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On CL-spaces and almost CL-spaces

Miguel Martin and Rafael Paya(?)

Abstract. We find some necessary conditions for a real Banach space to be an almost CL-
space. We also discuss the stability of CL-spaces and almost CL-spaces by co- and l1-sums. Finally,
we address the question if a space of vector-valued continuous functions can be a CL-space or an
almost CL-space.

1. Introduction

A real or complex Banach space is said to be a CL-space if its unit ball is the
absolutely convex hull of every maximal convex subset of the unit sphere. If the
unit ball is the closed absolutely convex hull of evervy maximal convex subset of the
unit sphere, we say that the space is an almost CL-space.

The concept of CL-space was introduced by R. Fullerton in 1960 [6]. Later on,
A. Lima [12] introduced the almost CL-spaces, though the property specifying them
had been previously used by J. Lindenstrauss [14]. Both definitions appeared only
for real spaces, but they extend easily to the complex case. For general information
on CL-spaces and almost CL-spaces, including the connection with intersection
properties of balls, we refer to [8]. [9]. [L1]. [13] and the already cited [6]. [12]
and [14]. More recent results can be found in [19].

Examples of real CL-spaces are L;(u) for an arbitrary measure p. and its
isometric preduals, in particular C(K). where K is a compact Hausdorff space (see
[11, Chapter 3]}). We do not know of any example of a real almost CL-space which
is not a CL-space.

For complex Banach spaces, the situation is different. CL-spaces and almost
CL-spaces have not received much attention in the complex case. The only result
we are able to find in the literature is the characterization of finite-dimensional (real
or complex) CL-spaces given by A. Lima in [12, Corollary 3.7].

(1) Research partially supported by Spanish MCYT project no. BFA[2000-1467.
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In Section 2 we fix our notation and give some examples, mainly in the complex
case. We show that the complex spaces C(K) are always CL-spaces, whereas com-
plex L;(u) are just almost CL-spaces. Actually. /; and L;[0,1] are not CL-spaces.

Section 3 contains some isomorphic results. We show that the dual of an
infinite-dimensional real almost CL-space always contains (an isomorphic copy of)
;. If, in addition, the dual is separable, then the space contains cy.

In Section 4 we discuss the stability of the classes of CL-spaces and almost
CL-spaces by cp- and [;-sums. Our results are as expected, the sum is in one of
the classes if and only if all the summands are. with one remarkable exception: an
infinite [;-sum of nonzero complex Banach spaces is never a CL-space.

Finally, in Section 5 we deal with the space C'(K.X) of continuous functions
from a compact Hausdorff space K into a Banach space X. We show that C(K, X)
is an almost CL-space if and only if X is. The analog for CL-spaces remains open.

2. Notation and examples

Throughout the paper, X denotes a real or complex Banach space. By is its
closed unit ball, Sx its unit sphere, and X* the dual space. We will denote by T
the unit sphere of the scalar field. Thus, T={—1.1} when dealing with real spaces,
while T={\€C:|\|=1} in the complex case. Given a subset ACX, we write ex A
for the set of extreme points in A and co A for the convex hull of A. Note that
coT'A is the absolutely convex hull of A. The closed convex hull of A is denoted by
6 A. Finally, for a set BCX*, we denote by B “ and co* B the weak*-closure
and the weak*-closed convex hull of B.

It is worth pointing out some basic facts on the definitions of CL-spaces and
almost CL-spaces. By using the Hahn-Banach and Krein-Milman theorems, one
can easily prove that every maximal convex subset F' of Sx has the form

F={zeBx:a"(x)=1}

for some z*cex Bx«. We denote by mex Bx- the set of those 2*€ex Bx- with the
property that the set {xr€Bx:x*(z)=1} is a maximal convex subset of Sx. It is
easy to see that mex By- is a boundary for X. that is. for every x€ X, there is
z*€mex By« such that z*(z)=||z||. It follows that

Bx+-=t0" mex Bx-~.

With the above facts in mind, X is a CL-space (resp. an almost CL-space) if and
only if, for every z* €mex Bx-, Bx is the convex hull (resp. closed convex hull) of



On CL-spaces and almost CL-spaces 109

the set {x€Bx:|z*(z)|=1}. Let us also mention that maximal convex subsets of
Sx are nothing but maximal faces of Bx. This accounts for the relation of CL-
spaces and almost CL-spaces to the facial structure of balls. More information on
this topic may be found in [1] and [11].

We shall now comment on some examples of CL-spaces and almost CL-spaces.
Real CL-spaces are related to an intersection property of balls, namely the 3.2-
intersection property. A Banach space is said to have this property if every set
of three mutually intersecting balls has nonempty intersection. The 3.2-intersec-
tion property was first investigated by O. Hanner [8] and systematically studied
by J. Lindenstrauss [14] and A. Lima [11]. More references on the 3.2-intersection
property are [9], [12] and [13]. In 1977, A. Lima showed that every real Banach space
with the 3.2-intersection property is a CL-space [11, Corollary 3.6], but the converse
is false even in the finite-dimensional case (see [8. Remark 3.6] or [19. Chapter 3}).
The real space L; (1) and its isometric preduals satisfy the 3.2-intersection property.
Therefore, they are CL-spaces.

To end up with the real examples, let us pose an open question. We do not
know if there exists a real almost CL-space which is not a CL-space.

The situation in the complex case is quite different. Not much attention has
been paid to complex CL-spaces and almost CL-spaces in the literature, so we
provide the basic examples. As a matter of fact. there are complex almost CL-
spaces which are not CL-spaces.

Proposition 1. (i) For every compact Hausdorff space K. the complex space
C(K) is a CL-space.

(i) For every finite measure u, the complex space Ly (1) is an almost CL-space.

(iii) The complex spaces Iy and L,[0,1] are not CL-spaces.

We need a lemma on the field C whose proof is straightforward. We write
D={XeC:|)\|<1}.

Lemma 2. For every 25€D, there exist two continuous functions ¢.v: D—D
satisfying |p(z0)|=|w(z0)l=1 and z=3(p(z)+v(z)) for every z€D.

Proof of Proposition 1. (i) By the well-known characterization of extreme
points in Be(k)-, it suffices to show, for each to€ K. that Be(k) is the convex
hull of the set {feBec(xy:|f(to)|=1}. Indeed, given toe K and feBek), we take
zo=f(tp) and find functions ¢ and % as in the above lemma. Then f:%(f1+f2),
where fi=wo f and fo=vof satisfy |f1(to)|=|f2(to)|=1.

(ii) Let F be a maximal convex subset of Sy, (,). Up to an isometric isomor-
phism, we can suppose that

F={feLi(p):|fll=1and f>0 a.e.}.
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But the absolutely convex hull of F' contains a dense subset of the unit ball. namely
the set of simple functions, so By (,y=co TF as desired.
(iii) It is clear that ex Bp,jo.q) =mex Br,jg.1)-. so the set

F={feLi[0.1]:]|f]=1and f>0 ae.}

is a maximal convex subset of Sy jp1;- Then, it suffices to find a function fe
By, 10,1) which cannot be obtained as an absolutely convex combination of elements
in F. Indeed, let f(t)=e> for every t€[0.1]. and suppose that we could write
f=35_1a;f; ae in [0.1]. where a;>0. [A\j|=1. f;€F for j=1.2....n. and

2?21 a;=1. Then, from

n

1 ) n 1 ) n 1
1:/0 f(t)e_27mtdt:j§::1aj/0 /\je-Qﬁ'tfj(t)dtSJX:;ajA f](t)dt:ZQJZI

j=1

we would get A\je 2™ ) (#)=f,(¢) for almost every ¢€[0, 1], which is clearly impos-
sible. The case of I; can be treated similarly and it will become a particular case
of Corollary 10. O

3. Some isomorphic results

Our aim here is to obtain some isomorphic properties of real almost CL-spaces.
We start with an easy but useful lemma.

Lemma 3. Let X be an almost CL-space. Then |z**(x*)|=1 for every ™€
ex Bx+«+ and every x*€mex Bx-.

Proof. If z*€mex Bx-, we have Bx =co{z€Bx:|z*(x)|=1} and Goldstine’s
theorem gives
Bx-- =" {z € Bx:|2*(z)|=1}.

Now, by the ‘reversed’ Krein—Milman theorem we get

ex Bx-- C{zr € Bx :|z*(x)| =1} <
which clearly implies {x**{z*)|=1 for everv 2**cexBx--. O
Remark 4. In the real case, the converse of the above lemma holds. This follows
from [12, Theorems 3.1 and 3.4].

A useful sufficient condition for a real Banach space X to contain (a subspace
isomorphic to) ¢g or {; was found in [16], namely the existence of an infinite set
ACSx where all extreme points in Bx- can only take the values £1. This fact
combined with Lemma 3 yields the main result in this section.
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Theorem 5. Let X be an infinite-dimensional real almost CL-space. Then
X* contains ly. If in addition X* is separable. then X contains cg.

Proof. Being a boundary for the infinite-dimensional space X, the set mex Bx«
must be infinite. Then, we may apply Lemma 3 and [16. Proposition 2] to get that
X* contains either ¢ or 3. But a dual space contains [ (and hence [;) as soon as
it contains ¢y (see, e.g., [15, Proposition 2..8]).

To prove the second part of the proposition. observe that Lemma 3 implies that
[x*—y*||=2 for distinct z*,y* €mex By-. Therefore, if X* is separable, mex By~
has to be countable. But a real infinite-dimensional space which admits a countable
boundary contains cg by a result due to V. Fonf [5, Remark 2]. O

Remark 6. The above result improves those given in [16] for real Banach spaces
with numerical index 1. A Banach space has numerical index 1 if every bounded
linear operator T: X — X satisfies

1T =sup{lz*(Tz)|:x € Sx. 2 €Sx- and z*(x)=1}.

For more references and background we refer the reader to [2]. [3]. [4]. [17] and [18].
Almost CL-spaces have numerical index 1 [17, Chapter 4]. and it is proved in [16]
that the dual of an infinite-dimensional real Asplund space with numerical index 1
contains [;.

The behaviour of CL-spaces or almost CL-spaces under duality is unclear to
us. It was shown by A. Lima [12, Corollary 3.6 that a real Banach space X is an
almost CL-space provided that X* is a CL-space. We are not aware of any relevant
result in the opposite direction. Next we get such a result, under an additional
assumption.

Proposition 7. Let X be a Banach space not containing l;. If X is an almost
CL-space, then X* is an almost CL-space.

Proof. For £**€mex Bx~«-. we need to show that Bx-=t0 H. where
H={z" € Bx-:|a""(a"){ =1}.

We have mex Bx-CH by Lemma 3. Moreover, since mex By~ is a boundary for
a space X not containing l;, we can use [7. Theorem IIL1] to get that Bx.=
&G mex Bx-, and we are done. (O

4. Sums of CL-spaces and almost CL-spaces

This section is devoted to study the stability of the classes of CL-spaces and
almost CL-spaces by co- and l;-sums. Given an arbitrary family {Xx:A€A} of
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Banach spaces, we denote by [, X,\Lo (resp. [Dea X,\]ll) the co-sum (resp.
l1-sum) of the family. In case A has just two elements, we use the simpler notation
X®Y or XY,

With respect to co-sums, we have the following result.

Proposition 8. Let {X,:A€A} be a family of Banach spaces and let X =
[EB/\QA XA]co' Then, X is a CL-space (resp. an almost CL-space) if and only if X
is a CL-space (resp. an almost CL-space) for every A€A.

Proof. For each A€ A, we write I, for the injection of X into X. and Py will be
the projection of X onto X. Under the natural identification X*= [@Ae/\ X;]ll,
PY becomes the injection of X} into X*. Using the well-known fact that

QXBXt = U P;(QXBX;\)
AEA

one can easily check that a convex subset F of Sy is maximal if and only if there
exist A€A and a maximal convex subset F of Sx, such that

(1) Fy=P\(F) and FZP;l(F)\)ﬂBX.

Suppose first that every X is an almost CL-space, and fix a maximal convex
subset F' of Sx. Then, we can find A€ A and a maximal convex subset F) of
Sx, satisfying (1), so Bx, =¢0 TF). Now, given z€ By and £>0, take y,€coTF)y
such that |jyx—Py(z)||<e, and consider y=x—I,(Px(z))+Ir(y»). It is clear that
yE€Bx and Py(y)=yx, so yecoTF. Moreover, ||y—z||<s, so we have shown that
Bx=¢toTF and X is an almost CL-space. If every X is a CL-space, then we can
repeat the above argument with e=0 to get that X is a CL-space.

Conversely, suppose that X is an almost CL-space. Fix A€A and let F be a
maximal convex subset of Sx,. Then, the set F given by (1) is a maximal convex
subset of Sx, so Bx=to TF. Now, given z)€Bx, and >0, there exists y€coTF
such that ||y—Ix(z))||<s. Then

Py(y)ecoTF, and [|Pa(y)—za|<e,

so Bx, =t TF) and X, is an almost CL-space. The same argument with =0
gives that X is a CL-space if X is. O

The examples in Proposition 1 tell us that the situation for [;-sums cannot be
so tidy. Actually, we have the following result.



On CL-spaces and almost CL-spaces 113

Proposition 9. Let {X,:A€A} be a family of nonzero Banach spaces and let
X= [®)\€A XALI. Then the following statements hold:

(i) The space X is an almost CL-space if and only if every Xy is.

(i) In the real case, X is a CL-space if and only if every X is.

(i) In the complex case, X is a CL-space if and only if every X is and the
set A is finite.

Proof. Once again we write I, and P for the natural injections and projections.
Now, X*=[@,ca Xﬂl , I{ is the natural projection of X* onto X3, and the
relationship between extreme points in Bx- and Bx; is the following:

z" €exByx. <= I;(z")cexBx; forall AcA.

With this in mind, it is easy to check that maximal convex subsets of Sx are exactly
the sets of the form

(2) F={xeSx :P\(z)e||P\(x)||F\ for all A€ A},

where F) is a maximal convex subset of Sx, for all A€A.
(i) Suppose first that X is an almost CL-space and, for fixed p€A, let F,, be
a maximal convex subset of Sx, . For every A#u we choose an arbitrary maximal
convex subset F) of Sx, and consider the maximal convex subset F of Sx given
by (2). Note that
Pu(2)€|| P, (@)|[F, C coTF,

for all ze F, so
P,(coTF)CcoTF,.

Now, using that Bx =60 TF, we have
Bx, =P, Bx)=P,(c0TF)C P,(coTF)CTtTF,.

and we have shown that X, is an almost CL-space. Note that if X is a CL-space,
then
Bx,=P,(coTF)CcoTF),

and X, is a CL-space.

Conversely, suppose that every X, is an almost CL-space, and let F be a
maximal convex subset of Sx. Then F has the form given in (2) where F) is a
maximal convex subset of Sy, for each A€A. Since By, =¢o TFy and Iy(F)\)CF
for every A€ A, we have

U nBx,) € | @TL(F)) C@TF.
AEA A€cA
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Now, just recall that Bx is the closed convex hull of |Jyc4 Ia(Bx,); so BxC
¢ TF and X is an almost CL-space. Observe that, if A is finite, then Bx=
coUyen In(Bx,) and the above argument allows us to obtain Bx=coTF from
Bx,=coTF) for all A\. Therefore, finite [;-sums of CL-spaces are CL-spaces.

(ii) One implication has already been proved. For the converse, suppose that
each X, is a real CL-space, let F be a maximal convex subset of Sy and write F
as in (2). Fix € Sx and use that Bx, =co(F\U—Fy) to write

Py@)=P@)fita—(1-t0)2). A€A

where y,, 25 €F) and 0<¢t, <1 for all X. It follows that

T= Z I(Pa(x)) =

AEA

where

y=> IA@It () and 2= [P(2)(1-t:)Ia(za)
AEA A€A

satisfy that
lyll+lizl = 3 1P (@)l =
A€A

For each A we have Py\(y)=||Pr(v)|lux€l|Pr(y)|F) and it clearly follows that we
may write y=||y|lyo with yo€F. Similarly, z=||z||zo with z9€F. and we get

z=lyllyo—|z]|20 € co(FU—F).

We have shown that Sx Cco(FU—F), so By =co(FU-F) and X is a CL-space.

(iii) We have already seen that every X, is a CL-space if X is, and that the
converse holds for finite A. Thus, it only remains to show that X cannot be a
CL-space if A is infinite. Without loss of generality we just consider the case A=N.
Indeed, choose an infinite countable subset Aq of A and write X=Y<,Z with
Y= [@ Achp X ,\] h and suitable Z. Were X a CL-space. our above results show that
Y would be a CL-space as well. Thus. suppose that X = [P, cn Xx] ;, 1s a CL-space
to get a contradiction.

For each k€N, we fix e; €mex By; and build up the set

F={zxeSx e (Pc(z))=|Pr(x)| for all ke N},

a maximal convex subset of Sx. Now, let
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where (ax)72, is a sequence of distinct elements in T, e, €Sy, and e} (ex)=1 for
every K€EN. Since Bx=coTF, we can write z in the form

m
xr= z 3j.’L‘<j)
i=1

where

B1, 08, ..., Bm €C, Zlﬁj|:1 and 2V, 2 eF
=1

We deduce that, for every k€N,

m

a
2_]’; 23 er(Pe(z9)) Z Pz

SO
>0 1 m o m x m )
1=3 5 =2 S @AIRED <Y S 15 1P = 13 20 =1.
k=1 j=1k=1 j=1k=1 j=1

It follows that

(3) ;| Pe(9) ) =13, | Pe(aD)]

for every j€{1,2,...,m} and every k€N. Since
0# Py(z Z 3; Pe (29

for each k€N, there must exist some j€{1.2.....m} such that 3; P (219?)50. and
(3) gives axy=03;/|5;|. This contradicts the choice of the sequence (ak)Re,. O

Let us point out the following consequence.

Corollary 10. Let ;1 be a measure. The complex space Li(p) is a CL-space if
and only if dim L, (u)<o0.

Proof. By [10, pp. 136], we have

Li(p) =1 vl[@L 01’“0}

agAd
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for some index set I" and some set A of cardinal numbers mgy >®g. If L (1) is a CL-
space, Proposition 9 gives us that I' and A are finite and L;([0. 1)) is a CL-space
for every a€ A. Now, since Theorem 14.10 of [10] gives

Ly([0.1]™) =[@L(01m*}

where my=m, for every k€N, another application of Proposition 9 tells us that
Ly (J0,1)™=) is not, a CL-space. Therefore, A=0, Li(u)={1(I') for a suitable finite
set I, and dim L, (pu)<oc. The converse result is clear. [

1

5. The space C(K, X)

Given a compact Hausdorff space K and a Banach space X, we consider the
Banach space C(K, X) of all continuous functions from K into X, endowed with
its natural supremum norm.

Proposition 11. Let K be a compact Hausdorff space and let X be a Banach
space. Then the following statements hold:

(i} The space C(K, X) is an almost CL-space if and only if X is.

(ii) If C(K,X) is a CL-space, then X is also a CL-space.

Proof. Let us write Y =C(K, X) and recall that the extreme points in By - are
functionals of the form fr>z*(f(t)), where x*€ex Bx. and t€ K (see [20, Theo-

rem 1.1]). With this in mind, it is easy to check that the maximal convex subsets
of Sy are just the sets of the form

(4) F={feSy:f(t)eF}.

where t€ K and F is a maximal convex subset of Sx.

Suppose first that X is an almost CL-space. Fix a maximal convex subset F
of Sy and let t and F be as in (4). Since Bx =co TF, given f&Sy and >0 we can
find x€co TF such that

le—f(®)lf <=

and build a continuous function ¢: K —[0. 1] such that

e(t)=1 and (s)=0, if |z—f(s)|| >=.
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it is easy to see that g€coTF and ||f—g||<s. Therefore. By =co TF and Y is an
almost CL-space.

Now, suppose that Y is an almost CL-space. Fix a maximal convex subset F of
Sx, and consider the maximal convex subset F of Sy given by (4) for an arbitrary
te K. Further, fix z€Bx and £>0, consider f=xxx € By and use that By =t6 TF
to find g€co TF such that || f~g||<z. Then g(t)€co TF and |g(t)—z|<e, so Bx=
¢ TF and X is an almost CL-space.

In the case when Y is a CL-space, we can repeat the above argument with e=
to prove that X is also a CL-space. O

To finish the paper, let us mention that we do not know whether C(K, X) is a
CL-space whenever X is.

Acknowledgement. The authors wish to express their gratitude to the referee
for pointing out Corollary 10.
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