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Takens’ problem for systems of
first order differential equations

Juha Pohjanpelto

1. Introduction

In 1977, F. Takens [6] considered the following novel aspect of the classical
Noether’s theorem of calculus of variations: Let a local Lie group act on the space
of independent and dependent variables, and let I" be the Lie algebra of infinitesimal
generators of the group action. Suppose that a system of differential equations is
invariant under I" and that each element in I" generates a conservation law for the
system. Does it then follow that the system arises from a variational principle? In
his original paper Takens answered the question in a number of non-trivial cases.
Subsequently, Takens’ results on second order scalar equations and on systems of
linear equations were substantially generalized by Anderson and Pohjanpelto [2], [3].

In this paper we consider Takens’ question for systems of first order equations
and for the Abelian Lie algebra I'=t(n) of infinitesimal translations acting on the
space of independent variables. This problem originally arose in connection with
Takens’ problem for vector field theories [4], and the results of this paper, in par-
ticular Theorem 8, will be directly applicable therein.

Let T(n) consist of all systems of n first order partial differential equations
in n independent and n dependent variables which are invariant under t(n) and
for which every element in t(n) generates a conservation law. Results in ref. [3],
applied to t(n), imply that a system in 7(n) whose components are polynomials in
the dependent variables u® and their first order derivatives u$ of degree at most n is
variational. In contrast, here we consider the case when the components are allowed
to be smooth functions in some open set in the space of the variables (u?, u).

We begin by reviewing some basic definitions and results from the calculus of
variations most relevant to our problem. In Section 3 we give an explicit description
of systems belonging to 7(n) in terms of the minors of the matrix (u?), and we
proceed in Section 4 to show that the subspace V(n)CT (n) of variational systems



344 Juha Pohjanpelto

is characterized by a simple algebraic condition. Surprisingly, these conditions turn
out to be exactly the ones that guarantee a system in 7 (n) to be everywhere smooth
in the derivative variables u¢. This result underscores the fact already apparent in
refs. [2] and [3] that subtle smoothness properties of differential equations play a
central role in Takens’ problem. The algebraic conditions also allow us to construct
a subspace A(n)C7 (n) complementary to the space V(n). Thus, in a sense, the
subspace A(n) gives a measure of the degree to which Takens’ question fails in the
present problem.

Finally, in Section 5 we present some examples. The first two examples partly
motivate our restricting the problem to first order systems in n independent and m=
n dependent variables. Specifically, these examples show that, in general, Takens’
question for t(n) fails for everywhere smooth first order systems when m>n, and
for everywhere smooth second order systems when m=n. When m<n the results of
refs. {2] and [3] can be applied to solve Takens’ problem for t(n) in several particular
instances. However, this case still remains to be studied in full generality.

2. Preliminaries

In this section we collect some definitions and results from calculus of variations
needed in the sequel. For more details and proofs we refer to refs. [1] and [5].

Let E=R"™xR™ be the space of the independent and dependent variables
with coordinates z%, i=1,2,... ,n and u?%, a=1,2,... ,m. We write ud Ul e
UJ 4,..0,s - for the first, second and higher order derivatives of the u®. Let I=
(i1,42,--- ,ix) be a multi-index of integers 1<i;<n of length |I|=k, and let I#=
(t1,t2,... ,tn) be the transpose of I, where ¢; stands for the number of occurrences
of the integer j amongst the entries 41,15, ... , i of I. We write I'=t;!t,! ... £,!, and
define the weighted partial derivative operators 8 by

n o

aiz—#v
|T]! Qug

a=12,...,m, |I| 20,

and the total derivative operators D; by

0
Di=8$i+z uyol i=1,2,.. ,n.
[71>0

We associate to a system of kth order differential equations

i bbb b _ _
Aa(.’E YU Uy s Uy 5 oee ’uilig...ik)_07 a=1,2,..,m,
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the source form
A=A du’Av,

where v=dzldz? ... dz" is the volume form on R"™. A source form A=A, du®Av is
said to arise from a variational principle if there is a Lagrangian

L=L(z* u®,ud u?

a
gy Uirig 5 e » U

iz ip)
such that
A, =E.(L), a=1,2,..,m,

where the Euler-Lagrange operators E, are

(1) Eo(L)= ¥ (~D)/3LL.

17120
Here the iterated total derivative (—D), I=(i1,%2,... ,i%), i8 given by
(=D)r=(—D)iy (—D)i, ... (=D,

One can easily check that if a source form A=A,du®Av arises from a varia-
tional principle then the components of the Helmholtz operator of A given by

(2) Hib(A)=BI{AG_(~1)|”E£(A6)7 (L,b=1,2,... » 1, 'Il ZO,

vanish identically. In (2), the higher Euler operators E! are given explicitly by

3) El()= Y (” ‘f}l"’ l)(—D)JaiJ(f)-

[7]=0

Conversely, if the Helmholtz conditions HI,(A)=0 are satisfied, then it can be
shown that, at least locally, the source form A can be written as the Euler-Lagrange
expression of some Lagrangian. Hence we will call a source form satisfying the
Helmholtz conditions locally variational.

Suppose that the Lagrangian L=L(u®uf,,uf; ... ,ul;, ;) is invariant un-
der the infinitesimal transformation group t(n) of translations generated by the
vector fields 8/0z?, i=1,2,... ,n. Then it is well known that there are differential
functions

1 __\Ji(,,0 ,,Q a a s
Vj-—Vj(u s Ugy s Ug iy 5 ooe 7ui1i2...'ik)’ ,j=1,2,...,n,

such that
ulE.(L)=D; V3.
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Each vector field (V},V3,...,V?) is divergence free on the solutions of the system
E.(L)=0 and therefore provides a conservation law for the system. Accordingly,
we say that a source form A=Agdu® Av admits t(n) conservation laws if there are
differential functions V% such that

(4) uwfA,=D;Vi, j=1,2,..,n.
It is well known that if (4) holds, then necessarily
(5) Ey(ujlAg)=0, b=1,2,..,m.

Conversely, if the Euler-Lagrange expressions in (5) vanish, then it can be shown
that, at least locally, there exist differential functions V; such that equations (4)
are satisfied.

Suppose that A is locally variational. Then, by the classical Noether’s theorem,
A admits t{n) conservation laws if and only if A is t(n) invariant. In this paper we
study the question whether the existence of t(n) symmetries and t(n) conservation
laws implies that a source form is locally variational.

3. Conservation law conditions

Throughout this section and Section 4, E=R"xR"™. Given a source form
A=A,du’A\v, we write

Ui=ulA,, i=1,2,..,n.

Our first task is to transcribe the assumptions of Takens’ problem for the infinites-
imal transformation group t(n) into conditions for the functions ¥,.

The t(n) invariance of A simply means that the components A,, and thus the
functions ¥;, do not depend on the variables z7.

Proposition 1. Let A=A du®Av be a first order source form on E=R"xR"
invariant under t(n). Then A admits t(n) conservation laws if and only if the
functions ¥;=ull, satisfy the following equations:

(6) 0,0 —ufd,0LW; =0,
(M) aYaPw; =0,

for all a,b,i,5,k=1,2,... ,n.

In (7), the round brackets indicate symmetrization on the enclosed indices.
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Proof. Assume first that the source form A admits t(n) conservation laws. By
equation (5) and by the definition of the functions ¥; we have that

(8) E.(¥;)=0, a,i=1,2,..,n.

Recall that ¥;=¥;(u®, u?) does not depend upon z’. Thus, when expanded using
the expression (1) for the Euler-Lagrange operators, equation (8) becomes

(9) 0=0,W;— D;(8]¥;) = 0, ¥; ~u0, 0, U; —ub, OF BT W;.

Now the coefficients of the second order terms u, in (9) must vanish, which imme-
diately yields (7). The remaining terms in (9) yield (6).

Conversely, it is clear from (9) that equations (6) and (7) imply that (8) is
satisfied, that is, the source form A admits t(n) conservation laws. [

In order to solve equations (6) and (7) we need to establish some notation.
Let A and I be the multi-indices A=(a;,a2, ... ,ax) and I'=(iy,%2, ... ,ix) of length
|A|=|I|=k. If |A|=|I|<n, we define the minor V of the matrix (u$)a,i=1,2,...n by

1
" (n—k)!

k41 uan
2+l "7 T tn?

(10.a) Vi

AR T STRTE R Y
£ Eal...akak.*.l“.a.nu

where gi1%2-n and €a100...a, aTre the permutation symbols. In particular, V stands
for the determinant '

V =det(u).
We also let
(10.b) Vi=0, if|A|=|I|>n.
It is easy to see that the minors V] satisfy the identities

(11) BVA=Vy and uf Vit —pge yieie

i Y a1...0x—10k [ax Yay...ax-1]

In (11) the square brackets indicate skew-symmetrization on the enclosed indices.

Lemma 2. Let y=v(u}) be a function in the variables v, a,i=1,2,... ,n,
and assume that ¢ satisfies the equations

(12) =0, a,bi,j=1,2,..,n
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Then ¢ is a constant linear combination of the minors VA, |A|=|1|=0,1, ... ,n.

Proof. We first let a=b in (12). Then the function v satisfies

8094 =0,
for all a,%,7=1,2,... ,n. It immediately follows from this that 1) is a linear combi-
nation of the monomials M7} ;** =ui'u;? ... ug*, where the indices a1,az, ... ,ax
are all distinct. Write ¢ as a sum

Y= aﬂ M f,

where the constants o, are invariant under simultaneous permutations of the entries
in A and I. Then equations (12) for a#b show that the ¢, must be skew symmetric
in the indices I. Now the lemma follows. O

Theorem 3. Let A=A, du®*Av be a first order source form on E=R"™xR".
Then A is invariant under the infinitesimal group t(n) of translations and A admits
t(n) conservation laws if and only if each component A, of A can be expressed as
a sum

(13) Aa=VINAVIVE, a=12,..,n,

where, if |Al=|I|=n, the coefficients /\i}ﬁ]:)\i"[“ are constant, and, if |A|=|I|<n,
the coefficients ’\i,{f]]:)‘i,IA are functions of the u®,

(14) ) )\;‘,‘I4 = )‘i,;‘(ub)a

and satisfy

(15) OeA; iy an =0-
Proof. First suppose that A is t(n) invariant and that A admits t(n) conserva-

tion laws. Then the functions ¥;=u?A, satisfy (6) and (7), and thus, by Lemma 2,
we can write

(16) U=\ 1Vi,

where the coefficients ), #=X; #!(u®) are smooth functions of the dependent vari-
ables u® only. Note that equations (6) and (7) are homogeneous in the variables uf.
Thus we can assume that the summation in (16) extends only over multi-indices
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I, A of some fixed length k. In the case k=n the conclusion of the theorem is clear
from (6). For k<n, we have, by (11), that

uf Vi =uf V4L = (k+1)65, Vi

[a ay...ag]”
Thus equation (6) implies that
0=(3a;,7)VA = (k+1)@N ),V

k
(7)) =@A V- @A IVA+Y a N3 I RV o i

as,1) . ik 1...05-10Qg41---Qk
s=1

— k(aal)\' alaz...ak)V'i,lig...ik

’L,il’ig...ik a az...a5"°

Hence the coefficient \; f* satisfy the divergence condition (15).

Conversely, if (13), (14), and (15) hold, then it is immediate from Proposition
1 and the calculation leading to (17) that the source form A is t(n) invariant and
that A admits t(n) conservation laws. O '

Note that if (15) holds then, at least locally, there are functions §Z’IA——— 3’1’4 (u)
satisfying the skew symmetry condition £ [Z’[?]] =¢; ’IA such that

A_ a,A
Al =0T

4. Helmholtz conditions

Proposition 4. Let A=A,du*Av be a first order source form on E=R"™xR"
invariant under t(n). Then A satisfies the Helmholtz conditions if and only if the
functions ¥;=ulA, satisfy the following three equations:

(18) ab‘I’[iUg-] ~uf,6baf\l'[iu§] = 0,
(19) 8 upy—6(;¥,) =0,
(20) ol8] w =0,

for all a,i,j,k,1=1,2,... ,n.

Proof. Since the source form A is of first order and t(n) invariant the Helmholtz
conditions (2) are satisfied provided that

(21) 28[aAb] —u;acaf;Ab] =0,
(22) aEaAb) =0,
(23) al'a) A, =0.
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First assume that A satisfies the Helmholtz conditions (21), (22), (23). Multiply
(21) by ufu? and sum over a and b. An integration by parts shows that

(24) uguf o8 Ap = uf B8 (ul Bp) — P ug Ag =uf 85 ; ~ 65T,
Thus (21) becomes
0= 2u‘éu?]8aAb ~u§06(uﬁug]3§Ab)
=200 Vjuf) —up 008 ¥ ;uf +up0cb], ¥,
= —0aVpyujy +up 000 ¥ suy),
from which (18) follows. Equation (19) can be similarly derived from (22).

Finally multiply (23) by u8uf and sum over b and c. An integration by parts
results in

o8] W ul+2ub 600 Ay =0,
which, on account of (22), gives (20).

Now it is also a simple matter to check that (21), (22), (23) imply (18), (19),
(20). O

Remark. Propositions 1 and 4 can also be derived by employing a moving
frame for the contact bundle of the variational bicomplex (cf. ref. [1]) reflecting the
transformation ¥;=ufA,. However, for our purposes it is simply more expedient
to give direct computational proofs of these results.

Proposition 5. Let A=A, du®Av be a first order source form on E=R™xR"
as in Theorem 3. Then A is locally variational if and only if the coefficient functions
/\z-,}4 are completely skew symmetric in the lower indices:

A[if}] = )‘i,f

Proof. We first note that by assumption the functions ¥;=ufA, satisfy equa-
tions (6) and (7). Hence the Helmholtz conditions (18) and (20) are identically
satisfied, and, consequently, A is locally variational if and only if (19) holds.

Calculations parallel to those leading to equation (17) in the proof of Theorem
3 yield

uf BV = 6 A FVA kX L2 Vot
Hence (19) holds if and only if

ajaz...a __
)‘(J'J)’iz---ik =0,

that is, the coefficients )\i’}1 are completely skew symmetric in the lower indices. [
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Lemma 6. Let V} be the minors (10) of the matriz (u?)q,i=12,... n- Suppose
that there are constants o, I , where o, {ﬁ]— T and polynomials P, in the variables

u? such that

(25) ai’fV,{=u§‘Pa, 1=1,2,...,n
Then necessarily

(26) U[i,}‘l] = Uz’,f'

Conversely, suppose that the constants ai’f satisfy the skew symmetry condition
(26). Then (25) holds for the polynomials P, given by
1

Fa= l+1

’L I V

Proof. We first note that by expressing each polynomial P, as a sum of its
homogeneous components we can assume that in (25) both sides are homogeneous
polynomials of degree n—k.

First suppose that equations (25) are satisfied for some constants 0'1.’}4 and for
some polynomials P, of degree n—k—1. Write

P =C tk420k+3---In uak+2u{1k+3 ud
aak+2ak+3 Gn 42 k43 77T in?

. i i
where the coefficients Cy o}t 30y, +33 .., are invariant under simultaneous permutations

of the indices ax+2,x+3 .- ,0n and tx42,%k+3, .- ,in. NOW equations (25) become

1
a,k 41.. 7fk7'k+1 in Ok41, Gk4+2 an
(27) —( ) orl ke Eay..akarsioanipyy Uiprg - Uin

26"3k+1 ih42..00n uak+1uak+2 an
2 Ok+1,0k+2+--8n  tk4l k42 T Tin "

Let the indices bg41,bk42,-.- , by be distinct. Equating the coefficients of the mono-

Petr Pkt 0bn on both sides of (27) we obtain the equation

mial Uj s U U
by...bx

b Itk dttiodn
1,51 Jk

Jp 1. Jp Jn
Eby..brbiyr...by = (N—Kk—1)! E &; Cb,,,bk+1 b
p=k+1
Thus
1 n
b1.. bk . by...bibgy1...by § : 6_'7';; A Fk41-dpedn
Py

%J1.Jk (n k)'(n k) e JkJk+1-dn el bryi.bp. by

€. Ebl...bn Jk41.-3p---In
E : J1.--Jp—1%ip41--Jn byp,bt1...b5...b
" (n= k)'(n (n—k)i(n—k) et PRISST RE

— 1 €4 L. . €b1~-vbkbk+1bk+2n~bn jk+2---jn
(n—__k)‘! J1-Jrijk4z-In bit1,bkiz. b
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which shows that
: byba...by — b'1b2...bk
[i,7152---3x] i,5152...9%

Conversely, suppose that the constants ai,f are skew symmetric in the lower
indices. We compute

w50, 7 Vak =0, fusVih = 11+ 1o, £8S VS = (1+ D)o, f VA= (11 +1)0;, ' Vi
Hence (25) holds with
P,= 1 Avi

a— | I| +1 z I

Theorem 7. Let A=A, du®Av be a first order source form on E=R"™xR™.
Suppose that A is invariant under the infinitesimal transformation group t(n) of
translations acting on the base R™ of E and that A admits t(n) conservation laws.

Then A is locally variational if and only if the components A, are smooth in the
first order derivative variables ug.

Proof. First suppose that the source form A is locally variational, that is, A
satisfies the Helmholtz conditions. By (22) and (23)

000 D= 0030, + 05500 =0,

for all 4,j,a,b,c=1,2,... ,n. We now proceed as in the proof of Lemma 2 to con-
clude that the components A, are polynomials in the derivative variables u¢. In
particular, each A, is a smooth function in the variables uf.

Conversely, suppose that the components A, are smooth in the variables u;.
By the assumptions and by Theorem 3,

Ba=V AL VV,
where the coefficients /\i’}“ depend on u® only. It follows that each A, is smooth in
the variables u¢ only if A; # V£V is divisible by V, that is, only if the components A,
are polynomials in the variables u¢. But then, an application of Lemma 6 shows that
the coefficients )\i’f must satisfy the skew symmetry condition ’\[¢§1=)‘i,fl’ which,
by Proposition 5, implies that A=A,du®Av is locally variational, as required. O

Let the set A(n) consist of all source forms A=A, du®Av on E=R"™xR" whose
components A, can be expressed as a sum

(28) Aa=VTINIVIVE, Al=11]21,
where, if |A|=|I|=n, the coefficients A, m]=)\i’}“ are constant, and, if |A]=|I|<n,
the coefficients A, [I]] ;.7 are functions of the u®, X, =X, (u), and satisfy

/\[‘i,I] =0 and a A 0a2.--Gk — 0.

2. 111,2 ’Lk
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Theorem 8. Consider the following three properties of a source form A on
E=R"xR™

(i) A is t(n) invariant,

(i) A admits t(n) conservation laws,

(iii) A is locally variational.

Then every A€ A(n) satisfies (i) and (i) but not (iil). Moreover, let A be a
first order source form satisfying (i) and (ii). Then there is a unique source form
A €A(n) and a unique source form Ay satisfying (i), (ii), and (iii) such that

(29) A=Aa+Ay.
Proof. Let A€ A(n). By Theorem 3 the source form A satisfies (i) and (ii).
However, by Proposition 5, A satisfies (iii) only if )\[i:‘}]=z\i,’}, that is, only if A=0.

Next let A be a first order source form satisfying (i) and (ii). By Theorem 3
the components A, of A are of the form

(30) A, =VIN ViV

Write
A=As+A,

where A, involves the terms in (30) with |A]=]|=0 and A; involves the remaining
terms. Then by Proposition 5 the source form A, also satisfies (iii). Note that the
coeflicient functions )\i,’} of A; can be uniquely expressed as a sum

A__ A, A
XTI =07 +G T

where the ai,fl are completely skew symmetric in the lower indices, U[i,ﬁzdi,}q, and
the Cif satisfy
A A A
Gm=6Gr and (;77=0.

In fact, we simply let
(31) Ui,IA = )‘[iﬁ] and Ci,? = )‘i,?_)‘[i,/}]'
Let A4 and Ay be the source forms with the components
Aae=V7GfViVL and Ay =V7lo, fViV].
By Theorem 3 and by equation (31) the divergences

aao_' aaz...ap =0 and aaci aaz...ar =O

t,iliz...ik ,iliz...ik
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vanish. Write
Ay =0,+Ap.

Then
A=A4+Ay,

where A 4€.A(n) and Ay satisfies (i), (ii), and (iii).
Finally, in order to prove the uniqueness of the decomposition (29) it suffices
to show that if

(32) As+Ay =0

for some A4 €A(n) and some Ay satisfying (i), (ii), and (iii), then both A4 and
Ay vanish. But equation (32) implies that Ay €.A(n) is locally variational. Thus,
by Proposition 5, A 4, and consequently Ay, must vanish, as required. O

5. Examples

We start with two examples showing that the various assumptions of Theorem
7 are also necessary.

Example 1

In this example we let n<m, i.e., the number of the independent variables
is strictly less than the number of the dependent variables. Following a general
construction in ref. [2] we let A=A,du®Av be a source form with the components

b b - c1 c
Aa’—)\ t men lsabl...bm_,ﬂ._lcl...cnul "‘unn7

where Alb1-bm-n-1]=)b1--bm-n—1 gre some functions depending on u®. Clearly A is
t(n) invariant. Moreover, one can easily check that

ug Ay =0,

that is, every infinitesimal translation generates a trivial conservation law for A.
It is a straightforward matter to check that A satisfies the first order Helmholtz
conditions

(D) =8N, 4L A, =0.
The zeroth order Helmholtz conditions for A,

Hab(A) =G Qg —0, 0y +D,~6§Ab =0,
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reduce to
b1b2...brm—n—
Hap(A) = (m—n)0p, A2 omle ot b rerocn Ul o usr =0,

Consequently, the source form A is locally variational if and only if the divergence
0y, A%192--%n yapishes. Thus, in general, Theorem 7 fails if the number of indepen-
dent variables is strictly less than the number of dependent variables.

Example 2

Let A=A du®Av be a source form on E=R™xR"™ with the components
(33) Ay =PiViub i+ D (PV),

where Pi=P;(u®,u}) are functions in the dependent variables and their first order
derivatives. Note that, in general, A is of second order. Clearly A is t(n) invariant.
Also

ugAg =up PiVIul +ug D;(PiV) = PiVul +uf Dy(PiV) = D;(ug PiV).
Thus A admits t(n) conservation laws. However, in general A fails to be variational.

For example, for a second order source form the Helmholtz condition H},(A) be-

cOTmes oA 8,  _ BA, oA
1 1

) -D —.—p, %2 _g

Dla 11 26“12 D 6“%11 0

After some long, though straightforwa.rd, calculations we find that for A as in (33),

(34) HL(A)= 28PV1 ug;— aPl ugi+D; <3P1 ) D(apl V)

Hh(8)=2

6“ ol Ou;

Thus, for example, with P} =ul, Pi=0 otherwise, A becomes a second order source
form with polynomial components of degree n+1. But by (34), Hi,(A)=2V{u2, 70,
and A is not locally variational. This shows that Theorem 7 fails for second order
source forms.

Example 3

Here we explicitly write down all anomalous systems in .A(2) as given in (28).
We let u and v stand for the dependent variables. Then

V11=vy, V21=-uy, Vf:—vz, V22=uz, and V =ugzvy—uyv,.
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First, in the simpler case |A|=|I|=2, equation (28) gives

Al = (/\I’Uy —)\2’01;)/‘/,
Az = (—Aluy+)\2uz)/V,

where A1, A; are some constants. For |A|=|I|=1 equation (28) gives

JAN]

A

_ )‘%,1 (%)2 - A%,luyvy - 2)\%,2%% “')‘%,2 (uyvz +uzvy) +’\%,2 ("z)2 - A%,zvzvy

= 7 ,

B —)\Lluyvy +/\i1 (uy)? +)\i2 (ugvy+uyvg)— 2)\%’2uzuy — A} oUz Vs +)\§‘2 (uz)?
= o ,

where Af 1, A{,, Ag,, a=1,2, are functions of u and v and satisfy the divergence
condition

—

(9/\}’3- 6)\%’]. 0
ou + v
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