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Introduction

The Minkowski problem is to find a convex polyhedron from data consisting of normals
to the faces and their surface areas. The corresponding problem for convex bodies with
smooth boundaries is to find the convex body given the Gauss curvature of its boundary
as a function of the unit normal. There is a natural notion of variation of a convex
domain introduced by Minkowski, which is essentially variation of the boundary of the
domain in the direction normal to the domain. Under this definition, the first variation
of the volume of a convex body is the surface area measure on its boundary. The purpose
of this paper is to develop a theory analogous to the one for the Minkowski problem in
which volume is replaced by electrostatic capacity and surface area is replaced by the
first variation of capacity. This theory was proposed in the paper [J].

Let N>3 and let Q be a bounded, convex, open subset of RY. Let £ be the
complement of the closure of Q2. The equilibrium potential of  is the continuous function
U defined in Q' satisfying

AU=0 inQ and U=1 on o

and such that U tends to zero at infinity. Let n=N—1 and define the dimensional

constant )

N = TN =2) vol(S™)’

where vol(S™) is the volume of the unit sphere S” in R¥. Then an|z{>~" is the fun-
damental solution to Laplace’s equation, i.e., Aay|z|>~N=—6. It is well known that U
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has the asymptotic expansion
U(z) =van|z> N +0(jz|'"N) asz—o0 (0.1)
for some positive constant «v. The constant « is known as the electrostatic capacity of €2,
y=cap .

Let P be a support plane of 2, that is, a hyperplane tangent to 9Q. We will always
use the convention that the unit normal ¢ to P points away from Q and into ©'. The
Minkowski support function of Q is the function u(£) given by

u(e)=z-¢

for any point z€ PNOQ. In other words, u(€) is the (signed) distance from P to the origin.
Let g: 90— S™ be the Gauss map, that is, the mapping from €90 to the outer unit
normal. The mapping g is defined almost everywhere with respect to surface measure
do on 0Q). We will frequently identify the boundary of ( with the unit sphere by the
Gauss map. In particular, we will abuse notation by considering the support function as
a function on 0Q: u(z)=wu(g(z)) is defined almost everywhere on 0€Q.

The starting point for this article is a formula due to Poincaré [P],

1 2
= —— . .2
cap Q2 N—Q/aQUIVUI do (0.2)

In the case of a smooth domain, the formula can be proved by integration by parts. We
will show in the first section that it is valid for arbitrary convex domains. This formula
bears a strong resemblance to the formula for volume of €,

1
volQ=— [ wudo. (0.3)
N Jan

The analogy extends to the first variation. Let ; be another bounded, convex domain
with Minkowski support function u;. The algebraic sum

Q+tQ ={z+ty:z€Nand ye M}

gives a region whose boundary is the variation of Q by the distance tu;(g(z)) in the
outer normal direction g(z) at z. We then have [BF]

d
7 vol(Q+th)L=0 = /aQUI do (0.4)
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and Hadamard’s variational formula [GS]

d 2
& cap(@+1)| _ = /a VU de, 05)

Consider the measure du=g.(do) defined on the unit sphere by
u(E) :/ do  for any Borel set E C S™. (0.6)
g~ (E)

This is well-defined because g is defined almost everywhere with respect to do. Note,
however, that the measure u need not be continuous with respect to the uniform measure
on S™. For example, when 2 is a polyhedron the measure is a sum of point masses at
the normals to each of the faces and the coeflicient at a normal is the surface area of
that face. Minkowski posed the problem of discovering which measures arise in this
way. Comprehensive existence, uniqueness and regularity results for this problem can be
stated as follows.

THEOREM 0.7. Let N>2. Let i be a positive measure on the sphere S™. There
exists a bounded, convex domain  such that g.(do)=du if and only if p satisfies

/S Eedu(€)=0, k=1,.,N,

and p is not supported on any equator (the intersection of the sphere with any hyperplane
through the origin). Moreover, the domain  is unique up to translation. Suppose that
k is a nonnegative integer and 0<a<1. If, in addition, du=(1/K)d§ for some strictly
positive function K €C*<(S™), then Q is C*+2,

The case of polyhedra was solved by Minkowski and existence was proved, in general,
by Alexandrov. C'™ regularity was proved by Pogorelov, Nirenberg, Cheng and Yau [CY].
The precise gain of two derivatives and the treatment of small values of k is due to
Caffarelli [C1], [C2], [C3], [C4]. The function K is the Gauss curvature of the boundary
09, which explains why, in the smooth case, the Minkowski problem can also be phrased
in terms of Gauss curvature.

The main result of this paper is the analogous theorem to Theorem 0.7 with the
density |VU|?do in place of do. The theorem of Dahlberg [D] implies that |[VU|? do is
mutually absolutely continuous with do. It follows that g.(|VU|?do) is a well-defined
measure on the unit sphere. The main result is stated as follows.

THEOREM 0.8. Let N>4. Let u be a positive measure on the sphere S™. There
ezists a bounded convez body Q such that g.(|VU|? do)=du if and only if p satisfies

§kdﬂ(§)=0, kzl?"'vN?
sn
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and u is not supported on any equator (the intersection of the sphere with any hyperplane
through the origin). Moreover, the body Q is unique up to translation. Suppose that k is
a nonnegative integer and 0<a<1. If, in addition, du=Rd& for some strictly positive
density REC**(S™), then Q is Ck+2e,

If N=3, then the theorem has a slightly different statement because the problem
is not only translation invariant, but also dilation invariant. For each p satisfying the
necessary conditions of Theorem 0.8, there is a unique A>0 such that g,(|VU|? do)=Au
for some convex body 2. The body 1 is unique up to translation and dilation. We have
not treated the case of logarithmic capacity (N=2).

The theorems described here fall into three parts: existence, uniqueness and regular-
ity. The basic outline of the proof is closely linked to Minkowski’s original ideas, the work
of Cheng and Yau [CY], Pogorelov, and the direct approach of Caffarelli. However, most
of the details are different. We will describe the main steps in the proof of Theorem 0.8
and this description will serve as an outline of the contents of the paper.

In §1 we review the properties of the equilibrium potential U, including its boundary
behavior in the nonsmooth case. We deduce formula (0.2} in the nonsmooth case. In §2,
we prove formulas for the first and second variation of capacity in the smooth case. In
§3, we prove a delicate continuity property for the first variation that is used later in the
existence part of Theorem 0.8 and also to extend the validity of the first variation formula
to nonsmooth convex domains. In §4 we prove a priori estimates on the inradius and
diameter of Q needed for the proof of existence. In §5, we prove existence for polyhedra by
formulating a variational problem. Existence for general convex bodies is then deduced
from the polyhedral case by a weak limiting procedure. We emphasize that on the one
hand, the a priori estimates of §4 depend on the fact that the power of |VU]| is at least 2,
and on the other hand the limiting procedure does not work and the definition of the
density does not even make sense for a power of |VU| greater than 2.

In §6 we begin the proof of regularity by proving new estimates for the density |VU|?
on the boundary of a convex domain. As in the treatment of the interior problem in [J] it
is necessary to estimate this density on “slices” of the region by any hyperplane. However,
in contrast to the case of interior estimates, the doubling condition fails. Instead there is
a weaker estimate (Theorem 6.5). We then develop a stronger version of the regularity
theory of the Monge-Ampére equation (Lemma 7.3) that can make use of this weaker
estimate on the right-hand side. The conclusion of Theorem 6.5 and the hypothesis of
Lemma 7.3 are in the nature of best possible, and it is lucky that they are the same.
§8 illustrates this lucky coincidence by giving examples to show that the estimates of
the paper are sharp and several reasons why the exponent 2 of |VU|? is the only one
possible.
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The a priori inequalities used in the proof of existence depend on an isoperimetric
inequality due to Christer Borell. (Note, however, that we do not need the exact constant
in the isoperimetric inequality.) This isoperimetric inequality is a consequence of Borell’s
Brunn-Minkowski inequality for capacity:

THEOREM 0.9. Let Q:=t+(1—t)Q be a convexr combination of two convezx re-
gions in RN. Then

(cap )/ > (1-1) cap Q(I)/(N_z) +tcap Q}/(N—2)

for 0<t<1.

(Theorem 0.9 was conjectured in the paper [J, p. 398]. It was pointed out to us
by G. Philippin and L. E. Payne that the theorem had been proved long before in [B].)
We will also use the Borell inequality to assist in the calculation of the first variation of
capacity in §3. This is more a matter of convenience than essence. However, the Borell
inequality is essential for uniqueness.

As we will show in [CJL]:

THEOREM 0.10. There is equality in the inequality of Theorem 0.9 if and only if
15 a translate and dilate of Qq.

Theorems 0.9 and 0.10 imply the uniqueness part of Theorem 0.8 in essentially the
same way that the case of equality in the ordinary Brunn—Minkowski inequality implies
uniqueness in the classical Minkowski problem. The details will not be carried out here:
we refer the reader to [CJL].

1. Capacity and the equilibrium distribution

In this section we review properties of surface measure, harmonic measure and the equi-
librium potential U. Our main goal is to confirm formula (0.2) for capacity. We will first
prove it for smooth domains. We will deduce it for general convex domains by taking a
limit. We will use the abbreviation

|VU(z)|=h on 8.

PROPOSITION 1.1. Let Q be a smooth, bounded convex domain in RN. Let V be a
harmonic function in ' =RN\Q that is continuous in Q' and tends to zero at infinity.
Then there is a number Vo, such that

V(z)=Vwan|z|> YN +0(|z]* V) asz—00
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and

Voo = / Vhdo.
o

Proof. A standard removable singularities theorem implies that the Kelvin transform
of V, |z|*" MV (z/|z|?), is infinitely differentiable at the origin. It follows that

V(z) = Vosanle* N +O(lz'™") as z— oo,
z-VV(z) = Vooan(2—N)[z|> Y +0(|z]'~V) as z— co.

In particular, these asymptotics are valid for U. Let Bg be the ball around th«_e origin of
radius R. Choose R sufficiently large that QC Bgr. Green’s formula implies

02/ (V(@)AQ-U(2))-AV (2)(1-U(2))) da
Br\Q
z z
- /aBR(V(x) ZV(1-U(2)) - £ VV(2)(1-U () do(z)

—/BQV(z)g(:I:)-V(l—U(z)) do(z).
Taking the limit as R tends to infinity, we find the formula in Proposition 1.1.

The value V. is the value at the origin of the Kelvin transform of the harmonic
function V. In that sense, h do can be viewed as harmonic measure at infinity. However,
as the special case V=U shows,

capQ= | hdo. (1.2)
o2
In other words, the total mass of the measure hdo is normalized to be cap{) rather

than 1.

The second important special case of Proposition 1.1 is the case V=z-VU. In that
case, Voo=—(N—-2) capQ and V(z)=—u({)h(z) for 1€, where E=—VU(z)/h=g(z).
Thus we have

1 2
cap (2 N3 /anuh do (1.3)

Capacity is translation invariant, but the function u is not. Note that translation Q—
Q+xY changes u to u(¢)+x°-¢. It follows that

/ 2% g(x)h(z)? do(z) =0
o0
Since the equation holds for all z°, we have the vector equation
/ g(z)h(z)? do(z) =0. (1.4)
a0

This gives N linear constraints on the measure du=g. (h?do)

/ £ dpu(£) =0. (1.4)
-
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PROPOSITION 1.5. Proposition 1.1 and (1.2), (1.3) and (1.4) are valid for arbitrary
open, bounded convexr domains.

Proof. The natural distance between convex domains is the Minkowski metric
dist(Q0, (1) = Toax |uo (§) —u1 ()|

where up and u; are the support functions for Q0 and €21, respectively. Thus, the distance
we have defined is invariant if both domains are translated simultaneously. It is easy to
see that this metric is the same as the Hausdorff metric, which is defined on any pair of
compact sets of RY by
dist 7 (9o, ©1) = max{max min |z—y|, max min |z—y|}.
z€Qo yey z€; yef

Let Q be a convex domain that is not necessarily smooth. Suppose that the origin
is contained in Q. Then z-g(x)>c¢>0, with a constant depending only on the diameter
of  and the distance from the origin to . The surface area can be written in polar

coordinates 8=z/|z| as
TR

29@

where df is the uniform measure on the sphere.

do(z)=

Remark 1.6. Define g: S™—01Q as the radial projection mapping o(6)=r(6)8, where
r(6) is the unique positive number such that r(#)d€09Q. If we identify the surface measure
do with the measure on S™ induced from 9} by p, then

rN

~ u(g(e0))) (0)))

Moreover, suppose that ©; converges to  in the Minkowski metric, then with the anal-
ogous notations g;, r;, and do; and u; associated to {;, we have
i&(e) - T (O)Nu(g(g(e)))
do r(0)u;(g;(e;(6)))
This density is bounded above and below by positive constants and tends to 1 almost

everywhere with respect to df as j tends to infinity.

The remark is proved by noting that almost every point g(o(6)) of OS2 has a unique
tangent plane. At those points, g;(0;(#))) tends to g(g(8)) as j tends to infinity.

Green’s function for the domain ', with pole at infinity, is G(z)=1-U(z). A con-
vex domain is a Lipschitz domain and the Lipschitz constant depends only on the ratio
of the diameter to the inradius of the domain. Because a convex domain is a Lipschitz
domain, VU=—-V( has nontangential boundary values and maximal function estimates.
Indeed, for €, let I'(x) denote the nontangential cone

[(z)={ye®:|z—y| < Cdist(y,oQ)}.
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THEOREM 1.7 ([D], [JK1]). Let Q be a convex domain and let U be the equilibrium
potential defined in ¥ as above. Then the nontangential limit

Lim VU (v), yeT(z),

exists for almost every €0 with respect to surface measure do. (This limit is denoted
VU(x).) Furthermore, the nontangential mazimal function |VU|* belongs to L?(89,do):

[VU[*(y)= sup |VU(z)| € L*(09,do).
zel(y)

Let © be a convex domain that is not necessarily smooth. Let

At)={ze:U(x)<t},
Qt)={z:z€Qor z€Q and U(z)>t}.

The theorem of Gabriel [Ga], [CS] says that the regions Q(t) are convex. Without loss of
generality we may assume that the origin belongs to 2. (This assumption is for notational
convenience only, as in Remark 1.6.) It follows from the maximum principle that z-VU
is strictly negative in €'. Thus, by the implicit function theorem, the domains Q(t) are
C™ for all t<1. Proposition 1.1 implies that for t<1,

Voo = V(z)|VU (z)] dos(z).
aq(t)
Since the left- and right-hand sides are translation invariant, we can choose the origin
in 2. Continuity of U at 9 implies that Q(t) tends to Q in the Minkowski metric as
t tends to 1. Therefore, it follows from Remark 1.6, Theorem 1.7 and the dominated
convergence theorem that

lim / V(@)|VU ()| dov(z) = / V(@)|VU(2)| do(z).
=1 Jaq(t) a0
Thus we have proved Proposition 1.1 without the smoothness hypothesis and (1.2) fol-
lows. However, the extension of (1.3) to the nonsmooth case requires an extra argument
because the function V=2x-VU is not, in general, continuous up to the boundary.

The function U(x)/t is the equilibrium potential for £2(¢) and its asymptotics show
that cap Q(t)=(1/t) cap Q. Thus, (1.3) implies that for t<1,

capQl
=

cap () = /a Q(t)(z-VU(:c))WU(x)I dos(z).
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The desired formula follows from the dominated convergence theorem. (Note that in this
case we need the full strength of Theorem 1.7, namely, that the square of the gradient
|VU|? has an integrable nontangential maximal function, rather than just the first power.)
Now we have confirmed (1.3) in general, and (1.4) and (1.4’) are immediate consequences.

The physical interpretation of the equilibrium potential is that it is the potential
energy (voltage) of the electrical field induced when the body Q is a conductor, normal-
ized so that the voltage difference between () and infinity is 1 (see Kellogg [K]). The
equilibrium distribution is the distribution of charge on Q in equilibrium.

The mathematical formulation of this physical model is as follows. (None of the facts
from this discussion are needed later in the paper, so they are stated only.) Consider
a positive measure v supported on Q interpreted physically as a distribution of charge.
The induced electrical potential is

V() = / anlo—y?~" du(y).

It is well known that among all positive measures v with V,,<1, there is a unique v
of largest total mass. Moreover, for this measure v, V, is continuous in all of RV
and V,(z)=1 for all z€Q (see [C]). The extremal measure v is called the equilibrium
distribution. Since V, is harmonic in ', we see that V,,=U in €. From this it is not
hard to prove that

dv=nhdo

and that the total mass of v is the capacity of Q2. Thus the capacity can also be defined
as the largest charge that can be carried by a body Q if the voltage drops by at most 1.

2. The first and second variation of capacity

In this section we calculate the first and second variation of capacity for smooth do-
mains. Following [J], [CY], let ey, ..., e, be an orthonormal frame for $”, and let covariant
derivatives with respect to this frame be denoted V; and V;;. Denote U={ucC>®(S"):
V,ju+ub;;>3>0}. For each u€ U, define the domain Q={zeRN:z-£<u(f) for all {5},
Then u is the support function of Q. This correspondence gives a one-to-one correspon-
dence between C*° convex domains with strictly positive Gauss curvature and functions
of U. Let beRN. Translation of the domain € to 2+b corresponds to the change in u to
u+b-£. Denote the N-dimensional space P;=span{{,...,éx}. The Gauss mapping g is
a diffeomorphism and we denote the inverse mapping by F: S®"— 0. It is given by the
formula F'=V, where @ is the extension of u from S™ to R" as homogeneous function
of degree 1: u(ré)=ru(§) for all £€S™. The Gauss curvature K can be defined as a
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function of the unit normal by g.(do)=(1/K(£)) d£, where d£ is the uniform measure on
the Gauss sphere. The density 1/K can be computed in terms of « and written

1
—— =det(V;;u(€)+u(€)é;;). 2.1
R = et Vi€ +u(©)s) (21)
K is unchanged by translation of Q. In fact, each individual entry of the matrix whose
determinant is 1/K is unchanged by translation: if v€Py, then

(V“v(§)+v(§)6u) =0 for all 4,7. (2.2)

Define the coefficients c;; of the cofactor matrix of V;ju+ud;; by

it

Cij (leu+u6ﬂ) =b; det(quu+u6pq) = f (2.3)

Here and in subsequent formulas we follow the convention that repeated indices are
summed. Define the density S€EC™®(S™) by g.(|[VU|?do)=5d¢, define the mapping
F:U—C*(S™) by F(u)=S. We have the formula

h(F(£))*

5(¢)= K@) (2.4)

where h(z)=|VU(z)| for z€Q. The Hessian of U is given by

LEMMA 2.5. (a) VZU(F(€))(es,ej)=—Khcij,

(b) V2U(F()(6,€)=KhTr(ci;),

(c) VEU(F(€))(ei, €)=—Kci; Vjh.
(V2U(z) is the Hessian in RY as a bilinear form on RN and the vectors e; are vectors
in RN orthogonal to &, i.e., tangent vectors to O at =F(£).)

Proof. Let G=1-U. Then G is a harmonic function that vanishes on 9 and
§€-VG=h. Thus the formulas of Lemma A of [J] for the Hessian of G are valid. The
formulas given here have the opposite sign because V2U =-V2G.

Let feC>(S™) and let w be the harmonic function in €’ that vanishes at infinity
and has boundary values f(£) at z=F(£) on 99'. Define the operator A acting on
C>®(S™) by A(f)=¢& Vw(F(£)), the normal derivative of the harmonic extension. Let
veC*(8™). For t sufficiently small, u+tvelf. Furthermore, if v is the support function
of a domain Q, then u+tv is the support function of Q+tQ;.

PROPOSITION 2.6. The directional derivative of F is given by

d
E:}'(u-l-tv) o Lo,
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where L=L,, is defined as

Lv=V;(h%c;;Vv)~ %hA(hv) —h? Tr(cij)v.

Proof. We follow the proof of Proposition 2 of [J]. There are a few sign changes and
h? replaces h. For each ¢ sufficiently small, we define the functions U, and F correspond
to the support function u+tv. Let “dot”, as in U, F, etc., denote the derivative with
respect to t at t=0. Then formulas (3.10) of [J] becomes

h=-¢£-VU, (2.7)
and (3.11) and (3.12) become
U+VU-F=0, F=(V;)e;+vE.
We deduce the variants of (3.13) and (3.14)
U=hv and ¢&-VU=A(hv).
Next, taking the t derivative of (2.7) as in (3.15) of [J], we obtain
h=—£-VU-V2U(E, F) = ~A(hv)+Kcij (Vih)(Vv)— KB Tr(ci;)v.
Recall also that
(1/K) = ¢;;(Vijo+vdi;) = Vi Vv) +Tr(cij)v.

The latter equation follows from the fact that V;(c;;)=0 for all j; see [CY], [J, p. 386].
Combining the last two formulas we have

d _2hh ae o 9 -
dtf(u-i—tv) o™ ?+h Vi(cij Vjv)+h® Tr(cij)v

h
= ~——2—’—l%§—1)—)' +2hcij (Vlh)(V]v) —h? ”Ik(c,-j)v—khzvi (cijVjv) = L.

Green’s formula implies that A is selfadjoint on L2(8%2,do). It follows that:
Remark 2.8. L is selfadjoint on L2(S™, df).
Dilation gives F((1+t)u)=(1+t)N~3F(u), so that

Lu=(N-3)F(u). (2.9)

We can now deduce
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PROPOSITION 2.10. Let Q and Q; be C* strictly conver domains with support
functions u and v, respectively. Then at t=0,

@ Fop@+t)= [ o(e@)VU@)P o),
2

d
(b) Eﬁcap(Q—Fth): vLvdf.
sn

Proof. Let f(t)=cap(Q2+t£;). Proposition 1.9 says

ft)= 7\71——2 [Sn(u+tv).7-'(u+tv) dé.

Hence, by Remark 2.8 and (2.9),

f’(O):—ﬁ1_—2 / W) d§+N—1_5 /S ulvdg= /S o (u)de.

The same calculation gives
7 :/ vF (u+tv)dE.
Sn

Consequently, Proposition 2.6 implies

f(0)= /nva dg.

3. Continuity of the first variation

In this section we will prove the continuity of the first variation A% do in the Minkowski
metric. We will then deduce the first variation formula (0.4) for nonsmooth domains and
some further consequences. We have already proved (0.4) in the smooth case in part (a)
of Proposition 2.10. Surface measure varies continuously even when the domain collapses
to a closed (N —1)-dimensional set, provided both flat “sides” of the limiting domain are
counted. However, as we shall see in §4, the total mass of h? do tends to infinity when
the domain collapses. Thus we will assume here that the limiting domain is bounded and
has nonempty interior. Then there are uniform upper and lower bounds on the Lipschitz
constant of the approximating domains.

THEOREM 3.1. Let Q; be convex domains tending to an open, bounded convex do-
main Q in the Minkowski metric. Let g; denote the Gauss map on 08;. Let U; be the
equilibrium potential on Q. Let do; denote surface measure on 89, and let hj=|VUj]
be the density of harmonic measure on 0Q;. Let g, U, do and h be the corresponding
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objects associated with Q. Then (g;).(hZ do;) tends weakly to g«(h® do) as measures on
the sphere S™.

Proof. This continuity would be relatively easy if it concerned the first power hdo
rather than h?do. (See [J, §6] for a such a case.) The extra difficulty of the second
power requires a convergence theorem due to Jerison and Kenig [JK2]. The theorem
says that log h is continuous in the BMO norm under C! perturbations of the domain.
We will show first that convergence of convex domains in the Minkowski metric implies
C! convergence except on a set of small measure. We will then use Dahlberg’s reverse
Holder inequality to complete the proof.

Dahlberg’s theorem says:

PROPOSITION 3.2 [D]. There exist constants po>2 and C depending only on the
Lipschitz constant of Q such that for any r>0 and any €9Q

1/po
(r—"/ hPo da) < C'r‘"/ hdo.
B(z,r)NoN B(z,r)nosk

In particular, there is a constant C' depending only on the diameter and inradius of )

such that
/ hP°do <C.
Fle)

LEMMA 3.3. For any >0, there exists 6>0 and a finite disjoint collection of balls
B(z;, 0;) such that z,€9% and for every convez Q for which dist(Q,Q)<é:

(a) o(0Q\U; B(zi, &) <¢;

(b) After a suitable translation and rotation, depending on i, we have that 9 and
O are given in B(z;, a;/€) by the graphs of functions ¢ and ¢y, respectively.

IVé(@)|+|Ver(z)| <e
for all zeR™ such that |z|<a;/e.

This lemma says that on a set of large measure, 9Q and 8% are flat. To prove it,
we need several observations. It suffices to consider a portion of 9 represented by the
graph of a single convex function. Let BCR™ be ball and suppose that

BnoN={(z,¢(z)): € B}

where ¢ is a convex function and Bis an appropriate cylinder in RY whose projection
is B. It is well known that convex functions (and even Lipschitz functions) are differen-
tiable almost everywhere [S]. Thus, for almost every z€B and every ;>0 there exists
61>0 such that

6(y)—d(z) - Vé(z)-(y—z)| <erly—z|



14 D. JERISON

whenever |y—z|<4§; and we can assume that V¢é(z) is uniformly bounded on B. By
Vitali’s covering theorem, there exists a finite collection of disjoint balls B(z;, ;) such
that

|B\U B{z;, )| <€
and
|¢(z)—o(z:) — V(i) (x—i)| <€
for all z€B(z;, a;/¢).

Remark 3.4. Suppose that v is convex and 0¥ <7 in |z|<r. Then

2
[Vy(z)| < Z7 for almost all |lz| < 37.
T

Proof. Let x be a point where 9 is differentiable and |z|<1r. We may assume that
V() #0, so that the unit vector v=V1(z)/|V1)(z)| can be defined. Since |z+3rv|<r,

n2$(z+3rv) 29(2)+ V() (3r0) 2 37IV(2)),
which proves the remark.
Remark 3.4 applied to the convex function ¥(x)=¢(x)—¢(z;)Vé(z:)-(z—x;) gives
IVé(z) - Vp(zi)| < 26
for all z€ B(x;, @;/2¢). The fundamental theorem of calculus implies
|6(2) — p(2:) — V() (¢ — )| < 2|z —2ile® < 260 (3:5)
for all z€ B(x;, /). Now choose §=min; ea;. It follows that for every z€ B(z;, a; /2¢),
|p1(z) —(z:) ~ Vo(z:) - (z—2:)] < Ceay

for some constant C' depending only on the Lipschitz constant of . An application
of Remark 3.4 to the function ¢(z)=¢1(z)—¢(z:)Vé(z;)-(x—=;) shows that for all z€
B(z;, a; /4€),

[Vé1(x) - Ve(z:)| < Ce?.
Finally, rotate the coordinate system so that V¢(z;)=0. In the new coordinate system
we need to take the graph over a ball B(z;,Cq;) to be sure to cover the same set as
before the rotation. On the other hand, in the new coordinate system,

[Vé1(2)|+|Vé(z)| < Ce?
for all z€ B(x;, o;/4¢). After a suitable renaming of £ and «;, we have proved Lemma 3.3.

Next, we recall (see [JK2, Theorem 2.1]):
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LEMMA 3.6. For any e2>0 there exists e>0, such that for any r<ro, if O is given
locally in a neighborhood of the origin by

0 ={(z, () : |z| <r}

and ¢ satisfies $(0)=0, and
IVe(z)|<e

for all |x|<r, then for every s<er and every |x|<er, there is a constant a(x, s) such that
s Jloghly, ) —olz, )l dy <z
ly—z|<s

Assume that the origin is contained in Q. Recall the radial projection g;: S™—0%;
was defined in Remark 1.4. Define k; on S™ by

()=o) () O

Then (gj)*(ﬁg df)=h2 do;. Similarly, define & so that o.(h? d6)=h?do.

LemMA 3.7. For any £>0 and any p<oo, there exist numbers so>0 and §>0 and
family of balls B on S™ such that:

(a) Every ball of family B has radius sg.

(b) There is a constant C depending only on the eccentricity of Q such that every
point of S™ belongs to at most C balls of B.

(c) fSn\F df<e where F=|Jg gz B.

(d) If dist(Q;,Q) <6, then for any BeB,

p
35"/ d0+s§"/
B B

Proof. Note that the mappings ¢ and g; preserve distance up to a factor. Choose
s0<(min a;), and sufficiently small that the Jacobians do;/df and do/df of the change of
variables g; and g vary by at most &€ when 6 varies by the distance s and o(6) is contained
in one of the balls B(z;,a;/¢) of Lemma 3.3. Then we can choose B satisfying properties
(a), (b) and (c), and it follows from Lemma 3.6 that for every s<sg and every ball B of
radius s in the concentric 1/¢ multiple of any ball of B, there exists a constant ag such
that

P

5(0) df<e.

g
h;(6)

hy(6) _
h(6)

1

s / |log 7(8) —as| df <. (3.8)
B
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In other words, logh has small BMO norm in a (1/¢)-neighborhood of every ball of B.
Moreover, as Lemma. 3.3 shows, we can choose § sufficiently small that the same estimate
holds for log izj.
Next, (3.8) and the John—Nirenberg inequality [JN] imply that for any p<oo and
any £3>0 one can choose § >0 and sg sufficiently small that for every B€B, there exists
Ag=--1

35”/3 7(6)

Because of Remark 1.4, we can choose é sufficiently small and s sufficiently small that

a constant Ag such that
p

hy(6) df < es. (3.9)

do;j/df and do/d@ are arbitrarily close to the same constant on every ball B€B. In other
words, for every BeB,

J5hy(6) d
[z h(6)d0

fgj(B) hj(z) doj(x)
fg(B) h(z) do(z) .

In order to get rid of the factor Ap in (3.9), we must now fix sg and permit 6 to depend

=(14+0(es))

(3.10)

on sp. The ratio on the right-hand side of (3.10) is the ratio of the harmonic measures of
the sets p(B) and p;(B). Using the maximum principle to compare harmonic functions
in the complement of Q; to harmonic functions in the complement of dilations of €2, or
using [JK2, Lemma 2.6, we can choose § smaller still, depending on so so that

h;(6) d6
f”;f(—)——q' =0(e3) (3.11)
f g h(0)do
for every B€B. Recall, that since pg>2 in Proposition 3.2, we have the “reverse Schwarz”
inequality
G 100) < C (312)
—_— h da) € —= hdo, 3.12
o(e(B) JoB) o(e(B)) Jom)

valid for all balls B centered on 8. There is a similar inequality for 9§2;. It follows that

for every BeB,
NV _
(33“ / h? d0> <Csy™ / hde (3.13)
B B

and similarly for ﬁj. We can now show that Ag—1<e for all BeB. Using the Schwarz
inequality, the “reverse Schwarz” inequality (3.13), and (3.9) we obtain

[pAshsds_ [ ehfitiar (Jp(Anhs/h—1)? d8)'"* ([ F* do)"”
[y hdo B [ghdd [z hdf

o 1/2
QC(SS"'/ (Ath/h—1)2d0> < Ces.
B
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Similarly, if we use the analogous statements to (3.9) with iL/ABiLj in place of A Bizj / h
we obtain

Finally, using (3.11) we see that |[Ag—1|<Ces. It follows that we can replace Ag by 1
in the inequality (3.9). This bounds the first term in part (d) of Lemma 3.7, and the
second term is similar.

PROPOSITION 3.14. Let Q; tend to Q in the Minkowski metric. Suppose (for con-
venience) that @ contains a ball around the origin. With the notations above,

|h2—h?|df —0 as j— oo.
Sn

Proof. Since py>2, we can choose ¢, 1<g<oo, so that 2¢'=py, where 1/g+1/¢'=1.
Let €>0 and p=2q, and choose § according to Lemma 3.7. Then using Schwarz’s in-
equality, Proposition 3.2 and Holder’s inequality, we find

- N B ~ 1/2 5 ~ 1/2 - B 1/2
h2—h?|df < h;—h|?do hj+h2do) <c( [ |h;—h|*db
7 7 7 7
F F F F
B 29 \1/2¢ LN/
) ()™
F

=-1
The first factor is bounded by Lemma 3.7 and the second by Proposition 3.2, so

([

/ |h3~h?|df < Ce.
F

On the other hand,

/ {ﬁg—ﬁ2|d9</ (R2+52) do.
sm\F Sm\F

Holder’s inequality, Proposition 3.2 and Lemma 3.7 give

. B 1/¢’ 1/q
/ R2do < ( / hPo dé)) ( / d9> < Cel/e,
ST\F S™\F S*\F

and there is a similar estimate with ﬁj in place of A. This proves Proposition 3.14.

We are now ready to prove Theorem 3.1. We follow the procedure of [CY], {J,
p. 392]. Let E be a closed subset of S®. We redefine the Gauss map as a set-valued
function:
g(z)={€e€S™: (' —z)-£ <0 for every '€ Q}.
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In other words, g(x), is the set of all outer normals £ of the support planes of ( at x. The
mapping g is single-valued except on a set of surface measure zero. Define the inverse
image

g HE)={zc8Q: g(z)NE #2}.

Then

w(E)= / h?do
9~ (E)

and similarly for p;. Our goal is to prove that y; tends weakly to u. Note that the
densities 7% and ﬁ? are the densities of these same measures but with respect to the
polar coordinate § and the radial projections g; and g, not the Gauss maps. We will try
to avoid confusion by using the variable £ to denote the variable on the Gauss sphere.
Proposition 3.14 implies, in particular, that

145 (8™) = p(S™) = /5 R2(0) do- /S R6)dI—0 as oo (3.15)

Recall from [CY], [J] that g~!(E) is a closed subset of 8Q. Moreover, if £;€g;(z;), &
tends to &, and z; tends to x, then £€9Q and £ €g(z). Let U be an open neighborhood in
09 of the closed set g~1(E). It follows that gj‘l(gj_ Y(E))c o™X (U) for sufficiently large j.
Therefore,

limsup p;(E) < lim / h;(6)% d6 < / h(6)? d.
e~ 1(U)

j—oo j—oo o—1(U)

Taking the infimum over all U>g~!(E) we find that

limsup p;(E) < p(E).

j—ooo
It then follows from (3.15) that for every open set V.C S™,

liminf p; (V) 2 u(V).
j—oo

Let i be any weak limit of a subsequence (or subnet) of p;. Then i(E)<u(E) for every
closed set E and ji(V)>u(V) for every open set V', and since

wE)= inf u(V)

and similarly for f, we have i=p.
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COROLLARY 3.16. Let Qg and Q4 be open, bounded convexr domains. Let go be the
Gauss mapping for Qp, ho=|VUy| where Uy is the equilibrium potential for g and let
dog be surface measure on 0SY. Finally let vy be the support function of 0y. Then

. cap(Qo+t)—cap Qg
im =
t—0t+ t

/ u1(go(x))ho(z)? doy.
Qo

Proof. For any v€C(S™) and any bounded open convex domain {2, define

M(v, Q)= /a g(X)IVUCOP do(X)

where U is the equilibrium potential for €, ¢ is the Gauss map and do is surface measure.
As a consequence of Theorem 3.1, M is jointly continuous when v varies in C(S™) and Q
varies in the Minkowski metric, provided the diameter and inradius of the convex bodies
are uniformly bounded above and below. Consider a sequence of smooth strongly convex
domains Qp(k) and Q; (k) tending to Qp and €24, respectively, in the Minkowski metric.
Let

Q=(1-)Q+1Q1, Q(k)=(1-)Q(k)+t2(k),
F(t) =cap(Qo+101), m(t)=cap(Q)/ V-2
Ji(t) =cap(Qo(k)+tQ (k)), mg(t)= Cap(Qt(k))l/(N"2) )
Note that
mi(t) = (1=1) fi(t/(1~8)) /2.

Let u¥ be the support function of Q;(k). Proposition 2.10 (a), the chain rule and formula
(1.3) imply

mp(t) = cap Qt(k)_Hl/(N_mM(u'f—ug,Qt(k)).

1
N-2
Because, by Theorem 0.9, my is a concave function of ¢, we have

mi (6) < OO ot )

for 0<t< 1. Take the limit as k tends to infinity with ¢ fixed. Because M is continuous
and because capacity is continuous in the Minkowski metric,

cap Qt—lJ’l/(N_Z)M(ul —ug, ) < m(t)—m(0) < oap Q(')‘Hl/(N_z)M(ul —1ug, o)
N-2 = t = N-2 '
Now take the limit as ¢ tends to zero to find

lim m(t)—m(0)

= 5 YN A 4y — g, 9 3.17
Jim : N_zc.apﬂ0 M (u; —ug, Qo). (3.17)
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This is equivalent to the assertion in Corollary 3.16.

For future reference, we write a dilated version of the first variation formula that is
equivalent to the formuia in Corollary 3.16.

Jim cap ; —cap o _
t—0+ i

/ (’U,l—’u,o)(go(X))ho(X)2 dO’o(X) (318)

900
We will now deduce an isoperimetric inequality from Borell’s theorem.
COROLLARY 3.19. There is a dimensional constant Cx such that for any convex

domain Q in RN, N>3,

(cap Q)(N_a)/(N_Z) <Cn | Rh3do
o0

and the constant Cn can be chosen so that there is equality when §2 is a ball.
Proof. Note that if ay is the constant of (0.1), and B is a ball of radius r, then
cap B=r"=2/gy. Choose r so that cap Q=cap B. Then Borell’s theorem implies

cap((1-t)Q+tB) >cap B

for 0<t<1. In particular, the derivative at t=0 is nonnegative. By (3.18) and Proposi-
tion 3.16 this can be written as

/ (r—w)h®do >0
an

with equality if Q is a ball. But this inequality can be seen to be the same as the one in
Corollary 3.19 by writing

-2 N-2
r/ h2da>/ uh?do=(N-2)capQ= N=2)r 777
an an an
and dividing by r.

Note that the analogy with perimeter is valid if one keeps in mind that the degree
of homogeneity of capacity is N —2 and the degree of homogeneity of h% do is N~3. In
particular, in the special case N=3,

h? do > 47 = vol §? (3.20)
an

for any convex domain 2 in R? with equality if Q is a ball.
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4. Estimates on eccentricity

The bounds on eccentricity of convex bodies that we are going to derive will depend on
comparisons with ellipsoids, and, in addition, on comparisons to a semi-infinite strip.

LEMMA 4.1. Let € be a bounded, open convexr domain. There is a translation and
rotation of Q and an ellipsoid

N .772
£={xeRN:Zb—;<1}
j=1 "1
such that
ECQCNE

where NE={Nz:zef}.

This lemma is due to F. John; see also the elementary proof of Cérdoba and Gallegos
[Gu, pp. 133-134]. We will always use the convention that b; <bz<...<by. Lemma 2.1
implies in particular that the diameter of {2 is comparable to by and the inradius is
comparable to b;. Thus we can define the eccentricity of  as the ratio bn/b;.

The equilibrium potential for an ellipsoid has a simple explicit form, which we now
derive using a separation of variables. (See [K] for the case N=3.) Let O'=RN\€. For
z€lY, define A(z)>0 by

Z b2+A(:v) (42)

j=13

Note that A(z)=0 for zcdE. Let

N
#(s) = [ [ 2+s5).

Jj=1

Then one can calculate that

A 140)

1
IVAZ 2 ()
It follows that AF(A(z))=0 if and only if
SVF" (N +38' (VF'(X)=0

The solution

* ds
P\ = A S (4.3)
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satisfies F'(A\)—0 as A—oo. Therefore, U(z)=F(A\(z))/F(0) is the equilibrium potential
for £. Next, observe that

lim |z} 2 F(\(z)) = 3(N-2).

—0o0

Thus there is a dimensional constant ¢y such that

cap& = F?—év—) (4.4)

It is easy to calculate that if by <C, then F(0)>clog(1/b2). In other words,

Remark 4.5. If by <b;<...<bny <C and by <1, then there is a constant C’ depending
on C for which

/4
< —.
PE < Tog(1/b)

Consider the conformal mapping

f(2) :‘/Oz(w-i-l)l/z(w—1)1/2 dw

in which the integral is defined in the upper half-plane with the branches of the square
roots specified by 0<arg(w+1)< 7 and 0<arg(w—1)<w. The upper half-plane is mapped
to the complement of a semi-infinite strip

1
S={s+it:s>0,|t| <c}, where c=—z’f(1)=/ (w+1)"2(1—w)/? dw.
0

If f(z+iy)=s+it, then we define a positive harmonic function in the region C\S that
vanishes on the boundary by F(s+it)=y. The lemma that follows gives the size of this
variant of Green’s function at a unit distance from the boundary.

LEMMA 4.6. There is an absolute constant A such that for every s>1,
A TV | F (s+ic)| < As™Y?  and A™'sV/2 < F(—s) < As'/2

Proof. Note that

lim &21/) = —l.
y—oo Y 2
Thus, by Harnack’s inequality, if s=—1y?, F(—s) is comparable to y. This proves the

second estimate. For the first estimate, let £>1 and define

s(0)= (&)= F V) = f()~ie= [ (wrD)" w12 du,

Then f(x)=s(z)+ic, and one can compute that s(z)/z2—21 as z—oo. In addition,

|F'(s(z)+ic)| = |—f’(17)| =(z4+1)"V3(z-1)"V2 =z 4o(z™!) asz— o0
This implies the first estimate.
Next, let us recall several theorems of Dahlberg, which will be used to estimate the

density % in terms of the equilibrium potential U.
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THEOREM 4.7. Let ¢: R"—R satisfy |Vé(z)|<L in |z|<2r. Let V be a positive
harmonic function in the region {(z,y):|z|<2r, ¢(z)<y<10r} satisfying u(z, p(x))=0
for |z|<2r. Let X=(0,¢(0)+7r). Then the following are comparable with constants de-
pending only on the Lipschitz constant L and on the dimension n:

ViX)

T

o [z|<T|Vu(x,¢(z))| do~ (r_" /IIKTIVV(:E,¢(x))|2dx)1/2.

Moreover, if W is a function satisfying the same hypotheses as V, then

vly) . V(X)

W)~ W(X)
for all Y =(z, ¢(z)+1) such that |z|<r and 0<t<r.

For proofs see [D], [JK1].
Denote f+(&)=max(f(£),0). Denote

A= [ dp, A= inf | (e-€),dp.
gn eeS™ fon
PROPOSITION 4.8. Let Q be a convex domain in RV such that g.(h*do)=du. As-
sume that A2>0. If N >4, then the diameter and inradius of §2 are bounded above and
below by constants depending only on A, and Ay. If N=3, then g.(h?do) is unchanged
after dilation of €, and Q@ can be replaced by a dilate for which the diameter and inradius
are bounded above and below by constants depending only on A; and A,.

Proof. Translate Q so that the origin is the midpoint of a diameter. Let e€.S™ be a
unit vector in the direction of that diameter. Then

(¢-e), diam Q< 2u(€).

Therefore
2capQ=2/ udp>diamQ | (£-e), du > Az diam €.
n Sn

This can be rewritten as
2cap 2

Ar
When N =3 dilate Q so that cap {2=1 to obtain an upper bound for the diameter. When
N >4, apply the isoperimetric inequality (Corollary 3.19),

diam Q < . (4.9)

N-2)/(N-3
AND/N-9

diam Q <2CnN 1
2

(4.10)
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Thus we have an upper bound on diameter in all dimensions.

To obtain the lower bound on the inradius, we first derive a lower bound on cap 2.
When N =3, the normalization cap =1 gives the lower bound. When N >4, note that
QCB for a ball of radius diam 2 and hence

cap Q < cap B < ey (diam Q)N 2, (4.11)
But (4.9) implies A3 diam 2<2cap (2, so
Ag < 2¢cy(diam Q)N“?’.

Since N >4, this gives a lower bound diam 2. Combining this bound with (4.9), there is
a dimensional constant ¢>0 such that

CAN-D/(N=3)  can . (4.12)

Thus in all dimensions we have a lower bound on cap 2.

Let £ denote an ellipsoid with semi-axes by <by<...<by such that ECQCNE. Since
by is comparable to diam ) the upper bound on diam Q, the lower bound on cap Q2 and
(4.11) imply that by ~1. Remark 4.5 implies that if b (and hence b, ) tends to zero and by
is bounded above, then cap N& tends to zero. But we have just shown that the capacity
of Q is bounded below, so it must be that by >c>0. Finally, if 0<C~1<by<by<C and
b; tends to zero, then we will show that A; tends to infinity.

LEMMA 4.13. Suppose that by <b><...<bn are the axes of the ellipsoid associated
to the convex body Q by John’s lemma. Let C be a constant such that C~1 <by<by<C.
There is a constant ¢c>0 depending only on C and N such that

Ax =/ h?do > clog(1/by).
80

Proof. Rotate and translate Q so that ECQCNE. Denote G(z)=1-U(x). Notice
that for points at a unit distance from 2, G(x) is comparable to 1. This follows from
Harnack’s inequality, the fact that Gne <G< G and easy, explicit estimates on the size
of the equilibrium potential for ellipsoids.

Let w={z€eR":(s,z)ef for some scR}. In other words, w is the projection of 2
in the direction perpendicular to the z,-axis. It follows that w is convex and the ellipsoid
comparable to w has semi-axes comparable to ba,bs,...,by. We assert that the “top”
and “bottom” of the domain 2 as a graph over w are given by Lipschitz functions with
a uniform Lipschitz bound away from dw. More precisely,
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Remark 4.14. Q={(s,z)eRxw: f1{z)<s< f2(z)} for a convex function f; and a
concave function f,, and for all z€w such that dist(z, Ow)>b;,

[Vfi(z)] <2N.

Proof. A tangent plane P={(f2(z)+a-(z—x),2):2€R™} to the graph of f, through
(f2(z), z) does not meet the cone of rays from (f2(z), z) through (f1(2), z) for all z such
that [z2—z|<b;. But because QCNE, |fa(x)—f1(2)|<2Nb;. It follows that the slope
with respect to the vertical axis z; of any line of P through (f2(z),z) is at most 2N.

Let 5=Nb;. Consider z as in Remark 4.14 and let z be a point of dw with r=
|z —z|=dist(z, dw)>2b. We claim that there is a constant ¢/>0 such that

G((fa(z)+by,2)) > br=1/2, (4.15)

To prove (4.15), translate and rotate w so that the projection of z onto dw is the origin
and the tangent plane to Jw at the origin is the plane zo=0. (The rotation scrambles
by, ...,byn, but we are assuming that these numbers are all comparable—the region w has
bounded eccentricity.) Let b=Nb;. Q is contained in the region

S={zecR":|z;|<b, 22> 0}.
Let F and ¢ be the function and constant of Lemma 4.6. Then
u(x) =bY2F(cxy/b+icz, /b)

is positive and harmonic in the complement of S and vanishes on 8S. The first bound
of Lemma 4.6 may be restated to say that there is an absolute constant ¢; such that for
all z€dS with z9>1,

\Vu(z)| > cyz; /2. (4.16)

The second bound implies that for any constant C there is a constant C; such that if
z€RN\S and |z]<C, then
u(z) < Ch. (4.17)

Let G=1-U, then the maximum principle implies that there is a constant Cy such that
u<CoG (4.18)
for all |z|<C in the complement of S. Let r>2b and consider points

¥ =(b,r23,...,25), z'=z"+(b,0,...,0).
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Let B={z€RN:z,=b, |z—z°|<b}, the surface ball on 8S of radius b around z°. Recall
that the surface area of B is comparable to b with n=N—1. A change of variable of
Proposition 4.7 from unit scale to scale b yields

/ V| do ~ u(zh)bm!
B
so that (4.16) implies there is a constant c, >0 such that
cabr™12 2 u(zt).
Hence, by (4.18), there is a constant c3 such that
G(z') > car™ %

which, using Harnack’s inequality, is the same as assertion (4.15). Consider the surface
ball

B(X)={Z€0Q:|Z-X|<bi} where X =(f2(z), ).

For z at a distance 7 from dw, r>2b, Remark 4.14 says that f5 is a Lipschitz function,
so the rescaled version of Proposition 4.7 applies to the function G and implies

/ VG| do > b"1G(X +(b,0,...,0)) > r/2p".
B(X)
It follows from Schwarz’s inequality that
/ |VG|? do > r~}a(B(X)).
B(X)

Let Ax={(f2(z), z):2%b<dist((z2, .., xn), Ow) <2516}, For 1<2¥<1/b, the regions A
have area comparable to r=2%b and

/ IVG2do >cy >0
Ay

independent of k. Summing over k¥ we find the estimate of Lemma 4.13. This also
concludes the proof of Proposition 4.8.

5. Existence of solutions
We begin with the case of polyhedra. Consider a collection {£(1), ...,&(m)} of unit vectors
in RY with the properties:

for any unit vector v, there exists j such that v-£(j) >0, (5.1)
1£(7)+€(k) > 0. (5.2)
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Consider any p€ R™ with all nonnegative entries, and define
Qp)={zeR:z-£(k) <pr, k=1,...,m}.

Then Q(p) is a closed, convex subset of RV and (5.1) implies that Q(p) is bounded.
Denote

M={peR™: p; >0 for all k, cap(Q(p)) >1}.

Let cy, ..., ¢, be a sequence of positive real numbers satisfying the compatibility condition

3 exé(k) =0, (5.3)
k=1

(This is a vector equation in R¥, so it imposes N conditions on the numbers cx.) Denote

m
2(p)= Z CkPk-
k=1

THEOREM 5.4. Let {(k) and pi, satisfy the conditions (5.1), (5.2) and (5.3). There
exists p*e M such that

n/l&tn<1>=<1>(p )>0

and the polyhedron Q(p*) has faces Fy, with outer normal & satisfying

= <I>_(p*_) |VU|? do

*TN=2 Jp,

and these are the only faces.

Before we begin the proof let us remark that while conditions (5.1) and (5.3) are
necessary, condition (5.2) is not. We have imposed it for our convenience in proving
that the minimizing convex body has nonempty interior. Even without (5.2), this can be
proved using the inradius estimate (Proposition 4.8). There is no need to carry out that
argument because we can easily approximate any sum of point masses by a sum at points
satisfying (5.2). Perhaps a more interesting remark is that if properly formulated, this
variational procedure gives the solution to the problem in the general (nonpolyhedral)
case. The proof of this relies on the uniqueness in the Borell inequality (Theorem 0.10)
and will be carried out in [CJL]. However, this technique does not give an independent
proof of existence because the proof uses the fact that the solution has been constructed
already, by the method given here.
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Proof of Theorem 5.4. It is obvious that a minimizing sequence is bounded. So one
can take a convergent subsequence. The limit will be a minimizer because capacity is
continuous in the Minkowski metric. Also, we have

capQ(p*)=1. (5.5)
Furthermore,
n}étn ®>0.
Indeed, assume that ®(p*)=0. Then p*=0 and condition (5.1) implies that Q(p*) is a
single point (the origin). This contradicts the fact that its capacity is 1. Moreover, we
claim that Q(p*) has nonempty interior. If Q(p*) had empty interior, then (5.2) would
imply that it is contained in a plane of dimension N —2. But such a set has zero capacity.

Note that the vector p* is not unique. Let z°cRN. If pe M, then the vector ¢

defined by pr=pi+2°- &, satisfies
Q(g) =Qp)+2° and ()= 2(p).
(This is where we use the assumption (5.3).) Because Q(p*) has nonempty interior, one
can translate the origin to the interior of Q(p*) so that

pp>0 forall k. (5.6)
Consider p€ P for which pi >0, then ®(tp+(1—t)p*)=A and the fact that A is the mini-
mum of ® over M implies that cap Q(¢p+(1—¢)p*)<1 for 0<¢<1. Moreover,
tQ(p)+(1-t)Q(p*) C Qtp+(1-t)p").
Since cap (p*)=1, we have
cap(tQ(p)+(1-t)(p*)) —cap (p")

lim <£0.
t—0t t
For p near p*, the support function v of Q(p) satisfies
v(§(k)) =px

for all k such that wy >0. Therefore, Proposition 3.16 and (3.17) imply
. cap(tQp)+(1-t)Q(p*)) —cap Q(p* N
i, PR +(1-0067) e Q) g~

t—0+ t

k
Therefore,

> (Pe—pi)wr <0
P

for all p€ P near p*. Property (5.6) says that the values of p for which p, >0 form a full
open neighborhood of p* in P. Therefore,
> (pr—pi)wr =0

k
for all peP. In other words, P=P' and wg=(N—-2)cg/ ).
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LEMMA 5.7. Let pu be a positive measure on the unit sphere S™ which is a finite
sum of point masses. Suppose that p satisfies

(a) p(H)>0 for every hemisphere H={¢£€S™:£-v>0},

(b) if u assigns a positive mass to a point, then it assigns no mass to the antipodal
point,

(©) Jon € bu(z)=0.

If N=n+1>4, then there exists a bounded convex polyhedron Q in RY such that
g+(h? do)=dp. If N=3, then there exists t>0 and Q such that g.(h? do)=t dp.

Proof. The measure i can be written

m
n=2_cube,
k=1

for some positive constants c,. Conditions (a), (b) and (c) are equivalent to (5.1), (5.2)
and (5.3). Therefore, by Theorem 5.4, there is a number ¢>0 and a convex body Q such
that

g«(h%do) =tdpu.

If N >4, then one can dilate € to achieve any multiple of u. (If N=3, then g.(h?do) is
dilation invariant.)

THEOREM 5.8. Let u be any positive Borel measure on the unit sphere S™, satisfying
(a) and (c) of Lemma 5.7. If N=n+13>4, then there erists a bounded conver domain
Q in RN such that g.(h?do)=du. If N=3, then there exists A\>0 and Q such that
ge(h®do)=Xdu.

Proof. Tt follows from (a) that

inf /S (e€). du(6) >0,

ecS™

Let u; be a sequence of positive measures that are finite sums of point masses such that
p; tends weakly to p, each p; satisfies Lemma 5.7 (a), (b) and (c), and

eiGI}gfn Sn(e-&)Jr du;(§)>c>0 for all j.
Let N>4. Lemma 5.7 implies that there is a convex body (2; associated to each p;
and Proposition 4.8 implies that there is a uniform lower bound on the inradius and
upper bound on the diameter of the domains §2;. Therefore, by the Blaschke selection
theorem there is a subsequence that converges in the Minkowski metric to a domain €.
Finally, Theorem 3.1 implies that the measure associated to §2 is u. The case N=3 is
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similar. Dilate all the domains £2; to have diameter 1 and replace Q; by a subsequence
that converges in the Minkowski metric. The domains 2; are associated to measures
tju;, and Theorem 3.1 implies that the measures t;u; converge weakly to a measure ty
associated to 2.

6. Estimates for harmonic measure

Consider a convex domain §2 of bounded eccentricity. After translation we may assume
that
B,,C)C Bpg,. (6.1)

The ratio Rg/7q is known as the eccentricity of . The boundary of a convex domain is
represented locally as the graph of a Lipschitz function with Lipschitz constant depending
only on the eccentricity of the convex domain.

LEMMA 6.2. Let V, X and ¢ be as in Theorem 4.7. Suppose further that the
function ¢ is concave. Then the following are comparable with a constant depending only
on dimension and the Lipschitz constant of ¢:

V(X)~min z,p(x
= min [VV (@, 6(@)].

Proof. Fix any point Z=(z, ¢(z)) with |z|<r, and choose a new coordinate system so
that Z is the origin and y; <0 for every y€Q. The half-ball B} ={yeRN:|y|<r, y1 >0} is
such that its flat boundary is tangent to the graph at Z. Let Y={y€dB; : |y|=r, y1>1r}.
By Harnack’s inequality, V(y)>cV (X) for yeY. It follows from explicit calculation of
the Poisson kernel of the half-ball that if the function v satisfies Av=0 in B}, v(y)=1 for
y€Y, and v=0 on 8B;\Y, then (8/0y:)v(0)>c/r. On the other hand, the maximum
principle implies V' (y)>cV (X)v(y). Since v(0)=0, we have (8/8y:1)V (0)>cV(X)/r, as
desired.

Note that when Lemma 6.2 and Theorem 4.7 are applied to the function V=G=1-U
defined on Q' we find the following comparability depending only on eccentricity of §2:

1 2y 1/2~L aNG((l-}—r)x)Nmin
(a(S)/sh d) Ro@ JhE T Rk (63)

where, as usual h=[VU|=|VG| and §=B(z,r)NdN for any r< 5ro and z€d.
Make a dilation so that ro=1 and Ry is the eccentricity of Q. We will retain this
normalization through much of this section. Cover Q2 by finitely many balls of radius
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comparable to ro=1. It then follows from (6.3) that there is a constant C depending
only on the eccentricity of Q such that

h?do<C and minh?>C™L. (6.4)
50 80

The main point of this section is to derive estimates like (6.3) and (6.4) for certain
“slices” or cross sections of 9Q that need not be comparable to balls. These slices are
needed for Caffarelli’s regularity theory for the Monge-Ampére equation.

Consider a bounded, open, convex subset E of R™. The John lemma can be restated
to say that there is an affine linear transformation T (namely the one that takes the
ellipsoid £ to the unit ball) for which

B,CTECB,

where B, denotes the ball of radius 7 about the origin in R*®. We will call TE the

normalization of E. Let S(z, E) denote the family of all pairs of points (z°,z') in OF

for which z is on the segment joining z° to z!. Define

: |z—2°

= min .
(20,21)eS(z,E) [z —21|

é(z, E)

It is invariant under all linear transformations (not just dilations), because z, z° and
! are collinear. On the other hand, it is easy to see that the distance §(Tz,TE) is
comparable to the distance from Tz to O(TE) and also that it is comparable to the
radial distance |Tz—cT'z| where c is chosen so that ¢cTz€&TE). Thus we refer to the
distance 6(z, E) as the normalized distance of = to E. The distance §(z, E) is defined
in exactly the same way if E is a convex subset of an n-plane in RV

Suppose that H is a half-space in RV, and HNB,,=@. Denote II=0H and F=
HNOSAY. Define P as the radial projection onto II, that is, if y€II and P(z)=y, then
there is a scalar a(z) such that z=a(z)y. Let E=P(F). Then FE is a convex subset of
(a copy of) R™. Define a normalized distance to the boundary on F by

T

6(z, F)=6(P(z), E)

with §(z, E) as above. It is easy to see that this distance is changed at most by a bounded
factor for different choices of P depending on the location of the origin, provided the
distance from the origin to 9 is bounded below by a fixed constant times the inradius.

THEOREM 6.5. Let Q be a convex domain in RN, N>3. There are constants C
and €>0, depending only on dimension and the eccentricity of Q such that

/ 8(z, F)'~¢h(z)? do(x) < Co(F) min h?
F F
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for every set F of the form F=8QNH for some half-space H. (Recall the notation
h=|VU] on 00.)

The estimate of Theorem 6.5 is dilation invariant, so without loss of generality,
we will make a dilation so that rg=1 and Ry is the eccentricity of 2. Note also that
the assumption HNB,,=HNB; =@ is not a significant one: As (6.4) shows, a better
estimate is true for slices F' of unit size. From (6.3) we see that the only difficulty in
proving Theorem 6.5 will be that the shape of the set F' can be very different from a ball.

Let 8 denote the unit normal to II pointing into H. Because HNB;=@, we have

1<z-0<Ry forallzeF. (6.6)

LEMMA 6.7. Let a denote the inradius of E. There is a constant Cy depending only
on eccentricity such that for every z&F,

|z—Pz| < Cia.

Proof. Suppose that |z—Px|>Cia. The convex hull of x with B/, is contained
in Q. The cross section at Pz in the direction perpendicular to z is an n-disk centered
at Px of radius at least Cia/Ry. It follows that E contains a ball of similar radius and
for C4 sufficiently large this contradicts the assumption that a is the inradius of E.

LEMMA 6.8. If 20 and x! belong to F, 6(z', F)~1, and a is the inradius of E as
in Lemma 6.7, then

min h<C min h.
Ba(z1)Non B, (z0)NéQ

Proof. Choose £2€dENJF such that Pz' is on the segment joining Pz° and z2.
Then since the normalized distance of Pz! to the boundary is comparable to 1,

|P:c0——P:z:1| SCzlPx1—~$2|. (6.9)
Define the dilation
®(x) = s(z—x) +22

with s chosen so that
®(Pz°) = Pz*. (6.10)

It follows from (6.9) that 1>s>1/(1+C;). The function G(®!(z)) is a positive har-
monic function in the complement of ®(€2) that vanishes on the boundary and tends to
1 at infinity. Since ®(Q)C{?, the maximum principle implies

G(z) <G(27'(x))
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for every z€)'. We will choose a number L sufficiently large depending on Ry such that
the points z=(1+La)Pz’ €Y’ and 2=3(z) eV satisfy

dist(z,00)~a and |z—z° <Ca, (6.11)
and
dist(z,0Q)~a and |z—z'|<Ca. (6.12)

The second assertion of (6.11) is obvious with C=L. Lemma 6.7 implies that the distance
to E of every point of F is less than a multiple of a. On the other hand, the distance
from z to II is §-(z—Pxz%)=Laf-Pz° and (6.6) implies §-Px">1. Hence the distance
from z to 0% is comparable to a. The proof of (6.12) is somewhat similar. First of all,

z=®(z) = Px'+sLaPx°.

Thus |z—2z!|<|Pz! —z!|+sLa|Pz°|<Cia+sLa. The distance from z to Il is sLaf- Px%>
sLa. It follows by similar reasoning to the proof of (6.11) that for L sufficiently large the
distance from x to 91 is comparable to a.

Finally, (6.11), (6.12) and Lemma 6.2 imply that G(z) is comparable to ming, (z0y h
and G(z) is comparable to ming, (;1) h. Since G(z)<G(z), Lemma 6.8 follows.

Our main lemma is

LEMMA 6.13. There are constants C and €>0 depending only on dimension and
Ry such that for every z' € F,

1
—_— hdo < Cé(z*, F)~1*¢ min h.
U(B(xl’ a)) B(zl,a) ) F

Proof. Let z° be a central point, §(z°, F)=~1. Choose z?€0FNJE such that Pz! is
on the segment with endpoint Pz® and z2. We will use the same dilation as in Lemma 6.8,
but note that this time the factor s may be arbitrarily small. It is z° that is near the
“middle” of F, not z!. Let r=|z°—2?|. Then

| Pzt —x?|

5($1,F)% —T——"—"‘

If §(z!, F)~1, then Lemma 6.8 implies

min A<C min h<Cminh,
B, (z1)nan Ba(2°)n8% F
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so we are done. Let us assume from now on that §(z!, F') is much smaller than 1. In
particular, we can suppose that |z!—z?|<&r. Let U=QNB(z% 3r). Let I' denote
the cone {z?+t(z—2?%):z€U, t>0}. Denote by Gr a positive harmonic function on the
complement of I' that vanishes on the boundary. The function Gr is unique up to a
multiple and homogeneous of the form

Gr(z) =|z—2?’ f((z~2?)/lx~2?))

with 5>0 bounded below by a constant depending only on the eccentricity of Q. Choose
a point z° at distance r from I' and at most 2r from z2. Normalize Gr so that Gr(z3)=
G(z3). We claim that there is a constant C depending only on eccentricity for which

G(z) < CGr(z) (6.14)

for all ze B(z?, 3r)\ Q. To prove this, let I'; be the convex hull of U with z? and let
G be the positive harmonic function in the complement of I'; that vanishes on 8I';
normalized by G1(z®)=G(z3). Note that I'1'NB(z?, ir)=INB(z? 3r). Because Q is
convex, it follows that B(z?, r)\T is a Lipschitz domain. It follows from Theorem 4.7
that G; and Gr are comparable at all points of B(z?, 2r)\T'. On the other hand,
Harnack’s inequality implies that G, is comparable to G(z®) on all of 8B(x?2,3r). Since
I'; €2, we see that G120 on 9. Therefore, the maximum principle applied to the region
B(z?,3r)\Q implies that G(z)<CG:(z) for all z€ B(z?,3r)\Q. This proves (6.14).
Next, the same argument as in the last line of the preceding paragraph shows that
Gr(z)<CGi(z) for all z€ B(z?,3r)\I'. On the other hand, B(z?, 1r)NQ=B(z" ir)nTy,
so an argument similar to the one above using Theorem 4.7 implies that G; and Gy are
comparable at all points of B(z?, 3r)\T. Putting these two estimates together, we have

Gr(z) <CG(z) (6.15)

for all ze B(z%, ir)\T.

For sufficiently large C depending only on eccentricity, the segment S={(1+Ca)x:
z=tPz%+(1—t)x?, 0<t<1} has the property that every point z€ S is at a distance com-
parable to a from ' and from Q. This can be seen from the construction of I' and
Lemma 6.7. It follows that (1+Ca)z' € B(z?, 1r)\Q and by (6.14),

G((1+Ca)z') < CGr((1+Ca)z).
Similarly, (6.15) implies

Gr((1+Ca)z°) < CG((1+Ca)z?).
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Let 2z be ér distance along the ray from z2 to (14+-Ca)z®. In other words, z is at a height
ba above I' and very near Pz'. Hemisphere plus Carleson lemma comparison implies

Gr(z) | Gr((1+Ca)z’)

=
da a

Y

and homogeneity of degree € implies
Gr(z)=6°Gr((14+Ca)z").
Combining these inequalities, we have
G((1+Ca)z') < C6~'*G((1+Ca)z),

which, by (6.3), is the same as the conclusion to Lemma 6.13.

Lemma 6.13 is not quite sufficient to prove Theorem 6.5 because a covering of F' by
balls of radius a can fatten F significantly. We take care of this excess with the following
geometric lemma.

If @ is a cube in R"™ of sidelength s, denote by Q* the concentric cube of side-
length by, s. (The multiple b, will be chosen later.) Let |S| denote the Lebesgue measure
of a set S.

LEMMA 6.16. Let E be a convex subset of R™ with inradius a. Choose coordinate
azes parallel to the azes of an optimal inscribed ellipsoid in E. Let Q be a tiling of E by
cubes with sides of length s parallel to the coordinate azes. Assume that s<a. For each
cube Q€ Q, denote

(@)= z&legar%Eé(a:, E).

Then,

> QIS CRilEL
{Q:6*(Q)< 6}

Proof. The proof is by induction on dimension. The case n=1 is easy. Let Px: R" —
R"~! be the orthogonal projection onto the plane perpendicular to the zx-axis, that
is, Pi(z1,22, ..., 2n)=(Z1, T2, -, Tk—1, Tkt1, ---, Tn)- L0 prove the induction step we first
prove

LEMMA 6.17. There are dimensional constants c¢,>0 and C, such that if ECR"
is a convex set and @Q is a cube satisfying

(a) QNE#D,

(b) for any zeQ*NE, §(z, E)<$,

(c) |Q"NE|<cn|Ql,
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then there exists k such that

0(z', P (E)) <Crpb for any z'€ Pi(Q)*N P (E).

Proof. The John lemma and (c¢) imply that @*NE is contained in an ellipsoid of
volume at most c,n™s™. Translate all the sets so that the ellipsoid is centered at the
origin. If ¢, is chosen sufficiently small, then at least one axis of the ellipsoid has length
less than s. In other words, there is a unit vector v such that Q*NEC{zeR":|v-z|<s}.
There is a component vy of v of length greater than 1/\/n. We will show that the
conclusion of Lemma 6.17 is valid for this index k. For notational simplicity, assume
that k=n.

Let '€ P,(Q)*N P, (E), and let I denote the set of all z€ E such that P,(z)=1z'. We
claim that z€Q*. Suppose not. We will derive a contradiction. Since P,(z)€P,(Q)*, it
must be that |z, |>b,s. Without loss of generality we suppose that z,, >b,s. Hypothesis
(a) says that there is a point y€F such that |y;|<s for all i. Let z=tz+(1—t)y with
t=bs/z,. Then |z,—bs|<s. Since P,(z)€P,(Q)*, we have |z;|<b,_; for all i<n. It

follows that ” b
23] < (1+ n_l)s< (1+ n_l)s
Tn bn,

for all i<n. If we choose b so that b+1<b, and 1+bb,_1/b,<b,, then ze@*. By
convexity, we also have z€ E. Therefore, v-z<s. But

n—1

bs bb,, -
v.zzvnzn—z v 2| 2 7_;1— ——n(1+ - 1)3.

i=1

If we choose b, =10(n!)? and b=10n2, then for n>2,

b5 (1480 2 (1408 Vess
\/ﬁ n bn S \/-ﬁ 'n2 S .

This is a contradiction. Thus we have shown that I CQ*.

Hypothesis (b) implies that §(x, E)<§é for every z€I. We will now prove that this
implies §(z’, P,(E))<Cé. Without loss of generality we can assume that F is normalized.
If INB;/2#@, then §>¢§(z, E)>1 for some z€1, so the assertion is trivial. Suppose that
INByj;=2. Then ' does not belong to P,(By/2). For each x€l, denote by ofx) the
scalar such that (1+a(z))z€8E. Since §(z, E)<6 and a(z) is comparable to the radial
distance to the boundary, we have a(z)<Cé for all z€1. Let 2° and z! be the endpoints
of I. Because the segment I is contained in E, the normal g(z°) to any support plane
at 2% must satisfy g(z°)-e,>0. Similarly, g(z')-e,<0. There is a (not necessarily
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unique) continuous choice of support plane along the curve g((1+a(z))z) as z varies
in I. Moreover, a(z%)=a(z!)=0 so the e, component is positive at one endpoint and
negative at the other. In particular, there exists z€I such that g((1+a(z))z)-e,=0. The
associated support plane projects to a support plane of P,(E), so that P,((1+a(z))z)
is a boundary point of P,(F). Since the distance P, (x) to P,((1+a(z))z) is less than
C6 we are done.

We can now prove the induction step of Lemma 6.16. Define

Q' ={Q€Q:6"(Q)<d and |Q"NE| >c,|Ql},
Q"={QeQ:6(Q)< 6 and |Q*NE| < c,|Ql}-

Then

Z Q< Z C:LI!Q*HElzc;l/ Z xg+(x)dz < Cl{zx € E: §(z, E) < 6}
Qeo Qe EQee

because a point = can belong to at most finitely many sets Q*. Moreover, |{z€E:
6(z, E)<6}|<CS|E|. This can be checked by reducing by a linear transformation to the
case of a normalized convex domain.

Next, define

%={QeQ": 6(z’, Pr(E) < Crn6}.
e={QeQ": max 6(z',Pi(E)<Cab}

Lemma 6.17 says that every cube of Q" belongs to some Q. Hence,
n
Yo lRI<YS Y sIA(@L
Qe k=1QeQy

Furthermore, the induction hypothesis implies

37 s|P(Q) < Cs| Pu(E)|.

QeQy

Finally, [Pr(E)| is comparable to the product of the lengths of all but the kth axis of the
ellipsoid associated to E. In particular, |P,(E)|<C|E|/a where @ is the inradius of E.
But s<a, so, combining the inequalities above, we have

> 1QI<CHlE|
Qe

as desired.
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By summing separately for cubes Q for which §*(Q)=~27%, one can deduce from
Lemma 6.16 that for any >0,

Y 5@ QI <CY (@) 2B < ClB (6.18)
QeQ k=1

If we write Q=P~1(Q), and note that o(Q)~|Q| and o(F)~|E|, then we deduce

/ h?6(z, F)' " do < ) /A h26(z, F)' S do< Y 6°(Q)"° /A K2 do
F Q Q
2

QeQ Qe
~ 1

<C D Q) Q(—A hd)
QGZQ (Q'0(D) U(Q)/@ o

<C Y 6(Q)' " 0(Q)F" (@ ** min A
Qe

=C Z §*(Q)" 0 (Q) mlhinh2 SC’H};nhz.
Qe

The first and second inequalities are trivial, the third follows from (6.3), the fourth from
Lemma 6.13, and the fifth from (6.18). This proves Theorem 6.5.

7. Regularity of solutions

Let ¢ be a convex function defined on an open set OCR"™. Define the set V f(z) as the
set of all y€R"™ such that the plane {(z,2y)€R" xR :2zy=¢(z)+y-(2—x)} is tangent
to the graph of ¢ at (z,¢(x)). For a subset FCR™ we define V@(F)={J{Ve(x):x€F}.
The function ¢ is said to satisfy the Monge-Ampeére equation

det V2(¢) =dv (7.1)

in the sense of Alexandrov if
vol Vo(F) =v(F) (7.2)

for every Borel set F'CO. The set-valued mapping V¢ is directly related to the set-valued
Gauss mapping by

9((z,9(2))) = {€=(y, ~1)/V1+[y|* € S": y € V§(x)}.

The coordinate £y =—1/4/1+]y|? gives the Jacobian of the change of variable: dy=
|én|~NVd¢. Thus (7.2) can be rewritten

_ —N
v(F) = / YR (7.3)

where F={(z, ¢(z)):z€F}.
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THEOREM 7.1. Let E be a compact, convex domain in R™. Let €>0 and suppose
that ¢ is a convex function in E that vanishes on OF and satisfies

det D;;¢ =dv

on E in the sense of Alexandrov. Consider acR™ and bER. such that a-x+b<0 on E.
Suppose that for every set F={z:$(z)<a-z+b},

/ §(z, F)' ¢ dv(z) <Cv(3F).
F

Suppose further that there exist a and b such that V(a,b)={z:¢(z)=a-z+b} contains
more than one interior point of E. Then V(a,b)NOE is nonempty. If ¢ is strictly
convez, then p€CLt for some t>0.

The theorem of Caffarelli is the case e=1. We need this stronger result for our
application because in Theorem 6.5, £ can be arbitrarily small. The proof follows the
same outline as [C4], so we only need to explain the details that are different. First,
recall

LEMMA 7.2. Let E be an open convex set and suppose that u is a convex function
satisfying
det Di]-u = d/,L

in the Alezandrov sense on E and u=0 on OE. There is a dimension constant C such
that

lu(z)|" < Cé(z, E)|E|w(E).

Proof. An outline of the proof is given for completeness (see [C4]). After changing
variables by an affine linear transformation of F, it suffices to prove the lemma in the
case B CECB,. After multiplication of u by a suitable constant, we may assume that
u(x)=—1. It is not hard to check that the image of Vu is a convex set with diameter
greater than a multiple of 1/6(xz, E) and inradius greater than 1. It follows that

C =C’[u(a:)|”
(z,E) &6(z,E)

u(E) =|Vu(E)| > 2

This proves the lemma.

The next lemma is the new element in the proof.
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LEMMA 7.3. Suppose that in addition to the hypotheses of Lemma 7.2, BiCECBRg.
Let 12e>0. Then there is a constant C depending on ¢ and R such that

()| < C6(a°, B)° / 5(z, B)'* du(z).
E

(Note that Lemma 7.2 is the case e=1.)

Proof. Without loss of generality, we may multiply u by a constant so that u(z%)=
—1. Define
Sk = s27k08

with s>0 and 3>0 sufficiently small that
[e 9}
Bn<e and Zskgé. (7.4)
k=1

Denote
A=5(0, B) / §(z, B)'* du(=).
E

Our goal is to show that A is larger than a constant depending on s. Define, for k=0,1, ...,
Er={zeQ:u(@)< Ay =—1+81+...+8sx} and & =dist(0E,OF).

We will prove that if A is sufficiently small, then & tends to zero as k tends to infinity.
This contradicts the continuity of u at the boundary of E because it follows that » tends
to a limit less than or equal —1+3 s <—1.

If the sequence & does not tend to zero, then there is a smallest value of k for which

6k+1 > %619

Let 2*¥€OE}, be a point closest to JE. The segment from z* to OF of length §;, meets
0Ej41, s0
dist(zy, 6Ek+1) < %5}6 < bk41-

By Lemma 7.2, applied to the function u(z)—Ag+1 on Egy1,
sh1 = (@) = Aot |™ < C8(k, Brt1)| Brr1|p(Br+1)-

Let L be a shortest segment from z* to 0Ey.;, and let z be the endpoint on 9F.
Since Ej.1 is convex, the hyperplane I perpendicular to L at z is a support plane for
Eiy1. Let g be the length of L. Let I’ be the support plane parallel to IT on the opposite
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side of Ej41 and suppose that the distance between them is r. Thus there is a constant
C depending on R such that

|Ex41| <Cr.

If T is an affine transformation that normalizes Ej11, then the distance between the
parallel planes T'(II) and T'(II) is comparable to 1 and by a similar triangle argument,
the distance from T(z*) to T(II) is comparable to g/r. On the other hand,

§(z*, Bry1) < C dist(T(zF), T(1D)).

It follows that
Co

r<—5—7——.
6(xk,Ek+1)

Combining this with the previous inequalities, we see that
Sh1 S COps1p4(Ep41)-
But because k was chosen smallest,

Sri1 <O <2760 < C27%6(20, E).

Therefore,
BusaisBrin) <Oy [ 0, B du(e)
Ert1
<C27%65(z°, E)° / 8(z, EY' ¢ du(z) =C27* A.
Exypy
Hence,

"2~ (DA < ComkeA

and since fn<e, we deduce that s"<CA. For A sufficiently small, depending on s, this
is a contradiction. This proves Lemma 7.3.

PROPOSITION 7.5. Let p be a positive measure on S™ satisfying

/ |VU|? do =/ du
9~ 1(E) E

for every Borel set ECS™. Suppose that du=S(£) d€ for some integrable function S and
S(€)2c>0. Let ¢ denote the convex, Lipschitz function defined on an open subset O
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of R™, whose graph {(z,¢(z)):x€0} is a portion of N. Then ¢ satisfies the Monge—
Ampére equation

= 12|V (=, (@)
det(¢s;(x)) = (14| Ve(z)?) N +D/ s
_ (CL99(@)

VTP
in the sense of Alexandrov.

Proof. First of all, g7! is single-valued except on Borel set E; CS™ of d¢-measure 0.
Let Fi=g~!(E)). Because du<d{ and do<|VU|?do, we have o(F;)=0. Next, g is
single-valued except on a Borel set FoCIN of o-measure 0. Let F3=F;\F;, and let
E3=g(F3). Since g~! is single-valued on F3, g~*(E3)=F3, so that

Now let V=0Q\(F1UF3) and W=S8"\(EF,UE3). Then o(V)=0(99Q), p(W)=up(S"),
g is a single-valued bijective mapping from V to W, and

[ v do= / EGE:

for every Borel subset FCV. So far we have only used the absolute continuity of dp.
Now, we invoke the assumption that S is uniformly bounded from below and |V¢(z)],
defined almost everywhere, is bounded from above. It follows from the Radon-Nikodym
theorem that the measure

(1+IVe(@))N2IVU ((z, () *S (g(z, #(2))) ~* do(z, é(2))

corresponds by g to the measure |{x| "V d€. Recall that do=(1+|Vé(z)?)dz. It follows
that

/ (1+]V9(@)2) VD2V (2, ¢(2))PS(€) " do = / lewlNae
F g(F)

with £=(Ve¢(z), —1)/\/1+4|Vé(x)|? for every Borel subset F of O. This is the statement
that the Monge-Ampeére equation is satisfied in the sense of Alexandrov.

Now we recall that we have proved the estimate for slices for the density |VU|? do
in Theorem 6.5, and in Lemma 7.3 we have shown that the method used by Caffarelli
in [C4] to obtain C1¢ for Alexandrov solutions applies. Therefore, we conclude that

under the assumption that S is bounded above and below by positive constants, 95 is
Cle.
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Now let us suppose that S€C*(S™) and S>0. We have already shown that {2 is
a CY¢ domain for some €>0. Therefore, |VU| is bounded above and below by positive
constants and belongs to C*. Thus the right-hand side of our Monge-Ampere equation
belongs to C¢, so that by [C2], [C3], #€C?. Finally, this implies that VU belongs to
C1¢ and the regularity of the right-hand side of the Monge-Ampére equation is now C°.
The remainder of the regularity estimates of Theorem 0.8 now follow from [C1], [C2],
[C3].

8. Final remarks
We show, by example, that Theorem 6.5 is sharp. Let 0<t; <s. Consider a domain Q in

R3 defined as the convex hull of the square

Q={(z,y,2):|z| <5, [yl <8, 2=11}

and the segment

S={(z,y,2):|z| <1, y=2=0}
(A corresponding example in R3+* can be obtained by taking the product 2 xI where
I is a unit cube in R*.) Let

F={(z,y,2) €0Q: z < t}.

Remark 8.1. For every >0, there exist s and ¢; such that

. fFé(X,F)l‘Eiﬂda
lim - =00.
t—0  o(F)ming h?

Proof. Define the rectangle
R={(x,y):|z| < (1—t/t1)+ts/t1, |yl <ts/t:1}.

Then (z,y,t) belongs to Q if and only if (z,y)€R. In other words, R corresponds to
the cross section 2=t of Q. Define Fy={(z,y,2)€F :(z,y)€R}. Let [' denote smallest
infinite cone with vertex (1,0, 0) containing 2. As s tends to zero this cone tends to a ray,
so for sufficiently small s, the positive harmonic function W with zero boundary values
defined on the complement of ' behaves like W (X)=|X —(1,0,0)|" for some 7<ge.
It follows from the maximum principle that 1-U(X)>C|X —(1,0,0)|” as X tends to
(1,0,0) and hence

IVU(X)| = C|X~(1,0,0)| 1+, (8.2)
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(Note that the constant C' may depend on ¢;, but 7 can be made arbitrarily small
depending only on how small s is, provided ¢; <s.) From now on s will be fixed.

Choose t; sufficiently small that ¢;/s< —1(1,—06. Then the angle between the two faces
of 2 that meet at the edge S is within 2¢;/s of ¢. Thus the vanishing rate of Green’s
function at the origin is bounded above by Cr!~¢/4. Let B;(z) be the ball around (z, 0,0)
of radius t. Using Lemma 6.2, we have

min h<Cte/4
B.(0)ndQ

and therefore,
o(F) min h2 < Ctt /2, (8.3)

On the other hand, we have a lower bound for A on each from (8.2),

in_ h>c(l—z)~ 1"
Btg?l)l(l;la(l /C( -’L')

for 0<z<1-2t/t;. Furthermore, if 0<z<1—2t/t;, then

in 6(X,F)>1(1-x).
xénB‘f%w)( yF)25(1-x)

Therefore,

2/h26(X,F)1—€da> R*(1-z) "¢ do
F Fy

1-2¢/t , ,
>ct/ (1—z) " 17e+27dy > c/pl-et2n
0

where ¢’>0 depends on s and ¢;. It follows from (8.3) that the ratio whose limit we
are evaluating is greater than a positive multiple of ¢~¢/2+27 which tends to infinity as t
tends to 0.

We see from Remark 8.1 that the best that we could hope for in Theorem 6.5 was
a power §(X, F)!~¢ for some positive €. Moreover, this power is at the borderline for
the regularity theory of the Monge-Ampere equation. The main step there was the
observation that there was a scale-invariant control, given by Lemma 7.3 on the rate at
which a solution u to the Monge-Ampére equation vanishes at the boundary. The next
example shows that there can be no control on the vanishing rate in the case £=0.

Let Q={X=(z1,...,2n)€R™:|z;|<1}. Let e, denote the standard basis of unit
vectors. Let Flyj be the face of 8Q containing tei. Let P=(1-s,0,...,0). Let S be the
convex hull of Fj, and P. Define the function u as the convex function satisfying

w(X)=0 for X€dQ, u(P)=-1
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and v is linear on each sector Sy.
det V2u=dup

in the sense of Alexandrov, where the measure dup is a multiple of the delta function
at P. To calculate the total mass of dup, observe that u(X)=-1+Y*-(X—P), for all
X eS8y, where

Y —te, fork=23,..,n

and Y'=e;/s, Y 1=—e;/(14s5). The set-valued mapping Vu defined before (7.1) takes
the point P to the convex hull K of the points Y*. Therefore,

pp({P})=vol K <Cs L. (8.4)

Let (-, Q) be the normalized distance to the boundary of @) as in Lemma 7.3. Since
5(P, Q)=s, we have

/Q 5(X,Q) dup <C. (8.5)

On the other hand, since u(P)=—1, and the distance s from P to 3Q can be arbitrarily
small, we see that there can be no estimate on the rate at which u vanishes at the
boundary in terms the expression (8.4).

Taken together, our remarks on the limitations of estimates for h? and for the
Monge-Ampére equation show that A% is the largest power for which the regularity
theory can work. On the other hand, the existence theory depends on special variational
formulas, so the power 2 on h? is essential. Furthermore, the fundamental inradius esti-
mate of Proposition 4.8 and Lemma 4.13 that controls the limiting process for existence
depends on the fact that the power of h is at least 2. If p<2, then the convex body can
collapse to a convex set with empty interior but the integral

/ h? do
%

remains bounded. The logarithmic divergence in Lemma 4.13 does not arise. This is
because it is based on the limiting case of a domain slit in R2, for which hxz~1/? and
hP=x~P/? is integrable in z.
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