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Resonances for perturbations of a
semiclassical periodic Schrodinger operator

Frédéric Klopp

Abstract. In the semi-classical regime we study the resonances of the operator P,=—h2A+
V +t-6V in some small neighborhood of the first spectral band of Py. Here V is a periodic potential,
8V a compactly supported potential and ¢ a small coupling constant. We construct a meromorphic
multivalued continuation of the resolvent of P, and define the resonances to be the poles of this
continuation. We compute these resonances and study the way they turn into eigenvalues when ¢
crosses a certain threshold.

0. Introduction

In a previous paper [Kl] we studied the semi-classical eigenvalue problem for
the following operator acting on LZ(R™):

(0.1) P, =—h?A4+V +t-6V,

where V is a periodic potential, §V a compactly supported potential and ¢ a real
coupling constant.

For h small enough we proved that there exists a threshold Tsy (Tsy =0 if n=1
or 2, and Ty >0 otherwise), such that, for t>Tsv, P; admits a simple eigenvalue
A(t) in a neighborhood of the first band of Py.

In this paper we are dealing with the resonance problem for P;, and conse-
quently, as we will see later on, with what happens to A(t) when t gets smaller
than Tgy.

Resonances have been studied quite extensively for various operators in the
last 20 years, and there exist various definitions of them, all of which lead to many
investigations (see, for example, the works of P. D. Lax and R. Phillips [LxPh],
J. Aguilar and J. M. Combes [AgCo], E. Balslev and J. M. Combes [BaCo], M. Reed
and B. Simon [ReSi], W. Hunziker [Hul], B. Simon [Sil], [Si2], B. Helffer and
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J. Sjoéstrand [HeSj], B. Helffer and A. Martinez [HeMa|, P. Hislop and . M. Sigal
[HiSig], E. Balslev and E. Skibsted [BaSk], A. Orth [Or], etc.).

However, in most of these papers the authors studied resonances for pertur-
bations of the Laplace operator. In our case, we are interested in resonances for
perturbations of a periodic Schrédinger operator. The problem of the multivalued
meromorphic continuation of the resolvent of an operator of the form (0.1) has
already been studied in a quite general setting.

In the one-dimensional case (n=1), in [Fil], N. E. Firsova constructs the mero-
morphic continuation of the resolvent of Hill operators and perturbed Hill operators
on the Riemann surface of quasi-momenta. In [Fi2], she studies resonances for a
Hill operator perturbed by an exponentially decreasing potential. She shows that,
in each gap (of the Hill operator) of sufficiently high energy, there exists one or an
odd number of resonances for the perturbed Hill operator.

In a more general case (no restriction on the dimension), in [Gé2] (see also
[Gé1]), C. Gérard constructs a multivalued meromorphic continuation of the resol-
vent of a periodic Schrédinger operator. He gives a geometric interpretation of the
branch points of this continuation, and shows that the branch points contained in
a simple band are the critical values of the band function (i.e. the Floquet eigenval-
ues). At last, he also gives some properties of the possible resonances for a periodic
Schrédinger operator perturbed by an exponentially decreasing potential. Never-
theless, under such general assumptions, he is not able to show the existence of
resonances.

As we already pointed out, in this paper we will study the resonances for P,
only in some small neighborhood of B, the first band of the spectrum of Py. Under
generic assumptions on V' this band will be simple for h small enough. Using the
reduction done in [KI], as a first theorem, we show that R;(z) (resp. Ro(2)) can be
continued as a multivalued meromorphic (resp. analytic) operator-valued function
in some small complex neighborhood of B. The branch points for both of these
functions are the critical values of the band function. And these branch points
are of logarithmic type if n is even, and of square root type if n is odd. To prove
these results we rewrite P, via some adapted Fourier transform and we push the
relevant momentum space (in our case, it is a torus due to the periodicity of the
background potential V) into C” to move the essential spectrum away from the real
axis (see [Gé2]). This is some kind of analytic dilation method adapted to periodic
problems (see [AgCo], [Hul] and [Cy]).

Then we define the resonances as the possible poles of the continuation of
the resolvent. We show that, in dimension 1 or in dimension larger than 3, some
neighborhood of the interior of B is free from resonances. So we may only find
resonances near the edges of the band B (at least if n#£2).
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If n#2 and n<4 (resp. n>5), we prove the existence of one or more resonances
when t<Tyy (resp. t<Tsy ) and ¢ is close enough to Tsy. We locate these resonances
on the different sheets of the Riemann surface where we could continue R;(z). We
compute the asymptotics of these resonances when t tends to Tsy. So we can follow
the way in which these resonances turn into a unique eigenvalue when ¢ increases
and crosses Tsy. In a way these resonances are perturbed bound states (see [Hu2]).

Using the previously cited asymptotics, we compute the imaginary part of the
resonances we found. One must notice that, in odd dimension, there is always one
resonance that is located on the real axis of the second sheet of the Riemann surface
associated to the problem. If n<3, it is the only existing resonance (at least in the
domain we study).

Finally, using these results on resonances, we prove that there are no eigenvalues
for P, embedded in the interior of the band B, at least when t is close enough to Ty, .

The paper is organized along the following lines. After this short introduction,
in Section 1 we describe our precise framework and state the main results. In
Section 2 we construct the analytic continuation of R;(z), the technical part being
described in the appendix, Section 4. In Section 3 we compute the resonances and
prove the absence of embedded eigenvalues.

Acknowledgements. The author would like to thank J. Sjostrand for suggesting
him this subject, as well as B. Helffer, C. Gérard and L. Robbiano for many helpful
discussions, and A. Bardot for efficient typing assistance.

I. Definitions and results
1. Definitions

Let L be a lattice: Lz@?zl Zu; where (u;)1<j<n is & basis of R®. Let L*
be the dual lattice of L (i.e L*={y € (R")*;Vy€L,v -v€2xZ}) and T=(R"™)*/L*,
the dual torus. We consider the following periodic Schrédinger hamiltonian acting
on L2(R™):

(1.1) P=-h*A+V
where
(H.1) VeC*R",R) and V is L-periodic,

that is VzeR", VyeL, V(z+v)=V(z).
Under assumption (H.1) it is well known that the spectrum of P consists of
bands; these bands consist of purely absolutely continuous spectrum. It is in a
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neighborhood of such a band that we are going to define and study the resonances
for certain perturbations of P in the semi-classical limit (i.e h—0).

Let o(P) be the spectrum of P. First, to isolate one of the bands of ¢(P) from
the rest of the spectrum, we will need two more assumptions on V. Here we will
only give an approximative statement of these assumptions, the rigorous statement
being found in [Kl]. Suppose

(H.2) for §>0 small enough, {z€R™; V(z)<45} has only one non-empty connected
component in each cell of the lattice L; this component is compact and its diameter
in the Agmon metric is 0. (The Agmon metric is the metric induced by the measure
sup(V (z)—6,0)dz.)

We call the connected components of {x€R"™; V(z)<0}, the wells of V; by
assumption (H.2), these can be indexed by the points of L. For y€ L we define P,
to be the operator P where all the wells, except the well corresponding to -, have
been filled (see [Kl] for a precise statement).

Let us suppose that there exist u(h), a simple eigenvalue of Py and a(h), a
positive function of h, such that
(H.3)

(i) u(h)—0, a(h)—0 and hloga(h)—0 when h—0,

(i) for h small enough,

a(Po)N[u(h) —2a(h), p(h)+2a(h)] ={u(h)}-

One knows that under assumptions (H.1)-(H.3), for i small enough, there exists
an analytic function wy, defined in a neighborhood of T in C™, such that, for 8T,
wp(8) is a simple Floquet eigenvalue for P (i.e. a simple eigenvalue for the operator
defined by P on L2={ucL? ; VyeL, u(z+vy)=e"%u(z)} (see [Sj])) and that there
is a neighborhood of p(h) of size a(h) in which the spectrum of P consists of the
band wp(T) (see [Or], [KI1]).

Let us consider the operator P,

(1.2) P, =P+t6V = —h?>A+V +t6V,

where V satisfies (H.1)—(H.3), ¢ is a real parameter and §V satisfies

(H.4) 6V is a C*° function, compactly supported in a sufficiently small neighbor-
hood of the well 0, non-negative and strictly positive in the well 0 (see [KI] for a
precise statement).

We now recall the reduction theorem stated in [Kl]. Let Fiy(C L%(R")) be the
spectral space associated to P; and the interval [u(h)—a(h), u(h)+a(h)] and II; the
orthogonal projection on F;. Then
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Theorem 1.1. Assume (H.1)-(H.4). There exists some ho>0 so that Vhe
(0, ho) and Vte[—a(h)/4,a(h)/4],
(a)

0PN [u(h) - Sa(h), u(h) + $a(h)] < [u(h)—alh), u(h)+a(h),
(b) PII; is unitarily equivalent to Qy: L*(T)— L?(T) defined for f€L?(T) by
Quf =wn-f+b() o+ K(t)) f,
where:

(i) wp, is the Flogquet eigenvalue for P defined above,
(ii) Ty 4s the orthogonal projection on the vector 1 in L%(T), that is, for f€
LX(T)

1
HOf:{/—oT(TI‘_)/I‘f(G)dO’

(iii) K(t): L?(T)—L?(T) is an operator whose kernel k(t,0,6") is analytic in
D(0,a(h)/4) x Wy, x Wh, where Wy, is a neighborhood of T in C™ and D(0,a(h)/4)=
{z€C;|z|<a(h)/4}. Moreover, there exists ¢>0 such that

sup | k(0,6,6)|<e”/",
Wh xWp,

sup | B4k (t,0,0')|<e /P,
D(O,a,(h)/4) X Wp XWh,

(iv) b(t) is a bi-analytic bijection between two neighborhoods of 0 in C.

Remark.
¢ One knows that

b(t) = o-t-(1+1q(t))

where ¢ is analytic on D(0,a(h)/2) (see [K1] Section 3).
o In the sequel, for t€[—a(h)/4,a(h)/4}], we will denote by F;:F;— L2(T) the
unitary equivalence realizing

QtzftPthft*.

In fact, F; is defined on L?(R™) and Ker F;=(F;)t. The construction of F;
([K1] Section 4) shows that, for t€(—a(h)/4,a(h)/4), F; and F; can be defined
as bounded operators depending analytically on ¢ from L2(R") to L%(T) and from
L?(T) to L?(R™) respectively.
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2. Analytic continuation of the resolvent

The operator P; being self-adjoint, its resolvent (z—P;)~! is well defined as a
bounded operator-valued analytical function of z for z€ C\R. We want to continue
analytically (z—P;)~! when z crosses the real axis, z staying in a neighborhood
of w(T).

Let te[—a(h)/4,a(h)/4]. Then, by definition

(1.3) P, =11, P+ (111, P,(1—II;).
So for ze C\R, one has,
(1.4) (z—P;) " =1I;(2— PII,) ~ M1, + (1 -1I,) (2 — P, (1—11,)) "1 (1 —1I;).

For ze Dp={z€C; d(z,wn(T))<a(h)/4} and te[—a(h)/4,a(h)/4], we know by
Theorem 1.1 that

(1.5) d(z,0(P,(1-1L))) > a(h) /4.

So (1-TI;)(z— P;(1-1I;))~}(1-1II;) is a bounded operator-valued analytical func-
tion of z in Dy,

Now, we want to continue analytically R(z,t)=Il;(z—P;II;)~!II; for z in a
neighborhood of the band wp(T) when z crosses wy(T). To do this, we will need
some assumptions on the Floquet eigenvalue wy. First we give some notations;
we call sp=supger wh(8), in=infger wn(f) and f(h)=sr—in the supremum, the
infimum and the length respectively of the band w,(T). We also renormalize the
band defining for 6 W

wn(0) = wnlf) Zin,

f(R)
Let us suppose that there exists ho >0 such that the following holds:
(H.5)
(i) one has

h-logf(h)=—Sp+0(1), when h—0,

where Sy is the shortest Agmon distance between 2 distinct wells.

(ii) there exists W a compact complex neighborhood of T in C™, such that, for
he(0, hg), wp, is analytic in W, the only critical points of wy, in W are the points of
(3L*)/L* and these critical points are non-degenerate.

(iii) there exists C'>0 so that

g s <c
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1

inf . ~ S 1

hel(%,ho)(oe(%lgf)/L* ldet(Hess(a)h(G)))l) 25

where det(Hess(f(z))) is the determinant of the Hessian matrix of f at the point z.
(iv) for >0, there exists 6{e)>0 so that )

Yhe (0, ho), [V@R(0)| > 6() if 6 €W and d(8, (LL*)/L*) >e.

(v) there exists Wy, an analytic function on W, so that uniformly on W, &y, —dg
when h—0.

Remark. Following the appendix of [Kl], it can be proven that, under suitable
symmetry assumptions on L and V, (H.5) holds.
We define

Ao = {the critical values of T} ={X;1<j <p},

and
©; = {the critical points of &y associated to X} }

={0};1<k<k;}C (3L%)/L*".

In the sequel, these critical values will be ordered increasingly with the index j; so
5\(1):0 and 5\6’:1. We define the internal critical points to be {0;?; 2<j<p—1, 1<
k<k;} and the internal critical values to be the critical values associated to these
points.
Notice that @y and &y have the same critical points. Moreover the critical
values of Wy, associated to the points of ©; are tending to 5\% when h goes to 0.
We define

(1.6) Ro(z,t) = F} (z—wr) ' F;, and
(1.7) [(z,t) =F; o+ K (t))(z2—wn) "1 Fe.
Thus

(1.8) R(2,t) = Ro(2,t)(1-b(t)['(2,t)) "%

One shows
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Proposition 1.2. Assume (H.1)-(H.4). Then, for h small enough,
te[—a(h)/4,a(h)/4] and ze C\wr(T),
(a) Ro(z,t) is a bounded automorphism of L?>(R™) satisfying
1
Ro(z, )l ccrn < I1Ro(2, )l L2 (Ty) € =——rcs
| Ro(2, t)ll () < 1 Ro(z, )l z2czy) TERENGEY)
(b) T'(2,t) is a compact operator from L*(T) to L*(T) satisfying

”F(Z t)“L(LZ’(T)) <2\/(z—whwd0 .

Following [Gé1] and [Gé2], we define our set of analytic vectors (i.e. dense
subsets of L2(R™) on which we will be able to continue R(z,t)) to be, for a€R,

L2(R™) = {ue D' (R"); e’ .uec L2(R™)}

being provided with its natural norm [|¢]|z2 =/l | r2. In fact, L2(R™) will be
a set of analytic vectors only for a>0 small enough.

Remark. One shows that there exists C'>0 such that, for A small enough,
for te[—a(h)/4,a(h)/4] and for 0<a<1/Ch, one has IL(LZ(R™))CL2(R") (see
Section 2).

For (z,7r)eCxR", define O(z, ) to be a square box in C with center z and
side-length 2r and Uy (z, r)=1ip+ f(h)O(z, 7). For ECC we define

E*=En{z€C;(Im(z) 20) or (Im(z) =0 and Re(z) ¢ wx(T))}.
Let us define
“Oa(ro) = (wa(T)+ (OO, 7))\ |J On(¥,r0),

1<5<p

and CD%(TQ):(CDh(T‘O))i. .

In Figure 1, (1) denotes points of wx(8;), (2) is M), (3) the length 2rg- f(h) of
the side of the square 0, (A}, 7o) denoted by (4). The shaded zones marked by (5)
are 0% (rp).

One has

Theorem 1.3. Assume (H.1)-(H.5). Then there ezist ho>0, ro>0 and ¢>0
such that for he(0, hg), for 1<j<p, te[—a(h)/4,a(h)/4] and for z€0E (N, ro), the
following expansions hold:

F(R)Ro(z,1) ZS(z —on(0%))-Hify(2,0)+ G5 (5,1),
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(D)
Figure 1.
L(z,t)= ZS 0’“) HkiK(z t)+GE(5,1),

where:

(a) the (H I:ct,O)lﬁkﬁkj and Gio are L(L2(R™), L2 (R™))-valued functions, ana-
lytic in (2,t) for (2, t)GD(S\g,ro)xD(O a(h)/4),

(b) the ( kK)1<k<k and GE are C(L2(R™), L2(R™))-valued functions, ana-
lytic in (%,t) for (2,£)€0(N, r0) x D(0,a(h)/4),

(c) if n is odd,

S(z)= §-<—1><"—1>/2z<"—2>/2,
if n is even,

1
S(z)= 5-(—1)"/22("_2)/2-10g z.
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Moreover, Ry(z,t) (resp. T'(z,t)) can be analytically continued from T (rq) to
°Op(ro) as an L(L2, L2 ,) (resp. C(L?, L?))-valued analytic function in z and t.

Remark. L(E,F) is the set of bounded operators from E to F', C(E, F') the set
of compact ones. Here z!/2 and log z are the principal determinations of the square
root and the logarithm.

For F a simply connected domain in C and ECF a domain, UC(E, F) denotes
the universal covering of E in F. For r¢>0 and 1<j<p, we define

UC(’/'o,j) =UucC (Dh(j\g], 7‘0)\ U {wh(ef)}, Dh(j\g), 7”0)) .
1<k<k;
Let RY and T'* be the analytic continuations of Ry and T defined from
D}:i: (S‘(J)a TO) XD(Ov a’(h)/4) to uC(To,j) XD(Oa a(h)/4)a

and from
O (ro)x D(0,a(h)/4) to “Th(re)xD(0,a(h)/4).
Using (1.8) one immediately gets the following

Corollary 1.4. Assume (H.1)-(H.5). Then there exists ho>0, 19>0 and ¢>0
such that, for he (0, hg) and 1<j<p,
e R can be meromorphically continued from

(N, r0) x D(0,a(h)/4) to UC(ro,j)xD(0,a(h)/4)

as R*, an L(L2, L2 ,)-valued meromorphic function in z and t.
o R can be meromorphically continued from

0 (ro) x D(0,a(h)/4) to “Tr(ro)xD(0,a(h)/4)
as R*, an L(L2, L% ,)-valued meromorphic function in z and t.

Notice that, when one is dealing with the continuations at the edges of the
band (i.e. =1 or p), continuation from above the band or below is the same.

3. Resonances

We define
Res™ (rg, t) = {z € Ox(rp); 2 is a pole of RE(2,1)},
and, for OCUC(ry, j),
Res® (0,t) ={z € 0;z is a pole of R*(z,1)}.
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Definition. z is said to be a resonance for P if there exists ro>0 such that

{ z€ResE(ro,t), or
31<j<p, 3O CUC(ro,7) such that z € Rest(O,1).

Remark. In this definition, no difference is made between actual eigenvalues
and resonances.

UC(ro, j) is naturally provided with a riemannian metric (induced by the eu-
clidian metric on C). For 0<r<rq, let O(r, ) be the ball of radius r around X} in
UC(ro,7)-

Our first theorem states that there are no resonances in a neighborhood of the
interior of the band wy(T).

Theorem 1.5.
(a) For any dimension n there exist ho>0, r9>0 such that, for he(0,hy) and
te(—a(h)/4,a(h)/4) one has
Res™ (ro,t) = ¢.

(b) For n>3 and 2<j<p—1, there exists ho>0, r9>0 such that, for h€(0, ho)
and te(—a(h)/4,a(h)/4) one has

Resi(O(ro,j),t) =q.

Remark. In dimension n=2 we get no results near the internal critical values.
In dimension n=1 such critical values do not exist.

So, if P; admits resonances, these are located near the edges of the band w(T).
We will only study what happens near the upper edge of the band; obviously, a
symmetric study may be done near the lower edge. To compute these resonances
we will need one more assumption on the band function wy (an assumption that is
satisfied under suitable symmetry conditions on L and V when h is small enough
(see [Kl] Appendix)); we assume that
(H.6) there exists only one critical point §,€(3L*)/L* such that wp(f;)=s=Af is
the maximum of wy on T.

We define

D,=] det(Hess(Gh(es)))l“l/Z.

We know that near the edges of the band, Rt=R~ so, for any ¢ and O, a
sufficiently small neighborhood of the edges of the band, one has

Res™(O,t) =Res (O,t) = Res(O,t).
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Under assumption (H.6), we define the following realisation of UC/(rg, sp)=
UC(rg,p). Define

Oy (ro, sn) = sn+€eP-(On(ro, 0)\[-7o- f(R), 0]),

uc (’T‘Q,Sh {Sh}UUD T‘(),Sh
pEZ

We define for g N

UC(rg, sp,q) ={sn U U Op(ro, sh)-

—9<p<q

We are now able to state the results about resonances near the upper end of
the band wp(T). In dimension 1 we get

Theorem 1.6. Let n=1 and assume (H.1)-(H.6). Then there exists hg>0,
r0>0, to>0 such that, for h€(0, ho), there ezist:

(i) a function X:(0,%p-f(h))—(s,s+ro-f(h)) the values of which are simple
eigenvalues of Py and that admits the following convergent expansion:

A(t)—sn = F(R)- () (Z al(h>-<£>l),

where:

o i=t/f(h)
o for any leN, oq(h)€R

2/2.7t9-D 2
=287 . —c/h
ao(h) ( VoI(T) ) (1+0(e™'"™))  for some ¢>0,

(ii) a function X:(—to-f(h),0)—i+e*™-(0,7q-f(h)) the values of which are
simple resonances of P, and that admits the following convergent expansion:

A(t)—sp, =27 f(h)-(F)? (Za, )

lEN
Moreover, for te(—ty- f(h),0)U(0,%5- f(h)), one has

Res(UC(ro, 51),t) ={A(t)}.

Remark. For t>0, A(t) is the eigenvalue already found in [KI1]. One can notice
that for any ¢, Im(\(t))=0; so the resonances we get for t <0 are 0-energy resonances.
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Figure 2a.

Figure 2b.

bt o

Figure 2 shows the resonance picture near both edges of the band. The sheet
numbered 0 is the physical sheet and number 1 the non-physical sheet. Figure 2a
shows the picture of the resonances when ¢>0; we omitted to draw the (resp. non-)
physical sheet near the upper (resp. lower) edge of the band as it contains neither
eigenvalue nor resonance. Figure 2b shows the picture of the resonances when ¢ <0.

In Figure 2, X denotes an eigenvalue and x a resonance. 0 is the physical sheet
and 1 the non-physical one. For t<0 or ¢t>0, we only drew the sheet where there is
either an eigenvalue or a resonance. The + or — signs indicate how the sheets are
connected.

In dimension 2 we get

Theorem 1.7. Let n=2 and assume (H.1)-(H.6). Let g€ N. Then there exist
hy>0, £,>0, 1,>0 such that there ezists a function

X: (0,24 £ (h)) = (8h, sn+7q- F(R))

the values of which are simple eigenvalues for P, and that admits the following
convergent expansion:

A== fyep(- 224 T aup(h) B 0),

¢ 1>0,m>0

where:

« t=t/f(h)

i fO?" any (l7m); O5l,m(h)€]1
_ Vol(T)
" 207D,

ap(h) {(1+0(e=*"))  for some ¢> 0.
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Figure 3.

Moreover, for t€(0,t,-f(h)), one has
RGS(UC(’I‘q, Sh, q)a t) = {)‘(t)}v
and, for te(—t,- f(h),0),

Res(L{C(rq, Sh, q)a t) =¢.

Remark. ) is the eigenvalue already found in [Kl]. So, in dimension 2, one does
not get any actual resonance near the edges of the band but only eigenvalues (see

Figure 3). One may draw a symmetric picture for ¢<0.
In Figure 3, X is an eigenvalue for ¢>0. The numbers at the left of the sheets

indicate how these are connected.
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Let n>3. Define

1 1
= . de.
Vol(T) [r sp—wn(6)
Let Tsy be the threshold for the existence of an eigenvalue outside the band wy(T)
(see [K1]). Then one has

Theorem 1.8. Let n=3 and assume (H.1)-(H.6). Then there exist ho>0,
ro>0, to>0 such that, for h€(0, ho), there ezist:

() a function X:(Tsy, Tsy +to- f(h))—sn+(0,70- f(R)) that is a simple eigen-
value of P; and that admits the following convergent expansion:

A(t)—s= F(h)-(E)*- (Z al<h)'<£>l),
leN

where:
=(t—Tsv)/f(h)
o for any leN, og(h)eR

Vol(T)-g-(f(h)-1)2\? e
ag(h)= ( (25)/272.1()3 ) (14+0(e~?)),  for some ¢>0.

(i) a function X: (Tsy—to-f(h), Tsv]—sn+e*™-(0,rg- f(R)) that is a simple
resonance of P, and that admits the following convergent expansion:

AMt)—s=e¥".f(h)-()? (Za, )

leN

Moreover, for te(Tsy —to- f(h), Tsy +to-f(R)), one has
Res(UC(ro, sn),t) ={A(®)}.

Remark. Here one sees that, for decreasing ¢, the eigenvalue turns into a res-
onance when ¢ crosses the threshold Tsy. The resonance satisfies Im(A(t))=0; it
is located on the real axis of the second sheet of the Riemann surface where the
resolvent (z—P;)~! is defined (see Figure 4).

In Figure 4, X is an eigenvalue for t>Tsy and x a resonance for t<Tsy .

To describe the resonances in dimension 4 we will need

Lemma 1.9. Let geN. There exist rg, r and r '>0, a a function analytic in
a small neighborhood of (0,0) in C? that is real if both of its arguments are real and
such that a(z, 2")y=o0(|z|+|7'|), and, for each —q<j<q, an open set D; satisfying

eI (=rg,rg) € D; Ce*IT(D(0, )\ ix (=75, 0)),
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Figure 4.

and such that, if for z€D; we define

-z log(—logz) 1
yg(z)_logz <1+a( logz ’'logz) )’

then y;: D;—€*9™(D(0,74)\i-(—ry,0]) is bijective and

—y;(2)-log(y;(2)) = 2.
We then get

Theorem 1.10. Let geN and assume (H.1)-(H.6). Then there exist hy>0,
rq>0, t,>0 such that, for h€(0,hy), there exists an analytic function g admitting
the following convergent expansion near (0,0):

glv,w)= Z i (h)-vt-w™,
1>0,m>0

where
o for any (I,m), am (h)€ER

_ Vol(T)--(f(h)-1)?

—c/h
ag,o(h) 52D, (14+0(e~%")),  for some ¢ >0,
such that if we define
~  t=T, . - iam i /5
t:Tff)V and  Ap(t)—s= f(h)yp(e¥7E)- g(, yp(e¥7T) /1),

for —q<p<q and te((Tsy —ty f(h), Tsv +1,- f(h)), then
o fort>Tsy, Ao(t) is a simple eigenvalue of P;,
o for t<Tsyv, Ao(t) is a simple resonance of P;,
o for p#0 and for any t, Ap(t) is a simple resonance of P;.
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Moreover, for te(Tsy —ty- f(h), Tsy +1t4- f(h)), one has

ResUC(rq,sn,0), )= |J {X(®)}-

—gq<p<q

Remark. We compute the imaginary part of these resonances and get, for —¢<

Py, .
(3 (0) = 0 ()-£ (1) ( s )-(1-+o(1)
= O’O . . —_— . .
? (log [¢])?
Figure 5b shows a picture of these resonances.
Let n>5 and define
1 1
ol =— / do,
Vol(T) Jr (sp—wn(6))?

and for z€ D(0,74)\i-(—rg,0)

im (1) 1/2,(n=9/2  if n is odd,
1,

—1)"/2.2(n=4)/2.10g 2 if n is even.
3

()=

Then one has

Theorem 1.11. Let n>5, ¢€N and assume (H.1)-(H.6). Then there exist
hg>0, r4>0, fq>0 such that, for he(0,hy), there exists an analytic function o,
admitting the following convergent expansion near (0,0):

ap (v, w)= Z o (h) vt w™,

1>0,m>0

where
o for any (I, m), o}, (R)ER
e aff o(h)=—(0-I%)/8I-(1+0(e/")),
2n7rn/2 (91’2)(n—2)/2

ag(h)= T'(n/3) VoI(T) ()2 . on -Dy-(14+0(e~°?Y),

for some ¢>0 such that if we define
t=(t=Tsv)/f(h) and Ap(t)—s=e*P"-(t—Tsv)-an(f, gn (e*P71)),

for —q<p<q and te(Tsy —tq- f(h), Tsv +i, f(h)), then
o fort>Tsy, Ao(t) is a simple eigenvalue of Py,
o for t<Tsy, Ao(t) s a simple resonance of P,
o for p#0 and for any t, A\p(t) is a simple resonance of P;.
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Figure 5a. n>4, n odd.

Moreover, for te(Tsy —tq- f(h), Tsv +14- f(R)), one has

Res(UC(rq, Sh,q),t) = U {p(t)}.

—g<p<q

Remark. One computes the imaginary part of these resonances to obtain:
 if n is even, for —g<p<gq,

Im(/\p(t)) =7r~p-f(h)-a3,1(h)-(—1)"/2.(f)(n—2)/2,

o if nn is odd, for p even,
Tm(A(t)) =0

a‘nd7 for P Odd,
Im(A\,(t)) = f(h).ag’l(h).(_l)(zﬁkl)m_|i‘|(n—2)/2‘

Figure 5a, b, ¢, show pictures of these resonances depending on n.

In all these pictures, x is a resonance for t<Tsy (or t<Tsy if n=4) and X is
an eigenvalue or a resonance for t>Tsy (or t>Tsy if n=4) depending on in which
sheet it is located.

4. Embedded eigenvalues
A corollary of the preceding study is
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Figure 5b. n>4, n=0(4).

Theorem 1.12. Let n€N and assume (H.1)—(H.6). Then there exist ho>0
and to>0 such that, for he(0, hg), one has

(a) if n=1: for te|—to-f(h),to- f(h)], there is no eigenvalue of P, embedded in
[in, sn), the band of the essential spectrum, that is

U(H)m[ifu Sh] = O'cont(Pt)m[ih, Sh]-

(b) if n>3: for t€[Tsy —to-f(h),Tsv+io-f(h)], there is no eigenvalue of P;
embedded in (i, sp), the band of the essential spectrum, that is

O-(Pt)m(ihv Sh) = Ocont (Pt)m(ih’ 5h)-

Remark. In dimension 2 one can state a similar result outside some neighbor-
hoods of the inner critical points of wy,.
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Figure 5¢c. n>4, n=2(4).

II. Analytic continuation of Rg and I

1. The unitary equivalence F;

We will first recall some facts from [Kl]. Under assumptions (H.1)-(H.4), let
(¢t,y)ver be the Hilbert basis spanning F; constructed in [KI]. We know that there
exist ho>0 and C>0 such that, for he(0, ho), t€(—a(h)/4,a(h)/4) and for any
veL,

(2.1) ot (el =M L2mmy < C.

One defines the projector II; on Fy, for o€ L?(R"),

(2.2) My = Z(‘P Lot )0t
yeL
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where (-|-) denotes the scalar product in L#(R™).
We also define Fy: L2(R™)—L?(T) and F;: L*(T)—L*[R") for peL?(R"),
u€L?(T) and 9T by

(2.3) (Fi0)(0) =D _ (@] pen)e™?,
YyeL
and
1 .
2.4 Flu= —— [ e u(0)df |y,
2.4 ;(W(T) [ eruyan) o

F; realises a unitary equivalence from F; to L%(T) with inverse F;.

For a>0, let W,=T+iBcn(0,a) and O(W,) be the set of bounded analytic
functions in W, provided with the L* norm (here B¢~ (0,a) denotes the ball of
center 0 and radius @ in C™). One has

Lemma 2.1. There exists Co>0 and ho>0 such that for he(0,ho) and 0<
a<a'<1/Coh
(a) II; is continuous from LZ(R™) to L2(R™) ,
(b) F; is compact from L2(R™) to O(Wy),
(c) Fy is continuous from O(W,) to L2, (R™).
These results are uniform in t and h small enough.

Proof. Let p€L2(R™). Then for y€L

25)  (elety) =/ (e leleltle=al/Om) (eoll () (el CPpy () da
R'n.
so by (2.1)

(] ¢r,9)| < e @O i) 2 [l el =P o

(2.6) -
=Ce™ "1l Lz

Then, using (2.2) and taking Cj large one gets

IMeplizz <D e loe)l-lleM ey llze <CllolLs.-
yeL

which proves (a).
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Using estimate (2.6), (b) is immediate. To prove (c) one uses Stokes’ formula
and the analyticity of u to write, for y#0

/ e~ %(0) d0’
T—i(a’v)/ 1l

!
/ e‘”'eu(a—iﬂ) de\
T 1|

<Vol(T)-e~* M ||ullco,w, -

A e~ () de} =

—e~o'M.

Then, using (2.4), one gets (c).

2. The analytic continuation of Ry and T
By (1.6)—(1.7) and (2.3)-(2.4), for o€ L*(R™) one has

e~ F,
(2.7 Rale )= 3 (g |, oo b )

~y€L

28) o) =7 [ DL 4p).

Let 0<a’<a<1/Ch. For yeL we define IL,(z): O(W,)—C by

1 e 0 .u(9)
7 Vol(T) /T o)

and I'g(2,1):O(W,)—>O(W,) by

L (14+k(t, -, 8)) -u(8)
Vol(T) Jp z—wp(0)

(2.9) u de.
Both of these operators are compact.

After renormalizing the band by introducing 2=(z—1)/f(h) we prove, using
Proposition A.1, that the operators f(h)IL,(z) and f(h)['x(z,t) can be analyti-
cally continued from above or below the real axis to a neighborhood of wp(T)\
{wh(ﬂf); 1<j<p,1<k<k;} as compact operators from O(W,) to C or O(W,) with
the following upper bounds for the norm:

FIIL, (2)llow,)—c < Cel IO,
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and
FWTe(z, Dl ow.)—ow.) <C

for some C>0.

Moreover, Proposition A.2 gives us precise expansions for these continuations
near the branch points which are the critical points of wy. Using this, one easily
gets Theorem 1.3 by (2.7) and (2.8).

Estimate (b) of the Proposition A.2 applied to 8;I'x(z,t) combined with the
estimates known for the kernel k implies that, for (Z,t)€0(N,70)x D(0, a(h)/4),
one has

(210) > 8HBLGE Dlow.—ow.) +IBGEE Dllow.)—ow.) <e .
1<I<k;

ITI. The spectrum of T

By (2.8) and (2.9) I" and I'y, are unitarily equivalent. So we will now study the
spectrum of I'y. Taking z and ¢ as usual, let us define T'y(2): O(W,)—O(W,) by

u

N I u(@)
Vol(T) /1‘ z—wp(6) 49,

where the expression to the right is viewed as a constant function. Obviously, the
spectrum of T’y consists of 2 eigenvalues, 0 of infinite multiplicity and

1 1
Iz)= Vol(T) /r z—wp(0) a0

of multiplicity 1 with eigenvector the constant function 1. For z¢{I(z),0} one
computes

(2.11) (z=To(2)) "L = % (1+w—_§@rg(z)).

By Proposition A.2 one has an expansion

b

FWTo(2) =S 8(2 - (65))- HS () + GE(2).

o~

Then using (2.11) one gets the estimate

e T~ < L+ CHEI
(2.12) l(z—To(2)) ||S|x|+|m|.|m_1(z)|‘
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Using estimate (b) of Proposition A.2 applied to I'y—Ty, for (,)e0(N, 7o) x
D(0,a(h)/4), one gets

213) Y HSG)-H@lown—omw.)
1<I<k;

H|GE(E, ) - GE(E) |ow.)—ow.) <e ™

1. Investigations near the regular values of wp

One gets

Lemma 2.2. For any ro>0 small enough there exist hg>0 and C'>0 such
that, for he(0,ho) and for z€UC(°O(ro),¢ OF (rg)),

7(Tk(2,t)) C{0,1(2)}+Dc (0, C-11(2)|[[Klloo,w. )
Proof. By Propositions A.1 and A.3 we know that, for ro small enough, z€
UC(0(rq),* 0% (r0)) and for some C'>0 (depending only on 7o),

1 C
— < |I{(#)| £ —=-
o <"1 7w
By Proposition A.1 we know that, for z€UC(°0(ro),¢ OF(rp)) and some C>0,

. /
/ k(t7 ?0) del
T 2—wh(0)
C-||klloo, s
f(h)

By (2.12) and (2.14) we get that, if 2¢{0, I(2)}+Dc(0, C-|I(2)|-[|kllco,w, ) for some
C>0 and h small enough, then

(2.14)

1
ITk(2, ) —To(2 W) S '
(z,t)=To(2)low.) Vol(T) O(W.)

<

0

—Ty(2))~2 Cllklmw
(z—To(2)) ||o<wa>—c.||k||oo,wa

So using the following resolvent formula

(215) (2-Tw(z )~} = (@—To(2) "1 (1= (Tk(2,£)=To(2))- (@—To(z,)) ™) 7,

we get the announced lemma.
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2. Investigations near the critical values

Let 1<5<p and let Aézih +f(h) -5\6 be a critical value of &g rescaled to the size
of the band. We recall that, for 0<r<ry, O(r,j) is a ball of radius r- f(h) around
A in UC(ro, §). Then the following holds:

Lemma 2.3. Assume n>3. There exist h,.>0, C,.>0 when 0<r is small such
that, for he(0,h,) and z€O(r, j), one has

0(Tx(2,1)) {0, I(2)} +Dc (0, Cg | 1(2)]- || Flloo,w)-

Proof. If n>3, the proof is exactly the same as for the case of the regular
values except that one has (2.14) only for z in the usual complex plane (the first
sheet of the universal covering). So the upper bound on I(z) still holds true for z
equal to a branch point (as § is continuous at z=0). Then by connectedness of the
universal covering and contimiity of I(z), one gets this bound in a neighborhood of
the branch points in the universal covering. The same is true for the estimate of
IT%(2,t)=T(z)||. This gives the lemma.

In dimension n=1 or 2 we will assume (H.6). We will only study the spectrum
of I'y, near the edges of the band. For ¢géN and z=s;, or iy, define
0C(g,r,2)= U (z+€™ -0y (r, 0)) COC(r, 2).
—q<p<q
One has

Lemma 2.4. Assume n=1 or 2. For any q€N, there exist hy>0, r4>0 and
Cq>0 such that, for he(0,hq) and z€0(q,rq, sn)UO(gq, g, ) one has

o(Ti(z, 1)) € Do (o, %)UDC(I(Z),Cq'lf(z)l'llklloo,wa)-

Remark. Notice that when Z tend to 8, f(h)-I(2) tends to oo, so for Z2—3§p
chosen small enough,

C

Do (o, —Q) ND(I(2), Cyr (1) [Klloe.v.) = -
f(h)

This holds uniformly in h.

Proof. We will only prove Lemma 2.4 for z close to the maximum; the case
of the minimum goes along the same lines. Using the fact that there is only one
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critical point corresponding to the maximum, say #,, by the expansion given in
Theorem 1.3 and the computations done in Section 4 one has, for z close to sy,

F(RY Tr(z,t)=8(2-58,) A +G(Z,1).

Here G(z,t) is a compact operator such that for some C;>0 and r,>0, for z in
OC(q,7q, sp) and t as usual

1G(Z ow.)—ow,) <Cq.

Moreover, Ay, is the rank one operator defined for ue O(W,,) by

Ap(u)(0) = 8-(1+k(t,6,05))-u(bs),

where 12 12
1 <f= 27/2.Vol(0B(0, 1)) -|det(Hess(wn (0s5)))|~ <C
C Vol(T)
for some C'>0 independent of h small enough.
By perturbation theory we know that

(2.16) o(f(h)-Tk(2,t)) C Dc(0,C)UDc (B-S(2—31), Cq+|8-S(Z—5n)|- k]| oow, )-

By Proposition A.2 we know that there exists C,;>0 such that for z€O(q, 7, sp)

So using (2.16) one gets the announced result.

Remark. 1. In odd dimension, because the branch points are of square root
type (so the Riemann surface associated to the analytic continuation is only finitely
“sheeted”), one may choose 74, by, and C, independent of q.

2. Here we did not treat the case of the inner critical points in dimension n=2
(such points do not exist in dimension n=1). In dimension 2, one sees that, when
h goes to 0, for any 0<k<k;, ah(ef) tends to )\g-’. Hence, for Z tending to one of
the C&h(ﬁf), it is not possible to control the behaviour of the expansions given in
Proposition A.2 without further assumptions on the behaviour of the critical points.

As will be seen in the next section, these lemmas will suffice to conclude that
resonances can only exist near the edges of the band. So we are going now to study
more precisely the spectrum of T'y, near sp, (the other side of the band can be treated
in the same way).
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Proposition 2.5. Assume (H.6) and let gqeN. Then there exist hy>0, r,>0
and Cy>0 such that, for he(0,h,), there exists a function vp(z, k) defined on
OC(g,74,51) verifying:

(a) vp(z, k) is a simple eigenvalue of Ty, and

outer 09D 1), KL ) — unte

(b) For zeOC(q,7q, 5n) we define the coefficients aﬁmeR by

FO-1)= (-5 (T aboe=50)! )+ 3 ab (=)

leN leN

and a =0 if m>2.

Then, for ze OC(q,7q, 1), the function vp(z, k) admits the following uniformly
convergent expansion:

If n=1 or?2 then

F(h)-vp(z,k)=S(Z=58n)- Y af,()(E~-5)(S(E-5),
leN,meN

where the coefficients (af,,(t))ieN,meN are analytic functions in t€ Dc(0,a(h)/4),
real valued for t real and

lafm (£) =Pl < Cqrrgt-Slrg)™ Illoo, we.

10eaf 1 ()] < Cqrrg -8 (rg)™ 1 Blloo,w, -
If n>3 then

Fh)op(z, k)= Y af ,()(F—5) (SE-5)™,

leN,meN

where the coefficients (af,,,(t))ien,men are analytic functions in t€Dc (0, a(h)/4),
real valued for t real and

laf1 () ~afol < Cqory"-S(rg) ™™ IKlloo,we,

lafo(t)~afal S Corrg-S(rg) ™™ llklloo,we
(af m(E) < Cqrrgt-Srg) ™™ lklloo,w,  for m22,
\Btaf’m(t)l SCq-r;l-S(rq)’m-llkllco,Wu Jor any m.
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Remark.
o The remark following Lemma 2.4 still holds for this proposition.
« Using the notations of appendix A one has

P n/2
o= VOll(T) A= Tn(/z)-—)\fd("l‘_)"det(HeSS(Gh(es)))l'”% if1<n<2,
and
T n/2
ﬁﬁﬁ%ﬂ”mzﬁ%ﬁmﬁwmmwm@mw@imza

Moreover, for n>3 and 0<I<(n—3)/2, a}, is given by the expansion (A.17) for
J(%,1), that is

B (-1
%”L@VM@WM&

Proof. For h small enough consider the following family of projectors
Hk,a:/(x-—I‘a.k(z,t))‘ld:c, a€el0,1],
c

where C is the complex contour {z€C; |z —I(z)|=|I(z)|/4} and T4} is the operator
I'y where one has replaced the kernel k& by a-k. This family is analytic in « in the
norm sense. By (2.12), (2.15), and by chosing A small enough to get ||k|lc,w, <3,
we see that Iy ¢ is of rank 1. So I is of rank 1 which gives point (a).

Assume n=1 or 2. For yeC and 2€ D¢(8p,74), consider the operator

Ok(yn 2) = Hk('g? t)+ka(27 t)7

where Hy(Z,¢) and Gg(Z,t) are the operators given in Theorem 1.3 (in this case,
because one looks at the edge of the band, these operators do not depend on whether
one continues analytically from below or above the band). Then Theorem 1.3 says,
that for zeUC(q,rq, sp)

(2.17) f(h)-Fk(Z,t)ZS(Z——gh)-Ok (S—(E—l_—ghj,2>

)=

Noticing that

lim u !

1 ———
Ny SG—51)

=0\ 2e0(q,r.5n)
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and letting Z— 3§y, in (2.17), one gets

01(0,8,) = Zlirgh (ﬁ -Tx(z, t)) .
By part (a) of this proposition, Og(0, §x) admits a simple eigenvalue in D¢ (1, 1)
isolated from the rest of its spectrum.

As Oy(y, %) is analytic in y, # and ¢, there exists b>0 such that, for (y, Z,t)€
Dc(0,b) X Dc(3r, b) x Dc(0,a(h)/4), there exists v(y, Z, k(t)), a simple eigenvalue
of Ox(y, Z) isolated from the rest of the spectrum. This eigenvalue is simple and
therefore analytic in its parameters, so it admits the following convergent expansion

vy, 5 kD)= Y afm®(E=5m) Y™

leN,meN

where the coefficients afm(t) are analytic functions in ¢ that are real when ¢ is

real. The estimates on |af,, —af,,| and |8:af | are immediate consequences of the

Cauchy estimates applied to this expansion and the estimates (2.10) and (2.13).
By (2.17), if 1/S(2—3x)€ Dc(0, ), then

s<z—§h>~v(§(;—§w,z,k<t>) — F(h)-vple k(D).

This gives the convergent expansion for vp(z, k(t)) in the case n=1 or 2.
Assume n>3 and let Hi(Z,t) and G(Z,t) denote the same operators as above.
For y€C and Z€ D¢ (3p,74) consider the operator

Ok(y, 5) =y-Hk(2,t)+G(2, t).

For the same reasons as above there exists >0 such that for (y,Z,t)€Dc/(0,b) x
D¢ (3, b)x Dc(0,a(h)/4) there exists v(y, Z, k(t)), a simple eigenvalue of Ox(y, 2)
isolated from the rest of the spectrum. Moreover,

v(S(2=3n), 2, k(t)) = f(h)-vp(z, k(2))-

Now the conclusion follows along the same lines as in the case n=1 or 2.

III. Computation of the resonances

By (1.8) and Corollary 1.4, to say that z is a pole of R¥(z,t) is equivalent to
say that 1 is an eigenvalue of b(t)['%(z,t).
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1. Investigations away from the edges of the band

(a) Far away from the internal critical values. Let 9 be small enough and hg
be chosen as in Lemma 2.2. Then there exists a constant C(rg)>0 such that, for
2€UC(*0(ry), 0% (rg)), one has

C(ro)
f(h)

[1(2)] <

By Proposition A.3 we know that there exists ¢{rg)>0 such that
2 €UC(°O(ro), 0 (o)) NR

when |Im(I(z))}|>¢(ro)/f(h). So, by Lemma 2.2 and by the estimate on ||k||oo,w,
given in Theorem 1.1 one has for zeU/C(°O(ro), 0% (ro))NR and h small enough

(3.1) o(Tk(2,t)) € D(0, e‘l/Ch)U{z € C;|Im(z)| > jc((r;z) },

for a certain C'>0. But, for t€{—a(h)/4,a(h)/4], we know that b(t)€R and [b(t)|<
2a(h). Then, by (3.1), for h small enough, 1 can not be an eigenvalue for b(t)-
T'x(z,t), so z can not be a resonance of P;.

(b) Close to the internal critical values for n>3. Except for the fact that one
uses Lemma, 2.3 instead of Lemma 2.2 the proof is the same as above.

Remark. In dimension 1, the only critical values are the extrema. In dimen-
sion 2, the problem near the internal critical values (i.e. that are no extrema) comes
from the fact that if there are 2 critical values of wy, that are asymptotically equal
when h goes to 0, then in the expansions given for I{z) near these values there
may occur compensations for Im(I(z)) (i.e. this imaginary part may become 0).
Consequently, the largest eigenvalue of b(¢)-I'x(2,t) may be real and equal to 1 (see
the remark following Lemma 2.4).

2. Computation of the resonances near the edges of the band

‘We will only study what happens in a neighborhood of s;,, the maximum of wy,.

(a) Proof of Theorem 1.6. Let n=1. Using Lemma 2.4 and the expansion given
in Theorem 1.1 for b(t), we see that for t€[—rg- f(h),70- f(h)] (for a certain ro>0
given by Lemma 2.4), the only eigenvalues of b(t)-I'x(z,t) that may be equal to 1
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are the ones contained in D¢ (b(¢)-1(2), |b(t)-1(2)|/4). So by Proposition 2.5 we just
have to solve

(3.2) b(t)-vp(z,t)=1.
Let us first make a change of variables. Let £=t/f(h). Then

;(_Z)) =011+ f(h)- (E-q(Ef (1)) = o - (1+4(F)),

where ¢ is analytic in Dc(0,a(h)/f(h)) and satisfies |§|<C- f(h).

By Proposition 2.5 and the remark following it, we know that there exists r¢>0
such that for z in UC(rg, sp)

f(R)-vp(z, k) =S8(Z—=8n) D  afn(t)(F—3n)-(S(E—3n)) "™

leN,meN

Therefore (3.2) becomes

(33) o t-(14+4(E)-S(Z=3n)- Y afm(f(h)-E)(F—3n)"-(S(E—5r) " =1.

leEN,meN
For z in UC(rg, sp) set
(3.4) -5, =12,
where &€ Dc(0,70).

Doing this, we uniformize the function S on UC(rg, sp). Plug (3.4) into (3.3)
and use the definition of S to get

65 TE(3) 0O L) ()" a1
Im

For 0 and %0, (3.5) becomes

(3.6) g(t, @) =0,

where

67 9@ =" 1+d0)- Y abnEFR)-(§) -
Im
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It is clear that g is analytic in a neighborhood of (0,0), and that
(3.8) 9(0,00=0 and 85g(0,0)=1.

We can apply the implicit function theorem to equation (3.6) in a neighborhood
of (0,0) in C2. So there exist #,>0, 7o>0 and an analytic function %:Dg(0,%)—
Dc(0,70) such that, for € Dc(0,%p),

g(t,a(t)) =0
Moreover, we compute
. mo-ak (0) - -
(3.9) ﬂ(t)z%w~t‘(1+ﬁ(t)),

where ¥ is function analytic in Dc(0,%).

As the coeflicients aﬁm(t) are real for real ¢, g(f,1) is real when # and 7 are
real. Hence the coefficients of the power series expansions of @& and ¥ are real. The
estimate of the leading coefficient of 7i(f) comes from (3.6), (A.16) and Proposi-
tion 2.5.

Plugging (3.9) into (3.4) when {70, we get the announced result. Of course,
one can do a symmetric study in UC(rg,ip). O

Proof of Theorem 1.7. Let n=2. By the same arguments as in the proof of
Theorem 1.6, it is clear that we only have to solve equation (3.2) for vp(z,t), the
eigenvalue of I'y(z, t) given by Proposition 2.5.

Let geN. Using the expansion of vp(z,t) given by Proposition 2.5, for z&
UC(q,7q,sn), we have to solve equation (3.3). Again we will uniformize S on
UC(ry, sp), the change of variable now being

(3.10) Z—3p, = exp(a),

where 4€(—00, —Rp)+iR for some Ry>0. For some R,>0, exp is an analytic
embedding from (—oo, —Ry)+i(—q-7+n/2,q-m+m/2) into UC(q,7q, 51)-
Plug (3.10) into (3.3) and use the definition of S to get

m

(3.11) —g-E-a-(1+q(£))-2a§fm(£-f(h))-(—%) "™ -exp(l-@1) = 1.
I,m

Let 9=1/4. Notice that, for @€(—o0,—Ry)+i(—g-m+m/2,q-7+m/2), one has
Re7<0. For {0 and 9#0, (3.11) becomes

(3.12) 9(£,7) =0,
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where
(3.13)  g(t,9)= —g -E-(1+q(£))-§ af m(E f(R))- (—%) -6m-exp(%> —3.

Obviously g can be defined as a function with continuous derivatives in some neigh-
borhood of (0,0) in Cx{z€C;Re(z)<0} and then it satisfies (3.8). So we can
apply the implicit function theorem to get a unique solution to equation (3.12)
which, moreover, is of the form

(3.14) () = — 20 (1+(F)).

The condition Re(#(£)) <0 tells us that there is no solution of (3.12) when £<0. To
get some precision on w, we look for solutions to (3.12) of the form

@(f):-%-a(uf-a(f))—l,

where @ is a function such that w(0)=C, a constant to be chosen later on. Plug
this ansatz into (3.13) to get

k m
0-a5,(0)-
619 — ) Zeln @00 (71875
—2.1. . . 0)-#
Xexp( 2 lk(l_H EU))+Q a0?0(~)~ .
0-a5,0(0)-1 2-(1+t-w)
So, for £5£0, (3.12) becomes
-1 2
3.16 h(t, :-exp(——-—~),u~)) =0,
(3.16) t 0-a§ ,(0)-
where
k
T oa o~ F (T s o ao,o(O
h(’x’w):tf(taxaw):_l_'_—g—‘f‘( + Zalm(tf
(3.17)

. 0)-1 —9.].
X (—-—Q ao,og ) ) 2gexp (—2kl w—).
4-(14t- w) 0-a5 ¢(0)



356 Frédéric Klopp

The function f is analytic in some neighborhood of (0,0,0) in C? and satisfies

f((), 0, 0) = 8fh(03 0, 0)

(3.18) af 1(0) -a’&o(O)

o -
=C~a§70(0)— 0.1 1 +a’3’0(0)-3t~q(0)+f(h)-8ta’570(0)

and

1— g-a’&l(O)
— /)

85£(0,0,0) =—af ,(0)- (

Choose C' such that f(0,0,0)=0. Using (A.16) and the estimates on af’m given in
Proposition 2.5, we can apply the implicit function theorem uniformly for A small
enough to construct NCC?, a neighborhood of (0,0), and an analytic function
@: N—C such that f(%,%,w(t,%))=0. Then by (3.16), we get that ¥, the solution
of (3.12), satisfies

o(t) = —%O—)-E- <1+a(£, %exp(—m)».

Using the properties of the coefficient af’m(O) one completes the proof of Theo-
rem 1.7. O

Proof of Theorem 1.8. Let n=3. Let {,>0 be fixed and arbitrarily large. We
know that I(z)/f(h) is bounded in UC(rg, sp) for a certain rg>>0. By Lemma 2.3
and using the fact that ||k||e w, <e~" (for a certain ¢>0), it is clear that, for
h small enough (depending on #,) and t€[—ty-f(h), %o f(R)], the only eigenval-
ues of b(t)-I'x(z,t) that may be equal to 1 are the ones contained in D¢ (b(t)-
1(2), [b(t)-1(2)]/4)-

We only have to solve equation (3.2) for vp(z, t), the eigenvalue of 'y (2, t) given
by Proposition 2.5. We recall that by Proposition 2.5 there exists 7o >0 such that,
for z in UC(ry, sp),

FR)vplz, k)= D" af (6} (F—3) - (S(Z=8))™,

leN,meN

where the properties of the coefficients a{fm are given in Proposition 2.5.
Letting Z— 35, we see that we need to take ¢>0 for (3.2) to admit a solution
in UC(ro, sp) for 79>0 small enough. (3.2) can be rewritten

(3.19) of-(1+a®) Y b)) (-3 (-5)"?)" =1,

lEN,meN
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For te[—a(h)/4,a(h)/4] let g(t)=t-(1+q¢(f))-ak (). Then |9;g(t)|>c for a
certain ¢>0 and h small enough. So the equation g(t)=1 admits a unique solution
Tsv in [—a(h)/4,a(h)/4]. One has

Tsy = ? (1+0(e/M)).
Sh)

M~
~~

(see [KI] for more details). We define Tsy = f(h)-Tsy .
We will solve (3.19) for £ close to Ty and z in UC(rg, sp). To uniformize S we
make the following ansatz for zeUUC{(ro, sp)
F—5, =0’

Plugging this into (3.19) we are to solve the equation

(3.20) 9(t,u(t)) =1,

where

(3.21) gu)=0f(1+3@) > aba(f)D)-(-3) @
leN,meN

We notice that g is analytic in (£,u) in a neighborhood of (T5V, 0) and satisfies

g(féVa 0) = 17
~ 7T —~ —~
039(Tsv,0) = —5'(1+Q(T5v)) -0 Tsv-af 1 (Tsv).

So by the estimates on the coefficients a{“’m given in Proposition 2.5, we can use the
implicit function theorem, uniformly for A small enough, to get £o>0 and i, a func-
tion analytic in De(Tsv, &), such that g(£, a(f))=1 for t€ Dc(Tsv,%). Moreover,
one gets _

- 20-(14q(Tsv))-af o(Tsv)

i) = ek (T 1-(1+9(F)),

where ¥ is analytic in De(Tsv, %) and (Tsy )=0.
One ends the proof of this theorem in the same way as the proof of Theo-
rem 1.6. [

Proof of Lemma 1.9 and Theorem 1.10. Let n=4. In this case S(z)=32-log 2.
Fix geN and —¢<j<q. It is immediate to see that, for r,>0 small enough, —z-log z
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maps €297 (D(0,74)\i-(—r4,0]) to an open set D; such that the following holds for
some 7y and />0 (depending on r,):

eI (—ryl,ri) CD; C 9™ (D(0, 1)) \i-(—77,0]).

aTq
We now make the following ansatz

U

(3.22) 2(u) = (L4+9(u)),

_logu'

where g will be a function defined in some neighborhood of 0 such that g(0)=0. We
try to find g such that for ueD;

(3.23) —z(u)-log(z(u)) =u.

Plugging (3.22) into (3.23), we get

w (gl (1- BB L) ) =

Hence, for u#£0,

(3.24) Flg(u),v(w), w(u)) = (1+g(u)) (1-w(u)+v(v)-log(1+g(u))) =1,

where f(a,v,w)=(14+0a)-(1-w+v-log(l+¢a)), w(u)=log(—log(u))/logu, and
v(u)=1/log u.

The function f is analytic in some neighborhood of (0,0,0) in C®. Moreover,
one computes f(0,0,0)=1 and 9,f(0,0,0)=1. Hence we can apply the implicit
function theorem to find N, a neighborhood of (0,0) in C? and a(w,v): N—C, an
analytic function such that f(a(w,v),w,v)=1 for (w,v)eN.

Now, noticing that

log(—log(u) o 0 1
logu log u ’

when u—0 in D; we obtain that, for some r;>0 small enough, for z€D;, then
(3.20) is satisfied if

(3.25) h(z)=—— (1+a<1°g(1°g(z)> 1 ))

“logz logz ’logz

This finishes the proof of Lemma 1.9.
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To prove Theorem 1.10, one just uses Lemma 1.9 and the technique used in
the proof of Theorem 1.8, restricting the study to Op(rg,sp). O

Proof of Theorem 1.11. Let n>5. For the same reasons as in the case n=3 or 4,
we only have to solve equation (3.2) for vp(z,t), the eigenvalue of I'y(2,t) given by
Proposition 2.5.

For n>5 the situation is different from the ones previously discussed because
the leading order term in the expansion of vp(z,t) is not S any more, it is z—sp.
For geN, we are going to solve equation (3.2) in OC(ry, sp, q) (if ¢>2 and n is odd,
since the singularity of S is of square root type, this is equivalent to solving (3.2)
on UC(rg, sn)).

As in the proof of Theorem 1.8 one computes the threshold Tsy=p/I(sy)-
(14+0(e~</m)).

Fix geN and —¢<j<q. For z€l;(ry, sp), we make the ansatz

(3.26) F—G, =e*IT.C 1 (14u(f)),

with ©(0)=0 and C a constant to be chosen later on.
Using the definition of S, we get that:

3.27
( S)~ o %W_(_1)(n—1)/2.((j£.(1_|_u(£)))(n—2)/2 if 7 is odd,
SO { 1.(=1)"/2.(CT)"=D/2. (log {+log(C(1+u(f))))  if n is even,
=C DL f, (F gn (), u(d)),

where

g(1+u)(n_2)/2
if n is odd,
g-(1+u) (=272 L. (—1)n/2.(C-£)("=2/2.1og(C(1+u))

if n is even,

fn(tagau):

and g, is defined in Section 1. Notice that, because n>5, g,(2)—0 when z—0 and
fx(0,0,0)=0.
Plugging this ansatz into equation (3.2) we get
(3.28) N N
o-(t+Tsv) - A+d(E+Tsv))
X Y ap, Q@) CHOTIE (14 u(@)) - fulE, gn(F), u(E))™ = 1.
leEN,meN
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By the definition of Tsy we get for {£0
(3.29)

E+Tsv)- Y afmOEF™-CHm =22 (1)) (falf, 9a(F), ul(@))™
+m>1
ago(t)—ago(Tsv)

oot)+Tsy - =0.
+ago(t)+Tsv Ty

So to be able to solve this equation for £=0, we must choose the constant C' such
that B
Tsv-at o(Tsv)-C+ag o(Tsv ) +Tsv-0sag o(Tsv) =0,
that is
C= —9'—{-2-.(1+0(e—c/h)) >0.
oI
Using the implicit function theorem we find a function u(#, g), analytic in the neigh-
borhood of (0,0), such that in this neighborhood
FiF,g,ull, ) = (1) + Ty 20— 200lT80)
—Lsv
(3.30) X Y ab,BE)Hm.o e/
I+m>1

x (1+u(t, 9))' (full, g, u(t, 9)))" =0

and u(0,0)=0 (one checks that 9,F(0,0,0)=Tsy-C"=2/2.a7 ,(Tsv)).
Then the solution we are looking for is

+ (E-}- Tgv)

F—n = C-E-(1+ulf, gn D).
Using equation (3.30) one computes
_9,F(0,0,0) _ n-sys2 %1 (Tov)
8uF(0, 0, 0) afo (Tgv)
2n7rn/2 (012)(17,—2)/2
~ T(n/2)-Vol(T)- f(h)>  (-0I)"/>
This completes the proof of Theorem 1.10. [

9,u(0,0) =

-Dy-(1+0(e/My).

3. Embedded eigenvalues: Proof of Theorem 1.12

Let neN and n#2. Pick t as in Theorem 1.12. Suppose that A is an eigenvalue
of P, in (i1, sn). Then, by Theorem 1.1, there exists u€L?(T) such that, for €T,

(3.31) (A—wn(0))-u(6) =b(t)- (Mo +K(¢))u) (6) = v(6).
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Moreover we know that v and wy, are analytic in W, some complex neighborhood
of T. So equation (3.31) shows that one can define u as an analytic function in
W\w; 1(A). If we show that u can be defined as an analytic function in some
complex neighborhood of T, we will be done. Indeed, if this is true, then for

Im(z)#0
(3.32) b(t) T'(z,t)(va) = (2—A)-b(t) -I'(z, t)(u)+ vy,

where vy=(A—wp)-u. When z—A+40, using the asymptotic behaviour of I'(z,t)
given in Theorem 1.3, we obtain

b(t)-TE (A, t)(vx) =va.

So X will be a resonance of P, (according to our definition), and we know that this
is not possible.

Let 8°€T be such that w,(#°)=X\ and ° is not a critical point of wy. Then
there exist Ny, a neighborhood of 0 in C", Ny, a neighborhood of 4° in C”, and
D: Ny— Np, an analytic bijection such that:

(a) D(NoNR)=NgNR,

(b) V6=(01, ey en)EN(), wh(D(G)):)\—Gl
Then, by (3.31), for #€ NyNR one gets

(3.33) 01-u°D(0) =voD(0).

As voD is analytic and uoD is in L2 _, we see that, if §c NyNR and 6;=0, then

loc?
voD(A)=0. So, in some complex neighborhood of 0 one can factorize

voD(0) = 01-9(6),

where 7 is an analytic function.

Using (3.32) one can continue u analytically in some complex neighborhood
of 6y by u(8)=8-D71(8). So, if X is an eigenvalue of P; embedded in (ip,sp)
and A is not a critical value of wy, then any eigenfunction associated to A can be
continued analytically in some neighborhood of T. Hence A will be a resonance
which contradicts the results already proven.

Let X\ be a critical value of wy, non extremal if n>3, and 8°€T be one of
the isolated critical points of wy, associated to A. Then there exist pg¢{1,n}, No,
a neighborhood of 0 in C", Ny, a neighborhood of ° in C®, and D: Nyg— Ny, an
analytic bijection such that:

(a) D(NoNR)=NyNR,

(b) VO=(01,...,0,) € No, Wh(D(e))z)\—(z1glgp 6l2_2p+1§l_<_n 912)'
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Then (3.31) becomes
(3.34) ( Soop- > 9,2>.(uOD(e))=voD(o).

1<I<p p+1<I<n

Write, for 6=(61,8"),

39 > e X o th) ),
1<I<p p+1<i<n

We know that, if 4 is a real regular point of w, then w(#)=0 implies v(6)=0. Since
there exists a sequence of real regular points of w converging to 0, we know that,
for € NoNR™, w(8)=0 implies v(6)=0.

By Weierstrass’ preparation theorem we can write

(3.36) vaD(0) = w(8)-g(6)+8; a1 (0') +ao ('),

where ag and a; are analytic functions in some neighborhood of 0 in C*~!. So, for
0=(61,6")e NoNR" such that w(#)=0,

(3.37) 91'&1(9’)-{-@0(9/) =0.

We notice that w(f;,6')=0 implies w(—6;,6’)=0. Hence, by (3.35), a1(#')=
ao(8')=0 if 6, #0.

Pick € NgNR™ such that 6; #0 and w(8)=0. Then b(8’)<0. So for ¢’ real close
to @' there exists 076, real such that w(6y,8)=w(—01,8)=0. So a1 (8" )=ae(')=0
for 8 in some real neighborhood of . As ag and a; are analytic, they are equal
to 0.

One then concludes, by (3.34), that

veD(6) =w(0)-g(6),

which, in turn, says that v can be defined in some complex neighborhood of 6y by
the following analytic function
u(0)=goD(8).

So, for A an eigenvalue of P, embedded in (¢x, sp) which is the same as a critical
value of wp, we get the same contradiction as in the case when A is not a critical
value of wp,.

If n=1 and A is a critical point of wy, (e.g. the minimum), then equation (3.34)
becomes 62-(uo D(#))=v-D(8) for § in some real neighborhood of 0. As ue L?(T),
we know that, for some function g analytic in a neighborhood of 0 in C,

veD(6) =67-g(6),
so u can be continued as an analytic function of € in a complex neighborhood of

the critical points of wy,.
This completes the proof of Theorem 1.12. O
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IV. Appendix
1. Analytic continuation of some integrals

Analogues of the integrals we will study in this chapter have already been
studied by several specialists in algebraic geometry (see [Lal, [FFLP], [P]). Here we
construct hand-made proofs to get h-uniform results.

Let ¢>0 and u(z, 8) be a function analytic in § in W.=T+iB(0, ¢) uniformly
for x€X. We define, for 0<c’<c,

[w(@)lloo,er = sup [u(z,6)|.
]

<!

We study I(z, u)= [ u(x,0)/(2—3p(0)) df in the neighborhood of the band &, (T).
Let e€R and consider the transformation D.:W;,cp—C"™ given by

(A1) 0+ 0+iz-Vo,(6).
Then, for €W, ¢y, one has
(A.2) VD, (6) =1d +iz(Hess(wn (9))).

So by assumption (H.5), for C>0, h small enough, for |¢| small enough (depending
on (), D, is an analytic embedding.
Let Im(2)>0 and £<0. Using Stokes’ formula one gets

= (, D 0)) Jac( =(9))
I(z,u)—/D(T)z Wh do = / D.0) do

:/ u(x,é?—i—zE(th( )))-Jac(Ds( )) "
T Z2—Wn(0)—ie|Vr(8)|2+0(e2)

(A.3)

(where by (H.5), O(£?) is uniform in # and h for h small enough).
Let us recall some notations from Section 1,

Ao = {the critical values of T} ={A}; 1< j <p}.

For ro>0, D(S\%, ro) denotes a complex square box centered at 5\6 with side r¢, and

O(ro) = (@r(T)+0(0, 7o) )\( U I:l)\o,ro)

1<i<p

Using (A.3) one immediately gets
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Proposition A.1. Let &y satisfy assumptions (H.5). Then there exist hy>0
and 19>0 such that, for he(0,hg), I(z,u) can be analytically continued from the
upper (or lower) half plane to °0O(rg). Moreover, for these continuations there exists
C>0 such that, for he(0, ho) and z€°0(ry)

|1+ (2,4)] < Ollu(@)|oo,e-

We will now continue I(z,u) in the neighborhood of the critical values of &y,.
For 1<j<p the following holds true.

Proposition A.2. There exist a>0 and ho>0 such that, for 2€Di(:\g,a),

one has
kj

I(z,u) =" S(z-0n(6%)) HE (2, 0)+ G5 (),
k=0
where: N
(a) Hjik and G;-t are holomorphic for z in O(X), a).
(b) There exists C>0 such that

sup  (|H3(Z,0)|+IG5 (2,u))) < Cllu(®@)] co,er-
ZGD(/\f),a,)

(c) One has
Hi5 @n(65),u) =277 (£0)P* -Vol(0B(0,1))- Dy (6%) -u(, 6%)

where Dy (6%)=|det(Hess(@n (6%)))| /2.
(d) If n is even, S(2)=1-(—1)"/2:("=2/2.]0g 2,
if n is odd, S(z)=3%m-(—1)(n"1)/2;(n=2)/2,
(Here log z and z'/? are the principal determinations of these functions).
Proof. We will only study the analytic continuation of I(z, u) from above the

real axis, the procedure being identical when coming from the other side. Let
Im(%)>0 and £<0. For ¢>0 let us define T;(0)=T\U, <4<y, B(6}, 0); it contains

none of the critical points of Ty associated to X).
One has, using Stokes’ theorem,

Izw= > / _uz,0) d0+/ _uz:6) g
1<k<k; B(6%,00) Z-wh(e) T, () Z—wh(e)
- Z / ~u($~—’0)d0+/ —~u(f’6; de
1552, I8 00) FEn(0) De(T;(0)) Z~Wn(6)

t / G
(Uccgo, De(T3(e))) Z—wn(0)
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The function | Do(T;(2)) u(z,8)/(Z—wn(0))do is analytic for Z in a small neighbor-

hood of 5\6 in C (depending only on ¢ and g but not on A small enough).
For g, and h small enough

U De(ti)= | (U Dc(swf,g)))
Cel0,e] 1<k<k; N¢e[0,e]

contains no critical point of @y. On this compact set, using the Taylor formula one
sees that Im @y (6)<0. Hence, using Stokes’ theorem and regular deformations, one
can continue analytically as a function of Z in some small neighborhood of )\?, the

/a _ul@,0) 4o

(Ucepo.e) D (T3(e))) Z—Wn(8)

following integral

We just have to continue analytically an integral of the form

J(,u) = /B @0

(9;'679) Z_ah(a)

Assumption (H.5) ensures that one can prove an h-uniform Morse lemma (for A
small enough), that is, there exist g, 01>0 such that, for 1<k<k; and h small
enough, there exist pr €N and a local analytic diffeomorphism Dy defined from a
complex neighborhood of 0;-“ to a complex neighborhood of 0 in C™ such that
* Brn(0k, 01)C(Dx) ™ (Br=(0,200)) and Ber (8k, 01) € (Dx)~* (Ben (0, 200)),
o for € B~ (0,200),

on(DF @) =@+ > G- > 6
1<i<pi pr+1<I<n
. det(Jac(D,zl)(O))=2"/2Idet(Hess(C)h(Qi)))l‘l/z,
* (pk,n—ps) is the signature of Hess(@x(67,)).
Using this and regular deformations as before one gets
(z, D5 (6))-Jac(D; ' (6))

U
J(Z,u =/ = — do
& B(0,00) Z—n(Dy1(9))

A4
. +/ u(f, x)
B(8%,01)\D;*(B(0,00)) A—Wh(8)

The second integral of the right hand side of (A.4) can be analytically continued
for % close enough to A} (as we integrate over a domain free of critical points). Let

u(z, D" (6))-Jac(D ()

J(E,u):/ — de.
B(0,00) Z_wh(eé?)—ZISlgpk el2+ZPk+1§l§n 0l2
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Consider the following group of deformations. Define R,: B(0, 09)—C" for ac
[0,7/2] by
(03)1<i<n = ((e°°05)1<i<pr (63)pr+1<i<n)-

The R, are embeddings so Jyeo,x/2 Ba(B(0, 00)) is an (n+1)-dimensional sub-
manifold of C™. Then by Stokes’ formula

J(Z u):/ u(x’DI;IORW/Q(o))Ja'c(D]::lORﬂ'/2(0))

’ B(0,00) E_ah(9§)+21§z§pk 9l2+2pk+1§l§n 0l2

N / ulz, D, (0))-Jac(Di " (0))

Uaefo, /21 (Ra (0B (0,20))) Z—wn(Dy, " (0))

do

de.

The points of | ,eo,x/2) Ba(9B(0, 00)) are regular for @roD; " and on these points
one has Im@y(#)<0. So, using regular deformations like D., one sees that the
second integral defines a function analytic in a neighborhood of 5\%.

We are now only left with studying

~ co f(Q,U) —1

A5 JGEu)= | —L5) _n-lgy

(A3 Gu= [ s g

where

(A.6) flo,u)= /8 ( )u(sc,Dk_loR,,/g(ga))-Jac(Dk"loR,,/g)(ga)do.
B(0,1

Obviously, u(z, Dk_loRﬂ/z(ga))-Jac(D,:loR,r/z)(ga) is analytic in g in D¢c(0,2g0).
Moreover, expanding this function in a power series

+oo
u(z, Dy ' o Ry j2(00))-Jac(Dy Mo Ry j9)(00) = Z( Z aa0a> P,

p=0 ‘acN";|a|=p

one gets the following Cauchy estimate,

(A7) Jaal < C-(320) ™ Julloo,e-

Here, for a=(aq,...,a,)EN"™ and 6=(01,...,0,)€0B(0,1)CR", we define
la|=>"", a; and o*=][]_, o, and C>0 is a constant independent of h small
enough.

Now, using (A.7) and carrying out the integration in (A.6), one gets

+00
f(ga U,) = ZAP(U’>QP7

p=0
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where

sc-( > Iaal)

a€EN™;|a|=p

4 -p
<C(300) Ml

Obviously Asps1(u)=0. So f(e,w) is analytic in Dc(0, go) admitting a power series
expansion that is well controlled in w.
By (A.5) one gets the following

Apw) =] Y aa-/ c%do
(A.8) aeNtel=p  TOPOY

2p+n—

(A.9) JGu)= S Asy(w) / * _do.

k
= Z—wh(05)+¢?

Now, we just have to continue analytically
20 Q2p+n—1
I, (Z)= ——d
(%) /o it ©

for Z in a neighborhood of 0 in C.
Let us write n=2k+4v where v=1 or 2 and k>0. Then

e 2(pt+k), v—1
~ Y
L(Z) = / g% d
1]

Z+ 02
2o ptk rv—1
+k —leptk—1l/~ @

A.10 :/ ( (p ) _qyprR—lgpk—l(z 2 z) d
(A.10) ; lE:() ;)Y (2+0%) s e
= (=1)ptE gtk / © 2T ot Ry(2)

o Z+e? PR
where

p+k—1 p+k 00
Rp(z): Z (l+1>(__2)17+k—l+1/0‘ QV—l.(z_{_gZ)l dQ
=0

is obviously analytic in  and satisfies, for € Dc(0, 3/4) and a certain C>0,
(A11) B3l <C(3e))"

Easy computations show that

EC | T oo q
A12 ——d —_.*—1/2_./ d
(A.12) /0 rpl=5% L
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and
20 0 1 - 1 9 .
(A.13) N dg:—i-log(z)+§log(go+z).
Remark. Here we use the principal determinations of the square root and the
logarithm.
So one gets

Iy(2) = (-1)P2"-5(2)+ Ry (2),

where S is defined in the statement of Proposition A.2, and R, (%) is analytic for
2€D¢(0, 03/4) and satisfies (A.11). Then, using (A.9), the sums being absolutely
convergent by (A.8) and (A.11), one gets

J(Z,u) =S(Z—5n(0))) Hf  (2,u)+ G} (%, ),

where
(A.14) H ()= (—1)P Agy(u)(Z—&n(65))P,
peEN
and
(A.15) Gh(2,u) ="y Asp(w)Ry(Z-5n(65)),
pEN

(both of these sums being uniformly convergent for Z€ Dg (0, 02/4).) One computes
(A.16) Ag(u) =2"/2.iP* Vol (8B(0, 1))-|det(Hess(cT)h(€;~“)))|“1/2-u(Of, z).

Of course, the same study can be done for analytic continuation from above
the band. This ends the proof of Proposition A.2. O

Remark. Let us assume (H.6) and that n>3. Let k,, denote the largest integer
smaller or equal to (n—3)/2. Using the Taylor formula one gets for Z¢[ip, $5)

k
¥ (DRu(,0) o) 7—3,)F
(A17) J(E, )—g(/r (§h—ah(9))k+1d0)( n)

5_3 ko1, ! (_1)kn+1'u(m’0) ka1
+(2=5p)knt /0</T ) o —on ()T de) thntl gg.

One may use the same technique as before to continue analytically the last integral
in formula (A.17) for Z close to 3.
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2. Another point of view on I(z,u)

Let u be a function analytic in some complex neighborhood of T. Let ¢, be
the distribution on R defined for ge C*°(R) by

(Pu, 9) = /T g(@n(0))-u(8) df.

Then ¢, is of order 0 and compactly supported. More precisely, supp(p.) Can(T).
If 2€,(T) and % is a regular value of &y, then

(A.18) 0u(Z) :/[ee'r~~ o) w(0)do(6),

where do is the measure induced on {#€T; @, (6)=%}, a smooth compact subman-
ifold of T, by the Lebesgue measure on T.

(A.18) shows that ¢, is analytic in a complex neighborhood of the regular
values of wy,.

For z such that Im Z#£0, by definition

(A.19) I(Z,u)= <<pu, —Z—1—>
So, if Zewy,(T) and % is a regular value of &y, then

(A.20) lim Il (F+iy, u) = £7-0u (£).
y—)

This gives us

Proposition A.3.
(a) For any n€N, there exists ro>0 such that Vre (0, 7o), there exist h.>0 and
¢r>0 such that, Vhe(0, h,) and VzeUC(°O(r),0*(r))

c
* Im I(2)] > —F~.
(% I I(2) > 77
For n>3 and j#{1,p}, there exists r;>0 such that Vre(0,r;], there exists
h>0 and ¢, >0 such that Yhe (0, h,) and Vz€O(r, j) the inequality (*) holds.

Proof. Notice that, by (A.18), for Z€@,(T) and % a regular value of &y, we
know that ¢;1(#)>0. So, using (A.20), we get Proposition A.3.
For n>3, one just uses the expansion given by Proposition A.2.

Instead of the study we did in the first part of this section, we could also have
studied the singularities of ¢, at the critical values of &y, and then have used the
Cauchy formula (A.18) to get the information on I(Z,u).
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