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I. Introduction

Suppose that f is an L? function on the torus 7™ =8 x 81 x ... x S1. Must the partial
sums of the multiple Fourier series of f converge to f in the L” norm? For the one-dimen-
sional case, T'=_8", an affirmative answer has been known for many years. More speci-
fically, suppose that f€LP(S') has the Fourier expansion f~> 32 o a.e"?, and set f,(0)=
S _mae'*®. Then f, converges to f in L?(S), as m—> co —provided 1 <p < + oo (see [14]).

A whole slew of n-dimensional analogues of this theorem suggest themselves. Here
are two natural conjectures.

(I) Let feL?(T™) have the multiple Fourier expansion

(=4

f0,...0)= 5 . p 0t tinb)
kykp= —00

For each positive integer m, set

fn(0,...0,)= > ... o €3Ot ),
[ryf<m, fkal<m, ..., [ kn|<m

Then f,—f in LP(T™), as m—> co.

(*) This work was supported by the National Science Foundation.
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(II) Let f and its multiple Fourier series be given as above. For each positive real
number R, define \

(%1 01+ ...+ knOn)

fz(6y...0,) =

- akl...kne
[ [P+ [ B+ oo+ [ Bm [t <BY

Then fp—f in LP(T"), a8 BR—co.

Conjectures (I) and (II) turn out to be enormously different, similar though they
seem at first glance.

Elementary functional analysis reduces conjectures (I) and (II) to problems about
“multiplier transformations”. Every bounded real-valued function ¢ on E*induces a bounded
operator 7', on L*(R"), defined by the equation (T ,f)" (x) =¢(x) f(@). (As always, ~ denotes
the Fourier transform on R"). T, is called the multiplier transformation corresponding
to @.

Conjecture (I) is equivalent to the assertion that 7', is a bounded operator on Z*(R"),
where @, denotes the characteristic function of the unit cube in R". Similarly, conjecture
(II) is equivalent to the assertion that 7T, is a bounded operator on LP(R"), where ¢,
denotes the characteristic function of the unit ball in R

The operator T, can be handled, simply by using the one-dimensional result of M.
Riesz; and it is well known that 7, is a bounded operator on L*(R") for 1 <p < +co. This
proves conjecture (I).

On the other hand, the behavior of T\, is far more subtle, and something stronger
than Riesz’s theory is needed to deal with it. To see what makes the problem of 7', so
thorny, let us examine it a little more closely. T, can be written as a convolution operator,
Ty f=@s%f. Grubby computation shows that @,(z) is essentially sin|x|/|z|"*/? as
|€]|— +oco. Thus, the order of decrease of |@,(2)| at infinity is far from sufficient to put
@ in the class L}(R"). By way of contrast, [r<iyj<2r |¢1(9)|dy=O(R*) as R—+co, so that
¢, is “almost” L1,

Let us apply T, to the simplest, most trivial kind of function-—say, for instance,

the function
it |z|<1/10
f"(")"{o if |z|>1/10.

If we merely had ¢,(z)=1/|2|"*?%, then we would find that ¢ fo(z)~A4/|z|"* P as
|#| >co for some constant A, so that ¢,%f, does not belong to L?, unless p>2n/(n+1).
But a moment’s thought will convince the reader that the factor sin || in @, produces no
significant cancellation in [z ¢(2z —¥) fo(y) dy, so indeed, T',f, ¢ LP(R") if p<2n/(n+1).
Since f, belongs to all the L? classes, it follows that 7', cannot be a bounded operator on
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L*(R™ for 1<p<2n[(n+1). Furthermore, an ‘“adjoint” argument using the duality of
LP-spaces shows that if 7T, is not bounded on LP(R"), then neither is it bounded on L* (R"),
where p’ is the exponent dual to p. Thus we have shown that 7', cannot be a bounded operator
on LP(R™) except for p in the range 2n[(n+1) <p <2n/(n—1).

The natural conjecture is that T, is bounded on L*(R") for 2n/(n+1) <p <2n/(n—1).
But how can we go about proving this conjecture? The standard methods for producing
bounded operators on L?, singular integrals and Littlewood—Paley theory, break down
completely here, because they do not distinguish between different p. In other words,
these techniques will only produce linear operators which are bounded on all the L? spaces
{1 <p < + o0}, and therefore they cannot be used to study an operator which is only bounded
for some p in (1, + o).

There is only one (previously) known method for handling operators which fail for
some p —the method of interpolation. We shall illustrate this method by applying it to our
conjecture on T, to produce a weak partial result. For 4>0, consider the operator T,
defined by T;f=(sin|z|/|z|*)%f. Then, as we saw before, T}, is essentially T, sz

Break up the operator T'; as Ty = ve1 T s+ T 3o Where

Toufte) = |

2kg|y| <2k+1

(sin |y|/|yI) i@~ dy and Trof(z) = f

2ly

l<(Sin ly)/ |y Ha—y) dy.

The operator 7';, is bounded on all L” spaces, (if A<n) so we needn’t worry about it.

Each operator 7', is a convolution with an L function of norm 2*~#¥_ Hence
(A) (172l < 22 Ifll, for any feL*(R™.
On the other hand, an easy computation with the Plancherel formula shows that

(B) “Tzkf“z < QUnHni-hk "f"z for any f€L*(R").

Using the convexity theorem of M. Riesz, we can interpolate between the L! inequality
(A), and the L2 inequality (B), to obtain the inequality
1
©) (T aetll, < 20-2%[|f]l,, where b(p)= 'i;i—+ (n—1) (i— %) , 1<p<2.
If 2>b(p), then we can sum inequality (C) over all k, to obtain |7 ,f[,< 4, ||,
for any f€L?(R™). In other words, T'; is a bounded operator on LP(R™), if A>b(p).
This simple theorem is the best result previously known about the operators T';,

and possibly represents the ultimate achievement obtainable by nothing more than some
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clever decomposition 7';=>32; T, It is far from optimal. For suppose that 7.1 i8
indeed bounded on L? for 2n/(n+1)<p<2n/(n—1). Then by applying the same “inter-
polation” argument as before, we could deduce that 7', is a bounded operator on L7,
whenever 1>58(p)=n/p. For every 1<n, this range of p is strictly larger than the range
A>b(p). So it is plausible that for no A<n, is the result “||T,f||,<A||f|l, for 2>b(p),
p<2” optimal. The optimal theorem should be ““| T ;f|l,<Au|f|» for A>n/p, p<2”. An
argument like the one we gave for 7', .1y2 shows that 7', cannot be bounded on L?(R")
for A<nfp.

Following a suggestion of E. M. Stein, we seek to understand the operators 7';, by
first studying some simpler operators, too singular to fall within the scope of the Calderén—
Zygmund inequality of [1], but which can almost be handled by interpolation.

We begin by considering a sublinear operator g; on LP(R"), one of the variants of the
classical Littlewood-Paley g-function. g} (f) is defined in terms of a certain ‘“‘quadratic
integral” involving the gradient of the Poisson integral of the function . In [8], Stein proved
by interpolation, that g3 is a bounded operator on L?(R") for all p larger than a critical
exponent, p,. As an application of that theorem, we mention the following result on the

i

“smoothness’ of fractional integrals:

The Ath fractional integral F, of a function fELP(R"), is so well-behaved, that the

function
— —ay|2 )
Di(f) (x)z(f |Fe) = Pz ~y)| dy)
R® |yl

is finite almost everywhere, and even belongs to LP(R")—provided 0<i<1 and
2n/(n+ 1) <p. See [9].

The purpose of section IT of this paper is to show, without using interpolation, that if
f belongs to the critical space L**(R™), then g (f) is finite almost everywhere. This fact con-
tains the LP-boundedness of g5 for 2>p > p,, and might be used to show that D,(f) is finite
almost everywhere for fEL*"*®(Rn). But in fact, the technique of section II also shows

how to estimate .D,(f), without ever mentioning gj.

In section III we study certain hypersingular integrals, of which the operator

o0 ei/u

T:f»f — f(x—y)dy
e Y

is a typical example. 7' is not a Calderén-Zygmund operator, since its convolution kernel

oscillates far too violently near zero. An interpolation argument shows that 7" is a bounded

operator on LP(RY) for 1 <p < + oo, but is not precise enough to say anything about T'f

for f€LY(RY). Our theorem 2 generalizes the Calderén—-Zygmund inequality to cover T’
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and similar operators, and implies in particular that 7'f is finite almost everywhere if
fELY(RY).

Finally, in section IV, we return to the question of the operators 7';, and apply the
techniques of sections II and III to prove a partial result more powerful than any now
known from interpolation. For certain 4<n, we are actually able to prove the optimal
estimate for T, namely ||7',f||,<4,|f||, for njA<p<2.

II. Air on the g-function

The first operator which we study is the gf-function, a certain sublinear operation
which arises in Littlewood—Paley theory (see [10]). For f € L?(R™), let u(x,t) denote the Pois-
son integral of f, defined on R%*'= R" x (0, oo). Then for any number 4> 1, the g5-function

is a real-valued function on R" defined by the equation

" _ t ni ~n 3
9 (I‘)(W)—(L,:r " (m) 2| Vuly, 1) dy dt) .

(Vu denotes the gradient of u).

A routine computation with the Plancherel formula shows that gf is (up to a constant
factor) an isometry on L2 R"). With much greater difficulty, it can be proved that for
any p(1<p<+oo), ||lgi(f|l, and ||f|l, are equivalent norms. More precisely, suppose
1<p<+oo, and A>2/p. Then for some constants 4 and 4’, A||f|l,<|gt(D|l><4'|fll»
(see [8]). In a moment, we shall see why the restriction 4>2/p is needed.

Littlewood and Paley introduced g3 as a technical tool to prove the LP-boundedness
of various linear operators. In order to show that T is bounded on L?, one need only prove
that ||g(TH,<llg5(Nl»» @(f) is an auxiliary function, defined in much the same way as
g3) which is often an easy task, even when the operator 7' is rather subtle and delicate (see
[10] again).

At any rate, we have a family of operators {g3}. Each g; is bounded on some L”-
spaces, but not all. We seek to understand why. Two independent observations show that
g3 cannot be bounded on LP(R") if p <2/A.

(«) Let @ be the cylinder {(y,?)€ R1**||y|<1 and 1< ¢<2}. Then

" : na o
@ @r> [ (=) ¢

ou 2
3—t (y, t) | dy dt.

But the right-hand side of this inequality simplifies enormously. For ¢~ 1; and if |z| > 10,
then |z —y| +¢~ || when (y, )€ Q. Therefore, we have
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. 1 ou 2 c
(gz () ($))2>W1AL|E (%,%) dydt}lx_l"—l

for all # of absolute value greater than 10. The constant

o4
Q

is non-zero unless f=0. Thus, in general, there is a constant C>0 such that gj(f)(x)>
O/f|z|"*2 for |x|>10. If 2<2/p, then C/|z|ui2 decreases so slowly at infinity, that g5(f)
could never belong to L*(R").

There is a deeper objection, which hints at the inner workings of g3.

2

ou dt

(8) Let @ denote the cylinder {(y, #)€ R:**||y] <1, |¢| <2}. Then

ni
@ @r> | (o) e

if |#|>10. It is not difficult to find functions fEL?(R"), p<2/A,for which fq gri+i-n
|0u(y, £)jot|2 dydt diverges. (In fact, we can take f(z)=|z| " if |z] <1, f(x) =0 other-
wise.) Thus g3 (f) ()= +c for [z]|>10.

On the other hand, suppose p>2/4. Then

f tnl+1—n 2dydt=f tn/’l+1—n
Q Rnx(0,2)

by the Plancherel theorem (the Fourier transform ~ is taken in the y variable),

ou(y, t)
ot

ou
ot

2
(y,?)| dy dt

2dydt>__g,‘f tn1+l—n
|z J o

2 Pyl 2
dyde< f gri+i-n %t’f &) dede

R®x(0,2)

ou
= (y,t
at(y)

ou
— t
% (v, %)

2
=f g \tsle-“ﬂf@)l dfdt*’f (18] + 1) | o) P
Rnx(0,2) RP

(this follows from doing the t-integration first) = [|J+f||3, again by the Plancherel theorem,
where J* denotes the Bessel potential of appropriate order. By the theory of fractional
integrals (see [6], [11]) ||[Jf|3 <A||f||5 if p>2/A and p>1.

Thus, we have shown that if p>2/4, then

f tni.+1—n
Q

so that observation (§) poses no objection to the L?.boundedness of g3 if p>2/A.

ou 2
2 wo|war<als,

We shall use the information and viewpoints provided by observations («) and (8),
to prove that g} is bounded on L?(R") for p>2/4, without using interpolation or special
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tricks. In fact, we shall prove a stronger theorem, valid for p=2/A. That there should be
a positive result for p =2/1 seems reasonable, since objection (f) does not apply, and ob-
servation () suggests that although g} (f) does not belong to L¥*(R™), it almost does.

THEOREM 1. For 1< p<2 and A=2/[p, the operator g has weak-type (p; p). In other
words, |{z€ R*| g5 (f) (x) >a}| < A/o? ||f||3, for f€ L*(R™).

In Theorem 1, 4 is some positive ‘“‘constant,” independent of f; and |E| denotes the
Lebesgue measure of a set K< R™,

The LP-boundedness of gi for 1>2/p, p<2 follows from Theorem 1, by the Marcin-
kiewicz interpolation theorem.

One of the basic ideas of the proof of Theorem 1 is a carry-over from Calderén—Zygmund
theory. The idea is basically that R" can be divided into two parts—a set { of small measure,
on which the function f is large; and the rest of the world, B" -2, on which f is small.
Since () is a small set, we can suppose that Q is written as a union of (essentially) disjoint
cubes with small total volume. (A “cube” always means ‘“‘a cube with sides parallel to the
coordinate axes”, and two cubes are said to be “disjoint” if they have disjoint interiors.)
The following lemma not only makes this idea precise, but also shows that the cubes can
be picked to satisfy very strong conditions.

DrcomposiTiON LEMMA. Let f be an L? function on R™, and let o.> 0 be given. There
18 a collection {I,} of pairwise disjoint cubes, with the following properties.

The I;’s have small total volume, i.e. ; |Z,] <§, 713 (1)

|fz)| <Aax for x¢Q=U,I, 2)

l—}—l L [f@) | dy < Ao®, for any one of the cubes {I}. (3)
Iy

For any cube 1, of the collection, let I, be a cube with the same center as I, but with twice
as large a side. Then no point of R™ lies in more than N of the cubes I ;. We say that the I, (4)
have “bounded overlaps”.

The numbers N and A depend only on the dimension », and not on f or p. Sketch of
Proof of the Decomposition Lemma: The function |f(z)|? belongs to L(R") and has norm
If]5. Consider f*, the Hardy-Littlewood maximal function of |f(z)|?, given by
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* () = sup »
e =sup o 1Py

I some cube.

By the Hardy-Littlewood maximal theorem, the open set Q ={x€ R"|f*(z) >a”} has
measure at most (4/a®) ||f||2. (See [14], [10].)

The proof of the Whitney extension theorem (see [10]) includes a method which breaks
down any open set U as a union of disjoint cubes, in such a way that the diameter of any
cube is comparable to its distance from the complement of U. Applying this method to
2, we obtain a decomposition Q= U, I;, where the I, are pairwise disjoint cubes, satisfying
10-diam (I;) <distance (I;, B"—Q)<20-diam (I,).

We shall prove that the collection {I,} satisfies conditions (1) through (4). Condition
(1) is immediate, since |Q| <(4/a®)||f||5. Condition (2) is no harder, since « € R" —Q implies
f*(x) <&”, which implies that |f(z)| <o almost everywhere outside of Q. To prove condition
(3), take a cube I, from the collection, and let I} be the cube concentric with I;, but with
diameter 21n times as large. By construction, I} contains a point z€ R"—-Q, i.e. a point
where

1 p ¥
sup 17 f}lf(y)l dy <o

rer

I any cube

It follows that (1/|7}) L],,I]‘(y)l”dy< o®, and since |I}|=(21n)"|I,|, (8) follows, with 4 =
(21 n)™.

Condition (4) follows from the geometry of the situation. For, if z€I;, then it follows
that 9-diam (I,) <distance (z, B"—Q)<21-diam (I;). Therefore, the cube I, has diameter
at least 1/21 distance (x, R"—Q)=d/21 and is contained in a ball centered about z, of
radius { distance (z, R*—Q)=d/2. Since at most N pairwise disjoint cubes of diameter
>d[21 can be packed into a ball of radius d/2, condition (4) holds. Q.e.d.

Proof of Theorem 1. Let f€ L?(R") and o >0 be given. We have to show that
7| ¥ A D
[{ze B[ gi(h (=) > Aa}| < [1ll3

with A4 independent of f and a—for this is equivalent to the conclusion of Theorem 1.
Apply the decomposition lemma to f and «, to obtain a collection {I,} of cubes, satis-

fying conditions (1) through (4) above. Set Q= J,I;,. We shall use the cubes I; to decom-

pose the function f into two parts, as follows. Define a function ' on R" by saying that
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1 .
/(@)= m ~L}‘(y) dy if z€l,
f() if 2¢Q.

Setting /" =f—f, we obtain a decomposition f=f +f* with the following properties.

[f'(z)] < Ao almost everywhere, and ||f'|l,<||f|l, (8)
" is supported on Q. (6)
1
7] f |#" (y)|Pdy < Aa? for each cube I, from the collection. (7
il Jn
J‘I- 1" (y) dy =0 for each cube I, from the collection. (8)

Property (5) clearly implies that ||f']|3 <4o2?||f||5. As we remarked earlier, g} is a bounded
operator on L% R™), so that by the Chebyshev inequality,

ks ot A ’ A — A
=€ B gi(f) (@) > o} <5 IF IlE < 25 (Ao "IIAlIE) = 5 13-

On the other hand, gi(f) <¢i(f') + ¢ (/") which implies that |[{z€ R"|g5(f) (x) >(4 +1) o}|
< [{=€ R*|g}(f) (@) > a}| +|{we BP g} (") (2) > Au} | < (4)a®) |5 + |{z€ B*|g} (") (2) >
Aa}|, by what we have just proved. So in order to prove Theorem 1, it will be enough
to prove that

[tze Bolgk () (@) > Ao} <25 [l ©)

This inequality is much easier to get a hold on than Theorem 1 itself, because f” lives on a
small set, and has various other good properties.

In order to obscure things further, we introduce some notation. If x€ B* and I, is a
cube from our collection, then =~ I, means that x belongs to a cube I, (also from the col-
lection), which touches or coincides with I ;- Roughly speaking, z~ I, means that  is not
much further away from I; than diam (I,). Note that for fixed x, 2~ I,, holds for at most
N Whitney cubes; and that if z¢€) then xz~ I, never holds. Finally, let f,=f"- X1, where
¥ always denotes the characteristic function of the set E, and let ;(x, £) denote the gradient
of the Poisson integral of f,.

Now we can give the basic decomposition of g;. By definition,

ni 3
95 (") (x)z(fnn+1([rv+2/|-kt) tl—"lzhf(?/, t)lzdydt) .

2 — 702909 Acta mathematica 124, Imprimé le 1 Avril 1970
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Thercfore g () (@) <gh (") @) + G () @),

where g (") (@) = ( f (—_t——)nlt*"l S by of dydt)*
wi\Je—y|+t Ve

and gi(f") (x)=(f,,+l(|x—_i—~)nlt“"l 2 My, t)Izdydt)k-
Ry y|+1 vy

So to prove inequality (9), and thus to prove Theorem 1, it will be enough to prove

4
[{z€ B°|gi(") (@) > Aa}| < |I1ll3 (10)

and (€ Bl () () > Ao} | < 2 12 ay

Of these two inequalities, (10) is relatively easy, while (11) is deeper, and uses the
relation p=2/4. In order not to spoil the plot, we prove (10) first.

To do so, wee need a trivial inequality for >y 4 5k, (y, t). Specifically, | 2y 4 1k (y,8)| <
Aaft. For if R denotes the convolution kernel for the gradient of the Poisson integral, then

| > k;(y,t)i=‘ > fR(y—z,t)i"(z)dz < 2 flR(y—z,t)Ilf"(x)ldz
vyl vl JIt vl J I

< > sup|R{y—z, t)‘fjflf"(z)lszy%Hs:elg|R(y—z, )| de|L)],

yAly zely

by inequality (7). On the other hand, anyone can verify that sup.cy|R(y —2,)||I,| < 4
§5|R(y —=2,)] dz for any cube I, satisfying y + I, and the “constant’ 4 is independent of ¢.

Therefore,
' A«
| = by, 0)|<d > a| |Rly—2t)|de<da| \R(y—zt)|dz<—
vy vy I Rn 1

(since the cubes I, are pairwise disjoint). Thus |2, ., ky(y,t)| < Aalt.
Putting our estimate into the definition of g}, we obtain

\W¥ 2 ¢ M -n =
lgi(f") @) <A°‘L;+1(|x—y|+t) ¢ |y%Iih,(y,t)ldydt_AaU(x).

So to prove (10), we need only show that |{z € R*| J(z) > a}| < (4/e®) ||f||5 which in turn
follows from the Chebyshev inequality and the estimate (as yet unproved)
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fm:ux) de < Ao ||f][3- (12)

So {10) holds, provided (12) holds.
To prove (12), we compute {,, J(x)dz explicitly, using the definition of J. In fact

_ ' ¢ ni o
fnnﬂ () dx J;w JRT" (m) ¢ Iy g:;hj (v, )| dy dtdz

o —t—_— na _
= J‘Rn-i-l[t jRn (lx — y‘ + t) dx] ‘y%li}*’j(ya t)ldydt AJR1+1 ‘y%li}&j(y, t)| dy dt

+

<Af"+l > |y, t)|dydi= A2, f |B;(y, t)| dy dt. (13)
Ryl 1

, et
vl

Consider |  |Ay(y,t)| dy dt, the jth summand in the right-hand side of (13). Written

n+1
W, heR]

2]
out in full, the summandis | | f;R(y —z,1)f,(2)dz| dy dt. Since [}, f,(z)dz =0 (sce (8)).
(v, DeRT
vy

_[ [hy(y,t) | dy di = f UII(R(y ~2,8) —R(y — 2, 1)) f;(2) dz| dy dt

(@, ber?t @, tert!
Al yAl;

(where z, denotes the center of the cube I;)

< f LIR(y—z, 1)~ Ry — 2, )| |, ()| dzdy dt

71
. eR”,
v L

=f1,[ f IR(y—z,t)—R(y-z,,t)|dydt] |f,(z)|dz<Afn|i,(z)|dz,
. bert?
R 2]
for the term in brackets is bounded by a constant A which depends only on the dimen-
sion n. Thus, the jth summand in (13) is at most 4 f;|f,(2)|dz, so that [z J(x)de<
25AfL|1" @) de< A3, |1,| (by (7)), =Aax|Q| < 4o ?||f||2, by (1). This completes the
proof of (12). Since we have reduced inequality (10) to inequality (12), we have also
proved (10).
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Where do we stand? We began by reducing Theorem 1 to the proof of two inequalities,
(10) and (11). By a laborious but conceptually simple argument we proved inequality (10),
without resorting to the critical equation p=2/1. To complete the proof of Theorem 1,
it remains to prove inequality (11). Any proof of (11) will have to use p =2/A. The argument
below is neat, in that it not only proves (11), but also shows that the two objections (e)
and (B) mentioned above are exactly the reasons why LP-boundedness of g*;fails for p <2/A.

Recall that inequality (11) states that |{x€ R"|gi(f") () > Aa}|< (4/a®) || f]|2. Since
[ Q)< A/a? ||f][3, it will be enough to prove that

[{z€ R*~ Q| g3(i") () > Aos}] <§, iz (14)

Now if z€ R"—Q, then C,|x—y,| <|r—y| <Cs|z—y,| where y; denotes the center
of I, and y is any point in I;. Therefore, for € R"—Q,

ni
(—i—) L |y§hh,(y, 8)[Pdy dt (15)

@ @ - | P

Qx(0,00)

(since Dy~ by (y,t) is an empty sum if y¢Q)

* t ni
=1 - tl—n h ,t 2d dt
Ej:ffj fo (Ix—y]+t) |y§1z [y )P dy
t o
<A —m——— fritl-n hy(y, t 2 gy dt.
,le—in"‘J‘IIJ‘O lygjl iy, 0 dy

We shall study the double integral in the far right-hand side of inequality (15).
Since the relation y~ I, depends only on which cube y is located in, we can rest assured
that | Dy~ k(s )2 =| v~ nli(y, t)[° for y€I,. On the other hand, J,,~ 57 (y, t) is just
the gradient of the Poisson integral of the function f/=2,,~5f;. So

f f 20| S hy(y, b[Rdy di= f f Pn | R (g, )2 dy dE
I JO y~1 Ij JO
<f ST Ry, O dy de< A|F3
w1

if 4 =2/p—we verified the last inequality of the chain, during the discussion of observa-
tion (), above. But ||fl], < Sy~ ullfill, < Ax Sy~ n|LY? (by (3)) < Ax|L,]'?, because of
the geometry of the cubes. Therefore,

j f A Imn | S By, ) [2dy dE < Ao? | L|P0.
W I JO

y~1

Putting this inequality into (15), we obtain
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@) @) < do? z |—~TL—A | P = Ao J(x) (16)

So in order to complete the proof of inequality (14), and with it, that of Theorem 1, we
have only to prove that

(e B -] 3@ > 1| <2 Il am

This last inequality is a standard lemma on the ‘“Marcinkiewiez integral”, and is proved

by the following simple argument.

ST i _dr
fﬂnm;(x)dw éml f Ix %W\le]l fnn_z,-lw—y,-l“

- 3| e - a3z (it p=3) <25 I

by inequality (1). (17) now follows from the Chebyshev inequality. The proof of Theorem
1 is complete. Q.e.d.

Note again, that the two applications we made of p=2/2, refléct observations («)
and (B).

The method of proof of Theorem 1 also establishes a weaker result on the behavior
of fractional integrals. In fact, suppose that fELP(R™) (1 <p<2), and that 0<i<1. A
theorem of Stein [9] asserts that the fractional integral I*(f) satisfies the “smoothness”

)(x):(Lﬂlll(f)(x)lyl{izfix e, )

belongs to LP(R"), provided that 2n/(n+24) <p. This result is a consequence of the L?

condition that

inequalities for the gj-function, which Stein proved in [8]. The connection between gj
and p is thatif 2/8 > 2n/(n 4 24), there is a pointwise inequality D ;(f) (z) < Cg3 (f) () for z € RB™.

THEOREM 1t For 2n/(n+24)=p, 0<i<1, 1 <p<2, the operator D, has weak-type
(p, p)-

III. Weakly strongly singular integrals

We turn now to the study of linear operators which are bounded on some, but not all,
of the L? spaces. Our firgt example of such an operator is the “multiplier” transformation

T,s, defined by the equation

(TapH™ (z)= , (@) fx), if fECF(R™. (18)
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Here 0 <a <1, $>0; and 6 is a 0 function on R*, which vanishes near zero, and equals 1
outside a bounded set. For a discussion of T, see Hirschmann [4], Wainger [12], and
Stein [7]. These papers demonstrate that the operator T, is bounded on L?(R") when

BlIn/2+2 _na/2—-f
;[-—m], where A= l—a

1_1)_
2 p

The proof of this result is an “interpolation” argument not much different from the one

: tlz]s ~
sketched in Section I above—the interpolation is possible because (e___ O(x)) , the con-

|=|

volution kernel for 7,5, can be computed roughly. It turns out that essentially,

gmve ~ e
(W (-’E)) (y) - Il|n+},s
where @’ =af(@—1) and A is as above. Wainger shows that 7,4 is unbounded on L? if

'%—;— >§[n‘é2+zl]. In [5], [7], and elsewhere, the question has been has been raised,

whether 7,4 is bounded on the critical L? space, L”(R"). But nothing at all was known
about the behavior of 7,5 on L.

TrEOREM 2. If 0<a<]1, $>0,and l——1—=é [n,t/?2++ll] , then T o5 extends to a bound-

p 2 n
ed linear operator from LP(R™) into the Lorentz space L, ,(R"), where p' is the exponent

dual to p.

For a discussion of Lorentz spaces, see [6].

Theorem 2 is stronger than a weak-type inequality, but not as strong as an inequality
| Tefll < 411,

To prove Theorem 2, we interpolate between the two special cases p=1 and p=2.
The simple-minded interpolation technique sketched in the introduction is inadequate,
but we can use more sophisticated results related to the Riesz—Thorin convexity theorem.
The exact results can be found in [2]. Here, we content ourselves with stating that Theorem
2 is essentially a consequence of the two special cases p=1 and p=2.

Of course, Theorem 2 is a triviality for p =2. We are thus left with the task of proving
that for f=na/2, the operator T,; has weak type (1, 1). More precisely, we have to prove
that for f=na/2, the operator T,s, defined on O® functions of compact support, extends
to an operator of weak type (1, 1). This statement is a special case of the following generali-
zation of the Calderén—Zygmund inequality.
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THEOREM 2": Let K be a temperate distribution on R", with compact support; and let
0<0<1 be given. Suppose that K is equal to a locally integrable function away from zero,
that the Fourier transform K is a function, and that

(i) |B(@)| <A +|z|)" > for z€R"
(ii) LIbz'yll_elK(x)~K(x—-y)ldx<A for all y€R*(Jy|<1).

Then the convolution operator 7T:f—K%f, defined for f€C§(R"), satisfies the a priori
inequality |{z € R"| | Tf(z)| > a}| <(4'[a)||f||, for any f€CE(R™). Moreover, the “‘constant”
A’ depends only on A4, n, 0, and the diameter of the support of K.

Obviously, then, T’ extends to an operator which has weak-type (1, 1) and is therefore
bounded on LP(R"), 1<p<co. A typical concrete application of Theorem 2’ is that the
convolution operator f—fx (e¥*/x), defined for f€C§(RY), has weak-type (1, 1).

Proof of Theorem 2'.

We shall prove the theorem for K € L1(R"), to avoid trivial technical problems. Since
the constant 4’ in the conclusion of the theorem is independent of || K||;, a routine limiting
argument will allow us to conclude that Theorem 2’ is valid for a general K.

(Indeed, we need only prove Theorem 2’ with K replaced by K %¢,, where ¢ (x)=
e "p(xle) and @ is a 0§ function with integral 1. (K %g,) () =K(x)@,(x)=0(|]|¥) as
|| = oo, for any N; so K % ¢, belongs to C°(R"). We have only to check that conditions
(i) and (ii) hold uniformly in . Condition (i) is obvious. To prove condition (ii), we consider

two cases.

(a) Suppose |y|>10s. Then
K % e (@) — K % @ (x— dx<f f e (2)] |K (@ —2
J‘!zl>2lﬂll"ol ' 'z ( y)l |r|>2|y|1‘0 |2|<5|(P ( H ( )

—K(w—y—z)|dzdm<f | @ ()| [K(2) ~ K(x~2)|dzdz
l2l<e o] >2[y|2— 0

+f | @ (2)| |K(x)— K(x—y —2)|dxdz< A4,
Jel<e Jo]>2lali~ 0

by condition (ii) on K.
(b) Suppose |y|<10e. Then

Lwl> 1o K% @el@) ~ K % @5 (z —y)| du< A

by the argument of (a), so we need only show that
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f |K*¢e(x)_K*¢e(x—y)|dx<‘4"
o] <81~ 8

Let F(x)=K % ¢, () - K*%g¢.(x—y). Easy computation shows that Fx)= @ (x) K@)
(1 —e2™¥), 50 that

171l < Bgdlasup | R(w) (1 = 2750)| < Al [y (by @) =4"6 = [y 1"

By Holder’s inequality,
[ sl @l <l ooy < 4w ypoegeneson < o

since |y|<10e. This completes the proof of condition (ii) for K % ¢.. We can assume
that diam (supp K)< 1.

Very well, let f € L1(R"™) and « >0 be given. We want to show that |{z € B"| | K * f(x)| >
A} <)l

Apply the decomposition lemma with p=1, to f and «, to obtain cubes {I,} (U, I,=Q),
satisfying (1) through (4) above. Using the cubes, we can split f into two parts, f=f -+f",
simply by setting f'=fyr-q and f'=fya-f =2f; where f,=fyx;. Exactly as in the
proof of Theorem 1, ' €L R"), ete., so that [{z€R"||Kx{ ()| >a}| <(4'[a)[/f]l;- So to
prove Theorem 2’, we need only show that |{z€ R*| | K xf"(z)| > A'a}| <(4'[a)]|f|),. Since
[Q] <(4'[)||f]];, it is also enough to show that

N4
[{z€ B~ Q[| K % " (@)| >4’ a}| <= |Ill: (19)

We shall return to (19) after a brief digression.

Let ¢ be a C* function on R", equal to zero outside the unit ball, and satisfying the
conditions [z»p(y)dy=1, and ¢(y) >0 for all y€ R". For any &>0, set ¢(y; &) =& "p(y/e);
and set @,(y) =@(y; (diam (I,))V1-9). Thus ¢,(y) is a C® function with integral 1 and “thick-
ness” (diam (Z,))Y3~9),

Now define f,:fﬁé(pj and f=zmama,)<1 f,. We are going to show that for z€ R* —Q),
K x{"(x) is approximately equal to K xf.

First of all, note that if x€ B"—Q, then Kf,(x)=0 when diam (I;)>1, for then
K xf; will live inside a cube concentric with I,, and with side twice that of I;. So, for
z€R"—Q, we have Kxf"(x)=2;c;K %},x), where for convenience we have set J=
{f|diam (I;)<1}.
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Now we can write
K f" (@) — K % f(x) = E](K*fj(x) —Kxf,(x)= %(K*f’(x) —Kx ;% f;(x)) (20)

for x€ R"— Q. But for j€J.

fR”_QIK*fi(x)_K*‘Pi*ff(x)ld”<f

Rn-Q

NE@—y) - Exgz—y)lfy)|dy dz

=f1f U‘RLJK(-’”“?/)—K*(pj(x—y)ldx] |f;()] dy

<U IK(z)—K*%(z)WZ]f |1, dy
|2] > diam () Ij

(since we can make the change of variable 2=z —y, and then note that |z| > diam (Z)) if
z€R"—Q and ye I,)< A’ [1|f,(y)| dy, since

dz

f IK(z)—K%%(z)'dz:f K(z)—f 9@ K(z—y)dy
|2| > diam (Zp |2| > dlam (7j) J¥] < dlam (Y- O

fm > diam (7))

<
v] < diam (z1/ (1 =8 ¥i v

<4 J‘|y|<diam(1j)ll<l_0) P (y) dy -4

dz

fly| <diampl/1-6) ?5(¥) [K(z) — K(z —y)]dy

dy

)f K@) -Ke—y)|d
|2] > diam (Ip)

Summarizing the last sentence, we have [zi_q|K % f,(x) — K % @, % f,(x)| dz< A" -
§5lf;(w)|dy for j€J. If we sum this inequality over all j€J, and look at equation (20),

we see at once that
[ JExr@-Kxtwla<as | 1ola<a

So |{z€R"—Q||K*["(x)—K*[(x)] >a}| <(4’[|0)||f|l;, by the Chebyshev inequality.
Therefore, to prove (19), and with it Theorem 2, we have only to prove that

|{z€R" - Q|| K% [(x)| > A’a}| <(4'[)]||f]lx- (1)

The idea behind the proof of (21) is perfectly simple. We are going to show that
7% % f||5 < A’«||f||;, where J"** denotes the Bessel potential of order nf/2. If this in-
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equality can be proved, then by (i), || K % f||3 = | (K % J~"%%) % (J"% x f)||3 < 42| T2 % f||3 <
A'a||f|l,, and (21) follows, by the Chebyshev inequality.
So Theorem 2’ reduces to the statement

|72 fl|g < A" ]|f]] - (22)

To prove (22), it will be convenient to use the notation “x~I,”, which means the
same thing as it did in the proof of Theorem 1.

Now
I f(a) = 3" | (x) = 2 I % ;% f;(2)
jeJ jey
= 3 Jxexfi@)+ 3 J"x@xf(@)=F,()+ Fy(z).
2~ 1j,iel zA15,5e7

First we shall show that ||[Fy3< 4’ «||f]l,- Obviously,

l|F2II1=le > Jnelz*%*fj(x)ldx<fk 2 lJne/z*‘Pl*fi(w)ldx

% A I,jel " zA 1;,5et

< > [0 % @;% f5(x)| dz =1E§; |70 % @s* filli < A’jez’ “f;“l <4’ “f“1

Rnjel

(since ||J"*2 % @,||; < A’ for any j). On the other hand, | Fy)j. < A’ «. To see this, note that
if x4 1,, then

| (T2 % @) x f;(@)]| < J;j' 2% @) (x =) |f; ) ldy < [5:1]? |7 % @y (2~ y)| | L[]
1 ' n 1
X Tf |1,)| dy < [A f (™% % ) (x—y)dy] Tf |1,)| dy
| fl Ij i ‘ !l 1
(since z 4 I; implies that J"%x g, (x —y) is roughly constant over the cube I))

’ 1 , 1
=[A" ("% % @) % Xy ()] 17,] J-”Ifz )| dy=A4" T2 % p,) % [I—Ij_l LV; )] d?/] Xy(x),

so that by (3), | (T2 % @) % £, ()| < A’ (T2 % ;) % X1 ().
Hence, |Fo(z)|< 2 "% gxf@)|<d'a 3 (J"%% @)% x;(®)
zAIj,jed x4 IL,iel

<403 T (g ) (0) <A | | 3 9% Tl < A
€ €

since the supports of the ¢, Xz have bounded overlaps.
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So we have proved that | Fol; < A'||fll; and that ||F,]|. < A'«. (Note the strong re-
semblance between the proof that ||F,||,, < A’ «, and the proof that | >y 4 5 b, (y, )| < et
which occurred in the argument proving Theorem 1). It follows that

||F2||§ = fm IFz ("5)|2 dx < |IF2"°°fE”| F, (x)| dz = "F2"°°"F2"1 <A'o "f"1

It remains only to prove that

121z < 4 «l|fl,, (23)

for then equation (22) is proved, and with it, Theorem 2’. Set

F = [T ek @), i o,
0 otherwise

Then F, =Y e; F}, and for each z€ R" there are at most N values of j for which Fi(x)+0
(by (4)). Hence |F, (@)|*< N X |Fi(x)[%, so |F|Z<N > ||Fi||3- On the other hand,
jeJ jeJ

el [ [0 < p)xpafdes [ [0 xg) xfo i

T~ Ij

AI
<l gl i< () Il

(by an elementary computation)

< ({;7) (A" ®| L) (by (3))=A4"o |1,

So |Fy3<N3,e;4"a?|1,| < A'o?|Q|< 4a|f]l, by (1). Thus, inequality (23), to which
we reduced the proof of Theorem 2, holds. Q.e.d.

Under reasonable conditions on K, we can sharpen Theorem 2’ by showing that the
“maximal operator” Mf(x)=sup;so|fy>eK(y)f(x—y)dy| has weak-type (1,1). This is
the case when, say, |K(x)| <1/|z| and (Kx¢@,~K,)*f is dominated uniformly by the
maximal function of f. (Here, @,(x)=¢"p(x/c) as usual, and K (z)=K(x) if |z|>e-9,

K, (x) =0 otherwise.) The sharper estimates prove, for instance, that the operator

f— su
O0<e<R

j eyl i
x— »
wsplve ¥ fle—~y)dy

defined for f€L(R'), has weak-type (1, 1), and is bounded on L? (1 <p < co).
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IV. Results on the operators T),

In this section, we apply the methods developed in sections IT and III, to the study

of the operators 7'; defined in section I. OQur result is the following.

TEEOREM 3. Let 1 <p<4n[(8n+1) be given. If p>n|A, then T, is a bounded linear
operator on LP(R™).

In other words, the conjecture stated at the end of section I istrueif p <4n/(3n+1).
As we have just said, the proof uses the same basic ideas as the arguments in sections
IT and IIT. This time, however, instead of the standard inequalities for fractional integrals,

we make use of a remarkable observation by E. M. Stein, namely:

Lremma. Let fECE(R™) (n>1), and let 1 <p<4n/(3n+1) be given. Then we have an a

priort inequality

([_iorea) =i,

where df denotes hypersurface measure on the unit sphere 8",

This lemma allows us to define the restriction f|g—1 for fELP(R™), 1 <p <dn[(3n+1),

even though 8”1 has measure zero in R".

Proof of the lemma. By the Fourier inversion formula, [go—1]|f(6)|2d0= [reffdf=
f* f*d’b(O). But df is a function on R", which belongs to L R") for all ¢>2n/(n—~1). (To
see this, we write df(x)= Jsn—1€%d0 =1, 1t dQ(t), where Q(t) denotes the hypersur-
face area of the set {0€S" '|z/[x| 0<i}. The integral can be evaluated explicitly in
terms of Bessel functions by formula (3) p. 48 of [13], and the approximate size of the Bessel
functions is given in formula (1) on p. 199 of [13]. Thus, |d’é(x)| can be computed approxi-
mately.) Therefore, {su—1|f(0)|2d0=(f%f) *d(0) < T Ild’énq SAN*Flo» where ¢ is
the exponent dual to g. In other words, {s—1|f(6)|2d0 <A4,||f ||, for any r<2n/(n+1).
By Young’s theorem on convolutions, |f*f|l,<|/f|> (where 1/r=2/p—1, so that if
Pp<4n[(3n+1) then r<2n/(n+1). Hence [g—1|f(0)|2d0<A,||f||3 for 1<p<dn/(3n+1).
Q.e.d.

This lemma is not the best possible such result, a point to which we shall return later.

Proof of Theorem 3. By the Marcinkiewicz interpolation theorem, it will be enough
to prove that under the stated conditions on A and p, 7', has weak-type (p, p). So let
fELP(B™), and let «>0 be given. We want to show that |{x€R"||T,f(x)|>A«}| <
(A/o®)|if]|5. We can suppose that f is positive.
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Because we are proving an inequality for p >n/A rather than a sharp result for p ==/4,
we shall encounter a few minor technical nuisances which did not occur before. To avoid
trouble, it is convenient to arrange things so that when we apply the decomposition lemma,
we will not have to worry about the small cubes. Therefore, we proceed as follows.

Let @ be a C® function of rapid decrease on R". We are going to prove a weak-type
inequality for 7T ,(p*f) instead of for T',f. The advantage is that ¢ f is much smoother
than f, so that local problems (which would arise from small cubes) disappear. We can

deduce the inequality for T';f from that for T';(p % f), since by using a suitable ¢, we obtain
IT2f = Talp* Hllo< Alifl,- (24)

To see this inequality, we write (T,f—T(p*%f)" (@) =m (@) f(z) —m 5 (2) () f(zx) =
[m,(x) (1 —¢(x))]- f(x) where m;, is the multiplier corresponding to 7T',. Since m; has no
singularities except at the sphere |z| =1, inequality (24) follows for all p (1<p< + o)
if 1 —¢@(x) vanishes to high enough order at |z| =1.

So to prove our theorem, we need only show that
A
[{ze B"|| Talg* f) @) > Aa}| <5 |Ill5-

Now we have a pointwise inequality ¢ % f<yxf, where yp(x)=A(1+ |2|)~*", since
@ is of rapid decrease. On the other hand, ||y f||, <4|/f|,, since y ELY(R"). We shall apply
the decomposition lemma to y*f,«, and p, to obtain a collection of cubes {I;} and an

exceptional set Q= {J,I;, with the properties

4
Q=2 (1,1 <25 Al (25)
lp* f(x)| < Aa if xER"—Q. (26)
1
7] Llw*ﬂy)lﬂdy@a" (27)

for each cube I, from the collection, and satisfying all the various geometrical conditions
which we have noted before.
Since 0 <g*f<y*f, (26) and (27) imply

lg%f@)| <Aa it z€R*-Q, (28)
1
and 7 L lpxHy)|Pdy < Ao? (29)

for each cube I; from the collection.
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Set f,= (@ f) Xy, and set f = (@ % f) Xgr_q. Then of course pxf=f +2,f;, We are
trying to show that |{zx€R"||T,(px]) (z)| > Aa}| < (4/a®) |}f]|5. But by (28), || |5 <
Ao |f(l5, and thus, as in the proof of Theorems 1 and 2', [{z€ B"||T:f ()| > a}| <
(A/o®) ||fll5. Therefore, in order to prove Theorem 3, we need only show that

A
(e R[S 731, > de | < 5 I (30)

By the construction, each cube I, has diameter 2* for some (possibly negative) integer k.
Let Q, denote the collection of all Whitney cubes of diameter 2%, and let f*=2 jcq: f;- In

our new notation, (30) becomes
it A
(me |l 3 Tapi)| > Axf <22 Il 1

We shall dispose of the terms >%__,, T'1f* in one fell swoop. For since f>0, it follows from
the definition of y that A, <(y* f(x))/(y % f(y)) < 4, if [ —y| <1,i.e.y* fisroughly constant
over the cubes of Q, k<0. From inequality (27) it follows that (1/|I,]) f5|p* f(y)|%dy <
Ao? if diam (I,) <1. Adding up these inequalities, we obtain

IS Flli<de® > |F]<A4a®|Q|< 4o ||fll5-
k<0 dlam <1

Since 7'; is bounded on L2, we conclude that {|>%-_o T2f|5< A 7 [|f|[5. So by the
Chebysher inequality, |{z€ B*| |53, Tt o) > Aa| < (1o 5
To prove (31), then, we have only to prove that

ke 4
=€ || 3 73/ (@)] > da}| <  IFl5- (32)

So far, we have really done nothing to the problem except remove some trivial error
terms. As soon as we set up some notation, we shall give the decomposition that proves the
theorem. Using this decomposition, we shall reduce (32) to more and more complicated
inequalities, which finally become trivial.

Pick a small number §>0 to be determined later. For each k>0, let 6, be a C®
function on R, satisfying

(i) 0<6,<1

(ii) Oy(x)=1 in a neighborhood {x€ R}||x—1]| <c27*1~} of x=1.

(iii) 6, has “width” 27%~% Tn other words,

dm
aan ()
and O,(x) =0 if |z —1| >4 27%*~9,

Set P = 1 “6}6-

<4,,2¥"=% for all z€ R and m >0,
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Recall that the “multiplier” m,, defined by the equation (T';f)" (x)=m,(z)f(z) on
R", is spherically symmetric and C® away from the unit-sphere S"~! and that near 8",
[m @) =0(|1—|=||?), where y=A—(n+1)/2. For fEL¥R") we can write (T;f)" (x)=
ma(@) () =ma(@) By |2 ) f@) + (m (2) gl | 2] ) F(@) =m(3) (Suf)” (@) + (Buf)” (@),

The operators S, and B, are given by convolution with L! kernels, which we call

8,(x) and r,(x), respectively. If, finally, we define operators K, by setting

(K f)"(x) — {m/'l(x) f(x) if Hx‘ —1 i <A Q- #1-9)
¢ 0 otherwise

then we obtain the equations

T,=T,8+R,=K.S,+R,. (33)

Our basic decomposition is 7", f%= K, (S, f*) + R, %, which we shall use to prove the
estimate (32). Of the two terms of the decomposition, the second is a trivial remainder term,
and we shall rid ourselves of it right away, with a simple L! argument.

Note that [j)>2*|r(y)|dy < A, for all £>0. (Actually, we could do much better. In
fact fjy>2¢|7%(y)|dy =0(27%) for any M >0. This is becanse r, is a kernel with “‘thick-
ness” only 2°*~?, which is far smaller than 2*. More precisely, |7, (y)| <|y|™™. |[V"(ma(x)
P21 ()| <A ly| ™ 25m1 P 50 that by taking m very large, we can deduce that
fi>2|r(y)|dy =02 ™). The same trick shows that fi-2t]s(y)|dy =027, a fact
which we shall soon use.) Therefore,

| 2Bt m-o< 4 5 I < A S < 42311, < 42 i,

so that [{z€ B" — Q|| Z%.1 Be f* ()| > Aa}| < (4/a?) |[f|[5. Hence, also

o€ R*[| 3 Ruf @) > da} < (4lo) 1],

since Q is a small set. In view of the basic decomposition of 7';f, inequality (32) now

reduces to

[{ze | lélKk(Skf‘) (2)] > Aa}| <§; 13- (34)

Look carefully at Sif*—f* =72 1ea:f;, so that S, f* = reaSxf; For each j, let I, de-
note the cube concentric with [, and having diameter twice as large. As we already noted,
the I,’s have bounded overlaps.

Now Sefi= 2 S * 1)) X7+ > (5% 1) Xpu_ 1.0 (35)
e 1 Jjeme i



32 CHARLES FEFFERMAN

We shall prove that the second term on the right is a trivial remainder term. Thus, (35)
has the effect of “localizing” the problem to the individual cubes.
First of all,

"I,-?ak (Sk* fj) xﬂn,l}}"l < !jgék II (Sk* 'fj)"[.l(ﬂn_;i

<A27% 3 |fllh<sd27%a D || <A27%«|Q|
IjeQr IeQr
<A27% 7 ||f|13, lsincefI k|sk(y)|dy<A2”‘
lv}>2

(recall that [jy>2¢|se(y)|dy = O(27*) for any M >0). On the other hand, for any x€ R",

|Ijgk(3k*fj) an_;,(xH:l 2 (se* 1) @< 2 ~"fj"1 supyer; | s (@ — y)|

Ii€Qx, v4l; Ij€Qx, z¢ly

<da 2 |1 Supy51,|5k(x—y)I<A“j |8 (x —y)|dy < Aa.
4 le—yl=A2k

1;€Qx, z¢1;
In other words, | > (s1)) xm_;}ul <2 #4212,
I;€Qx
and | > (sexf) an_'I',-"w < Aa.
I;€Qx
So WK > (5% 1) Zpn_ ) le< Al 3 (8% f5) Xpo_glla< A 2742 o227,
Ijeqy 16Qx

By the triangle inequality,

2 Ki( 2 (5% 1) Zpn_p)lIE < A [I1]13,
k=1 I;€Qx
which proves that

o A
{ze R*|| 2 Ki( 2, (i fy) xm_i,-) (@) >°‘}I<—p (17115
k=1 Ieax &

This is exactly the inequality needed to estimate the last term in equation (35).
So to complete the proof of (34), which in turn proves Theorem 3, we have only to
show that

x A4
H{z€ BR[| 3 K 3 (e 1) %) @) | >a}| < I3
k=1 Ij€Qx o
This inequality follows from the Chebyshev inequality and the estimate
| 3 Kl 3 (s 1) xp)liE< Ao 13- (36)
k=1 Ij€Qx

We shall finish off the proof of Theorem 3 by proving (36).
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Let us examine D jeqr(8, % f;) Xz Since the I;’s have bounded overlaps, it follows that

I3, 2SN 3 e E= 3 I6cF @
Ij€Qk IjeQx 1;€Qg
Now bl [ odlal @b da- [Trttoor ([ ol do)ar

[
<A|ilz f 1), () [2dr < AJf, |22+
0
(To prove this chain of inequalities, we have used properties (i)—(iii) of ,, and the

lenma of Stein) < A||f|]2|1,]7*®"* (since I,€ Q)< Ao?|L,|#»~A-d™_ Substituting
H H ’ i

these inequalities in (37), we obtain
H > (s 13) X}}"%QAaz > Ifjlmp)—(l—a)/n_
IeQx Lear

By definition, K, is a bounded operator on L? (R"), with norm roughly 2~%@-% &-(n+1i2)
Hence,

"Kk( z (Sk*fj) x;])"% <272 k(1=38)A—(n+1)/2) Ao Z II]_|2/17‘-((1—6)I”)
I€Qx 1j€Qg

= Ag? z II_l—((l—é)/n)(21.~n—1)+2lp—((1—5)ln) (38)
1;€Q% !
(since each I, in the summation has |I,| = 4 2%

— 2 —((1-0)/n) @A—n)+2/p
=4 > |1} .
Ijeqx

Now remember—at the beginning of the proof we considered a small number § >0, and all
the estimates we have proved so far are valid no matter which J we take. The time has come
to pick a value for §. If A>n/p, then we can find a § >0, so small that — (1 —6) (24 —=»)/n +
2/p<l,say —(1-08)(2A—n)n+2/p=1—e. With such a J, (38) becomes

”K}c( z (sk*f]) XZ,)H§<A“2 Z |Ij|1—e =A(X2 2~nke Z |Ij| <A062 2—nlcs |QI < 2Anks A“2—17“]t“g.
I€Qx I€Qr IjeQr

Since £>0, the triangle inequality shows that |25y K (S rear (8% f;) x;i)|I§<Aoc2_"”f|]§,
which is exactly inequality (36). This completes the proof of Theorem 3. Q.e.d.

As we mentioned just before the proof of Theorem 3, Stein’s lemma is not the best
possible inequality for the restriction of a Fourier transform to S"~'. In particular, the

author, in collaboration with Stein, has proved the following

LEMMA. Let f€L**°(R?). Then the Fourier transform | restricts to an L*® function on

the circle S, and satisfies the a priori inequality

3 — 702909 Acta mathematica 124, Imprimé le 2 Avril 1970
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IFllemesn < Aallfllzem-oca. (39)

(8, 8", etc. denote small numbers).

Interpolation between (39) and ||f||<||f|l, yields, among other things, ||f||zxsy<
A ||f|| e for 1<p<6/5. Using this improved L2-estimate, we can easily extend theorem
3 to cover the case n=2, 1 <p<6/5. Stein’s lemma covers only the case 1 <p<8/7. On
the other hand, the present result deals only with R2. Presumably, both lemmas are ap-

proximations to an optimal n-dimensional restriction theorem.

Sketch of proof of the lemma. Boundedness of the operator f—f|q from L*3~% to L*?
is obviously equivalent to the boundedness of the adjoint operator 7* from L*(S!) into
L**%(R?). If f€L4(8"), then T*f is simply the Fourier transform of the measure fdf, where
d9 denotes Lebesgue measure on S*. To check that (fd8)" € L***(R?), we shall prove that
(fd6)" - (fd6)" € L***2(R?). This follows from the assertion (fd6)* (fd6)€L**"(R?), by the
Hausdorff-Young inequality.

So to prove our restriction lemma, we merely have to show that ||(fd6) (fd8)||,-s <
Ag||fl|3. It we set F = (fdB) (fdB), then obviously

o[ Fwrdy= ] ) ) duy o, (40)

where B={(w;, wy) €S| | (w; +wy) —x| <e}. What does the set B look like? First of all,
for 0<|x| <2, there are precisely two pairs (w;, w,) €S* x 8! such that w, +w,=2x. Call
these two pairs (w,(x), wy(x)) and (@, (x), We(x)). Then B= B, U B,, where B, consists entirely
of pairs (w,;, w,) which are close to (w,(x), wy(z)) in S x 8!, and similarly B, consists of

pairs close to (@,(x), Wy(x)). Equation (40) now shows that, approximately,
| Fwdy~ s @) fonen | [ )]
+ f(@, (x)) f(Ds () [8—2ff3 dw, dwz] .

Letting & tend to zero, we obtain F(x) = (f(w,(x)) f(we(x)) + f(iDy(x)) f(s())) (), where ¢(x)
is defined as the common limit of the two quantities in square brackets. In view of its
elementary definition, ¢ can be computed explicitly. We spare the reader the details of our
computation, but it turns out that g(z)=O0(|x|~!) near x=0, @(x)=0((2—|z|)?) near
|xl =2, and @ is bounded elsewhere. Of course, ¢ is a radial function of .

Now, using polar coordinates for z, we write
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o 2 s 2n -
Il Fliz=6" < Afo rlp) > Uo | fwy(r, 0)) f(wsy(r, 6))[*2" a0

2%
+ f 1,1, 0)) [y, 6))12“’"d6] dr.
der’s inequality shows easily that the first integral in brackets is smaller than

(Ifteoatr, Dl ftaonr, - D22 <[

Similarly, the second integral in brackets is at most ||f[|3¢~*". Thus

2
7332 < 4l flze-2" (f rlpm) " d")'

The final integral converges for 6” >0, which proves the a priori inequality. Q.e.d.

The reader may note the systematic completeness with which every single step in the

above argument breaks down in » dimensions (r>2).
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