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Introduction

Our aim is to show that the Julia—Fatou-Sullivan structure theory for the dynamics of
rational maps is also valid for smooth endomorphisms of the circle (and of the interval)
under extremely mild smoothness and non-flatness conditions.

In order to stress the similarity between real and complex one-dimensional dynam-
ics let us recall the main results from the Fatou-Julia-Sullivan theory. If f is a rational
map then there is a dynamical decomposition of the Riemann sphere into the disjoint
union of two totally invariant (i.e., both forward and backward invariant) sets
J(f),F(f). Here, F(f) is the domain of normality of the family of iterates of f, and is
called the Fatou set. Its complement, which is called the Julia set of £, is a compact set,
which contains all the complications of the dynamics of f. The connected components
of the open set F(f) are mapped onto each other by f. Hence the orbit of a component
of F(f) is the union of some components of F(f). Julia proved in the beginning of the
century that if a component of F(f) is periodic and contains an attracting periodic point
then the orbit of this component must contain a critical point. Sullivan, in the remark-
able paper [Su], showed via quasi-conformal deformations that the components are
eventually periodic and fall into finitely many orbits.

Let N be either the circle S’ or a compact interval of the real line and f: N—N be a
smooth endomorphism. A critical point of fis a point where the derivative vanishes. A
critical point is non-flat if some (higher) derivative is non-zero. A critical point is an
inflection point if it has a neighbourhood where fis monotone. Otherwise it is called a
turning point. Assume f is not a homeomorphism (if fis a homeomorphism then these
maps correspond to degree +1 rational maps of the Riemann sphere and the situation is
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simple). If f has turning points then we define the singular set of f, Sing(f), as the union
of the set of turning points of f and the boundary points of N. If f has no turning points
then fis a circle map of degree =2 (or <-2) and we define Sing(f) to be the set of fixed
points of f. Finally we define the Julia set of f to be the a-limit set of Sing(f), i.e.,
x € a(Sing(f)) iff there exists y;,—x and a sequence nm,—o such that f" (y,) € Sing( f).
Denote this set by J(f). It is forward invariant. Thus its complement, called the Fatou
set F(f), is backward invariant: f~'(F(f))cF(f). In general the Fatou set is not
forward invariant but if U is a connected component of F(f) which does not contain a
turning point then f(U) is also a component of F(f).

MAIN THEOREM. Let f: N—N be a smooth map such that all its critical points are
non-flat. Then:

(1) All the connected components of F(f) are eventually periodic (i.e., eventually
mapped into a periodic component of F(f));

(2) The number of periodic components of F(f) is finite.

Part (1) of the above theorem can be reformulated by stating that there are no
wandering intervals for such maps. By a wandering interval we mean an interval J such
that all forward iterates of J are disjoint and such that the w-limit set of J is not a
periodic orbit. The first result in this direction was obtained by Denjoy in 1932, [D]. He
proved that a C? diffeomorphism of the circle does not have wandering intervals (more
precisely, his proof applies to all C' diffeomorphisms f: S'—S such that log Df has
bounded variation). His proof relies on a detailed understanding of the dynamics of
rotations and on the control of the distortion of iterates of the map on intervals whose
iterates are all disjoint. Later, in 1963, A. Schwartz [Sc] gave a different proof of
Denjoy’s result. His proof does not rely on precise dynamical properties but requires
that log Df is Lipschitz. For maps with critical points the techniques of Denjoy and
Schwartz cannot be used. In 1979, J. Guckenheimer was able to deal with critical
points in some special cases. He proved in [Gul] the non-existence of wandering
intervals for unimodal maps of the interval with negative Schwarzian derivative and no
inflection points, see also [Mi]. J. C. Yoccoz, [Y], proved the non-existence of
wandering intervals for C* homeomorphisms of the circle having only non-flat critical
points. He combines techniques of Denjoy away from the critical points with some
analytical estimates near the critical points which are related to the Schwarzian
derivative. In [MS1] the same result was proven for smooth unimodal maps (not
necessarily having negative Schwarzian derivative) with a non-flat critical point and
also for maps satisfying the so-called Misiurewicz condition. In [MS1] the main tool is
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the control of the distortion of the cross-ratio under iterates. This control implies that
under some disjointness assumptions the diffeomorphic inverse branches of iterates of
a smooth map behaves very much like univalent holomorphic maps. This similarity is
clear from the minimum principle and the Koebe distortion principle for real maps, see
§2 and §4 of this paper. In 1988, Blokh and Lyubich proved in [L], [BL] the non-
existence of wandering intervals for smooth maps whose only critical points are turning
points. They introduced some very nice and powerful new topological tools generaliz-
ing those of [Gul] and used the analytical tools developed in [MS1]. Our proof of the
first part of the Main Theorem combines the analytical tools developed in [MS1] and
[MMMS] (which allow for inflection points) with an extension of the topological
ingredients of [L.] and [BL]. In fact many of the ideas of §6-§9 in this paper are
simplifications and modifications of results contained in [L] and [BL]. We should note
however that for the proof in [L] and [BL] it is necessary that the maps are C* and that
our proof of part (1) of the Main Theorem also works for piecewise linear maps (see
§7). To be more specific our proof applies to all diffeomorphisms of the circle for which
Denjoy’s results hold. So Theorem A is a natural extension of Denjoy’s original ideas
to maps with critical points.

The first contribution to an analogue of part (2) of the Main Theorem for rational
maps on the Riemann sphere is due to Julia. He proved in [J] (see also [Fa]) that if the
orbit of a periodic domain contains an attracting point then it must also contain a
critical point. Hence the number of orbits of these periodic domains must be bounded
by the number of critical points. In [Si], Singer introduced for the first time the
Schwarzian derivative in one dimensional dynamics and proved the same result of Julia
for maps with negative Schwarzian derivative. Mafié, using estimates related to Denjoy
and Schwartz proved that (2) holds for maps of the circle without critical points.
Instead of (2) we will prove a still stronger result. We show that for each smooth map
satisfying the hypothesis of the Main Theorem there exists >0 such that if p is a
periodic points of sufficiently high period n then |Df"(p)|=1+p. This last estimate is
new even for maps from the family x—ax(1—x).

Let us finish this introduction by stating a corollary of the Main Theorem.

CoroLLARY. (For the proof see [Me].) In the space U of C" unimodal maps of the
interval [—1, 1] endowed with the C" topology, r=3 the set of structurally stable maps is
open and dense.

The above corollary is the analogue of Maiié-Sad—Sullivan Theorem on the density
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of structural stable rational maps on the Riemann sphere. Note however that it does not
follow that structurally stable maps satisfy the Axiom A condition.

CoRrOLLARY. Let f[—1,1]-[—1,1] be a C? unimodal map which is infinitely
renormalisable and whose turning point is non-flat. Then f has an attracting Cantor set
and its basin contains intervals.

Proof. By Theorem B the turning point of f cannot be approximated by periodic
attractors. Therefore after renormalizing a finite number of times, the new renormal-
ized map has no periodic attractors. So for this new map all points, except those which
are eventually mapped into periodic orbits, tend to the closure of the forward orbit of
the turning point. Q.E.D.

Many of D. Sullivan’s ideas were an important source of inspiration for our work.
We are grateful to him for inviting the last two authors to C.U.N.Y. and his interest in
this work. Also we would like to thank the mathematics department of the University
of Warwick at which this paper was finished.

§ 1. Definitions and statement of the theorems

Let N be a smooth compact 1-dimensional manifold (i.e., a finite union of closed
intervals or circles). We say that p €N is a periodic point of f of period n if f"(p)=p and
Fi(p)=p for 0<i<n. J=N is a periodic interval of period n if f*(J)=J and f'(J) nJ=Q for
0<i<n. An interval JoN is a wandering interval for fif (i) £(J)n F(J)=@ for all 0<i<j
and (i} the @-limit of J, w()={x;3n,—> and y€J such that f"(y)—x}, is not a
periodic orbit. (In fact, if it is a periodic orbit then it necessarily has to be a (possibly
one-sided) attracting periodic orbit.) If f is not a homeomorphism and has a finite
number of turning points then a component of J of the Fatou set of fis either eventually
periodic (i.e., eventually mapped into a periodic component of F(f)) or a wandering
interval. If U is a periodic component of period n>0 of the Fatou set of f (i.e.
f(U)cU), then either the orbit of U contains a critical point of f or f*|U is monotone
and f” has a non-repelling fixed point in the closure of U. Therefore our Main Theorem
follows from the following two theorems.

THEOREM A. Let f: N> N be a C™ map whose critical points are non-flat. Then f
has no wandering interval.

THEOREM B. Let f: NN be a C* map whose critical points are non-flat. Then
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there exists ny and 0>0 such that for every periodic points of f of period n=ny one has
IDf"(p)| = 1+o.

The assumptions in these theorems are satisfied for analytic maps f: N—N. In fact
Theorem B implies that analytic maps can have at most a finite number of non-repelling
periodic orbits (unless f or f2 is the identity map).

The non-flatness conditions in Theorems A and B cannot be dropped. Indeed if
one considers C* maps with a flat critical point then Theorems A and B are false. Such
maps may have wandering intervals and an infinite number of attractors. The first
example of such a map was given by Hall, [Ha), but see also [SI], [Me]. Moreover,
Theorem A and B are actually proved under much weaker smoothness assumptions.
Theorem A is for example also proved for general continuous piecewise linear maps (in
fact it is proved under the same smoothness conditions as the result of [D] for circle
diffeomorphism).

More precisely we will prove

THEOREM A’. Let f: N—N be in the clase o (defined presently). Then f has no
wandering interval.

Here o is the class of absolutely continuous maps f: N— N such that the following
two conditions are satisfied:

(A1) There exists a finite set K such that for each neighbourhood of U of the set
Ky, the map N\ U3x—log|Df(x)] (which exists almost everywhere because f is
absolutely continuous) extends to a map of bounded variation on N\ U;

(A2) For each xy €K there exists a=1, a neighbourhood Ul(xp) of xo and a
homeomorphism ¢: U(xg)—(—1, 1) such that ¢(x)=0, ¢, " are absolutely continuous,
(—1,1)3x—log D¢(x) (which exists almost everywhere) can be extended to a map of
bounded variation, and such that

f(x) = £jpx0)|*+f(x0), Vx€ Ulxy).

This number a is called the order of xo€ K.

Notice that condition (A2) gives a non-flatness condition at the set of critical
points. (If x; is an inflection point we can also allow that f(x)=i|¢(x)|a'+f(x0) on one
side of x, and f(x)=i|¢(x)|a2+f(xo) on the other side, where a;, a;=1 need not be the
same. On the other hand, if x, is a turning point then we need the order or flatness to be
the same on both sides; indeed, otherwise the involution 7 from Section 4 below would
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not be Lipschitz.) This class s contains the class of C” maps with non-flat critical
points (and therefore Theorem A’ implies Theorem A) and also for example the class of
continuous piecewise linear maps. For these piecewise linear maps even the non-
existence of wandering intervals whose orbits stays away from turning points was
previously unknown. The classical proof based on Denjoy—Schwartz requires log |Df|
to be Lipschitz, see [Sc], and also [CE], [Str2}. Our proof relies on a disjointness result
for backward iterates of certain intervals, see Theorem 6.4. In this sense our proof is
closer to the original ideas of Denjoy than the later developments of Schwartz.

Instead of Theorem B we will prove the following stronger result:

THEOREM B'. Let f: N—N be in the clase B (defined presently). Then there exists
ng and 9>0 such that for every periodic point of f of period n=ng one has

IDf"(p)| = 1+o.

The class & is somewhat smaller than the class . Indeed, f€ & if and only if:

(B1) fis C%

(B2) Let K be the set of critical points of f. Then for every x, € K, there exist a>1
and a C? coordinate system ¢: U(xg)—(—1, 1) on a neighbourhood U(x,) of x, such that
P(xg)=0 and

fx) = £lip)|*+f(x0), Vx € Ulxo).

Clearly % includes the class of C* maps with non-flat critical points (and therefore
Theorem B’ implies Theorem B). Moreover, it is not difficult to prove that condition
(B2) is satisfied if for each critical point ¢ there exists k=2 such that fis C**' at ¢ and
Df*(c)=#0. It is not clear whether we can weaken the condition that fis C? in the proof
of Theorem B'.

The numbers ny and ¢ from Theorem B obviously depend in an essential way on
the maps f. Indeed, there exists a sequence of analytic maps f, converging to an
analytic map f such that f, has an attracting periodic orbit of period >n. (Take for
example fto be a quadratic map with an eventually periodic critical point.) Neverthe-
less, our proof of Theorem B gives more uniform estimates. More precisely, if ¥ is a
compact family of maps in & then there exists ¢>0 and ny €N such that if f€ ¥ and p is
a periodic point of period n=n; of f then one of the following possibilitie§ hold.

(i) p is an attracting periodic point whose immediate basin of attraction contains a
critical point;
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(ii) p is in the boundary of the immediate basin of a periodic attractor which
attracts a critical point;

i) [Df"(p)=1+e.

In particular the number of periodic orbits of maps in ¥ of type (i) and (ii) is
bounded by the number of critical points.

Notation. We will use the following notation. J, will denote f*(J). If I,J are
intervals in the same component of N, let [, J] be the (smallest) convex hull of 7 and J.
(Even if this component of N is equal to S' it will always be clear which interval we
mean. If 7 and J are in different components then we define [1, J]1=N.) (I, J] denotes the
set [1, JI\I. Similarly define [1,J) and (I, J). The Lebesgue measure of a measurable
set IcN is denoted by |I|.

2. Analytical estimates on diffeomorphic branches of f* when f€ %:
the Koebe and the minimum principle

In Denjoy’s theory for circle diffeomorphisms the main technical tool is the control of
the distortion of iterates of the map restricted to some interval under some disjointness
assumptions on the iterates of this interval. Here the distortion of a differentiable map f
on an interval T is defined as the maximal ratio of the absolute values of the derivative
in two different points. This number measures the non-linearity of the map. Another
way to present the same concept is to consider pairs of intervals L, R<T, intersecting at
a common boundary point, and the distortion of the ratio D(L, R)=|L|/|R| by the map f,
i.e., the number D(f, L, R)=D(f(L),f(R))/D(L, R). It is easy to see that the distortion of
a differentiable map fin the interval N is bounded if and only if there is an upperbound
for D(f, L, R) for any pair of intervals L,RcT.

If a map f has critical points we cannot hope to get a bound for its non-linearity.
Hence, instead of the distortion of a pair of consecutive intervals, or three consecutive
points, we have to analyze the distortion of a more complicate configuration called the
cross-ratio of four points.

2.1. Definition. Let J=T be open and bounded intervals in N such that T\J
consists of intervals L and R. Define the cross ratio of these intervals as
VT

D(T,J)= :
IL[IR|

(where |I| denotes the length of an interval I). If g: T—N is continuous and monotone
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define

g, 7,0)= DED:0)

We notice that if f*|T is monotone and continuous then

n—1
B(f", T,0) = [ | BUAFUD), £
i=0
Of course this cross-ratio is related to the hyperbolic metric. Indeed, let T be an
open and bounded interval on N. For x, y€ T let

ILUJ{JUR] _

1
/IR 7Log(1+D(T, 7))

or(x,y)= -;—Log
where J is the interval bounded by the points x, y. Then pzis a metric in T and the group
of isometries of this metric is exactly the group /; of all Mébius transformations that
map T onto 7. Furthermore, the group A acts transitively on T, namely, given x,y€ T,
there exists an isometry ¢ € ., such that ¢(x)=y. If we take T=(—1,1) and x, y €T then
or(x,y) is exactly the hyperbolic distance between the two points (x,0), (y,0) in the
unit disc. Therefore we shall call g, the hyperbolic metric of the interval T.

As is well known, holomorphic maps of the unit disc contract the hyperbolic
metric. Moreover holomorphic maps of the disc have many very powerful properties:
for example there is a universal bound for the non-linearity of these maps on a smaller
disc (this follows from the Koebe LLemma). We shall show that diffeomorphisms of the
interval T which contract the hyperbolic metric o7 satisfy similar properties.

One way to check that a map contracts the hyperbolic metric on an interval is
through the Schwarzian derivative.

2.2. Definition. Let g: TN be a C*-map on the interval TeN. Then

Spr=8 0 3 (.g”(X> )2
g'(x)

is called the Schwarzian derivative of g.

2.3. PROPOSITION. Let g: TN be a C? diffeomorphism on the open interval TcN
such that for every x€T, Sg(x)<0. Let cl(I)cint(T). Then

B(g, T, D>1.

Furthermore if Sg(x)<0, Vx€ET, then B(g, T,I)=1.
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Proof. The proof is well known and can be found in for example [MS].

In particular a diffeomorphism g: T—T having negative Schwarzian derivative
expands the hyperbolic metric: ¢,(g(x), g(y))>0;(x, y) for all x,y€ T and x#y. There-
fore the inverse of g contracts these metrics.

So our aim is to show that inverses of diffeomorphisms g: T—T' with negative
Schwarzian derivative behave in many ways as holomorphic maps on a disc in the
complex plane.

Unfortunately the condition that a map has negative Schwarzian derivative is not
very natural: it is not preserved under coordinate changes, has no dynamic interpreta-
tion and it excludes a large class of maps.

Therefore we will not only consider maps with negative Schwarzian derivative but
maps with some smoothness properties. By studying the distortion of the cross-ratio
under iteration, we will first show in this section that the iterates of a smooth map
restricted to an interval where it is a diffeomorphism, does not contract the metric too
much provided some disjointness assumption on the iterates of the interval under
consideration. Then we will show that in this case one obtains analogues of the Koebe
and Maximum Principle for conformal maps (the analogy is with respect to the inverse
of the maps). These results will hold for maps f€ 3. In § 4 the case is considered that f*
is a homeomorphism which may have critical points of inflection type and when f€ .

In the following theorem we give a lower bound for B(f", T, J) if f€ %, see also in
[MS1] or in [Str3], see also [Str2] and [MS2] (where also a different cross-ratio is
considered).

2.4. THEOREM. Let f€RB. Then there exists a bounded continuous function
0:[0, ©)>R, such that o(t)—0 as t—0 with the following property. If T is an interval
such that f™|T is diffeomorphism then for any interval J=T with cl(J)<int(T):

m-1
@.1) . B(f", T,J)=exp{—o()- D, |F(D)|}.
i=0

Here =max,_,

m—1 |fl(T)|

.....

Proof. Since B(f", T, J)=II'Z) B(f,f(T),f(J)), it suffices to show that there exists
a constant Cy€(0, ) and an increasing continuous function o: [0, *)—[0, C;) with
lim,_,0(#)=0 such that

B(f,T,J) = exp{—o(|T|)-|T|}

19-928283 Acta Mathematica 168. Imprimé le 24 avril 1992
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for all intervals JeT<N such that Df(x)=0 for all x€T. It is enough to prove that
2.2) B(f,T,J)-1=—o(T)-|T|

for some (other) function o as above. Let Vccl(V)cU be a neighbourhood of Ky such
that each component U’ of U contains a unique critical point and such that f is of the
form f(x)=%£|p(x)|*+f(x0), for all x€ U’ where a=1 and ¢: U'—(—1,1) is a diffeomor-
phism.

Case 1. TeN\ V. In this case write T=[a, d] and M=[b, c]. Then
flo)=fb) fld)—fla [fb)=fla) f(d)—f(c)

B(f.T.J)—1= c—b d—a b—a d—c
1.0 fb)—fla)  fld)—f(c)
b—a d—c
=L [ flo-fb) fld)—fla) _ fb)-fla)  fld)-f(0)
T K c—b d—a b—a d-c |

where K=inf{|Df(x)|;x € N\ V}. Writing

fla+x)=fla)+ula, x)-x

one gets
M = /‘(a’ d—a)a
d—a
FO)F@ _ g, b-a).
b—a
Also

S)—f(b)=ula, c—a) - (c—a)—ula, b—a)-(—c+b—a+c)
=[ua, c—a)—u(a, b—a)](c—a)+ula, b—a)-(c—b)
and therefore

fle)=f(b) = u(a, b—a)+ pa, c—a)—u(a, b—a) (c—a)
c—b c—b

and similarly

DO _ g, g—ay M d=D=pl@.c2a) (o)
d—c d-c
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Hence

—1
B({, T,J)—1>—K—2'

u(a, d—a) <u(a, b—a)+ M@ c—aA)—ua, b=a) (c-—a)>

c—b
—u(a, b-a)- (ﬂ(a, e (c—a)) ‘
—c
=L _ . mla, c—a)—u(a, b—a)
2 |c—al- |u(a, d—a) "
—u(a, b—q) - M@ d=a)—pua, c=a)
2’ d_c -
Hence
B(fT.J)-1_ -1 _ | ua, c—a)—ua, b—a)
|T| /Kz ’ﬂ(a;d a) —b
—u(a, b- Ma, d-a)—pla,c—a) |
w(a, b—a) o

Since fis C*

= d—q) - Mac—a)—pa, b-a) _n. Ma,d-—a)-ua, c—a)
o(?) isTlllg ula, d—a) py ula, b—a) e

is a bounded increasing function with o(f)—0 as r—0. From this the result follows.

Case 2. TcU. Since a=1, the map ¢.(x)=x" has Schwarzian derivative <0. Then
Proposition 2.3 implies B(¢,, ¢(T), p(U))=1. Therefore

B(f, T, U) = B(¢a, p(T), p(U))- B¢, T, U) = B(¢, T, U).

Since ¢ is C? and inf{|D¢(x)|; x €T} is bounded from below, B(¢, T, U)=1-0o(|T|)-|T|
follows as in Case 1. Combining this gives (2.2).

Case 3. If T contains a component of U\V then (B(f, T, M)—-1)/|T| is bounded
from below since |T| is bounded from below. Combining Cases 1, 2 and 3 this finishes
the proof of Theorem 2.4. Q.E.D.

Remark. We should emphasise that it is really essential in this theorem that fis C.
It is not sufficient that f' is Lipschitz. This is in contrast with the usual bounded non-
linearity results in the theory of A. Denjoy and of A. Schwartz. If in addition f” is
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Lipschitz then it is proved in [MS2] that there exists C;=>0 such that

m=1 m—1
B(f",T,J)= exp{ —Cy- 2 | f"(T)|2} Bexp{—Co-r' Z | f"(T)|}.
i=0

i=0

The previous theorem shows how to find lower bounds for B(f™, T,J). From the
next results the usefulness of these lower bounds will become clear. The first of these
are similar to well known properties of (quasi)-conformal mappings.

2.5. “MINIMUM PrINCIPLE.” Let TcN and g: T—g(T)cN be a C' diffeomor-
phism with T=[a, b]cN. Let x€(a, b). If for any J*<T*c<T.

B(g, T*,JH)=C>0
then
2.3) IDg(x)| = C* min{|Dg(a)], |Dg(b)|}-

Proof. The proof of this principle is given already in [MS1]. In order to be self-
contained let us give it here too. Let us consider the following two operators:

lg(T*)P 1
Byg, T% =
o& T%) |T*P  |Dg(a*)||Dg(b*)|
ng(x)llg(_T)I
B ’T’ = ’
& L) = e ®)|
IL| IR

where T*=[a*, b*]<T and L and R are the connected components of 7—{x}. Observe
that

BO(g’T*)= lim B(g! T*yJ)’ B](g: Tr-x)=hmB(gr T,J)-
JoT* J-x

Hence By(g, L), By(g, R), By(g, T, x)=C=>0. Since
B()(gx L)’ B()(g; R) ? C

we have:

R
)2 = C|Dg(a)||Dg(x)|, ('—g(—)l>2

(Ig(L)l R = C|Dg(x)| |Dg(b)|-

IL|
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Since B(g, T, x)=C>0 we have

g(D)) >c lg(L)] |g(R)|

|
D .
PN =T R

Since g|T is a diffeomorphism,

min { Ig(L)I’ Ig(R)I} < &) < ax{ lg(L)I, lg(R)I}.
IL| ~ IR || L] "~ IR|

Then

D) = C2(|8(L)| /IL|-|g®)]/ |R|>2 e min{(lg(L)l)z <|g(R)|)2}

le(D|/|T} IL] IR|
= C* min{|Dg(a)| [Dg(x), |Dg(®)| |Dg()]}.

Hence |Dg(x)|=C*min{|Dg(a)| |Dg(b)|}.

285

Q.E.D.

For maps with negative Schwarzian derivative one version of the next principle was
first used and proved in [Str1] and later rediscovered by S. Johnson and J. Gucken-

heimer, see [Gu2]. See also [Str2] and [Str3].

In order to state this principle it is convenient to introduce the following termino-
logy. Let UcV be two intervals. We say that V is a 8-scaled neighbourhood of U if each
component of V\ U has length 6|U|. Similarly we define when V contains a d-scaled

neighbourhood of U.

2.6. ““KoEBE PRINCIPLE.”” For each C,t>0 there exists K(C,1)<% with the
following property. Let g: T—>g(T)<N be a C' diffeomorphism where T is a subinterval

of N. Assume that for any intervals J* and T* with J*<T*<T one has

B(g, T*,J*) = C>0.

Let McT and assume that g(T) contains a t-scaled neighbourhood of g(M) then

1 _ g™

2.4 <
@4 K(C,7) g

=K(C,1), Vx,yEM.

Proof. See [Str3] for a more general statement of this principle. In order to be
complete we will include a proof of (2.4) here. By rescaling we may assume that
M=g(M)=[0,1] and that g is increasing. Let a, b€ T be such that a<0<1<b and that
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g(@)=—7 and g(b)=1+7, L=[a, 0], M=[0,1] and R=[1, b]. As in the proof of (2.3) one
has
1

@.5) |Dg(0){ |Dg(D)| S-(

c M>2'

M|

Similarly

g1/ 1Ll DL/ M|

Dg(0)|=C-
Dg©) g(LUM)|/ILUM]

Using [g(M)|=|M|=1 and

le@)|_ILuM| _ 7 [L+M]_ <
IL| |gLuM) |L] 1+z 1+7’

this gives
Ct
. Dg(0)| = ——.
(2.6) [Dg(0)| o7
Similarly
Ct
2.7 Dg()| = —.
2.7) |Dg(1)| e

Combining (2.5)-(2.7) gives that there exists K'< such that

2.8) %s IDg(0)], [Dg(1)| <K'

Using the Minimum Principle one obtains that for each x€[0, 1],

C3
2.9) |Dg(x)| = v

Let U=[0,x] and V=[x, 1]. Since g is a diffeomorphism one has either |g(U)|/|U|<
le(AM)]/|M|=1 or |g(V)|/|V|<|e(M)|/|M|=1. If the former holds then

le@I/IUIP
IDg(0)} |Dgx)|
gives

|Dg(x)||Dg(0)| < —é— -1.

Using (2.6) this gives

1 147
D <=,
[Dg(x)| C G
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From this and (2.9) it follows that there exists K<< such that

(2.10) L <De) <k
K
Therefore
L D@l _genz v yem.

(K"?  |Dg(y)|
Q.E.D.

The next two results will play an important role in proving that the periodic points
of high period of a map in % are repelling and are concerned with the situation that
B(g, T, M)—1 is positive and bounded from below. The next result states that whenever
an interval is mapped monotonically over itself with expansion of the cross-ratios then
the map is really ‘bending’ and therefore at some point expanding.

2.7. ““EXPANSION PRINCIPLE.” Let T be an interval in N and g: T—»g(T)cN a C!
diffeomorphism. For every >0 and 6>0 there exists 0>0 such that the following holds.
Let T, M be intervals such that both components of T\ M have at least length 6-|T|. If
B(g, T, M)=1+¢ and g(T)>T then there exists € T with Dg(6)=1+op.

Proof. Let £>0 be so small that (1+¢)(1-&)’=1+le.

Case 1. First suppose that [g(L)|/|L|=1-& and [g(R)|/|R|=1—&. Then, using
B(g, T, M)=1+¢, we get

le  lgthn)]

—EP=4L
7] IM] =Z(1+e)(1-&) 21+2e.

So at least one of the terms |g(T)|/|T|,|g(M)|/|M| is greater or equal than V1+¢g/2.
Using the mean value theorem we obtain in either case 8 €T so that

2.11) IDg(6)| = V1+¢/2.

Case 2. Suppose that |g(L)|/|L|<1—&. The case that |g(R)|/|R|<1—& is proved
similarly. Then, using |L|, |[R|=J|T|, we get

gMUR) _ [e(D)|—[e)| _ |T|-[e)]
IMUR| IM|+|R]| IM|+|R|
S IT-a-ai

IM|+|R|

= 1+40E.
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The mean value theorem then gives 8 € MUR such that
2.12) [Dg(0)| = 1+0¢.
Together, Case 1 and Case 2 prove the result, Q.E.D.

We will need to use the previous lemma in the case where g is an iterate f” of f.
Hence we will need that B(f", T, J) is strictly bigger than one. In order to get such a
lower bound for B(f", T, J) we will use the following result which is based on the non-
flatness of the critical point. (This lemma does not hold for piecewise linear maps.)

2.8. LEMMA. Let g € B and c a critical point of g. Then for every >0 there exists a
neighbourhood U of ¢ and a number £>0 such that if T is an interval in U\ {c} with
|T|=7]|lc, T)| and M the middle third interval in T then

(2.13) B(g, T, M)=1+§.

Proof. We may assume that N=[—1,1]. Let B(g, T)=B(g, T, M) where M is the
middle third interval in 7. Let b=c, k the order of the critical point and define

@, lc, b= [0,1] by ¢,(x)= I‘%:—Z—},

ly—g(c)|
: ,8M)]—-10,1] b ~ler)—2©@
Yy [8(0), gD)] - 10,11 by ,(y) le(b)—g(c)|

2,:[0,11-[0,1] by g,x)=y,0g00;'x)

and g.(x)=x*. Since ¢, and Y, are affine transformations and the crossratio are
invariant under affine transformations, one has for any interval T=[a, b]c[c, b]

(2.14) B, T) =1§<g,,, H—Z:—z: 1])

Let ®:[c, ] %[0, 1/(1+1)]>R be defined by
®(x,y) = Bg,, [y, 1.

Since g(x)==|p(x)*+g(x;) where ¢ is a C? diffeomorphism and k>1 one has that g,
depends continuously on b and g, tends in the C° topology to g. as b—c where g, is the
function g.(x)=x*. Therefore ® is continuous.

Notice that since 4=2, the map g, has negative Schwarzian derivative and there-



JULIA-FATOU-SULLIVAN THEORY FOR REAL ONE-DIMENSIONAL DYNAMICS 289

fore B(g., V, U)>1 for any intervals UcVc|0, 1] with cl(U)cint(V). Therefore the map
[0,1/(1+0)]3 y—B(g., [y,1])—1 has a positive minimum, say 2§>0. So ®(0,y)=1+2§
for all y€[0, 1/(1+7)]. Let y, be such that

(2.15) PGy =1+, Vxy)€[c, yn]x[O’Tl—,]-

Now let U be a neighbourhood of ¢ with diameter <y,. If I=(qa, b) is an interval in
UN\{c} and |I|/|[c, I})|=7, then |b—a|/|c—al=t. Therefore |a—c|/|b—c|€[0,1/(1+7)]
and from (2.15),

B, D= é(g,,, HZ%Z: 1]) = d)(b, :Z:ZD =1+E

This finishes the proof of the lemma. Q.E.D.

3. Analytical estimates on monotone branches of f* when f€ of:
the Macroscopic Koebe Principle

In this section we will analyze the distortion of the cross-ratio for iterates of a map
fE€EA. We will face two new difficulties. First we have less differentiability as in the
previous section and, therefore, we will have to rely on more disjointness assumptions
in order to get good bounds for the distortion of the cross ratio of iterates. The second
type of problems is that we will need later some estimates on the cross-ratios when the
iterates of the interval may contain critical points of inflection type. So we will prove
here a version of the Koebe Principle for branches of f* which are only monotone, and
not necessarily diffeomorphic.

The basic strategy is the same as before: we need to estimate the contraction of the
cross ratio under high iterates of f on an interval 7. Because in this section f€ o, we
only have that log Df has bounded variation. Therefore we need to split up the iterates
of T into collections of disjoint intervals. So we start by discussing some disjointness
properties of families of intervals.

3.1. Definition. The intersection multiplicity of a finite collection of intervals in N
is the maximal number of intervals in this collection whose interior has a non-empty
intersection.

3.2. ProPOSITION. Let W be a finite collection of intervals in N with intersection
multiplicity at most p then there exists a partition of the collection
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W=AUA,U...UA,,
such that Ay consists of mutually disjoint intervals for k=1,2,...,2p.

Proof. Clearly we may assume that N is connected. So we only need to consider
the cases that N is equal to an interval or a circle.

Proof if N=[—1, 1]. Of course we may assume that all the intervals in % are open.
We claim that if N=[—1, 1] then there are p classes

AL A, LA,

which form the desired partition of %. Indeed let # be some collection of intervals in
[—1,1]. For I€ #let next{l, #} be some interval I' € # such that (i) I does not intersect
I and is to the right of I and (ii) there is no interval J € % satisfying (i) which is closer to 7
(if there is no interval to the right of I take next{l, #} to be the empty set). Similarly
R(F) is some interval in £ such that there is no interval in . which has points to the
right of R(#). For k=1,2,...,p we define inductively A, as follows. Let Ay=0 and
suppose that we have defined by induction A,_,. If k<p and B,=W\U,_, , A=9
then let A,=0. If %, is non-empty then take an interval [, € %, so that there is no
interval in %, containing points to the left of I,. Then define

Ak,l = {Ik},
A=A Unext{R(A, ), (WN\(4,U...UA,_UA, )},
and

A= U A,

,ne
nz1

Then A, is a collection of intervals with disjoint interiors and the collections Ay, ..., A,
are mutually disjoint. Now we will show that %#=A,U...UA,. Suppose this is not the
case and there exists an interval 7 in the collection #"\(A4,U...UA,). Then

TE WN\(AyU...UA,_,UA)

for each k=1,...,p and since I¢ A, it follows from the inductive definition above that
there exist for i=1,2, ..., p, T;€ A, such that the left boundary point of T; is to the left of
(or equal to) the left boundary point x of I. But then since all these intervals are open,
points just to the right of this boundary point x are contained in I as well as in T,
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k=1,2,...,p. This contradicts the assumption that the intersection multiplicity of % is
at most p.

Proof if N=S'. If N=S§" then choose some x€ S' and let Iy, ..., 1, be intervals in W
which contain x. Then r<p. Since S'"\ {x}=(—1,1)c[-1,1] it follows from the pre-
vious case that W'\ {I,,...,1,} can be disjointly decomposed into collections A, ..., A4,
of disjoint intervals. Then %=A,U...UA,UU,_, (I} has the desired properties.

Q.E.D.

.....

The main result of this section is a version of the Koebe Principle for maps f"
restricted to an interval T such that f*|T is monotone (but may have critical points of
inflection type) and such that the collection T,f(T),...,f" (T) has low intersection
multiplicity.

3.3. Macroscopric KoEBE PrINCIPLE. Let f€ o. Then there exists a strictly
positive function By: (0, 1)—(0, 1) such that for any pair of intervals McT, any n=0 and
any 0<e<1, satisfying the following conditions:

(@) f(T) contains an e-scaled neighbourhood of f*(M);

(b) the intersection multiplicity of {T,f(T),...,f* X (T)} is at most 17;

© fFM)NK;=2, i€{0,1,...,n—1}
one has:

T is a By(e)-scaled neighbourhood of M.

For the proof of this theorem we will need a number of lemmas. Let f€ &f. Let
Vecl(V)cint(U) be interval neighbourhoods of K, such that the number of compo-
nents of ¥ and % are both the same as #Kj.

3.4. LEMMA. Let fbe a map in 4 and E={T,,T,, ..., T,} a collection of intervals in
N and M;cT;. Assume that the intersection multiplicity of E is at most 17 and that none
of the intervals T; contains a component of U\ V or contains points of K;. Then there
exists V<o such that

3.1) > log B(f, T, M)= V.
i=1

Proof. Since f€ o, the restriction of log|Df| to N\ 7 exists almost everywhere
and log|Df| has bounded variation on this set. Let

V= Var(log[IDf [N \¥)]) < .
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For each x;€K; let U; be the component of % which contains x;. Since f€,
f()=¢, 0 ¢{x)+f(x), where ¢,(x)==%|x|* and a;=1. Here ¢;: U—(~1,1) is a homeo-
morphism and log|D¢,| exists alllmost everywhere and has bounded variation. Hence
V'=L;Var(log|Dg¢,)) is finite. Let V=34(V;+V").

Let I1={i;T;:nV=0} and L={i;T,c¥}. Since the intervals T; never contain a
component of U\, LUL={1,2,...,n}.

First assume that i€J];,. Let L; and R; be the components of T;\M,;. For
u, v;€T; let (4, v) be the open interval connecting &; and v;. Because Df exists almost
everywhere there exist m;€EM;, ,EL;, r,€ER; and 7,€ T, such that Df exists in these
points and such that | f(M)|/|MJ={Df(m)), | FT)|/|TIZIDf@), | FL)I/ILI<IDFU)] and
| F(R)|/IR|<|Df(r)|. Using this in the definition of B(f, T;, M;) we find that there exist
LE€L;, r;€R;, m;€M; and 7,€ T, such that

3.2 l B y T~, M /l T~ rrt it rr < |2
G.2) ogB(f, T, M) = og( lDf(l,-)||Df(r,~)|>
and

(33) m; € (lir r,~).

From (3.2) and the choice of the points [;, m;, r;, ; one has

3.4 logB(f, T, M) = —{|log |Df(m)|—log |Df(})| | +[log |Df(x)|—log |Df(r)| |}
and also

(3.5 logB(f, T, M) = —{|log |Df(m)|—log |Df(r)| | +[log |Df(z)| —log |Df ()| [}-

Rename the points [, m, r;, 7; in increasing order a,, b, ¢, d;. From (3.3) one gets that
either (I, m)n(z, r)=3 or (v, [)n(m, r)=3, and so we can use either (3.4) or (3.5) and
get

log B(f, T, M)) = —{|log |Df(b)|-log|Df(a)| |} +|log |Df (d)| —log [Df (c)| [}

3.6
(3.6) = —Var(log |Df|T})

and therefore
3.7 log B(f, T, M) = —Var(log |Df|T)).

Now consider i € I,. Then T; is contained in some component U; of % (and does not
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intersect Kp and so f has the form f(x)=¢, ¢, Hence

B(f,T, M) =B(@,, T, M)XB($, T, M.

Here Ti=¢;(T) and M;=¢;(M,). Since the Schwarzian derivative of ¢, is less or equal
to 0 (because a;=1) one gets B(¢ai, T}, M)=1. Hence, as above,

logB(f, Ti’ Mx) = 0+10gB(¢,~, Tp Mz)
(3.8)
= —Var(log |D¢|T)).

Since the intersection multiplicity of Z is at most 17, using Proposition 3.2, one can

write 2=A,UA;... UA3, where A; consists of a collection of mutually disjoint intervals.
Hence from (3.7) and (3.8) one gets

(3.9) > log B(S, T, My = ~34-(V,+V").

i=1
The lemma foliows. Q.E.D.

3.5. LEMMA. Let f€ A. Then there exists Ay>>0 such that if IcW are intervals in N
such that

(a) W\ consists of one component H,;
) [HIs|I;
© INK,=0,

then

LA Lf(H)|
(3.10) AL IR Aat Y
0 A

Proof. The proof of this lemma is elementary and can be found in [MMMS].
Q.E.D.

3.6. LEMMA. Let f€ of and I, T be intervals with cl(I)cint(T) and L and R be the
components of T\I. Let y€(0,1). If

AR (R o
AT TR

then

B(f, T,I) =y
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Proof. Let
_ (it /o
4= (im)/ e+ )
Then
DL, DL ), )
. . ‘
B(f,T.I)= | f(R)] lfR) | fA)] D) a4 d —y. 1+y-d > yz

T B 1+d
IRl IR L} L]

The last inequality follows since y € (0, 1) and therefore (1+vyx)/(1+x) is always greater
than y for x>0. The result follows. Q.E.D.

3.7. LEMMA. Let f€ si. Then there exists A1>0 such that if I, T are intervals with
cl(l)cint(T) and L and R the components of T\I such that

(@ [LI<l] or [RIII;

(b) InK;=;
then

B(f,T,I)=A,.

Proof. Let A, be the number from Lemma 3.5. We may assume that A,€(0, 1). We
will prove the lemma for A,=1{- (Ap)*. By possibly renaming L and R, we may consider
the case that |R|<|I|. Then from Lemma 3.5 we get

|f(R)| /IR

{1}]

and hence

DL L,

B(f, T,I)= = .
CED2 70 1) M= g

If |L|=|1| then it follows from this and |R|<|I| that

L
B(f, T,[)=A,- - ,, -AO-—;—BAI

LI+I+R] ™7 LI+

and the lemma is proved. So assume that |L|<|I|. Then applying Lemma 3.5 again we
get
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(3.12) MBA
| A /IL|

111

and it follows from (3.11), (3.12) and Lemma 3.6 that B(f, T,I)=Ay-A;>A;,. Q.E.D.

Proof of Theorem 3.3. Let £€(0,1). Let m=<n be the smallest number such that
| f™(L)|=¢€]| f"(M)| and | f™(R)|=¢|f™(M)|. Let A, be the number from Lemma 3.7 and
assume A;<1. Let V>0 be the number from Lemma 3.4. Let

B, = [A]]SI#Kf+1 eV,
We claim that
B(f", T,M)=B,.

Indeed let #(1)<#(2)<...<t(s)<m be the integers t<m such that f(T) contains a compo-
nent of U\ 7 or such that f(T)nK,+<. Since the intersection multiplicity of
{T,f(D), ...,f"'l(T)} is at most 17 one gets s<S51#K, From the choice of m either
[ D) <e| O] FOM)] or | FOR)|<e| fOM)|<| £M)|. So from Lemma 3.7

B(f,fUT),f M) = A,.

‘"From Lemma 3.4

> log B(f,f/(T), f(M)) = - V.
J<m—1,j&{r(1),..., )}
Hence the claim follows. From the claim and the definition of the operator B the
theorem easily follows. Q.E.D.

4. Some simplifications and the induction assumption

The proof of Theorem A will go by induction on the number of turning points of f. So
let o£¢ be the collection of all endomorphisms of N in & with f(GN)c8N and with
precisely d turning points. So we will prove inductively that

d

(Ind,) maps in U &' have no wandering intervals.
i=0

Because the proof of Theorem A goes by induction on the number of turning points we
have to consider a more general situation: the manifold N is not necessarily connected
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(but does consist of a finite number of components). This does not give, however, a
more general result. In fact if a map f N— N has a wandering interval then one of the
connected components N’ of N is periodic of period s and the map f*: N'—>N' has a
wandering interval. Therefore, if we prove the theorem for connected manifolds we get
also the same theorem for non-connected manifolds. However, if f has d turning points,
the map f* may have more than d turning points. This is the main reason to start with a
disconnected manifold. So if Ind,_, holds then we may use the following fact: if there
exists a finite disjoint union of intervals which is invariant by f and contains a
wandering interval then the union of these intervals contains at least d turning points.
By extending f to a slightly bigger interval we may assume that

f(BN) = dN.

It suffices to prove the theorem for maps f such that none of the turning points is
contained in (the closure) of a wandering interval. Indeed, otherwise f also has a
wandering interval W containing a turning point c in its interior. Now modify the map f
in a small neighbourhood V=W of ¢ to a map g€ &« such that f=g on N—V for which
g|V has a unique turning point in ¢ and g(c) is not contained in a wandering interval.
Then f(W) is still a wandering interval for g (the forward iterates of f(W) under fand g
are the same because these iterates never enter W) and g(c) is not contained in a
wandering interval of g. Repeating this procedure for every wandering interval which
contains a turning point in its closure we get a map g which still has wandering intervals
but such that none of its turning points is contained in the closure of a wandering
interval. So it suffices to prove the theorem for g.

Furthermore, for each turning point ¢ of f there exists a neighbourhood S of ¢ and
a continuous involution 7: S,— S8, (which is not the identity) such that f(z(x))=f(x) for all
x€S.. From the non-flatness conditions for maps in & the map 7 is Lipschitz.

5. The pullback of space: the Koebe/Contraction Principle

In this section we will start the proof of the non-existence of wandering intervals for
maps in &. This will be proved by contradiction. More precisely, suppose that J is a
wandering interval and that J is not contained in a larger wandering interval. The
strategy of the proof is to show that there exists necessarily an interval I which strictly
contains J such that inf,_, | f"(I)]=0. Using the next principle, which also can be found
in [L], it follows that I is a wandering interval (since f"(J) does not converge to a
periodic orbit the same holds for f*(I)), contradicting the maximality of J.
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5.1. CoNTRACTION PRINCIPLE. Suppose I is an interval such that
inf| ()} =0
n=z0

then I is a wandering interval or there exists a periodic orbit O such that f*(I)—0 as
k—. In particular, if I contains a wandering interval J then it is also a wandering
interval.

Proof. Let $=U,_, f"(int(I)). Then £ is forward invariant.

First suppose that there exists a component U of $ and n>0 such that
S U)nU+D. Since £ is forward invariant this implies f*(U)cU. There are three cases.

(1) U is an interval which contains a fixed point p of f*: U— U in its interior. In this
case some iterate of I contains this fixed point of f* in its closure and since
inf,_o| F()|=0 this fixed point of f* must attract I, f*(I)—>O(p) as k—. So we are
finished in this case.

(2) U is an interval and there exists no fixed point as in (1). Then cl(U) contains in
its boundary an attracting fixed point p of f™: cl(U)—cl(U). If f*(U)+U then every
point in cl(U) is asymptotic to O(p), o(I)=0(p). If f(U)=U then the boundary point
{g}=8U\{p} is a repelling periodic point and inf,_,| f*(I)|=0 implies that no iterate of
I contains q in its closure. Since every point in int(U) is asymptotic to O(p) this implies
that f5(I)—O(p). Again the result follows.

(3) U is a circle. Then there exists a finite collection n;<...<n, of positive integers
such that U7_, f"(int(I)) covers §'. But since inf,_ | f"(I)|=0 this implies that there exists
an integer n>n, such that f"(I) is strictly contained in f"(int(I)) for some i=1, ...,r. But
then f* ™ has an attracting fixed point in f"(int(I)) which attracts I. So again the result
follows.

Now assume that for every component U of # one has f(U)N U= for all n=1.
Since $ is forward invariant and this holds for each component, this implies that
AU f™U)=D for all n>m=0. It follows that U and therefore I is a wandering
interval (or asymptotic to a periodic orbit). Q.E.D.

5.2. Definition. The pullback of P,>J, is the sequence of intervals
{P|i=0,1,...,n}
where P,_, is the maximal interval containing J;_, such that
fP_) =P,

20-928283 Acta Mathematica 168. Imprimé le 24 avril 1992
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for each i=1, ..., n. The integers i for which P; contains a turning point in its closure are
called the cutting times. It will turn out to be useful to call # also a cutting time. This
pullback is monotone if f*|P, is monotone and f"(Py)=P. Furthermore it is said to be
diffeomorphic if f"|P, is a diffeomorphism and f™(Po)=P and unimodal if P; contains at
most one turning point for each i.

All the pullbacks we will consider are unimodal because of the following lemma:

5.3. LEMMA. There exists n>0 such that if P,oJ, and |P,|<n then the pullback of
P, is unimodal.

Proof. Follows from the Contraction Principle and since by assumption no wan-
dering interval contains two turning points. Q.E.D.

5.4. CoNTRACTION/KOEBE PRINCIPLE. For each €>0 and each p EN there exists
Ny(e, p) with the following properties. Let P,oJ, contain an ¢-scaled neighbourhood of
Ja. If the pullback of P, has intersection multiplicity <p then n<Ng, p).

Proof. Let p=min(e, 1/2) and P,cP, be a p-scaled neighbourhood of J,. Let
m(0)<m(1)<...<mf(l)=n be the cutting times of the pullback of P,. Since the intersec-
tion multiplicity of the pullback is <p, I<p-d. Let P;" be the components of P;\J;. For
t=0,...,1-1, let P,‘;(,) be the component which contains the turning point. Now the map

fromnst, Pm(1—1)+1—’13n

is monotone. Since P, is a p-scaled neighbourhood of J,, it follows from the Macroscop-
ic Koebe Principle that both components of Pm(l—1)+l\Jm(I——1) +1 have length at least
By(p). From this and the non-flatness of the turning points we get that there exists a
universal constant C € (0, 1) such that

|P -1l = € By(©@) Wg—1l-

Because P,,_, is symmetric around a turning point, we also have that Byl =
W ng-p)- Therefore

|p:—:z(1—1)| = C-By0) [/ pu—n)-
Repeating this I<p-d times we get, letting g(x)=C"- By(x),

(%) \BZ| = g'0)- V).
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Hence there exists an interval P which does not depend on n and which strictly
contains the wandering interval J such that |f*(P)|<(1+20)\J,|<2|J,] for each n as
above. Now if there exists no upperbound Ny, p) for n then we would get
£ “(P)isZ!J,,J—»O for some sequence n,— and since P contains J this would imply
from the Contraction Principle that P is also a wandering interval. But this contradicts
the maximality of J. Q.E.D.

6. Disjointness of orbits of intervals

In this section we will give some upperbounds on the intersection multiplicity of orbits
of intervals. These bounds are needed in order to apply the Macroscopic Koebe
Principle. Let J,=f"(J). We will define a natural neighbourhood T, of J, such that its
monotone pullback has good disjointness properties. (For those familiar with the circle
homeomorphisms these neighbourhoods will coincide with the neighbourhood
[f %), f 2@ Dh%1(1y] of £9(T) when n=g, and with

DA O A )
of f %" -1(J) when n=gq,_,+iq,_, and lsi<a;—1.)

6.1. Definition. We say that J,,l and J,,2 have the same orientation if the forward
iterate of f which sends one of these intervals in the other is orientation preserving. If
n€EN, we say that J, is a predecessor of J, if 0<k<n, if J, and J, have the same
orientation and if Jy=(J,, J,) and 0<s<n implies that J; and J, have different orienta-
tions. If J, has a predecessor to its left (right) then we denote the corresponding iterate
by L(n) (respectively R(n)). J, has a successor J ., if

(1) J,—q is predecessor of J, (with 0<a=<n);

(2) fJn=asJn+al is monotone, orientation preserving, and its image contains no
predecessor of J, (if L(n) and R(n) both exist and if for example n—a=L(n) then this
implies that f'[Jn—, Jural <[, Jen)s

3) if JiceJ,,Jp1,) and k=0,1,...,n+a—1 then the intervals J, and J,,, have
different orientations.

Next we define the natural neighbourhood of J, to be the biggest open interval
containing J, which contains no neighbourhood of a predecessor or successor.

Remark. Of course J, can have at most one predecessor on cach side and it has a
predecessor to, say, its right if there exists an interval J, with s<# to the right of J,, with
the same orientation as J,. Moreover, as we will see in the lemma below an interval J,
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has at most one successor; so denote this successor by s(n). Therefore, if J, has two
predecessors and no successor then the natural neighbourhood T, of J, is equal to
T,=[J1»Jre] and if it has a successor then it is equal to

T, = dsm) OF T,= [T Jrin]-

6.2. LEMMA. For every n€EN, J, can have at most one successor.

Proof. Suppose that J, had two successors. Then it also has two predecessors, J;
and Jy,. By definition f"2: [J, . J, ][, Jrw] a0d £ [T, Toon] = [y I,] ar€
both monotone. Hence J is attracted to a periodic point, a contradiction. Q.E.D.

6.3. LEMMA. Assume that the interval J, has two predecessors Jy ., Jp,, and a

successor J . If this successor is to the right of J, then the predecessors of J, are J,
and Jyg, and if J,, has a successor then this successor is between J,, and Jg,.

Proof. The left predecessor of s(n) is n by the definition of s(n). The right
predecessor of s(n) is certainly defined because J,,, and J,, have the same orientation
and R(n)<n<s(n). Let us show that R(n) is this predecessor. If this was not the case
then there exists k<s(n) so that J,c(J,(,, Jx,) and so that J; and J, have the same
orientation. Because of the definition of R(n) this implies certainly that k>n. Because
k<s(n) this implies that 0<k—n<s(n)—n=n—L(n) and L(n)+k—n<n. From the first of
these two inequalities and the definition of s(n) it follows that f*" is monotone and
orientation preserving on H=[Jy,,J,]. In particular J; ., , has the same orientation
as J,. From this, the definition of L(n) and R(n) and the second of these inequalities it
follows J; )., cannot be between J;,,, and Jg,. It follows that

fUH) 2 [Ty ] 2 [ o] =7 OH).

In particular, f*~LM~&=m mans £¥"(H) monotonically into itself, and hence J would be
attracted to a periodic attractor, a contradiction.

Let us finally show that s(n) cannot have a successor to its left. Indeed if it did,
then by definition f*®~*® would map [/, Jx,] monotonically into [J,, J,]. From
the definition of s(n), f*®~" maps [J,, J,,] monotonically into [J ), x,]. Combining
this gives that J is attracted to a periodic attractor. With this contradiction the proof of
this lemma is completed. Q.E.D.

Remark. The previous lemma implies that if J, has a successor J,, and J, also
has a successor J ., then s(n)—n=a=s(s(n))—s(n) and J,,, is between J, and J . So
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is a successor of J, for

it l(n) :i(n)

continuing this there exists a maximal integer k such that J,
i=0,1,...,k—1. In this case the intervals

Js(n)’ Js(s(n))’ T Jsk(n)(n)

lie ordered and f*|{J,, J 4,1 is monotone. So f* acts as a translation on these intervals.

k(ny

6.4. THEOREM. Let n€N and assume that J, has two predecessors Jy,, and Jy,.
Let M, be an open interval contained either in [J,,Jy,] or in [Jy,,J,]. Assume that
{M,o, Mfo+1’ ..., M} is a monotone pullback of M,. If the intersection multiplicity of this
piece is at least 2p and p=2 then there exists tE{t,,...,n} such that

1) Js(,),Jsz(t), ceosd 3(t) are defined;

2) n=s5°(t) and J

s(t)

is contained in M,, for j=p, ...,2p-2.

CoROLLARY. If the pullback of an interval ToJ, with T contained in the natural
neighbourhood T, is monotone then the intersection multiplicity of this pullback is at
most 11. Similarly, if ToJ, and s“(n) does not exist then the monotone pullback of T has
at most intersection multiplicity 2k+4.

Proof of Corollary. Consider the pullback of Tn[J,, Jrw] and TN[Jp,, J,] sepa-
rately. If the intersection multiplicity of T is at least 12 then the pullback of either
TN[J,, Jg] OF TN{Jy,, J,] has intersection multiplicity =6. So take p=3 and the
previous theorem implies that p+1<2p—2 and J,,, is contained in Tn[J,,J Ren]» Which
is impossible since TcT,. The second statement follows also immediately. (Note that
2k+4=6 for k=1.) Q.E.D.

Proof of Theorem 6.4. In order to be definite assume that M,c[J,,Jg,]. By
assumption there exists a point y which is contained in 2p of the intervals M. M,
Of course this implies that for at least p of these intervals M; the corresponding
intervals J; all lie on the same side of y. So let N=p be the maximal number of distinct
integers ¢<xi(1), ..., i(N)=<n such that each of the intervals M, -, M, contains this

point y, J; ;) all lie on one side of y and that these are labeled so that
iy ¥]1= Hiep y12---2 iy Y]

Since M; has a common endpoint with J; this implies that the intervals Jiys - i @l
have the same orientation.

Claim 1. (1)<i(2)<...<i(N) and we may assume that i(N)=n. Furthermore J,,,
cannot be contained in f'(M,,) for =1, ...,i(N)—i(1) if f' is orientation preserving on
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M, ). In particular if we take a=i(N)—i(N—1) then f* maps [J,;),J;v-1)] {which is
contained in M, ) monotonically into (J;,, J;v)]-

Proof of Claim 1. For j€{2,3,...,N} the interval J, ; is contained in [J;;_;), ¥]=
M,;_;, and J, ;) and J,;_,, have the same orientation. Since /™'Y M,
[ Jrn] is monotone this implies that J; ;. ;1 has the same orientation as J, and is
between J, and Jg,. Since Jg, is a predecessor of J, this implies that
i(j)+n—i(j—1)>n and therefore i(j)>i(j—1). Let us show that we may assume that
i(N)=n. Indeed from what we have shown /"™ is monotone on M, for j=1,...,N.
In particular letting i'(j)=i(j)+(n—i(N)), and taking the images of these intervals under
this map we get that My, ..., M, all contain one point y’, J,, all lie on one side of y’
and that these are labeled so that [J,), ¥]2[Ji@ ¥]2--. 2 [Ty, ¥]- Since i'(N)=n we
may as well assume that i(N)=n. The first statement of the claim follows and it follows
that f* is monotone and orientation preserving on M;,>[J;qys Jin-p)- Now J; ;) cannot
be contained in f'(M,;))=M,,,,, for t=1,...,i(N)—i(1) because otherwise J;,_, would
be contained in M,y,=M, and would have the same orientation as J,. But this is
impossible because M, c[J,, Jp,] and J, is a predecessor of J,. Q.E.D.

1)—>Mnc

Claim 2. If k<n, J, and J, have the same orientation and J,c[J;q,,J,] then
k€{i(1),i(2),...,i(N)}. Furthermore if we let a=i(N)—i(N—1) then i(j+1)—i(j)=a for
J=1,2,..,N-1.

Proof. Let j<n be maximal such that J,c[J;,, Y]=M,, ;. Therefore f"~*> maps J;
into M,. Because J,, J;(;, and J, all have the same orientation, it follows that J,.,_;;
also has the same orientation. This implies that k=i(j). Suppose k>i(j). If M,J, then
MM, and f*"') maps M, ; monotonically into M,=M, . This implies that J is
attracted by a periodic orbit, contradiction. Hence, M;pJ, and by the maximality of
N, k€ {i(0), ...,i(N)}. This proves the first statement of the claim. From Claim 1, f*
maps [J; ), J;y-] monotonically and orientation preserving into (J;, J; ). It follows
from this and the first part of this claim that i(j)+a=i(j+1) for j=1,..., N—2. Thus
Claim 2 is proved.

Define i(N+j)=n+j-a for j=1, ..., N. As we have shown in the previous claim this
formula holds for j negative. So we get

iN+j)=n+j-a for j=-N+1,—-N+2,...,N—1,N.
Now consider the interval

H= [Ji(l)7‘li(N)]'
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The map f"~"=f®"D¢ maps H=M,, monotonically and orientation preserving into
M,c[J,, Jp,y]- In particular f* maps [J; ), J;on_] monotonically and orientation onto
[Vi»» Jian—p]- Therefore J; ; lies between J;;_;, and J; ;,,, for | j|<N—2. Furthermore if
FH) O[Ty, Jrw]F2 for some t=1, ..., (N—1) a then f*|H is either orientation reversing
or ¢ is a multiple of a. Indeed, assume that f/|H is orientation preserving and that this
intersection is non-empty. By Claim 1, f'(H)< f(M;,,)) does not contain Jiay- S0 f'J;q)
must be contained in [J,), Jg(,]- But f'(J;q)= f*(H) cannot be contained in [J,, Jp.]
since Jg, is a predecessor of J,. So f'(J;)<[J;),J,] and it follows from the previous
claim that ¢ must be a multiple of a. Furthermore consider J, with k<n and with the
same orientation as J,.. This interval cannot be contained in [J,,,J,] (see Claim 2) and
neither in [J,, Jg,] from the definition of J,,,. Combining all this shows that the only
intervals J, with k<i2N—1) inside [Viay Jrey] With the same orientation as J, are
intervals of the form k=i(1)+j-a. It follows that J, ,, is a successor of J,, for
Jj=1,..,2N-2. Q.E.D.

7. Wandering intervals accumulate on turning points

In this section we are going to prove that the w-limit set of a wandering interval
contains at least one turning point and thus prove that Ind, holds. From this is follows
in particular that maps without turning points, e.g. circle homeomorphisms in &,
cannot have wandering intervals. So the proof in this section includes the classical
proof of Denjoy.

Suppose we have a map f: N—N which has a wandering interval J which stays
away from the turning points of f. But then we can modify the map f near these turning
points without affecting the orbit of J. So change f so that each maximal interval on
which fis monotone is mapped by f onto a component of N. Once we have done this we
may assume that every pullback is monotone.

7.1. ProposITION. There exists ny such that if J,,, n=n,, has two predecessors J I
and Jpy and Uy >, | and [J s[>V, then J, has a successor and I ,|<\J,|.

(n)

Remark. Suppose for example that J, is to the right of J,. Then Lemma 6.3
implies that the interval J, ,, has two predecessors, namely J, and J, Ry @nd that it has no
left successor. From the conclusion of this proposition it follows that the assumptions
of this proposition are again satisfied for J,, where n'=s(n). So one can apply the
proposition infinitely often!
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Proof. Let ny=Ny(1;11) be as in the Koebe/Contraction Principle and let n=n,.
Suppose s(n) is not defined and let T,=[J;,, Jg.,] be the natural neighbourhood of J,.
By the corollary to Theorem 6.4 the monotone pullback of 7, has intersection
multiplicity bounded by 11. Because the intervals |J;,|, Jg,»|=|7,| this contradicts the
Koebe/Contraction Principle. Hence s(n) is defined. From Lemma 6.3 L(s(n))=n and
R(s(n))=R(n). Furthermore s(n) has no left successor. Now the natural neighbourhood
of J, is T,=[Jy,,Jy,] and again by the corollary to Theorem 6.4 the monotone
pullback of T, has intersection multiplicity bounded by 11. Since [J;,|>}J,| it follows
from the Koebe/Contraction Principle that |J,.,|<|(/,, J,,,)|<I,}- Q.E.D.

7.2. THEOREM. Iff€ o and f has a wandering interval the w-limit set of J contains
a turning point.

Proof. Let us first show that w(J) cannot be finite. Indeed otherwise w(J) contains
a periodic point p of, say, period & and there exists a neighbourhood U of p such that
Unw(J)={p}. Furthermore there exist a neighbourhood VcU of p such that f KVycU
and an integer n' for which J,.cV and such that J,cV whenever n=n" and J,N U+D.
Since f(V)< U this implies by induction that J,cVUf(V)U...Uf* (V) for all n=n’ and
therefore that w(J)=0(p). Hence w(J) is attracted to a periodic orbit, a contradiction.

Therefore, and since all intervals J; are disjoint, there exists arbitrarily large
integers I, r<n such that J,J, J, are in he same component of N, have the same
orientation, J,c=(J;, J,), such that

|7 < min(JJ}, |T,})
and, for i=0,1,...,n—1,
Jin(J,, J,) implies that J; has a different orientation.

Assume that I, r, n are bigger than the number n, from above. It follows that J; and J, are
the predecessors of J,. So we can apply Proposition 7.1 and hence J, has infinitely
many successors Js"(n)’ k=1,2, ... . From the description in Lemma 6.3, all these succes-
sors are contained in [J,, J,], they either all lie to the right of the previous one or all to
the left. Moreover s*(n)—s*~'(n) is independent of k. It follows that as k tends to infinity
these intervals Jsk(n) converge to a fixed point of f* where a=s(n)—n. Hence this fixed
point is an attracting fixed point with J in its basin, a contradiction. Q.E.D.

Now we know that iterates of wandering intervals tend to some turning point. In
order to analyze the metric properties of iterates of a wandering interval we will pay
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special attention to the moments where the iterates get closest to some turning point.
This is formalised in the following definition.

7.3. Definition. If ¢ is a turning point in w(J), J,cS. and m=n, then we say that J,
is the m-closest approach to ¢ if (J,, 7(J,) N (Ui, J)=. Similarly J, is the closest
approach to c if it is the n-closest approach to c. Now fix a turning point ¢ in w(J) and
let N(c) be the collection of integers i EN with

JicS, and [J,7(J)]n( U J,)=@.
osj<i

From now on let
N(©) = {n(1),n(2),...}
where n(1)<n(2)<... We call Jurys In2ys -+ the sequence of closest approach to c.

7.4. LEMMA. If J, has a successor Jy,,, then s(n(k))=n(k+1) and J,, is be-
tween J ,, and c. Furthermore, if there exists an integer j such that s(j) and s¥(j)) are
both defined and such that j<n(k)<s(j) then

n(k+1) = s(n(k)).

Proof. In order to be definite assume that J,, is to the left of c. Since J,, is a
closest interval to ¢, any predecessor of J,,, to its right must also be to the right of c.
Therefore ¢ € [J,4), Jruuy) and there can be no successor of J,, to its left. Hence if J,,
has a successor then it must be to its right and because f®~"®|[J, J 1 is
monotone it even must be between J,, and c. So if s(n(k))#n(k+1) then
n(k+1)<s(n(k)). Consider H= [VLtney Tny] @nd let a=n(k)—L(n(k))=s(n(k))—n(k). Then
f% is monotone on H and a>n(k+1D—nk). Since L(n(k))+n(k+1)—n(k)<n(k) the
interval Jy ) s e -nio <S4 D" O(H) is not contained in [J,, 7J,q)] Whereas by
assumption J,,,,< f"“*P="®(H) is contained in this interval [J, ), 7(J,,)]- It follows
that either J,, or 7(J,,) is contained in f***P-"®(F). Hence for t=a—(n(k+1)—n(k))
one has 0<r<a and

(*) ') € fH) = [y I snian] < [Ty €]-

Since J, is the successor of J,, this implies that f* is orientation reversing on H. So
Jinuy+: 18 to the right of J . But since L(n(k))+t<n(k) this interval cannot be
contained in [Jngy> TW )] Therefore, and because of (+), f '(H) contains c; this contra-
dicts the monotonicity of f°|H. This proves the first statement of this lemma.

21-928283 Acta Mathematica 168. Imprimé le 24 avril 1992
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Let us now prove the second statement. According to the first part it is enough
to show that s(n(k)) is defined. Now let a=s(j)—j then L(j)=j—a, s(j)=j+a and
s(s(j))=j+2a. Since f* is monotone on [L; ,, L;,,,] and n(k)—j<s(j)—j=a it follows
that J,, is contained in T=[J,, _,,J,4)+,] and that f* is monotone on T. Furthermore
there is no predecessor of J,, in f*(T) because otherwise there would be a predecessor
of J,,, in fA[L, L;,,,)), contradicting that s%(j) exists. So property (1) and (2) of the
definition of successor of J,, hold. Finally there is also no interval J; in [/, Jy+4]
with t<n(k)+a and with the same orientation as J, ; because J,, ;-nu Would have the
same orientation as J, ;, and be contained in [J, ), Jy )+ 4] contradicting the definition of
s(j). Q.E.D.

8. Topological properties of unimodal puliback’s

From now on we will assume

d
(Ind,_) maps in U &' have no wandering intervals

i=0
and try to show that this implies Ind,. Throughout this section we will consider
properties of pullbacks of two intervals. The first of these intervals is Q,,2J,,: this is
the interval in M\ {c} such that

F(Qut) = [Tt f T )]-

Similarly let

A

Qn(k) = QY [Vnge+1y T/, n(k+1))]'

In this section we will describe the structure of the unimodal pullback Py, ..., P, of
intervals P, which are contained in Q,, or in Q.

In the next result it is shown that the intervals from the pullback of Qn(k) meet the
turning points in a periodic way.

8.1. STRUCTURE THEOREM. Let P, >J ) be an interval which is contained in
Qn(k). Let m(0)<m(1)...<m(l)=n(k) be the cutting times of its unimodal pullback
Py, ..., P,y and let c; denote the turning point in P, .
properties.

() Ifi€{0,...,1—d} then J oy is a m@i+d)—1 closest approach to c;;

) Ifi€e{l-d+1,...,1} then iy is a n(k) closest approach to c;;

Then we have the following
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(3) ¢;=c; 4 for i=0,...,1-d and {c|_,.y,..., C;} are distinct,
D If J ;.S U iy T p))» 1 € {0, ..., 1= 1} and m@<m(i)+j<n(k) then

Pyt © [T TUm) 15

3 Piray<[I s T )P gy for i=0,1,...,1-d and therefore froird=m® pyaps
P, into itself.

Proof of (4). If property (4) does not hold then the closure of J,,, is contained in
the interior of P, ;. So the closure of J,, ;. .- (m@+, 1S contained in the interior of P,
From the definition of P, this implies m(i)+n(k)—m(i)—j=n(k) and therefore j<0, a
contradiction.

Proof of (1) and (2). Let us just prove (1). Statement (2) is proved in exactly the
same way. Suppose by contradiction that there exists [€ {0, ..., m(i+d)—1} such that
JCU s T ). Then Ty =" O™ frO-mOP, P, and IFm(i). Hence
I>m(i). From statement (4) we know that PcP,,,. So f™ maps P, into PcP,,.
Because I<m(i+d) the map f: Ui/_g®7! fi(P,,,) »U! @1 f1(P,,.) has at most d—1 turn-
ing points. Since J,, is a wandering interval of this map, we get a contradiction with
the induction hypothesis.

Proof of (3). Suppose there are i—d<j<i<s with ¢;=c;. From (1) we get that P
and J,;, are both m(j+d) closest approaches to ¢;=c;. Hence because m(i), m(j)<
m(j+d) this implies i=j. Since fhas precisely d turning points one gets that ¢,_,.,, ..., ¢;
are distinct and that ¢,=c,,, for i€{0, ...,I—d}.

Proof of (5). The proof of statement (5) follows immediately from the other state-
ments. Q.E.D.

The following theorem shows that we can even take monotone pullbacks of
intervals which contain topologically rather large sets. A unimodal version of this
theorem was already used by J. Guckenheimer for his proof of the non-existence of
wandering intervals for unimodal maps with negative Schwarzian derivative.

8.2. MoNoTONE EXTENSION THEOREM. Let P,yy=0,, and {Py, Py, ..., P} be
its unimodal pullback. Let m(Q)y<m(1)<...<m()=n(k) be the cutting times and c; the
turning point in P, . Let H, ,>J be the maximal interval such that f ™3 is monotone on
H,,. Let R, be the component of P, ,\J, ., which contains c; and L, the other
component. If the number | of cutting times of the pullback is at lest d+1 then
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f mm(H m(i)) > [Lm(,'); c,']a
S™ N H ) > [Lini1ys €1-1)

and

frn(t)—m(i—l)( Lm(i—l)) c Lm(i)
fori=0,1,...,1-d.
Proof. Let us first show that
(* frav-mop 1@ 2 gy Cival

for i=0, 1,2, ...,I—d. Suppose by contradiction that there exists i€{0, 1, ...,/—d} with
Pouny2 S ™00 3P ¢, . By statement (5) of the previous theorem fm*~"0

maps P, into itself. Now f*V="0p_ 33 c,,, implies that

m(i+d)—m(@)—1

=0
does not contain ¢, ;. Hence f maps T into itself and has at most d—1 turning points.
Since J=P,,; it follows from the induction hypothesis that J is not a wandering interval,
a contradiction. This proves (*). Furthermore

(*#) freD=m@. 1, 5= Logsy is monotone and onto
for i=0,1,2, ...,I1—d because otherwise there exists such an integer i with
fm(i+l)—m(0( me) = Lm(i+1)

and then as before

m(i+d)-m()—1
T= V) F' R, U )

=0
contains at most d—1 turning points and f maps this interval into itself. Since J is
contained in T this contradicts the induction hypothesis. It follows from (*) and (**)
that f"*P~"® maps [L,,,c;] monotonically over [L,. ¢;]- The theorem clearly
follows. Q.E.D.

Next we give two results about the disjointness of unimodal pullbacks of intervals
in 0, and in Qn(k). The first result deals with the unimodal pullback of Q, .
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8.3. THEOREM. Let m(0)<m(1)<...<m(l)=n(k) be the cutting times of the unimo-
dal pullback of Q. Then:

1) I=sd-1.

(2) For every 0<j<lI the second successor sX(m(j)) is not defined.

(3) The intersection multiplicity of the unimodal pullback of Q,, is universally
bounded (in fact by 12d).

Proof. Suppose by contradiction that /=d. By statement (5) of Theorem 8.1 it
follows that Q, =0, is contained in Q,,_,. Hence f maps

mly—m(l-d)-1
}:Jo S Qmg-ay
into itself and since Q,, contains no turning point this map has at most d—1 turning
points. This contradicts Ind,_,. So let us prove statement 2 by assuming by contradic-
tion that there exists j€{0,1,...,!} for which s(m(j)) and s(s(m(j))) are defined.
Because m(j) is n(k)-closest we get s(m(j))>n(k). Hence from Lemma 7.4 we get
that n(k+1)=s(n(k)) and s(n(k))—n(k)=s(j)—j. Because the closure of Jsmiiy is con-
tained in Q,;, we get that the closure of J,,,=f"¥""Y(J,,) is contained in
S O7mXQ,. )= 0,4 Which contradicts the definition of @, So let us prove statement
(3). From statement (2) and the corollary of Theorem 6.4 it follows that the intersection
multiplicity of {P,;, ..., Ppgepy} for j=—1,0,1,...,I-1 (where we let m(—1)=0) is
bounded by 11. Since /<d—1 the theorem follows. Q.E.D.

8.4. THEOREM. Assume n(k)>n(k—1)+nk~1)—nk—2)). Let m@@)<m(l)<...<
m(l)=n(k) be the cutting times of the unimodal pullback of Qn(k) and 122d. Then
s(n(k—1))=s(m(I—d)) and s'(m(j)) are both not defined if j€{I-1d, ...,|-ld+d~1} and
[=2. Furthermore, if j€E{l—1d, ...,1-ld+d—1}, the intersection multiplicity of

{Qm(j)’ s Qm(j+1)}

is bounded by 4+42l. Similarly the intersection multiplicity of {QO’QI""’QM(O)} is
bounded by 5+2[l/d]. (Here [l/d] is the smallest integer smaller than l/d.)

Proof. If s(n(k—1)) were defined then J,; <1410 Juee—ry) and n(k)=s(n(k—1)).
Therefore, for a=n(k)—nk—1D)=s(n(k—1))—nk—1),

J, k=2+a < I -1 Y, n(k))'
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But since n(k—2)+a<n(k—1)+a=n(k) this implies that n(k—2)+(n(k)—nk—1))=
n(k—2)+a must be equal to n(k—1) and this contradicts the assumption of the theorem.

Let us show that if [=2 and j€ {I-1d, ..., |-ld+d—1} then s'(m(j)) is not defined.
So suppose by contradiction s‘(m( J)) exists. We claim that then s m())>nk—1)>
s'(m(j)) for some i=0,1,...,I—1. Indeed, since m(0)<n(k—1) we may otherwise assume
that s"l(m( J)<n(k—1). But then j+a-na) is the (/—1)th successor of o
by Lemma 7.4, the successor of J,;,_14 must be between J,;, -4 and c;. By
statement (2) of Theorem 8.1 this implies that s'(m(j))>n(k—1). This proves the claim.
Hence Lemma 7.4 and s+ '(m(j))>n(k—1)>s'(m(j)) imply that s(n(k—1)) exists and so
we get a contradiction.

, and, again

The disjointness statements immediately follow from the Corollary of Theorem
6.4. Q.E.D.

9. The non-existence of wandering intervals

In Section 7 we have proved Ind, and so Theorem A follows from
Ind, ; = Ind,.

So let us assume that Ind,_; holds and that there exists a map f€ s; which has a
wandering interval J. Asume that J is maximal in the sense that J is not contained in
any strictly larger wandering intervals. From the Contraction Principle this implies that

where H, is the maximal interval containing J on which f" is monotone.
From Section 7 we know that J accumulates at a turning point, say c. Consider the
sequence of closest approach to ¢, {J,}izo-

9.1. THEOREM. There exists ky such that for all k=k,
nk)—nk—1) < nlk—1)—n(k-2).
COROLLARY. J is not a wandering interval.

Proof of Corollary. Since n(k)—n(k—1)sn(k—1)—n(k—2) it follows that n(k)—
n(k—1) is eventually equal to some integer a for all k sufficiently large. In particular
since J,,_y and J,,, tends to c it follows that c is an attractive fixed point of f* which
attracts J. Hence J is not a wandering interval. Q.E.D.
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Proof of Theorem 9.1. Since the intervals J,,, are disjoint there exist arbitrarily
large k such that [J,, \[> ). Let Q.4 be as before. If [, |<|J 4.yl then
Vs n|>W ) Because fis non-flat in the critical point c this implies that Q,, is a 1/2-
scaled neighbourhood of J,,, (if & is large). By Theorem 8.3 the intersection multiplicity
of the unimodal pullback of Q,, is at most 12d and therefore the Koebe/Contraction
Principle gives a contradiction when n(k) is large. So we have shown that kn—>|Jn(k)| is
monotone decreasing for k large.

Let us now show that n(k)<n(k—1)+(n(k—1)—n(k—2)) for k large. So assume by
contradiction n(k)>n(k—1)+(n(k—1)—n(k—2)). Consider the unimodal pullback of Qn(k).
If I<2d then from Theorem 8.4 the intersection multiplicity of {Qo, ooy Qn(k)} is uniform-
ly bounded. Because Qn(k) contains a 1/2-scaled neighbourhood of J,, this gives a
contradiction with the Koebe/Contraction Principle.

This implies that for & large the number of cutting times [ is at least 2d+1. Now let
L; and R; be as in Theorem 8.2. From Theorem 8.2 and for j=1,2,.../—d, there exists
an interval H>J which is mapped by f™ monotonically onto [L,, . c;_4]- We claim
that f™)(H) does not contain 7(J,, ;). Indeed, since Theorem 8.2 gives

FUH) S [Loyjy, )
one would otherwise have

FUUH) 5 [Lyjyp 0 )]

If we take j€ {I-2d, ...,I-d} then s*(m(j)) does not exist by Theorem 8.4, and since
£ is monotone on H we can apply the Corollary of Theorem 6.4 and the intersection
multiplicity of H,f(H),...,f™(H) is at most 8. Furthermore, from the definition
Qn(k), [Lonjy» €5-q] contains [J, ., c;] or it contains [7(J,,;_4), ¢;]. Since the length of
the closest approach intervals decreases one has |J,,;_,[>|,;| and therefore f™V(H)
contains a 1/2-scaled neighbourhood of f™)(J). Therefore we get a contradiction with
the Koebe/Contraction Principle and this proves the claim.

Now let F, ,=[J . ©J,,;)]. By definition f™”|H is monotone and by Theorem
8.2 [ H)S [T iy ¢;,.)) and ™=V maps [J, .y, c; ;) monotonically over
[Jm(» ¢;]- By the previous claim, the image of [J,,;_,), ¢;_,) under this map is contained
in F,, ;, and therefore we get

m(j)-m(j—1)
f (Fonj-1) = Fojy
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for all j€ {I-2d,...,I—d}. In particular
fn(k-l)-n(k—Z)(Fn(k_z)) c Fn(k—l)'
Therefore

k= 1)+ (nk=1)=n(k=2) < | (J, n(k— ]

Since n(k—1)+(n(k—1)—n(k—2))>n(k—1) and J,,, is a closest approach this gives
n{k— 1)+ (nk— 1) —n(k—2))=n(k), a contradiction. Q.E.D.

10. The proof of Theorem B: finiteness of attractors

In this section we will prove Theorem B. If £ N—N is a diffeomorphism then the
period of periodic orbits of fis bounded. So Theorem B holds trivially. So from now on
assume that f is not a diffeomorphism and that f€ 9. Of course some points in ¥ may
be attracted by periodic orbits so let 7 be an upper bound for the period of this
attracting orbits.

In this section we have to show that one has some expansion near periodic orbits.
For this it will be convenient to consider the orientation preserving period of a periodic
orbit. More precisely let € be a periodic orbit of period k>max(#A,300). Then p€O
implies Df*(p)+0. Let n=2k if Df(p)<0 and n=k otherwise.

The main idea of the proof of Theorem B is to choose p € 0 and get on both sides of
p points 6! and 62, very close to p, with Df"(6)=1+20. Using the Minimum Principle
we will get Df"(p)=1+p for large n and we are done.

For p € O define T, to be the maximal open interval such that both components of
T,\{p} contain at most one point of 0. (So the closure of T, contains at most 5 points
of 0.) The interval T,,q€ O, is a direct neighbours of T, if T,NT,=@ and cl(T,) and
cl(T,) have one point in common.

10.1. LEMMA. There exists a number >0 such that for each periodic orbit O of
period =max(#,300) there exists p € O such that:

(1) T, has direct neighbours on both sides;

(2) |T, |224T,| and |T,|>2t|T,| where T, and T, are the two direct neighbours
of T,.

Proof. Let s€0 be such that (i) #(cl(T,)n0)=5 and (ii) |T,|<|T,| for all g with
#(cl(T,)n 0)=S5. If T, has neighbours on both sides then we take p=s and we are done.
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Otherwise N=[—1, 1], and then let T' and 7" be the smallest open intervals containing
points of respectively {—1} and {1} such that #(cl(T*)n @)=#(cl(T") N @)=5. Because
T, has no two neighbours 7,cT' or T,cT". Since the interval cl(T,) contains five points
of 0, and n is at most twice the period of p, there are at most 5xX2X(5+5)=100 integers
t, 0<t<n such that f* maps a point in cl(Z,) n Cinto a point of cl(T")UcKT')n O. So there
exists a 0<t<101 such that f'(cl(T;) N 0) is between T' and T". Let p be the middle point
of f'(cT)n 0). Let S=max{1, sup,IDf(x)|}. Since T, f(T,), we get

t
m)<ira@i<(supipro) 1r) <)

As t=<101 and T |<[T,|, i=1,2 the lemma is proved. Q.E.D.

Let p € 0 be the point from Lemma 10.1 and as before let n be the period or twice
the period of p. Let U, be the interval around 7, such that

(10.1) U, is a 27-scaled neighbourhood of T,.

So UnCqu UT,UT, o Let J be the maximal interval around p satisfying:

(10.2) ffNeU,
and
(10.3) f"J is an orientation preserving diffeomorphism.

Let J' and J" be the components of J \{p} and let U’ be the component of U,\ {p}
which contains J* for i€ {I,r}. Let 7 be as in the beginning of this section.

10.2. LEMMA. If n># we have

(10.4) JeT,

D
(10.5) frfIHY=s T, i=Lr.

Proof. We claim that JnP consists of at most 2 points. Indeed, take I to be the
maximal interval containing p such that 8IcP and such that f|/ is a diffeomorphism.
Since f is not a diffeomorphism, I is an interval (i.e. not equal to S'). Then f4I is a
diffeomorphism for all k=0 and since I is maximal, fi(J) nI#+@ implies that f/()=1. In
particular the boundary points of I (which are in P) cannot be mapped into int(I) and so
I contains at most two points of P. (This argument also shows that if I contains two
points of P then f" interchanges these two points.) This proves statement (10.4). If
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(10.5) does not hold then f"(J)cJ' and a critical point of f is attracted by a periodic
orbit of period n. This implies n<#. Q.E.D.

The main step in the proof of Theorem B is the proof of the following:

10.3. ProrosiTiON. There exist a number 0>0 and an integer ny such that if the
number n corresponding to p is greater than ng then there exist 8 €J', i=1I, r, such that

Df"(#) = 1+2.

Before proving Proposition 10.3 we will make a few remarks. Let t be the number
from Lemma 10.1. If there exists 6 €J with Df"(6)=1+7 then we are done with J'. So
from now on we may assume that

(10.6) 0<Df'(x)<1+7, Vx€J.

By the previous lemma, for n># and i=1, r, Jic ff{(J)cU’. Then f"(J)=U" is impossi-
ble because otherwise

11y 2T

> _ =(14+27),
v W
a contradiction with (10.6). Hence in this case
fruHe U

Let {U,, ..., U,} be the diffeomorphic pullback of U,= f"(J): U; is the maximal interval
containing f%(J) which is mapped by f diffeomorphically into U,,,. Since f"|J is a
diffeomorphism this is well defined and U,> f“(J). Furthermore from the maximality of
J one has Uy=J.

10.4. LEMMA. (i) There is a universal upperbound for the intersection multiplicity
of {Uy, Uy, ..., U,} (in fact it is at most 74);
(ii) For every £>0 there exists ny such that if n>nq then |Uj|<¢ for all k=0,1, ..., n.

Proof. Let Uy, n...N Uy, 3 x with k(1)<...<k(r)<n. Because f""‘(Uk)cint[qu, T,]
and f(U)cU,,, we get that

X € UpgyipinN -0 U,

n
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Therefore #{k; U, Nint[T, , T, 1+}=r. Hence statement (i) follows from

(10.7) #{kU,NInt[T, , T, ] + @} <74.

Let us prove (10.7). Notice that int[7T o T ‘12] contains 11 points of @. So there are at most
22 integers O<sk<n such that f*(p) €int[T a qu]. Hence there are at most 22 integers
0<k<n such that U,cint[T @ qu]. Now let a and b be the boundary points of [qu, T qz],
so a,b€ 0. If U, is not contained in int[qu, T qz] but has a non-empty intersection with
this set then f"*(a) or f*“(b)€ int[qu, T qz]‘ Because cl([qu, qu]) contains only 13
points of 0, there exist at most 2X2X13=52 integers 0<<k<n with this property. This
implies inequality (10.7) and finishes the proof of (i).

Statement (ii) follows from the Contraction Principle and the fact that U, contains
at most 5 points of 0. Q.E.D.

Proof of Proposition 10.3. Let C€(0, 1) be so that if To[ are intervals, f|T is an
diffeomorphism and f(T) is an e-scaled neighbourhood of f(I) then T is a Ce-scaled
neighbourhood of 7. Since f is non-flat at its critical points such a constant exists.

Let m(1)<m(2)<...<m(l) be the ‘cutting’ times of the pullback, i.e., the integers
for which U; contains a turning point in its closure. Let L; and R; be the components of
U\ Ff(J) and Jj".=fj(J") and let R, be the component which contains ¢ in its bound-
ary. Now U, contains a 7 scaled neighbourhood of f*(J?). Since f*"O*1: y
a diffeomorphism it follows from the Macroscopic Koebe Principle that there exists a
positive function B, (which only depends on f and the intersection multiplicity 74 from
Lemma 10.6) such that U,,,, contains a Bq(z)-scaled neighbourhood of J%,.,. Now
let g(x)=C-By(x). If U, contains a C-By(r)=g(7)-scaled neighbourhood of J ﬁn(,) we
repeat this procedure and we get from the Macroscopic Koebe principle again that
Un-1+1 contains a By(g(r)))-scaled neighbourhood of J ﬁn(,_l)+1. If U,y contains a
g4 (1)=C- By(g(1)))-scaled neighbourhood of J ';n(,_l) then we repeat this procedure again.
Since U=J this procedure must stop however. Say it stops at m(r) where r<I[ and then
(by the definition of C above)

(,)H—aU,, 18

|Rm(r)| < gr(.[) |J in(r)l 4

where, since intersection multiplicity is at most 74, one has r<74-#K;.

Now let M’ be the middle third interval of J! , and McJ' be such that
F™(M)=M'. From the Macroscopic Koebe principle J' is -scaled neighbourhood of
M. From Lemma 10.4, |U,] is small if n is large. So we can apply Lemma 2.8 and get
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some universal constant £>0 such that
B(f,f"7U), M) = 1+&.

Let 4 be such that (1-2)°(1+&)=1+1£. From the disjointness property of the orbit of J°
we get

B(f™, Ji M)=1-2,
B(f" O RO, M) 2 1-4,

for n large enough. Hence

B(f",J. M)= 1+—;—§,

for n large enough. Because of the First Expansion Principle, see Theorem 1.3, it
suffices to show that the length of both components of J*\ M is at least 6-}J7|. But since
F*~ ™01 has bounded distortion on f(J 1> since fis non-flat at critical points and since
the components of J,,,\M’ have the same length as M’, there exists a universal
constant 8 such that the length of both components of f"(J'\M)=f"""(J! \M’) is
at least 8- f"(J")|. However, by Lemma 10.2, f"(J9)>J " and by assumption |Df"|<1+t
on J'. It follows that both components of J'\M have at least size (B/(1+1)-|J].

Q.E.D.

Proof of Theorem B. Let 0 and as before let n bet he period or twice the period of
0. Assume that n>ny where ny is as in Proposition 10.3. So there exist two points 6', §>
such that p € T=[6", 64,

Df'(@)=1+29, i=I,r.

For n large, |f{(T )| is small for all i€{0,1,...,n} and the orbits has intersection
multiplicity <74. Therefore we get

1+o
n #* Y13
O

for all intervals J*cT*cT, provided » is large. Now we apply the Minimum Principle.
Then

IDf"(x)| = [inf B(f", T*,J%))* (1+20) = 1+

for all x€T. So Df"(p)=1+p. This proves Theorem B. Q.E.D.
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