in (12) are established
in this case.

In Case 2, by the result in [56], Q:CD(]\ZI ) is an open and dense subset of 8",
and (@~ 1)*G=n*""2gy on Q, where 7 is a positive smooth function in  satisfying
lim, 50 7(z)=00. Let u(r)=maxpsmu for some €M™, and let i(Z)=x for some T€FE.
By composing with a rotation of 8™, we may assume without loss of generality that
®(£)=S, the south pole of S™. Let P:S®—R™ be the stereographic projection, and let
v be the positive function on the open subset P(2) of R" determined by

(P~ (g "2 go) = v/ ("D g,

where gq.¢ denotes the Euclidean metric on R™. Then for some £>0, depending only on
(M™ g), we have
By, :={zeR"||z| <9} C P()

and

distga: (P(®(E)), OP(£2)) > 9e.

On P(Q),

F(AY)=1 and X4 €T,

where @i=(to® 1o P~1)v.

By the property of n, we know that

lim W(y) =00 (25)
P(Q)3y—gedP()

and, if the north pole of 8™ does not belong to €2,
lim (|y|"~*a(y)) = oo. (26)

ly| =00
yeP(Q)
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For every z € R" satisfying distga(z, P(P(E)))<2e, we can perform a moving sphere
argument as in the corresponding part in [35] (for w; there) to show that, for 0<A<4e,
ly—z| > and ye P(Q),

oa(y) = — a(”“"”) <aly). (27)

Cy—an 2\ fy—af?

When proving the above, there is a minor difference between the cases Ne) and
N¢Q, where N is the north pole of S™. If N¢Q, then by (26), there is no worry about
“touching at infinity” in the moving sphere procedure. If Ne{), then oo is a regular
point of @ (i.e. [2]27"4(2/|2|?) can be extended as a positive C2-function near z=0), and
therefore by the strong maximum principle argument as in [35], if “touching at infinity”
occurs, 1z » would coincide with 4 in the unbounded connected component of P(S2)
for some 0<A<4e, which violates (25) since @  is apparently bounded near any point
of OP(Q)).

By Lemma A.2 in Appendix A, we deduce from (27) that

IV(loga)(y)| < C(g), fory such that distga:(y, P(®(E))) <e.
It follows, for some C' depending only on (M™, g), that
|Vglogu|<C  on M™
Hence Claim 2.1 follows directly from the bounds
minu<C and maxu> 1 for some universal constant C. (28)
Mn Mn C
To establish (28), let u(Z)=minpmu. At Z, by Vu(z)=0, (V2u(Z))>0 and (9), we have
1= f(A(4y)) < fu™"""DA(4y)),

which implies, by f|ar=0 and feC%(T), that w=#/=2(z)>C, i.e. u(Z)<C. Similarly,
by the properties of f (in particular (10)), we can establish maxy~u>1/C. The C2-
estimate of u has been established in [35] (see also [64] for the estimates for (f,I')=
(a,i/k, I'x)). The C?-estimate of 1/u follows in view of Claim 2.1.

Thus when (M™, g) is not conformally diffeomorphic to a standard sphere, we have
proved that any positive solution of (11) satisfies, for some constant C depending only
on (M",g) and (f,T),

lullc2(arn, gy +111/ull c2(aam g) < C.

Since f is concave in T', C%“- and higher-order derivative estimates follow from a
theorem of Evans [16] and Krylov [32], and the Schauder estimate.
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To establish the existence part of Theorem 1.1’, we only need to treat the case
that (M™, g) is not conformally diffeomorphic to a standard sphere, since it is obvious
otherwise. We use the following homotopy introduced in {35]. For 0<t<1, let

fi(N) = f(tA+(1-t)a1(Ne)

be defined on
[y :={AeR"|tA+(1-t)or(N)e€T},

where e=(1,1,...,1).
Consider, for 0<t<1,

fi(MA4g)) =1, M(Ag)€T, on M™ (29)

Here and below g=u*/("=2)g,
By the a priori estimates that we have just established, there exists some constant
C>0 independent of ¢t€[0, 1] such that for all solutions u of (29),

lullcse (M™, g)+1/ulcan (M™, g) <C. (30)

By (30) and the assumption f|sr=0, there exists §>0 independent of t€0, 1] such
that all solutions u of (29) satisfy

dist(A(Ag), OT';) > 20.
Define, for 0<t<1,
Of = {ueCH*(M™) | A(A;) €Ty, dist(A(Ag), ) >4,
u>0, Jullora(mmgy I/ ullcseang <2CH,
where C is the constant in (30). By [42],
dy :=deg(F;—1,07,0), 0<t<1,
is well-defined, where Fi[u]:=f;(A(A4))—1, and
di=do, 0<t<L

In particular,
d1 = do.

The equation (29) for t=0 is the Yamabe equation. By the result of Schoen in [55] for the
Yamabe problem, dg=—1. Thus d;#0 and equation (11) has a solution. Theorem 1.1’
is established. O
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3. Proof of Theorem 1.2

Proof of Theorem 1.2. Part of the proof of this theorem is taken from [35], which we
include here for the reader’s convenience. We only need to prove the theorem for R=4=1.
Indeed, let

I?'(M)::F(éM), U:=6"'U and a(x) =52/ R =D/2 (R,

Then

F(A"=1, A%cU, in Bs,

and (ﬁ U ) satisfies the hypothesis of Theorem 1.2 with R=6=1. Thus, once we have
established the theorem in the case R=46=1, we have

(sgl}g u)(inf u) = §(2-n)/2 g2—n (5}311p @) (igf ) < C§2—n)/2 g2—n,

Bagr

Thus we assume in the following that R=§=1. Let u(Z)=maxp, u. As in the proof
of Theorem 1.27 in [35], we can find Z€ B, /5(Z) such that

u(®) =222 sup u

B, (%)
and
yi=u(@)* "o > u(z)¥ "2, (31)
where 0=1(1—[Z—Z|)< 2.
If
,.Y < 277,4,—8”4,
then

(sgp u) (igf u) <u(z)? < (27)"D/2 L C(n),
1 2
and we are done. So we always assume that

v> 2n+8 7L4.

Let I':=u(%)% ("2 >2v, and consider

~ Y
w(y):= )u(l’—i—m), ly| <T.

Clearly



134 A. LI AND Y.Y. LI

By the conformal invariance of the equation satisfied by u,
F(A¥)=1, w>0, on Br.

Fix

r=2"6pt< 1y,

W, A(Y) == (Tyi—ﬂ)ndzw (x+)\|2;—€;|§—)) '

By the conformal invariance of the equation, we have

For all |z| <7, consider

F(A¥=*)=1, wg x>0, on Br\Bx(z), 0<)\<%'y.

As in [35], there exists 0< A, <r such that we have
wea(y) Sw(y), 0<A<A;, y€Br\Bi(z),

and
we A (y) <w(y), 0<A<Ag, y€dBr.

By the moving sphere argument as in [35], we only need to consider the following two
cases:

Case 1. For some |z|<r and some A€ (0,7), wy, x touches w on OBr.

Case 2. For all [z|<r and all A€(0,r), we have

wea(y) <w(y), [|y—z|=X y€Br.

In Case 1, let Ae(0,7) be the smallest number for which w; » touches w on OBr.
By (32), we have, for some |yo|=T,

- 1nfu < mmw wz,A(Yo)-

( ) B
Recall (33),

)\ n—2 A n—2 B r n—=2
<(—2— < 2(n=2)/2 ) <o 2)/2(_) '
wenlio) (|yo—z|) B juo—2l r—r

Therefore

-2
o (D2 (7) i}rglfu < 200=2/25(n=2)/2y (32 (FT )n .
2
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Since 4r <y<3T and 0<3,

T.n—?

(n—2)/2 (~) inf <2(n—2)/2 (n—2)/2 (~)2
o ulr)inlu s o ulxr —
= Gr (34)

=23(n=2)/2,(n~2)/2,n~2 < gn-2,n—2
We deduce from (31) and (34) that
(sglp u) (ing u) 4" 22 L Cn).
In Case 2, we have, by Lemma A.2 and (33), that
[Vw(y)| <2(n—-2)r" w(y) < (n-2)2"*r7% Jyi<r.
Let € be the number such that

1-¢
£(y) = T(T‘—|y|2), lyl </,
satisfies
wz€ on B\/;
and, for some |j|<+/7,
w(y) =¢(7)-
Since 1=w{0}>2£(0)=1—¢ and w(Z)>0, we have 0<e< 1.
By the estimates of [Vw| and the mean value theorem,
fw(y)—1] = lw(y) —w(0)| < (n-2)2"2r V% | <V
So
1-(n—2)2"2r 12 Cw(y) = £(7) < 1,
and therefore
0<e< (n—2)2" %12,

Clearly,
Vo) =VE@). [VE@I< = and DPu(g)> (@)= —21-e)r L
It follows that -
A () <A < g2 O
Since F'(A¥(y))=1, we have, by (18) (recall that §=1),
D044 ot

violating the choice of r. Thus we have shown that Case 2 can never occur. Theorem 1.2
is established. 0
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4. Proof of Theorem 1.3

LEMMA 4.1. For n>2 and B;CR", let ue L _(B1\{0}) be the solution of

loc
Au<0 in B1\{0}
in the distribution sense. Assume that there exist acR and p#q€R™ such that
u(z) 2max{a+p-r—08(z),a+q-z—d(z)}, z€Bi\{0},
where §(2) >0 satisfies lim,_,o(8(x)/|x|)=0. Then

lim inf u > a.
r—0 B,

Proof. Let
v(z):=a+p-r—6(x) and w(x):=a+qx—0d(z), zE€DB.

By subtracting a+p-x from u, v and w, respectively, we can assume that a=0 and p=0.
After a rotation and a dilation of the coordinates, we can also assume that Vw(0)=e;.

Let uc:=u(e-)/e, ve:=v(e-) /e and w.:=w(e-)/e. We have
ve(z)=0(1) and w.(z)=z1+0(1),

where 0(1)—0 uniformly on B; as ¢e—0. For all 6>0, since ue>v,, there exists 9>0
such that

ue(x) 2 —§ in By, for all e <.

By u. >w,, we have u; >¢>0 on Q:=Bj4(3€1) for some universal constant ¢y indepen-
dent of ¢ and e.
Let &% be the solution of

A =0 in B)\Q,
{5 = %co on J9,
£=-25 ondB.

Since £5—£0 in C>=(B,), we have, for small 6,
£(0)> 36°(0)>0, (35)

where £° is the solution of _
Ago =0 in Bl\Q,
=1cy ondQ,

=0  ondB.
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In the following, we fix some §>0 such that (35) holds.
Let G be the solution of

—AG:50 in Bh
G=0 on OBy,
G(x)— oo asz—0,

where dy is the Dirac mass at 0.

Let A>1 be chosen later. For 0<§< % consider

A -
e 1= UE+G—((§G—€6 on B\ (B;UQ).
We have
An. <0 in Bi\(BsUQ).
Near OB,

Ne>—0+32A—1co >0 for large 4,

and near 0By, 7752—5+§5>0. Hence

7e>0 in B\(B;UQ). (36)

For any fixed xe B\ {0}, for all §, with 0<d§<|z|, and all £>0 small, sending §—0 in
(36) leads to u.(z)>£%(x). Therefore, for all e<eg,

lim inf v = lim inf u. > 53(0) > 1£0(0)>0. O

r—0 B, r—0 B,

Lemma 4.1 is sufficient for our use. Such a result holds for more general linear
elliptic operators of second order. For example, we have the following lemma:

LEMMA 4.2. For n>2 and B;CR", let ucC?(B;\{0}) satisfy
Lut=a9u;+bu;+cu< f in Bi\{0},

where (a¥)>0, a”€C*(By) for some o, 0<a<l, and f,bj,ceL>®(B;). Assume that
there exist a€R and p#£q€R™ such that

u(z) > max{a+p-z—6(z),a+q-z—d(x)}, z€B:\{0},
where §>0 satisfies lim,_,o 8(z)/|z|=0. Then

lim inf u(z) > a.
z—0
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Proof. Let
v(z) =a+p-z—08(z) and w(z):=a+qz—6(x), xEB.

By subtracting a+p-z from u, v and w, respectively, and replacing f(z) by

f(@)=b'(2)v:(0) ~ c(2) V(0) -z — () v(0),
we can assume that

a=0, p=0 and Lu<f in B;\{0}.
Let Q€ GL(n) satisfy Q(a(0))Q'=1Inxn. Replacing u, v and w by

wW@"), (@) and w(@),
and ¥ (z), bi(z), c(z) and f(z) by
Q@7(Q7'n))QY, Q'(¥(Q@7'z)), c(Q'z) and f(Q7'z),

respectively, we can assume that (a¥)(0)=1I,xn.
Let uc:=ule-)/e, ver=v(e-)/e and w.:=w(e-)/c. We have

ve(z)=0(1) and w.(z)=Vw(0)-z+o(1) on Bj.

We may also assume that |Vw(0)|=1 by a dilation. Hence, since u.>v. and u. 2w, for
all §>0, there exists g9 >0 such that for all e<ey,

us(z)>—-§ on By and w.>cy on Q:=By(3Vw(0)),

where cg>0 is some universal constant independent of § and . Moreover, u. satisfies
the equation

Lfu (x) == a" (ex)(ue )i (x) + &b (ex) (ue )i(x) +e%c(ex) ue () <ef(ez) in Bi.
Let &5 be the solution of

Legd(z) =ef(ex) in B\Q,
&= 3Co on 09},
£ =-25 on 0B;.
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We have £9—£0 in C(B;\§), where €0 is the solution of
AE°=0 in B,\Q,
=3co on 89,
=0 on 0B;.

Hence we can initially pick some §>0 such that £5(0)>£°(0)>0.
Let G be the solution of

—LEGICSO in Bla
G=0 on 0By,
G(z)— oo asz—0.

We know that G is asymptotically radial as e —0.
Let A>1 be chosen later. For 0<d< %, consider

Ne 1= us—i—#G—g on By\(B;sUR).
mingp, G

We have

L*n. <0 in B1\(BsUQ).

On BB,;,
Ne 2 —g-i-A—%Co >0,

and on 0B;, —6+26=6>0. Hence

e >0 in B)\{BsU%). (37)

For any fixed z€B;\{0}, for all § with 0<d<|z|, and all £<eg, sending §—0 in (37)
leads to u. ()2 (z). Therefore

lim inf u(z) = lim iglf u(z) = £5(0) > 1£°(0) > 0. o
z—

z—0 2

Proof of Theorem 1.3 for p=(n+2)/(n—2). Since v is a positive superharmonic

function, we have, by the maximum principle, that

mingg, u
In particular,
liminf |2|" " 2u(z) > 0. (38)

|| — o0
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LEMMA 4.3. For any x€R™, there exists Ao(z)>0 such that

n—2
ur A(y) = (ﬁ) u<x+)\1—2y<g—;]—§l> <uly), ly—z| =N 0< A< ().

Proof. This follows from the proof of Lemma 2.1 in [46]. O
For any z€R"™, set
Mz) = sup{pt | uz 2 (y) Suly) for fy—z{ =X and O < A< p}.

Let
o ::ll‘\r‘n_'tnf (|z}" 2u(z)). (39)

Because of (38),
0<a< . (40)

If =00, then the moving sphere procedure will never stop, and therefore A(w)=oo for
any z€R™. This follows from arguments in [46] and [35] (see also [36]). By the definition
of A(z) and the fact that A\(2)=o00, we have

ue A (y) <uly), |y—z|=A>0.

By a calculus lemma (see, e.g., Lemma 11.2 in [46]), u=constant, and Theorem 1.3 for
p=(n+2)/(n—2) is proved in this case (i.e. a=00). So, from now on, we assume that

0 <a<oo. (41)
By the definition of A(z),
ur A (y) Sul®), Jy—z|=A 0<A<N\().
Multiplying the above by |y|*~2 and sending |y|— o0, we have
a2 A" 2u(z), 0<A<A(z).

Sending A— A(z), we have (using (41))

A\

0o >a 2 Mz)" *u(z), TER™ (42)

Since the moving sphere procedure stops at A(z), we must have, by using the arguments
in [46] and [35] (see also [36]),

litn inf (u(y) =t 5@ (%) 91" 7% =0, (43)

fyl—oo
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a=Az)"%u(z), zcR™ (44)

Let us switch to some more convenient notation. For a Mobius transformation ¢, we use
the notation

ug = o | (uog),

where Jy denotes the Jacobian of ¢.
For zeR™, let
A@)*(y=7)

@) () =

We know that uge) =u, 5(4)-
Let ¥(y):=y/|y|?, and let

w(z) = (u(p(m))’lﬂ = u‘i’(m)"w'

For z€R™, the only possible singularity for w(*) (on R*U{co}) is z/|z(2. In particular,
y=0 is a regular point of w(®). A direct calculation yields

w(0) = A(z)"?u(z),
and therefore, by (44),
w®(0)=a, zeR™
Clearly, uyeC?*(R™\{0}) and Auy<0 in R™\{0}, liminf, o uy(y)=c and, for some

8(z)>0,

w(m)Ecz(B(;(z)), zeR™,
Uy 2 w® in Bé(z)\{O}, zeR™
LEMMA 4.4. Vuw® (0)=Vw©(0), i.e. Vw(®)(0) is independent of z€R™.
Proof. This follows from Lemma 4.1. Indeed, for any z, ZeR™, let

vi=w®, w=w® and wu=uy.
We know that w(0)=v(0), uy>w and uy>v near the origin, and we also know that
lim inf,_,0 4y (y)=w(0), so, by Lemma 4.1, we must have Vo(0)=Vw(0), i.e. Vw(® (0)=
Vw®(0). Lemma 4.4 is established. U
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For zreR"™,

@y ! Mz) N7 (o M@/l —2)
(®) lyl"‘2<ly/ly12—zl> (+ ly/|yl2—z|” )

:( Ae)? )““’*’)”u(w+ X(z)z(y-wl%))

1-2z-y+|y|?|=|? 1-2z-y+|yl?|x|?

So, for |y| small,
W (y) = X(2)" (14 (n—2)z-y) u(z+M@)*y) + O(ly*),
and, using (44),
Vu®(0) = (n—2) Mz)"2u(z)z+Mz)" Vu(z) = (n—2)az+a™ D y(z)™ C=" Vu().
By Lemma 4.4, V:=Vw(®)(0) is a constant vector in R", so we have
Ve (3 (n=2)a™ =D y(z)~2/ ("D L (n—2)a z[24+V-z) =0.
Consequently, for some ZER"™ and deR,

u(z) =D = g ¥ (D g g2 4 da Y (072,

Since u>0, we must have d>0. Thus
2/ (n=2) (n-2)/2
o= (i)
Let a=a2/("=2d~1 and b=d~1/2. Then u is of the form (24). Clearly A*(0)=2b%a"2I,
so 2b%°a=2I€U and F(2b%a=2I)=1. Theorem 1.3 in the case p=(n+2)/(n—2) is estab-
lished. )

Proof of Theorem 1.3 for —oo<p<(n+2)/(n—2). In this case, the equation satisfied
by w is no longer conformally invariant, but it transforms to our advantage when making
reflections with respect to spheres, i.e. the inequalities have the right direction so that
the strong maximum principle and the Hopf lemma can still be applied.

First, we still have (38) since this only requires the superharmonicity and the posi-
tivity of 4. Lemma 4.3 still holds since it only uses (38) and the C'-regularity of u in R™.
For z€R", we still define A(z) in the same way. We also define « as in (39), and we still
have (40).

For z€R™ and A>0, the equation of u; » now takes the form

A (n—2)((n+2)/(n—2)~-p)
F(Av(y)) = (H) e

Av=x(y)elU, for all y#uz.

)19—(ﬂ+2)/(n—2)7
(45)
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LEMMA 4.5. If a=00, then A(x)=c0 for all z€R™.

Proof. Suppose on the contrary that A(Z)<oc for some Z€R™. Without loss of
generality, we may assume that £=0, and we use the notation

A:=X0), ux:=ugx and By:=B)(0).
By the definition of X,
uy<u on R™\Bj.

By (45),
P(AS) <uf” 07D, 415U, on R™\By. (46)

Recall that u satisfies
F(AY) =yP~("+2/(=2)  guey, on R™\B;. (47)
By (46) and (47),

?

F(Au;)_F(Au)_ (ui;\—(n+2)/(n—2)_UIP—(TH-?)/(n“Q)) <0
A% €U, A*€U, on R™Bs.

(48)

Since a=00, we have
lim inf (JyI"~(u—u3)(y)) > 0. (49)

ly|—o0

The inequality in (48) goes in the right direction. Thus, with (49), the arguments for
p=(n+2)/(n—2) work essentially in the same way here, and we obtain a contradiction
by continuing the moving sphere procedure a little bit further. This deserves some
explanations. Because of (49), and using arguments in [35] (see also [36]), we only need
to show that

us(y) <u(y), |y|>A (50)

and 4
i —ay e 51
dr (u u)\) BB;\>0’ ( )

where d/dr denotes the differentiation in the outer normal direction with respect to 9B5.
If uz (§)=u(g) for some |g|> ), then, using (48) as in the proof of Lemma 2.1 in [35],
we know that u; —u satisfies
L{uz—u)<0,

where L=—a;;(x)0;;+b;(z)0;+c(x) with (a;;)>0 continuous, and b; and ¢ continuous.
Since uz—u<0 near §, we have, by the strong maximum principle, u;y=u near .
For the same reason, u;(y)=u(y) for any |y|> A, violating (49). Estimate (50) has been
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checked. Estimate (51) can be established in a similar way by using the Hopf lemma (see
the proof of Lemma 2.1 in [35]). Thus Lemma 4.5 is established. O

By Lemma 4.5 and the usual arguments, we know that if =00,  must be a constant,
and Theorem 1.3 for —oco<p<(n+2)/(n—2) is also proved in this case.

From now on, we always assume (41). As before, we obtain (42). Since the in-
equality in (46) goes in the right direction, the arguments for p=(n+2)/(n—2) (see
also the arguments in the proof of Lemma 4.5) essentially apply, and we still have (43)
and (44). Applying the rest of the arguments for p=(n+2)/(n—2), we have that u is of
the form (24) with some positive constants a and b. However, we know that, for u of the
form (24), A*=2b%a=2I and F(A*)=constant. This violates (23) since uP~("+2)/(n=2)
is not a constant when p<(n+2)/(n—2). Theorem 1.3 for —oco<p<(n+2)/(n—-2) is
established. O

Appendix A

LEMMA A.1. Let a>0 be a positive number and o be a real number. Assume that
heC'|—4a,4a] satisfies, for |7|<2a, |s|<4a, 0<A<a and A<|[s—7|,

(ﬁ)ah(ﬁ %) <h(s). (52)

(4
W) < s-h(s), sl <a

Then

Proof. By considering h{as), we only need to prove the lemma for a=1. If a=0, it
is easy to see that h is identically equal to a constant on [—1,1]. So we always assume
that a£0. We only need to show that

—R'(s) < ah(s), |s|<1, (53)

since the estimate for h’(s) can be obtained by applying the above hA(—s).
Now for |7]<2, let h,(s):=h(r+s). Then (52) is equivalent to

() (3 <htomm <2 lsl<a 0901 Aclomr)

which, by setting z=s—7, implies that

a 2
(%) hT<%Tf) <hi(z), |7]<2 0<A<1,A<z<2.
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Letting y=A%z/|z|?=A?/x above, we have
yo‘/QhT(y) < ma/2h7(:c), O<y<z<l.
Thus
0< %(xa/%(x)) =Laz®? h,(z)+2*/?h. (), O<z<1,

ie.
sah (z)+zh () 20, O0<z<l.
Letting z—1 above, we have
Lahe (1) > —h. (1),
ie.
sah(t4+1) > - (r+1), |7|<2.
Estimate (53) follows from the above. g

LEMMA A.2. Let a>0 be a constant, and let Bgo CR™ be the ball of radius 8a and
centered at the origin, n>3. Assume that u€C*(Bg,) is a nonnegative function satisfying

uz,/\(y) gu(y% $€B4aa yEBSay 0<)‘<2a7 A< |y—x|,

Up, A (Y) 1= (ﬁ)n_Qu (g;+ %;{?) .

Then there exists C{n)>0 such that

where

n—2
IVu(z)| < 5 ~ul@)., |zl <a.

Proof. For x€B, and e€R™, |e|=1, let h(s):=u(x+se). Then, by the hypothesis
on u, h satisfies the hypothesis of Lemma A.1. Thus we have

n

) —9
|R(0)] < —2&—’1(0),

i.e.

n—2
[Vu(z)-e| < Wu(x)

Lemma A.2 follows from the above. O
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Appendix B

We first show that we may assume without loss of generality that the f in Theorem 1.1’
is in addition homogeneous of degree 1. We achieve this by constructing the f which is
homogeneous of degree 1 satisfying f~(1)=f"1(1) and the hypotheses of Theorem 1.1’.

By the cone structure of T', the ray {sA|s>0} belongs to I for every AcI'. By the
concavity of f, we deduce from (10) that

> AN >0, AeT. (54)
i=1
Since f(0)=0, f satisfies (10) and (54), and f€C**(T'), the equation

fle(MA)=1, AeT, (55)

defines, using the implicit function theorem, a positive function o€ C*4(T). It is easy to
see from the definition of ¢ that p(sA)=s"1p()) for all A€T and 0<s<oo. Set

- 1
f=— onl.
¥
By the homogeneity of ¢, f is homogeneous of degree 1. We will show that f has the

desired properties. Clearly, f is symmetric, (10) is satisfied and f~1(1)=f"1(1).
To prove that VfeTl,, applying 8/8); to (55), we have

) <
0= £ e+ 2V S 1 Gy,
(V) o
where p=¢(M)X. Since f,,.(4)>0 and 3°7_; fu;(11)p;>0, we have ¢, (2)<0, ie.
f>0 onT,1<i<n.

Next we prove the concavity of f. For A\, AeT, we have, by the concavity of f, that

oV e(3)
f (tw(_)+(1—t)<p(>\)

[t)\+(1—t)5\]>

) to(3) (1-1)e(N) S
d (w(mm—t)«p(x) P R = T )

S tp(N) (A-t)p(N)
Z e+ (1-0)p() b0+ (1—1) 9 (V)

S Fle()A)+
=1=f(p(tA+(1=t)A) [tA+(1—t)A]).
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By (54), f is strictly increasing along any ray in I' starting from the origin. Therefore
we deduce from the above that
PN

WO+ (1)) > PO

ie.
tF)+{1-8) f0) < FEA+(1-0)N).
We have showed that f is a concave function in T.
To check that feC%(T") and f=0 on AT, we only need to show that
lim f(A\)=0, Aedl.

A=A
Ael

We show the above by a contradiction argument. Suppose the contrary. Then for some
A€0T there exists a sequence A'€l’, X' X, such that lim;_,o f(A})>0. It follows that
@(A\)—a for some a€[0, 00). By the continuity of f on T, we have 1=f(o(A) X)) = f(aX).
Since f=0 on T, we have a>0 and A€T, a contradiction. We have proved that f has
the desired properties.

PROPOSITION B.1. Let V be an open symmetric conver subset of R™ with OV#2.
Assume that

v(A)el,, A€dV, (56)

and
v(A)-A>0, AedV, (57)

where v(\) denotes the unit inner normal of a supporting plane of V at A. Then I'(V)
as defined in (3) is an open symmetric convexr cone with verter at the origin. Moreover,

r,cr{Vycr, (58)

and
T(V)={sA| A€dV, s >0}. (59)

Remark B.1. No regularity assumption on 0V is needed.

To prove Proposition B.1, we need the following lemma:

LEMMA B.1. Let V be as in Proposition B.1.

(i) If A€V, then {sA|s=1}CV;

(i) 0¢V;

(iii) If A€dV, then {sA| —co<s<1}NV =2 and {s\|s>1}CV.
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Proof. If (i) does not hold, then there exists some A€V and 5>1 such that sA€dV.
By the convexity of V, we have

(A=5X)-»(5X) > 0.

From this we deduce, by 5>1, that 8\-v(3)A)<0, contradicting (57). (i) is established.

If 0V, then 0¢AV by (57). Hence 0€V. Since V is open, an open neighborhood
of 0 belongs to V, and therefore, by (i), V=R", contradicting the fact that oV#@2.
(i) is established.

Let A€9V. For —oo<s<1, we have, by (57), that v(X)-(sA—=A)=(s—1)r(A)-A<0.
Since v()\) is an inner normal, sA¢V. Thus we have proved the first statement in (iii).
For the second statement in (iii), let A€OV. We know from the first statement of (iii)
that {sA]|s>1}NOV=ya. So either {s\|s>1}CV or {sA|s>1}NV=0. Noticing that
the first case is what we want to prove, we can assume the second case. Then, in view of
the first statement of (iii), the line {s\|s€R} has no intersection with V. It follows from
[52, Theorem 11.2] that there is a supporting plane of V containing the line {sA|s€R},
and therefore v(\)-A=0, where v()\) denotes the unit inner normal of the supporting
plane, contradicting (57). (iii) is established. a

Proof of Proposition B.1. It is easy to see that I'(V') is an open symmetric convex
cone with vertex at the origin. Now we prove that I'(V)CI'y.
For any A=(A1,..., A,)€(V), let

A= A= (A1, .y An),
X2= (A, 0y Ams A1),

A" = (Ars Aty ooy Anct)-

Since I'(V) is symmetric, A*eI'(V), 1<i<n. By the convexity of I'(V),

—___1 " i_gl()‘)
A== M= “=eel(V),
where e=(1,...,1) and a3 (\)=>"1 | ;.
Let
5:=inf{s>0|s eV}

By (ii) in Lemma B.1, 5>0 and 3A€dV. Let v(5)\) be the unit inner normal of a sup-
porting plane of V at 5A. We have, by (57),

0<v(3))-(5N) = %01(1/(5/\))01()\).
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By (56), 01(v(5X))>0, and thus o;(\)>0, i.e. (V).

Next we prove that I, CT'(V) by a contradiction argument. Suppose that there
exists u€L',\I'(V). Take any Ae['(V)CT;. Consider the 2-dimensional plane P gen-
erated by p and A\. We know that I'(V)NP lies on one side of the line 8T'1NP. So
{su|seR}INT(V)=w, and therefore I'(V)NP stays on one side of {su|s€R} in P, i.e.

{aep‘ ,&{A— <Aﬁ> ﬁ] <0}ﬂI‘(V)=®.

Fix some fieI',,NP such that
i [A— (x-"-) ﬁ} <0.
1l / ul

Then the line I:={sfi|s€R} has no intersection with VNP. Now moving ! parallelly
towards VNP, then a first touching of the moving line and VNP must occur. Let [
denote the first touching line, and let AelN(VNP). Clearly A€V and INV=2. So
there exists a supporting plane of V at A which contains I. Let v()) denote the unit

inner normal of the supporting plane. Then v())-i=0, a contradiction to €T, and
v(A)€T, by (56). Thus ', cT(V), and (58) is established.
Let

T(V):={sA| A€V, s>0}.

Next we show that T'(V)=I'(V). For A€V, consider the ray {s\|s>0}. Since 0¢V, we
know that
5:=inf{s|sAeV}>0.

By the openness of V and the definition of 5, SA€8V. So AeT'(V). We have showed that
I'(V)CIL(V). On the other hand, by (ii) and (iii) of Lemma B.1, T(V)CT(V). We have
established (59), and so Proposition B.1. u

In the following, we deduce the equivalence of Theorem 1.1 and Theorem 1.1.

Theorem 1.1 = Theorem 1.1". Let V:={Xel'| f(A\)>1}. By (9) and (10), I'(V)=T.
By the concavity and symmetry of f, V is open, symmetric and convex. Clearly 0V =
{Ael| f(N)=1}#2 is C** and Vf is an inner normal to 8V. Therefore Vfel', im-
plies (1). Above we have proved the concavity of f, and (10) forces Vf(A)-A>0. Re-
stricted onto V, we have (2). Hence Theorem 1.1’ follows from Theorem 1.1.

Theorem 1.1’ = Theorem 1.1. We only need to construct a pair (f,T') satisfying all
the assumptions in Theorem 1.1’ and {\| f(\)=1}=08V. Let I':=T(V) as defined in (3).
By Proposition B.1, (6) and (7) hold for T'. Let f(s)\):=s for s>0 and A€dV. By (59),
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I'={sA|\€dV, s>0}. So f is well-defined, symmetric and C** on I'. It is easy to see
from the definition that f is homogeneous of degree 1, and therefore (10) follows directly.
To prove that f is concave, take any two points a) and by in I', where A\, u€dV and
a,b>0. For any 0<¢<1, since A\, u€dV and V is convex, we have

ta (1-t)b -

ev.

tar(1-0)b" " tat(1-)b"
Recalling the definition of f, we have A/f(\) €0V. However, by (i) and (iii) in Lemma B.1,
we know that sA€V for any s>1. Therefore 1/f(A)<1, i.e. f(A)>1. From this we deduce
that f is concave, since

A=

fltar+(1—t)bp) = (ta+(1—t)b)f( ta (1-t)b )

by
far (1—0)b" " tat(1-0b"

= (ta+(1-t)}b) f(N)
=ta+(1-t)d
=tf(ad)+(1-1)f(bp)-

Now the only assumption left to check is that f can be continuously extended to JI'
and vanishes on 9T. To see this, take any sequence {\*}$2, in I" with A »A€0I'. We need
to show that lim; o f(A*)=0. Suppose the contrary. Then there exists a subsequence
of {A\*}52,, still denoted by {\*}$2,, such that f(A*)>4 for some constant §>0. By the
definition of f, AY/f(A})€dV. On the other hand, A*— X and f(A\*)>46>0 implies that
{AY/f(A)}2, stays in a bounded set of R™. Hence A*/f(A*)—p for some p€R". Noticing
that AV is closed, 4€dV. By (59), {su|s>0}CT. Recalling that 0¢9V and X' X, we
have that f(\*) is uniformly bounded. Without loss of generality, we can assume that
F(A)=¢o>0. It follows that

6F9/_\(—/\i:f()\i)7():\—i) —cop €l

a contradiction. Theorem 1.1 follows from Theorem 1.1.

In the rest of this section, we address Remark 1.1. We assume that VeC?%%, but
that the principle curvatures of OV are positive. Let P;:=0TI';. After a rotation of the axis
system, OV can be represented as the graph of a C>®-function ¢ defined on P)=R""!
and satisfying

(VZ$)>0 on R™ L (60)

The cone T',, in the new axis system is still an open convex cone, denoted by f‘n The
assumptions (56) and (57) are translated into

(-Vo(y'),1)eT, and (-Vé(y'),1)-(¥,6(y))>0, yeR" . (61)
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In the following, all the functions are defined on R™~1! if not specified. For R>0

and £>0, consider
7=0rd +(1-0r)®,

where ¢* is a smooth mollifier of ¢ and gp, is a radially symmetric cut-off function having
value 1 in Bg and 0 outside Byg. Let VE be the set above the graph of ¢%. For any
R>0, ¢% is identically equal to ¢ outside Byg, and ¢t—¢ in C2% as e—0. So, for
some small e=¢(R)>0, (56) and (57) hold for ¢5%. Noticing that OV§ coincides with OV
when |¢/|>2R, we can assume, for the same small ¢, that T'(V5)=I'(V). Back to T'(V),
V and Vj define f and f; as homogeneous functions of degree 1 in I'(V5)=I'(V) taking
value 1 on 9V and OVf, respectively. The function f§ satisfies all the assumptions of f
assumed in Theorem 1.1’. Now take a sequence R;—soo and take &;>0 such that (60)
and (61) hold for ¢ . Let fz be the corresponding function on T'(V)). We know that
f7 satisfies all the assumptions of f in Theorem 1.1’, that it is smooth in any compact
subset of I and that f§ — f in C5(T).

loc
Consider the equation

gi()\<Au4/(n_z)g)) =1, A(Au4/(n—2)g) el’, on M™. (62)
Applying Theorem 1.1' to (f£,T'), for any solution u; of the equation (62), we have that

[willcz.eam, gy +111/usll 2.0 (army ) < C (63)

for some constant C independent of i—this is clear from the proof of Theorem 1.1’. This
implies that /\(Au?/(n_Q)g) stays in a compact subset of I' independent of i. Hence for
i large enough, f;,ii is C** in this compact subset, and we have, by (63) and Schauder
theory, that

llusllcao (aam, gy < Cs,
where C; is some constant that may depend on 1.

Following the degree arguments at the end of the proof of Theorem 1.1’ and replacing
O; by

O; = {UEC4’Q(Mn, g) | ”U“CZ,&(Mnyg)+”1/U;”C2,Q(Mn’g) <20,
HU||C4,(X(Mn’g) <205, )\(Au4/(n—2)g) S F},

we can find a solution u; of (62). Since u; is uniformly bounded in C*%(M™,g), after
passing to a subsequence, u; converges in C2(M7, g) to some function u in C>*(M™, g).
Sending ¢— o0 in (62), we have

f()\(Aurl/(n—z)g)) =1, )\(Au4/(n_2)g) €T, on M™
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