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Sampling and interpolation of entire functions
and exponential systems in convex domains

Yurii I. Lyubarskii and Kristian Seip(')

1. Introduction

The possibility of representing functions which are analytic in a bounded convex
domain GCC by means of exponential series, was first investigated by Leont’ev [5]
(see also his monograph [6] and the paper [13] for the history of such represen-
tations); Leont’ev was concerned with series which are convergent in a “weak”
compactwise topology and in other naturally related topologies.

In the light of Leont’ev’s work, it seems interesting to look for a counterpart,
for Hilbert spaces of analytic functions in convex domains, of the highly developed
theory of nonharmonic Fourier series in the classical space L?(—m, 7). Via duality
arguments, this theme, in its turn, is closely connected to sampling and interpolation
problems in special spaces of entire functions.

In the present paper, we obtain solutions to the latter type of problems, and
we “translate” these results into results concerning exponential systems in convex
domains. QOur results and techniques are inspired by work of Beurling [1] in the
classical situation. It should be noted, however, that in our setting, Beurling’s
approach yields complete results, while this is not the case in the classical Hilbert
space setting (where the concern is about exponential systems in L?(—m,7) and
sampling and interpolation in the Paley—Wiener space of entire functions). We shall
see that what is crucial for such completeness to be obtainable, is the structure (to
be made precise below) of the boundary of the convex domain in question.

Throughout this paper, G denotes a bounded convex set in C. We consider
exponential expansions in the Smirnov space E*(G), which is the closure of the set
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of all polynomials in z with respect to the norm

112 = / )Rz,

The functions in E%(G) are analytic in G and have nontangential limits at almost
every point of 8G. E?(G) is a Hilbert space with inner product

(052 = /a _HE)a0E) )

It is clear that E2(G) is an extension of the Hardy space H? in the unit disk. For
basic facts about Smirnov spaces, we refer to [16].

Let A={),} be a sequence of distinct complex numbers. To such a sequence
we associate a system of exponentials in E%(G),

E(A) = {en(2)},

where en(z)=cne*** and ¢, >0 is chosen so that ||e||g2(g)=1. It was proved in [9]
that if G is a convex polygon, one may construct a set A in such a way that the
system £(A) constitutes a Riesz basis in E?(G). Later, it turned out (see [13]) that
for more general domains G even very regular sets A do not generate Riesz bases
in E%(G).

Instead of Riesz bases, it seems natural then to study frames. The notion of a
frame was introduced by Duffin and Schaeffer in the context of nonharmonic Fourier
series [3]; we say that £(A) is a frame in E?(G) if there are positive constants A
and B such that

Anz

Allf 2@y < D 1KF en)m2@ < Bl fllee)

for all f€ E?(G). By a standard duality argument (see, e.g., [3]) we find that £(A)
is a frame if and only if every function f€ E?(G) can be expressed as an exponential
series

F(2)= anea(2),
n
convergent with respect to the norm ||-| g2(¢), and

B 32y <D lanl® <ATYI F R (o)
T

Assuming (roughly speaking) that G is smooth and all points of G have
positive curvature, we obtain a condition on A which is necessary and sufficient for
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E(A) to constitute a frame in E?(G). This condition is given as a relation between
angular densities of A and the curvature of 8G. In particular, it follows that £(A)
can never constitute a Riesz basis in E?(G); this remains true if we assume that
only some arbitrary part of G is curved, a result which, we should add, has also
been obtained independently by Lutsenko and Yulmuhametov [10].

Our results concerning properties of the moment sequences {(f,er)r>(¢)}, f€
E?(G), rely on the fact that there exists a Paley-Wiener theorem for convex sets
[12] (see also [11], where a more general result is proved), i.e., one may establish
a natural correspondence between the dual space of E?(G) and a certain space of
entire functions of exponential type. We prove sampling and interpolation theorems
for spaces of entire functions and then use the Paley—Wiener theorem to interpret
these results as statements about the moment sequences {(f, en)p2(c)}-

We have found it more convenient to study the sampling and interpolation
problems in appropriate spaces of entire functions of the second order rather than
in spaces of functions of exponential type (as in the classical setting). In fact, the
study of these problems forms the body of the paper.

. In order to explain our independent interest in these problems and to provide
some background, we recall the main results of [17, 18], on which our analysis is
partly based. For a>0, let dua(z)ze_2"|z|2dm(z), where m denotes area measure
in C, and define the Bargmann—Fock space F2 to be the collection of entire functions
f(#) with the norm

“f||a,2=//c|f(z)|2dua(z)<oo.

A discrete set T'={7,} of complex numbers is a set of sampling for F? if there
exist positive numbers A and B such that

(1) AlfIZ2< > e # ()2 < BIIfIIZ 5

Yn €l

for all f€ F2. If to every [2-sequence {a;} of complex numbers there exists an f€F?2
such that e‘am'zf(yj):aj for all j, the set I'={~,} is said to be a set of interpola-
tion for F2. Sets of sampling and interpolation are described in terms of Landau’s
generalization of Beurling’s notion of uniform densities [4]. We consider then uni-
formly discrete sets, i.e., discrete sets I'={;} for which g=¢(T")=inf;2x |7; —7&|>0.
We fix a compact set I of measure 1 in the complex plane, whose boundary has
measure 0. n~(r) and n*(r) denote respectively the smallest and largest numbers
of points from I to be found in a translate of I, and we define the lower and upper
uniform densities of I to be

n(r)

+
D—(I') =liminf and  D*(I) =limsup ")

r—o0 r2 r—00 r2 '
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respectively. Landau proved that these limits are independent of I.
The main theorems of [17, 18] are the following.

Theorem 1.1. T is a set of sampling for F2 if and only if T’ can be expressed
as a finite union of uniformly discrete sets and contains a uniformly discrete subset
IV for which D~ (I'")>2a/m.

Theorem 1.2. T is a set of interpolation for F2 if and only if T is uniformly
discrete and D (I')<2a/x.

A basic tool for proving these theorems is the shift invariance of F2, namely,
the translations

(Tef)(z) = (TE f)(z) = e~ o=~ @/DIF (54 ¢)

act isometrically in F2. In fact, F? enjoys a group theoretical interpretation; it is a
space of projective representation {(—T; of the group of all complex numbers. We
note that the classical spaces of bandlimited functions (the Paley-Wiener spaces)
are connected in a similar way to the group of real translations; for that reason,
the technique of using shift invariance in {17, 18] could essentially be copied from
Beurling’s work on related problems for bandlimited functions [1].

In our situation, we encounter spaces of entire functions which do not admit
such a group theoretical interpretation, although they are closely connected to the
classical Bargmann-Fock spaces. It is quite natural to expect that the reason for a
set to possess the sampling or interpolating property is of an analytic nature rather
than due to the group structure of the subjects at hand. In the present paper, we
try to separate these two aspects in order to understand what analytic properties
and what “remainings” of the group structure are really essential.

The main definitions and results on sampling and interpolation in spaces of
entire functions of the second order are formulated in Section 2. The main theorems
are proved in Sections 3-5. In Section 6, we transform them to apply to entire
functions of exponential type. In Section 7, we obtain a solution to the frame
problem in the Smirnov spaces. Section 8 is an appendix containing some details
of a paper of Sodin and the first author {15] concerning the construction of entire
functions of a certain prescribed growth. This work has previously been published
only as a preprint in Russian. It is essential for our proofs, and for the convenience
of the reader, we have elaborated some of its details. We are grateful to M. L. Sodin
for his kind permission to include this material.

For the terminology and basic properties of entire functions used in this paper,
we refer to Chapter I of [7].
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2. Sampling and interpolation of entire functions: Main results

In this section we state our main theorems on sampling and interpolation of
entire functions.
Let h be a 2w-periodic 2-trigonometrically convex function, put

d,Lth(Z) — e—2h(arg z)|z]2dm(z),

and define the following generalized Bargmann—Fock spaces,

FR = {531 entive, 1flla= [ [ £ dim(z) <o),
Fo={f : f entire, ||flln,eo =sup |f(2)le"EI" <00},
Throughout the paper, we shall assume that
(2) heC?0,2r] and 6(6)=h(0)+3h"(0)>0, 0€[0,27].

We see that h(#)=a>0 corresponds to the classical situation treated in [17, 18].
A sequence I of distinct complex numbers is said to be a set of sampling for
F? provided there are constants 0< A< B<oo such that

Alf2 2 <Y £ (n)Pe2meremb < By £17
~vel

for all feF?; T is a set of sampling for FZ° if there is a constant K >0 such that

K| fllnco < sup | f(7)]e @i
vyer

for all feF°. The sequence I is a set of interpolation for FP (p=2 or c0) if

fr {f(’Y)e—Mzh(arM)}ver

maps F} into and onto IP.

We shall generalize Beurling and Landau’s notion of uniform densities in order
to describe sets of sampling and interpolation for F7. To this end, assume that
I'={y} is a uniformly discrete set. Let # denote cardinality of a finite set, put
D(a,r)={z:|z—a|<r}, and define

n;(r,o)=1iminf{ inf #(rnp(gew,r))},

o—00 Lgp—0|<
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D_(T,0)=limi f(—20),

=00 wr
and then
D~ (I,6)= lir% D_(T,6).
E—

Likewise, define

nj(r,e)zlimsup{ sup #(FﬂD(geid’,r))},
e—0  M¢p—8|<e

DX, 0) =lim sup (T 6) ,

T 00

and then finally
DHI,0)= liII(l) DI (T,6).
£—

D~(T,8) and D*(T,0) will be referred to as lower and upper angular densities.
Note that we may repeat Landau’s analysis in order to see that D(a,r) could
be replaced by a+r1, I of measure /7, I of measure 0, without altering the above
definitions.
The main theorems are given below. In all these statements, we assume that
h and § satisfy (2).

Theorem 2.1. T is a set of sampling for F? if and only if it can be expressed
as a finite union of uniformly discrete sets and contains a uniformly discrete subset
I for which

i (I, 0)—
ot (D™(I,9) 26(6)/m) >0

Theorem 2.2. T is a set of sampling for Fg° if and only if it contains a

uniformly discrete subset I for which

inf (D~(I",8)—26(8)/)>0

0<6<2n

Theorem 2.3. T is a set of interpolation for F} (p=2 or oo) if and only if

sup (D*(T,0)—-26(6)/x)<0.
0<6<27

Note that Theorems 2.1-2.3 reduce to the main theorems of [17, 18] when
h(8)=a; see also [14], where another approach is suggested to describe sets of
sampling for F2.

Theorems 2.1-2.3 will be proved in Sections 3-5, while in Section 6 we will
discuss some slight extensions of these theorems relevant for the application to
exponential systems in Smirnov spaces.
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3. Preliminaries and some auxiliary results

In this section we describe some notational conventions and introduce some
tools to be used in the proofs.
We let

. 1/2
T (Z e—2h(arg ol lf(v)lz) ,

~y€el

and similarly,
_ 2
IIfIFIIh,oo=SgIF>€ Mare ) £(y)].
v

Sometimes we will have h(f)=q, in which case we replace h by « in these expres-
sions. This somewhat sloppy notation should not cause any confusion, since it will
always be clear from the context what the index refers to.

A sequence Q; of closed sets converges strongly to Q, denoted Q;—@, if
[Q,Q;]—0; here [Q, R] denotes the Fréchet distance between two closed sets Q
and R, ie., [@, R] is the smallest number ¢ such that QC{z:d(z, R)<t} and RC
{z:d(z,Q)<t}, where d(-,-) denotes Euclidean distance in C. @, converges weakly
to Q, denoted Q;—@Q, if for every compact set D (Q;ND)U8D—(QND)UID.
I"=lim;_,(I'—a;) will mean that I'—a; —I". Following Beurling, for a closed set
T, we let W(I') denote the collection of weak limits of translates I'+2. We note
that W(I') is compact in the sense that every sequence of elements I'; €W (I") has
a subsequence converging weakly to some element in W(T').

W(T') will, as in [17], be an important concept in our analysis. However, now
we need to take into account how a set I e W (T') is obtained, i.e., in what direction
I' is translated when approaching the limit I'V. In order to make precise statements,
we introduce the following concepts. Let A={a;} CC, a;— o0, arg(a;)€[0, 27). Put

dir(4) =" {arg(a;)}j>n

(the bar denotes closure of the set); when taking the closure, we assume 0=2r.
Then define

A_(A)=min{é(a):a€dir(4)} and A;(A)=max{b(a):aedir(4)}.

The spaces of interest when approaching the limit I"=lim(I'—a;), will be Fg_( 4)
and F£+( A respectively, i.e., classical Bargmann—Fock spaces. Then “in the limit”,
we may use the techniques developed in [17, 18].

We introduce now an operation of directional translation in F;°. Let

’U(Z, a) — e—|a|2h(arg a)~za[2h(arg a)—ih' (arg a)]+(G/a)z2[(1/2)ih(arg a)+(1/4)h" (arg a)]7
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and define
T} f(z)=v(z,a)f(a+2);

note that for h(6)=«, we are back to the translation operator for the classical
spaces.

T;‘ is in general not isometric. On the contrary, it may very well take us out of
the space. Locally, however, it behaves much like the classical translation operator,
as shown by the following lemma.

Lemma 3.1. T f satisfies
3) [Flarta)emletslhienslora) = o7 f ()] *0rE),
as la|—o00, z belonging to a compact subset of C, and
(4) | (a2) e et = CIEEED) = (L O[T £ (2) e e =F
as |z|—0, independently of |al.
Proof. We write

—la+z|?h(arg(atz)) — —|al?h(arg a)—|z|2h(arg a) —22Gh(arg a)
|f(a+2)le [f(a+2)[ e |
% ie{—|a|2[h(arg(a+z))—h(arg )]} i {—27a[k(arg(a+2))—h(arga)]}
« el =12 h(arg(a+2)) ~h(arg o))}

_ |f(a+z)| Ie~|a|2h(arg a)—]z["’h(arga)—2zz‘zh(arga)| « |e{IH}€{II}e{I}|.

Clearly {I}—0 as |a|—>oo. Using Taylor’s formula, we obtain
a 217
Re{II}:Re{zEz h (arga)}+o(1), la| — oo;

Re{IIl}= Re{i&zh’(arg a)— % Szzh'(arg a)

la 1
+Zgz2h”(arg a)— Z|z]2h"(arg a)}—i—o(l), la| — oo,

where both o(1)’s are uniform with respect to z, z belonging to a compact subset
of C. Collecting our estimates, we see that (3) is proved.

(4) follows in a similar fashion for large a; for small @ the estimate is obvi-
ous. O

As a first application of this lemma, we prove a Bernstein-type estimate. Here,
and in the sequel, we let S(f, h)(z)=e s 2)lzl” £(2).
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Lemma 3.2. For every f€FP° we have

HS(F k) (@) =IS(f; h)(a+2)l | < O(|2) | £l 005

where the bound in O(|z|) depends only on h.

Proof. In view of (4), we may write

|1S(f, B)(a)| = |S(f, h)(a+2)| | <|S(T7 f, 6(arg a))(0) ~ S(Ty £, 8(arg a)(2)]
+0(|2))IS(T¢ £, 8(arg a))(2)].

Now the result follows from the Bernstein-type estimate in the classical situation
(see Lemma 3.1 of [17]) and (3) of Lemma 3.1. O

The next lemma is an immediate consequence of Lemma 3.1 and the corre-
sponding estimate in the classical situation, which in turn is a consequence of the
mean value inequality for subharmonic functions; see (3) of [17].

Lemma 3.3. For every f€F° and 2€C we have

(5) Lﬂﬂmwﬂscwnafﬁx QP dmn(0)

The next auxiliary result reveals the existence of certain functions in Fj° which
grow in a very regular manner. These functions are analogues of the sine-type
functions introduced by Levin [7] (see also {13]).

Below, if f is an entire function, Z(f) denotes the zero set (counting multiplic-
ities) of f; the symbol < between two positive quantities means that their ratio is
bounded from below and above by positive constants.

Lemma 3.4. For every h of the prescribed type there exists a function g(z)
with simple zeros such that

(6) 19(2)| < d(Z(g), z)el@e =I",

This lemma was proved in [15]. In Section 8, we have included an outline of
the construction of the function g. It follows from this construction that

D~(Z(g),8)=D"(Z(9),0)=6(6)/n

for each #€[0,27) (a more precise statement about the distribution of the zeros can
be made, as follows from the explicit construction of g). Note that when h(z)=«, g
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can be chosen to be the Weierstrass o-function corresponding to a suitable square
lattice.

We shall now see an important consequence of the above lemma. In some sense,
the next result is the converse of Lemma 3.1: Lemma 3.1 is the vehicle to be used
when we go from F} to a space FZ_( 4y While the next lemma is used when we
“return” to Fy, from FR ).

Let B
Pa,r(2) = H (1—‘;—_—%),

AeZ(g)ND(a,R)
where ¢ is the function of Lemma 3.4. We define
w(z,a)=g(2)/Pr.a(2),

and prove the following estimates.

Lemma 3.5. Let a;j—o00 and arga;—0. Then, as j— o0,
" lw(z,a;)] < eMarg 2)|zl? ,—6(0)|z—a; |
for |z2—al<R, and

(8) (2, a;)| < M8 el =8O B (1+108(12~a; 1/ R)+O(1)

for |z—a|>R. These estimates hold for any fired R>0 with bounds which are inde-
pendent of R.

Proof. To estimate pg o, we introduce the function

_6(0) z—a
uR,o(2)= — /|a—,\|§Rlogl1_ E‘ dm())

= @ //|A|5R log|1— z;a‘ dm().

A direct calculation shows that

10 [ O, <R
(10) UR,O(Z)—{6(0)R210g%|+6(9)R2, |2 > R.

A modification of the computations in Steps 2, 6, and 7 in Section 8 shows that

(9)

(11) |pR,aj (Z)| :eun,aj +0(1)
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as j— o0, when, say, d(z, Z(g)ND(a;, R))>e>0 and with O(1) depending on ¢ but
not on R.
Finally, if Ae Z(g)ND(a;, R), we have

5(6
T3 Do, (2)
YA

PR.a;(A+2) =8O A—aj+z)* _
z

(12) e <1

for |z|<e<1q(Z(g)) by the maximum and minimum principle and what has been
shown above. The lemma now follows if we combine (10), (11), and (12) with
Lemma 3.4. O

4, Proofs of Theorems 2.1 and 2.2

We start by noting that we may restrict our attention to uniformly discrete
sets.

Lemma 4.1. If T is a set of sampling for F°, then ' contains a uniformly
discrete subset that is also a set of sampling for Fy°.

Proof. This follows from Lemma 7.1 (compare the proof of Theorem 2 in [,
p-344]). O

Lemma 4.2. There exists a positive constant B such that

I£1T17,2 < BIIfII7 2

for all f€F? if and only if T can be expressed as a finite union of uniformly discrete
sets.

Proof. As the proof of Lemma 7.1 of [17]; note that (5) is needed. O

Lemma 4.3. If T is a set of sampling for FZ, then I contains a uniformly
discrete subset that is also a set of sampling for FZ.

Proof. For €>0 we construct (as we may) a uniformly discrete subset I of
I' such that d(¢,I")<e for each (€I'. We have then I'=U. . (TND((',€)). By
the preceding lemma there is a uniform bound, say P, on the number of points in
I'nD({',¢e), e<i.

Proceeding as in the proof of Lemma 3.2, we easily deduce the estimate

2 R 1/2
|F(Q)le ™8O _| (¢7)|e MBI | < ¢ — | ( [ L dph(z>) ,
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which holds for, say, |(—(¢’|<3, C depending only on h. We square this inequality
and sum over I (for each (€' we pick some point {'€I"ND((,¢€)):

S I1A(Qle Mo (e e < 0 S / )P dpn(2)

¢er ¢eT
< PCE|fII} 2-

This gives us

1/2 1/2
(Z |f(<)|2e—2h(arg C)|C|2) _ (Z If(cl)|2e—2h(argC')|C'|2) < \/ﬁé;“f”i’m

¢er ¢er

and hence

£ 1Tln,2 < PILfITn,2+Cel flln2-
The proof is finished since ¢ is arbitrary. 0O

Therefore, we assume for the rest of this section that all sets I' are uniformly
discrete.

The basic ingredient in the proof of the necessity parts of Theorems 2.1 and 2.2
is the following lemma.

Lemma 4.4. IfT is a set of sampling for FY (p=2 or o0) and I'=1lim(I"—aq;),
a;—00, then I is a set of sampling for F Ay

Proof. Consider first the case p=2, and suppose the lemma is false. We put
a=A_(A) and see that the assumption implies that for any >0, we can find an
fEF? such that ||f]|a2=1 and || f|T"||a,2<e. Let f¢V) denote the Nth partial sum
of the Maclaurin series of f. Choose N so large that we have ||f{¥|,2>1 and
| FNHT||q,2<2e. This is clearly possible since fV) approximates f uniformly on
compact sets and approaches f in the norm of F2.

We define

f](z) :w(z’aj)f<N) (z—aj)7

where w(z, a;) is the function of Lemma 3.5. We choose R so large that

[ ™ @r ez g,
|z|<R

and at the same time

(13) / / | () PemaR? 08zl R ~(@O/ DR g < ¢,
|z|>R—1
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which clearly is possible since f{¥) is a polynomial. By Lemma 3.5, (10), and (11),
we find that
/5115 > C1

and

Y IHOPe T <O

¢€T"+a;0D(a;,R)

These estimates hold for all sufficiently large j, where C; and C> are independent
of R and j. We finally choose j large enough to obtain

S If()Re eI <20y,
vyeI'nD(a;,R)
Then by (13) and (5), we have
Sl Pe el < e,
~y€ET

This finishes the proof when p=2.

We argue in the same way when p=oo. Suppose we can find an f€F° such
that || flla,co=1 and [|f|T||a,c0 <¢. We may also assume that |f(0)|>3. We shall
again pass from f to a polynomial, but the passage is now a little harder. It may
be noted that the trick to be used here, is an adaption of that used in the proof of
Lemma 4.2 of [17].

We write

f(z)= Z cxz®
k=0

and introduce the function
N
2= er(1-6)k2",
k=0

where N and 0<6<1 are to be chosen so that we may replace f by féN).
In order to compare f and féN), we need some estimates. Cauchy’s formula

gives
ae k/2
orl < e (5 )

and by Stirling’s formula, we obtain

(14) 3 lekl |21F < Cllfllaoolel?e=F,
k



170 Yurii I. Lyubarskil and Kristian Seip

C an absolute positive constant. Thus,
175" (2)] < Cll S lla ool e =11,
Let p=¢~1, and choose N so that

sup |£(2)—fM(2)le~ " <e.
|z|<e

We choose §=¢%2 so that |z—(1—6"2|<e'/? when |z|<R. By our choice of N and
Lemma 3.2, we obtain

(15) (e < cet/?
for v'€D(0, 0)NI”. On the other hand, when |z|> g, we have
(1-8)%)22 = |2]* < —(26*2 —€%)| > < —|2|'/2,
assuming €<1. Hence, in view of (14), we have
1™ ()" < Ce

for |z|> g, so (15) holds for all v/ €T”.
We now define

fi(2) = w(z,0) i (2= a;),
and see that we may finish the proof as we did in the case when p=2. O

Proof of the necessity parts of Theorems 2.1 and 2.2. By the construction of
our lower angular density, we have

inf D~(T'¢) =D (T, 6)

where the infimum is taken over all I'gy=lim(I'—a;) for which dir(4)={6}. By
Theorems 2.1 and 2.3 of [17] (which are the same as Theorems 2.1 and 2.2 above
when h(f)=¢) and Lemma 4.4, it follows that

D~(T,0)—26(8) /7 >0.
This relation yields the results since the compactness of W(I') then ensures that
inf(D~(T,0)-28(9)/m)>0. O

In the proof of the sufficiency part of Theorem 2.2, we shall need the following
lemma.
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Lemma 4.5. If inf(D™(T',0)—6(0)/7)>0, then T is a set of uniqueness for
Fee.

Proof. Suppose the assertion is false. Then there is some nonzero function
fEF° vanishing on I. We may assume that 0¢T" and that f(0)=1. We apply
Carleman’s formula to the upper half-plane, thus

( e / log | f(Re*)| sin 6 d6
(16) re<R,0<0<m r 0

R
o [ (5 ) oel@f(-a) e,

ar J, \a?
where I'={re*%*} and C is a constant which does not depend on R. We have
17 r.hs. of (16) <C+I;(R)+I2(R),
where
R (7 .
Li(R)=— [ h(8)sin6db,
™ Jo
R
I(R) = 5 (h() +h(0))

The left-hand side can be approximated in the following way. We divide the
half-plane into disjoint cells @y, ;, j<n, such that

(18) /Q (@) +eyrdraa=1,

where

e=1inf(D~(T,8)—26()/x).
This is done by letting

tn= (/‘:(26(0)/7r—e) d0>_1 n(n+1)

and then dividing the half-plane into n sectors, corresponding to numbers 0=6, o<
0n,1<...<0p n=m, such that

Qni={z:th1<|2|<tn}, Onj_1<argz<b,;,

satisfy (18) for all j=1,2,...,n.



172 Yurii I. Lyubarskil and Kristian Seip

For each pair n, j, let Cn’j:Qn,jei¢n’j €Qn,; be such that

(0%]—%) sin(¢n,j) Z/Qw- (%—%) sin 6 (6(6)+5)7~ dr dé.

By the definition of our angular densities, it is clear that we can find a subsequence
{%n,j}j<n CT such that

sup |Cn,j— 2n,5] < 00.
n,j

A straightforward estimate then shows that

Lh.s. of (16) :/OR /;(l_#) sin 6 (%(h(0)+%h”(9))+e>rdr df+0(log R).

r

We remove the second-derivative by integrating twice by parts and obtain
Lh.s. of (16) = I;(R)+I(R)+ 3¢ R+O(log R).

This contradicts (17). O

Proof of the sufficiency part of Theorem 2.2. Suppose I is not a set of sampling.
Then we may choose a sequence A={a;}CC and {f;} CFy° in such a way that

p— . 2 .
filag)e el = 1 £ |plln,c0< 1/7,
sup || fj [|a,co=K < oc.

J

We may assume arg(a;)—0, and by the above lemma, that |a;]— 00, since otherwise
we have already obtained a contradiction. So we have

|f].(z+aj)|e~|z+aj|2h(arg(z+aj)) <K.
We now form a new sequence of functions,

¢i(z)=v(z,a5)f;(2+a;),

where v is as in Lemma 3.1. We have then ¢;(0)=1, and in view of (3), we obtain
a nonzero limit function ¢ € Fjg) vanishing on I, This implies D~ (I")<26(0)/,
and we have thus proved the sufficiency part of Theorem 2.2. O

Proof of the sufficiency part of Theorem 2.1. In view of Lemma 4.2, we need
to show that there exists a positive constant A such that

I£ 1T .2 = Al flln,2
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for all f€F}, . We shall apply an argument which was used in [2] in order to obtain
an interpolation formula which will solve our problem.
Let
Ff={ge e M8 91 g(2)| -0 as |2 — oo };

F> % is a closed subspace of F?°. Suppose I' is uniformly discrete and
2¢/m=1inf(D~(T,8)—26/m) > 0.

Then, by Theorem 2.2, T is a set of sampling for F§% ., and therefore also for F,fj’r’g.
By standard arguments (see [2, Section 5]) this implies, for all (€ C, the existence
of a sequence of numbers {g;({)} such that

—(h(ar: e)[¢|? —(h(are v ) +e)|v. |2
(19) e~ (Marg O+e)ICl” ) = Zgj(C)f(’Yj)e (h(argv;)+e)lv]
v €T
with
> g OI< M,
1€l

M independent of ¢.
Now let feF?. We apply (19) to the function

feo(2) =21 (),

which is seen to belong to F,fj_g A straightforward computation (as in [2, Section 5])
leads to the desired conclusion. [

5. Proof of Theorem 2.3

In the sequel, p may be either 2 or c.

Note first that if T is a set of interpolation for F}, there exists a constant K,
depending on A and I', so that the interpolation problem can be solved in such a
way that

(20) I1£ll.p < Kpll £ [ Tllr,p-

This follows by a standard argument involving the Closed Graph Theorem. This
observation, in conjunction with Lemmas 3.2 and 3.3, yields the following result
(compare Lemmas 5.1 and 6.1 of [17]).
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Lemma 5.1. Every set of interpolation for Fy is uniformly discrete.

The next lemma is the main auxiliary result needed for proving the necessity
part of Theorem 2.3.

Lemma 5.2. IfT is a set of interpolation for FY, and I'=lim;_,oo(I'—a;) for

some a={a;}, a;—00, then I is a set of interpolation for F£+(a) .

Proof. We may assume arg a; —0. First note that I" is also uniformly discrete
with separating distance not exceeding that of I'. Let I"={2;}$°, and let |z|<
|2k+1], k=1,2,.... We have to solve the interpolation problem

f(zk)zwk65(0)|zk|2, fng’(o)

for every sequence w={wy}€lP. Let us fix such a sequence and also some R>0,
and let N(R) denote the number of points from I contained in the disk D(0, R).
We index F—aj:{z,(cj)} so that z,(gj)—wk as j—o0.

Using the assumption on I', we may construct a function f;(z)€F} such that

(4) , =1 5(0)| 2,512
; v(z’, a;) twge i k< N(R)
fj(z,i’)+aj)={ L

, otherwise
with v as in Lemma 3.1. By (3) of that lemma, we have for sufficiently large 7,
155 1T lnp< C,
C independent of R. We define
$;(2) =v(2,a;) f;(2+a;)

so that
(€3] |2
k )

¢j(z£:j))=wkeé(0)lz k=1,2::N(R)

Using (3) of Lemma 3.1 and (20), we have for sufficiently large j,
65(2)| < Ko, || <R

when p=o00, and

[ 16i)P dusr(a) < K
D(0,R)

when p=2, where K, and K3 are absolute positive constants.
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We let j—o0, choose an appropriate subsequence {7}, and obtain a limit
function ¢(z) in the disk D(0, R) such that

d(2i) =wie? @l k=12 . N(R);

if p=00, we have
2
| ¢(2) |< K2e* @121, 2] <R,

K, independent of R, and if p=2,
[ 16 dusy () < Ko,
D(0,R)
K3 independent of R.

We finally let R— o0 and obtain the desired limit function f. O
Proof of the necessity part of Theorem 2.3. We have

sup D* (T'g) = D*(T, 6),

where the supremum is taken over all sequences I'g=lim(I'—a;) for which dir(a)=
{0}. By Theorems 2.2 and 2.4 of [17] and the two lemmas above, it follows that

D*(T,6)—26(8)/7 <0,

which yields the desired conclusion in view of the compactness of W(I'). O

Proof of the sufficiency part of Theorem 2.3. We shall construct an explicit
interpolation formula. For that purpose, we need the function g of Lemma 3.4 con-
structed for h(0)—e, with 2¢/w <sup(D*(T',0)—26(8)/x). Arguing as in [1, p. 356],
we can find a uniformly discrete sequence I'={v;} which contains I' and is uni-
formly close to the zero set Z(g)={z;} of g, i.e., we have

sup |2; —;| < oo.
j
Since both I' and Z(g) are uniformly discrete, we may also assume that
inf |z, —} .
Inf lzik—j| >0

We fix j and form the infinite products

z z 1 22
ki(z =||<1— )exp( +5 )
(%) "= "= 2(z—7))?

k#j
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and

z z 1 22
A =(z—2z; 1- 9
gg(z) (z ZJ)H( zk—'y;.)exp(zk—7;+2(zk_7;')2)’

ki

which clearly are well-defined entire functions.
Repeating the technique of estimation leading to Lemma 2.2 of [18], we obtain

that 0:(2)|
gj\z clz|log ||
k. <(O—2L
| ](Z)I—Cd(z,Zg—zj)e

with C' and ¢ constants depending on I and Z(g), but not on j. Now clearly

9(2) = g (z—z;)w;(2),
w; some zero-free entire function satisfying
2
| b

lw; (7)) = C,elh(are ) =e)lv;

C';<1 independently of j. We define

()= i) S

for which we then have

i(2)| < Ce(M(arg ) —e)|7;1? g(h(arg 2)—e)|z|? pelz—] | log |z~]]

Now it is easy to see that that the formula

(21) f(z):Zajeze(ﬁz—lvﬁ)%(z)
i

solves our interpolation problem both for p=2 and p=oco (in fact for all 0<p<
00). O

6. Two modifications of the main theorems

When applying our theory of sampling and interpolation to exponential systems
in Smirnov spaces, we shall need some results which differ slightly from those in
Section 3. It is the purpose of this section to point out how to make the appropriate
extensions.
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Let
dpn,s(2) = (1+12])* dun(2),

s a real number, and define correspondingly

F,f,sz{f entire://C |f(z)|2d,uh,s(z)<oo}.

F;f,o3 = {f entire : sup If(z)[(1+|z|)se—h(argz)|z|2 < oo}.
c

Similarly,

The definitions of sets of sampling and interpolation are modified in the obvious
way. To sum up, the following holds.

Theorem 6.1. The theorems of Section 2 remain valid when replacing F by
F};S in all statements, where s is an arbitrary real number.

Proof. We introduce the function
q(z) = slog(1+]z),
and note that
(22) g(a+z) =q(a)+o(1)
as a— oo for z belonging to a compact set and that
(23) |g(a+2)—q(a)| < slog(1+]z]),

independently of a. Using these properties of ¢, all proofs in the previous sections
can be modified in a straightforward manner.

We indicate some of the changes. In Lemma 2.1, introduce a factor exp(g(a))
in the definition of v(z,a), and the lemma remains true. In Lemma 2.2, observe
that we need both properties (22) and (23). In the proof of Lemma 4.4, we replace
the function f; (p=2 or co) by the function f;(z)e~9(*) and use (23) to verify that
the same method of proof applies. 0O

The second extension concerns what happens when we have a certain symmetry.
More precisely, suppose now h(6) is m-periodic and that I'=—T". Denote by Fy _ .
the closed subspace of even functions in F,’f’s. The definition of sets of sampling
remains the same, while the definition of sets of interpolation for F} s,c Deeds an
obvious modification: we require f(y)=f(—v). Then the following statement holds.
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Theorem 6.2. If h is m-periodic, '=—T", then all the theorems of Section 2
remain valid when replacing F} by FY .

Proof. The sufficiency parts of the theorems are obvious. As to the necessity
parts, note that Lemmas 4.1, 5.3, and 6.2 can be restated with F}f’sye in place of
FP. To see this, we argue as follows. In the proofs of Lemmas 4.1 and 5.3, replace
[i(z) by fi(2)+f;(—=z), and in the proof of Lemma 6.2, construct even functions
fi, and proceed as before. The rest of the proofs are unchanged. O

The point of this theorem is that it allows us to pass from functions of order
2 to functions of exponential type by means of the transformation (=22, As an
example, we formulate a counterpart of the classical Cartwright theorem {see (7,
p. 206]; a similar theorem holds in the L? case, which, notably, is not the case in
the classical setting).

Let k be a 2w-periodic trigonometrically convex function satisfying
(24) keC?l0,m] and o(g)=k(¢)+k"(¢)>0, ¢€[0,2).

We say that A is normalizing for k if there exists a positive number e(k, A) such
that for any positive e<e(k,A) the conditions

sup [ (V)] *EE VA <1
AeA

and
Slép lf(o|e—(k(arg O+eldl 00,

f an entire function, imply

S%p }f(()le_"’(‘"g 9}lq <K,,

K, independent of f.

In order to reformulate the results proved for functions of order 2, we let A1/2
denote the set of all complex square roots of the elements in A. Thus for A€ A both
values of v/X are contained in AY/2 |

Using Theorems 6.2 and 2.2, and the interpolation formula used to prove the
sufficiency part of Theorem 2.1, we obtain the following statement.

Theorem 6.3. A is normalizing for k if and only if A/? contains a uniformly
discrete subset T for which

inf (D™(T,¢/2)—20(s)/7) > 0.

0<p<2n
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7. Exponential systems in Smirnov spaces

Let G be a convex domain with support function k satisfying (24). We note
that the function g=k+k” has a geometric interpretation: o(¢yp) is the radius of
curvature of the supporting point of the ray ¢=dy.

We may now state the solution to the frame problem described in the intro-
duction.

Theorem 7.1. The system of exponentials E(A) is a frame in E*(Q) if and
only if A2 is a finite union of uniformly discrete sets and contains a uniformly
discrete subset I for which

inf(D™(T, ¢/2) - 20(¢)/) > 0.

The following theorem is also of interest; here the moment space of £(A) in
E?(G) is the set of all the moment sequences, {(f,en)p2(c)}, fEE*G).

Theorem 7.2. The moment space of the system of exponentials E(A) in E%(G)
is 12 if and only if AX/? is uniformly discrete set and

SI;p(DJ’(Al/z, $/2)—20(¢)/7) <0.

We shall see that these two theorems follow from Theorem 6.2 by an application
of the following Paley—Wiener theorem. For convenience, we use here the norm

11, =4 [ [ 15w o ),

which clearly is equivalent to the norm that we used in the previous section.

Lemma 7.3. The transformation o— gy, given by
—T 2
fol)= [ G sl
oG
is a bijection of E*(G) onto F,%,l/z’e, where
h(0) =k(-0/2),

and
wa“F,f,a = lell z2()-
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Proof. We have that fr—¢({)=f(+/C), is an isomorphism between the Hilbert
spaces F,f’l J2,c and

PZ,_1/2={w entire: /C |w(<)|2e—’°<a”g’=‘"<'l<|“1/2dm(o<oo},

and so we need to show that ¢ f,(1/2) is bijective from E%(G) to P,?_l/z and
norm-preserving up to equivalence in norms. But this follows from [12] and [13]: We
combine the Paley—Wiener theorem for convex sets {12] with Lemma 2.9 of [13]. O

Using this lemma and the fact that
€312y = (1]A]) 2/ 2k 2re DN,

(see Lemma 2.10 of [13]), we obtain the two theorems above from Theorem 6.2.
One may show that these theorems are valid for the whole scale of spaces E2
considered in [13].
It is interesting to observe that in particular, no system of exponentials £(A)
is a Riesz basis in E?(@G). This statement remains true if we require only

(25) ke C?lgo,¢1] and o(¢) =k(¢)+k"(¢) >0, ¢ € [¢o,p1l,

as shown by the two theorems below. Note, however, that when the conditions (24)
hold, the zeros of the function g of Lemma 3.4 generate a system £(A) which is
complete and minimal and forms a basis of summation in E?(G) [13].

Theorem 7.4. Suppose the condition (25) holds with 0<68y<6; <2xw. Then
if the system of exponentials E(A) is a frame in E?(G), there exists a uniformly
discrete subset T' of AY/2 for which

(iﬁgfl(D_(F, ¢/2)—20(¢)/m)>0

for every closed interval I1C(6g,61).
Theorem 7.5. Suppose the condition (25) holds with 0<6y <6, <2m. Then if

the moment space of the system of exponentials £(A) in E%(G) is 12, we have

Z\é};(D“L(AW, ¢/2)—20(¢)/m) <0

for every closed interval 1C (6, 6:).

Theorem 7.4 follows directly by repeating the arguments in Section 5. As to
Theorem 7.5, let g in Lemma 3.4 be constructed with respect to a function h that
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satisfy (24) for all 8, coincide with h on some closed interval contained in (6o, 6 ),
and enjoy the estimate h(6)<h(f) for all 8; it is easy to see that such a function
h exists. This function g can be used to obtain an analogue of Lemma 4.4, which
implies Theorem 7.3.

It is reasonable to ask if convex polygons with a finite number of sides are the
only domains for which it is possible to construct Riesz bases.

8. Appendix: Analogues of sine type functions

What we refer to in the title of this section, is that the function g of Lemma 3.4
has growth properties analogous to those of the sine type functions, which were
introduced by Levin in his study of exponential bases in L?([—n,7]) [8]. We present
here a proof of Lemma 3.4 which is a variation of the construction in [15].

We put H(z)=|z|?h(arg(z)), which is a subharmonic function. The density o
of the Riesz measure v of H with respect to Lebesgue measure is

dv 2 .
(26) o(z)= am = %6(9), z=re’.
We shall first construct a uniformly discrete sequence {(¢} which is the zero set of
an entire function f of order 2 such that

(27) log | f(2)|—H(z)—qlog |z| =logd(z, Z(f)+O(1)),

(] )

This construction contains the main step of the proof of Lemma 3.1.

We first construct {(¢}. It is enough to obtain the sequence with the desired
properties for H(sz), s>0, and then pick the sequence {(¢/s}. We let s be such
that

where

27
L7 58y do=2.

™ Jo

We next divide C into a union of disjoint annuli,
R,={(:n—1<[|(|<n}, n=12,...

We have . o
v(Rn)zi/ / 5(¢p)dptdt=n*—(n—1)>=2n-1.
n—1J0
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Each R, may be divided into 2n—1 cells {Q, ;} such that
(28) v(Qnj)=1, j=1,2,..,2n-1.

Indeed, choose numbers {1, ; }?Zgl satisfying 0 <y 0<... <9 2n—1<2m, such that

Ynj
(29) 27 sw=

T Jipn1 n—j3

Then the cells Qn;j={{€Rn:¢n j—1 <arg({)<i¢n; } all satisfy (18).
Let

(30) Ga= [ can)

which is the center of mass of @), ; with respect to dv. By the assumptions on v,
there exists an €>0 such that D((m i, e)ND((n j,€)=0 when (m,i)#(n,j). It is
also clear that the diameters of the sets @, ; are uniformly bounded.

Let £=(n, j), and consider the discrete integer valued measure

77226C57
4

where 6¢, is the Dirac measure located at (¢. Define correspondingly the following
6-subharmonic function

(31) w(z)z//c log

We shall mainly be concerned with a detailed estimation of this function, and in
particular, we shall obtain the estimate

1—%’ d()-n(0))-

(32) lw(z)—qlog|z|| < C¢

for z¢ E.=J; D((¢, ), € some arbitrary positive number.
Having this estimate, we argue as follows. The function V —w is subharmonic
with a discrete integer-valued Riesz measure v and so

H(z)—w(z)=log|f(2)|,
where f is an entire function whose zero set is {(¢}. By (32),

log |f(2)] = H(z)+qlog|2|+0(1)
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for ¢ E.. (27) will then follow from an application of Lemma 3.1.
We prepare for the proof of (32). Let

Oy={¢:2V7'<|¢f <2V}, N=1,2,3,..

and IIy=D(0,1). Let 2€ C\ E, be fixed. Choose N=N(z) such that

(33) 2N—(/2) < ] < 2N+ /D),
Then
(34) Nlog2=log|z|+0(1)

as z—00. Let II,)=IIyUIly 41, and rewrite (31) in the form
w(z) = w1 (2)+wa(2)+ws(z),

where

wy(z) = ;Qg // {log 1——‘—log 1——‘}(111
way(z) = Qg"ﬁ( )// {log —\—log 1—C—‘}dy(g)
n_%;mizc% // {log ——\—log é‘}du(().
We shall obtain the estimates
(35) wi(z) =qlog|z|+0(1),
(36) wa(2) =0(1),
(37) ws(2) =0(1),

from which (32) will follow.
These estimates are obtained through steps 1-7 below.

Step 1: FEstimates of the summands in (31). Let

1~E£' Re{(Cslz Ca)(C Cﬁ)}

Bg(z,{) =1log|1 log

i

183
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By (30), we have
[ ¢-cana)=
Q¢

and hence,

CON /Q s{log - ‘} vo)= [ [ B Qa0

The needed estimates for Be(z2, () are the following. (a) For Q¢ CIl,,, n>N+2,
CEQ&

1——‘ —log|1

Klz|

ICel®’

(b) If {€Q¢CIl(;y and Q¢ has no common boundary points with the cell Q) con-
taining z, then

(39) |Be(2,¢)| <

1o (6=G)?| K1 K
(40) .Bé(z’gHiRe Ec§~i;2 _IZ—C15|3 |C§|22’
(c) For (€Q¢CII,, n<N -1,
1 —¢)?|  Kis K
(41) lBg(z,C)—gRe « ég) ’S|Z—|32 @

In order to prove these estimates, note first that the function

() =tog (1-%)

is analytic in Q¢ since (¢Q. We see that
Be(2,¢) =Re{L(¢)—L(Cc) ~ L'(¢)(¢ =)}
When proving (a), we start from the identity

¢
L)~ L(Ce)~ L' (¢e) (C—Ce) = /c L"(s)(¢ — 5) ds;

when proving (b), our starting point is the identity

L(¢)~L(¢e) = L' (¢e) (¢ —Ce)+ (CC C;) (Cgfe)

/ L (s)(¢—s)* ds;

Ce
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and when proving (c), we begin with the formula

10~ L6 () =5 (5% + / L(s)(¢~5)" d

Straightforward estimates (which we omit) lead from these formulas to the desired

conclusions.

Step 2: Estimate of wz. We first calculate the number oy, of cells Q¢ which are
contained in Il:

ok

(42) a= Y 1= Y  (2m-1)=3.2F2

Qe CHly m=2k-141

Using (38) and (39), we obtain from this

> >/ Bz 0b(¢ ))

n=N+2 Q¢CIl,

3> // |Be(2, Q)| dv(0)

’rL'—N+2 Qecn

Klz|
Z Z |C€'3‘—K2N Z 23n—

n=N+42Q¢CII, n=N+2

|ws(2)] =

So estimate (37) is proved. Note that, in particular, we have then proved the
convergence of the integral which defines w.

Step 3: Partial estimate of we(z). First note that, for z¢ E,, the contribution
to wy(z) from the cell Q, containing z, as well as from its nearest neighbor cells, is
bounded. We let Q(z) denote the union of the cell Q, containing z and its neighbor
cells, i.e., those cells which have common boundary points with Q. We write

(43) wz(z)=—§R{QEIjI e [ oo s

where, here and in the sequel, the prime denotes omission of those terms corre-
sponding to Q¢ CQ(z). Using (38) and (40), we obtain the estimate

1 1

Q:ClIlzy ‘QeClIly
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We find that

1 KaN
<2K.
Z |C§|2 - 22N -
Qe CIl(z)

It is likewise clear that the first summand is bounded; this is a consequence of the
regular distribution of the points (¢ and the fact that (1 +w2+y2)‘3/ 2 is integrable
with respect to Lebesgue measure over RZ.

We are thus left with the following expression for wy,

#)  wmE=—gRe T gt [ -@raqron,

QECH(Z)

This sum will be estimated in Step 6 below.

Step 4: Partial estimate of wy. By (3.1) and (4.4), we have
1
w =Ry ¥ a [[ «rano+s
n=0 Q¢CIl, ¢ Q¢

where

=X T (Ber)

n=0 QCIl,,

It is easy to deduce from (42) that the right-hand side of this expression is bounded.
Hence,

W) wm@=—gre > & [ crarow.

Q§CD(Oyt2N—1)
From Steps 3 and 4 we see that it is crucial to calculate the integral
fe=[ [ ¢y ano.
Qe

This is done in the next step.

Step 5: Estimate of I.. We claim that we have

_ L e (1T -1
(47) 15_126 1 Sarg o) +0(n™1).
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In order to prove the claim, we show first that

(48) r= [ -Gy i rom™,

as n— 00, where

. dm(¢
G=[[ o2
Q¢ m(Qf)
is the center of mass of }; with respect to Lebesgue measure, and then we perform

an explicit evaluation of the integral.
Let

(49) Pnj= %(¢n,j—1 +¥n,5)-
An elementary estimate (which we omit) shows that
(50) Cnj = (n—3)eI(1+0(n™2)).

In order to prove (48), we write

(51) I = //Qf( //ngdy(x)dy //QE{//Q&g Adv(A }du(g)

Continuity of § and v(Q¢)=1 imply

dm(()
m(Q¢)’

Q¢ being the cell containing {. We insert (52) into (51) and obtain (48).
We now evaluate the integral in (48). Let {=(n, j) and Ay j=2(¥n;—¥nj—1)
so that we may write

(52) dv(¢)=(1+0(n™ 1)

m(Q"’j) = 2nAn,j .

Direct calculations give

(54) Gy = (g +O() )etens T2
nij
and
dm(¢) 9 2 s1n2An]
55 / (2 —— =pleiPns I
(55) S @y 2A..,
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Inserting (54) and (55) into (48), we obtain

X in2A,, ;. sin? A, ; ' sin A, ;
56) I —nlei2n [ SR22ng N5\ o 1 gi2n; SBng o 2y
(56) g=n’e TNy AZ t13¢€ A, +0(n™7)
We use (50) and the fact that
T
;= e+ O(n"2
37 2”6(¢n7]) ( )

to estimate (56), and arrive at (47) after some elementary computation.

For future convenience, we rewrite (47) as
(57) I =¥((e)+0(n™),

where we have defined

1 R
HO=5 9 (1= r )

note that (57) holds with (¢ replaced by any point (€Q.
Step 6: Final estimate of w1(z). In view of (46), we need to estimate the sum
Ie

% = .
G

QeCD(0,2V-1)
By (57), we may write

Ti= Y, Y L oq).

2
QeCD(0,2N-1) CE

‘We have
(<)

Il(Z)://1<|<|<| !Tdy(g):qloglzh

while on tile other hand,
¥y =1(2)+0(1).

This proves (35).
Step 7: Final estimate of wa(z). Now we need to estimate the sum

_ I¢
RPN

Qe Cll(z)
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We shall compare the sum with the integral

Iz(w) P /1/2<ls|<2 \II(S) (ji(:)%z ’

where w=2""2. Since 1/v/2<|w|<v/2, it is clear that

L(w) =0(1).

We define
dv(¢)

JN(Z) B //H(z)\Q(z) ‘II(C) W’

L(27V2) = In(2)+0(1).

and find that

Simple estimates (which we omit) show that
¥z =Jn(2)+0(1),

and this relation completes the proof of (36).

In order to obtain the estimate (27), we have to investigate what happens close
to some point (€Z(f). By Lemma 3.1, we have

e~hare(C+)ICH21” = (14.0(|2)))

o [H6

h
1) \e—écarg Olel”
z

z

We know that (27) holds in E., and thus by the maximum and minimum principle
applied to TCh f(z)/z in D(0,¢), we see that (27) holds in the whole plane.

The construction is not complete, since we need to get rid of the term ¢log |z|
in (27). We choose €>0 such that

(59) e< ir(}f 8(9).
Then the function
hi1(0)=h(0)—¢

is of the prescribed type. We construct an entire function f; with respect to hy
as described above, and another function fo with respect to hz(f)=e¢ in a slightly
different way. We choose fo in such a way that by moving a part of its zero set, we
obtain the desired growth.

7 — Arkiv for matematik
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To ensure that the zero set of the product f1(z)f2(2) is again uniformly discrete,
we proceed in the following way. Let

2T 5(0)do’

and choose 1

£ nsik?’
We see that (59) is satisfied if we let k& be a sufficiently large integer. We define
81(0) =s1(6(6)—e)
and
62(0) = s2k’e.

Then

1 27 1 2w

1 / su@do=> [ s,6)do=2.
0 T

0 0

We construct a function with respect to §; as above; it means that the zeros of f;
will be concentrated along the circles |2|=s1(n+3). We then construct a function
with respect to §; whose zeros are concentrated along the circles |z|=n, so that the
zeros of fy are concentrated along the circles |z]=s1kn.

We turn to the construction of f;. Let now

R,={w:th1 <|w|<t,}, n=12,..,

where t,=+/n(n+1). We put dva(z)=62(arg z)dm(z), and note that

n 2m
V(Rn):/ 5(¢) d(ﬁtdt:ti—ti_l:Zn,

—-1J0

We divide each R, into 2n cells {Q, ;} as above, but take care to choose Qn 1 so

that
// w dva(w) > 0.
Qn,l

We repeat the above arguments and obtain a product which satisfies

F(2) fa(2) = eH(2)+(q14g2) log |2|+-0O(1)
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In order to get rid of the term involving log |z|, we modify f2 in the following
way. Let {\,}3; denote the positive zeros of fo ordered so that A,<A,i; for

n=1,2,3,.... Since A\,=s1kn+0(n~!) as n— o0, we have that
oo Z2
o) ==11(1-5)
n=1 n
satisfies

log |¢(2)| =m(s1k) ™| Im 2[+O(1)

when d(z, {\n})>¢. Consider the function

o= [1 (- Graptarar )

using the Stirling formula in a standard way, we obtain
log | (2)| = 7(s1k) " | Im 2| - 4ylog |2[+O(1)
when d(z, Z(¢))>e. We finally put y=(g1+¢2)/4 and define

2) = f1(2) f2(2)¢4(2)

We claim that this function is of the desired type.
In order to prove the claim, two things must be checked. Firstly, we may have
double zeros. However, since the zeros of fi, say {{, ;}, satisfy

¢njl =s1(n=2)+0(n71),

and the zeros of fa, say {wy ;}, satisfy
|wn,j| :slkn-l-O(n_l),

these can occur either in some finite disk or along the real axis. Double zeros along
the real axis can be avoided by choosing the zeros of fi to have some positive
distance to the axis (it follows from the construction that this is possible), and
double zeros in a finite disk can be removed by splitting them into two simple zeros
without changing the asymptotic behavior of the function (since only finitely many
points are involved).
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Secondly, we must check that the asymptotic behavior is of the right type also
in small disks around the zeros of ¢.,. To see that this is the case, we use Lemma 3.1
and obtain an estimate which is similar to (59).

A final remark is due: If h is known to be m-periodic, we may construct an
even function g in the same way as f> was constructed above (in other words, we
do not need f;). This construction is the original one, which is described in detail
in [15].
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