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1. Introduction

Let X and Y be two complex manifolds and form the two spaces Hol(X, Y) and
Map(X, Y) of respectively holomorphic and continuous maps X— Y, equipped with the
compact-open topology.

We will study the inclusion of Hol(X, Y) into Map(X, Y) in the case, where X is a
Riemann surface and Y is a generalized flag manifold or a loop group.

Let Hol¥(X, Y) and Map*(X, Y) denote the spaces of based maps of degree n. In
[14] G. Segal shows that the inclusion of Hol*(X, CP™) into Map}(X, CP™) is a homology
equivalence up to dimension (n—2g) (2m—1), where g is the genus of X. Segal conjec-
tured that a similar statement holds, if CP™ is replaced by a flag manifold or a
Grassmannian, and this was confirmed by M. A. Guest, [7], and F. C. Kirwan, [9].

If G is a compact Lie group, the loop group QG has many properties similar to a
Grassmannian, see [12]. So it is natural to try to extend Segal’s result to the inclusion of
Hol}(X, QG) into Map} (X, QG), and this is indeed the purpose of this work.

Let ¥,(XxCP',XVCP!, G¢) be the space of based isomorphism classes of holo-
morphic G¢-bundles over XX CP', trivial over the axis XVCP! and with characteristic
class n. In [1] M. F. Atiyah describes how there is an imbedding of Hol}(X, QG) into
V(XxCP', XVCP!, G¢).

The main result (Theorem 7.8) is that

lim H,(¥,(XxCP', XVCP!, G) = H,(Map}(X, QG)).

n—o
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If X=CP'!, then Hol*(CP',QG)~¥,(CP'xCP!,CP'VCP!, G¢) is a homotopy equiv-
alence and as the methods work equally well for a generalized flag manifold,

lim H,(Hol*(CP', Y)) = H,(Map}(CP', Y))
with Y a generalized flag manifold or a loop group. The degree n might be a multi-index
n=(ny,...,n,) and then n—o means n;—~ for all i=1,...,r.

Segal’s results on projective spaces are stronger. In particular, in each dimension
g, the limit lim__ _H (Holx(X, CP))) is obtained after a finite number of steps. If this
result on projective spaces could be proved in the framework of this paper, then the
analogous result for loop groups would probably hold.

There is one result in this direction. The induced map on 7 is an injection if
X=CP'. This gives yet an other proof of the connectivity of certain moduli spaces in
algebraic geometry, see [3] and its references.

On the other hand, the method of this paper has the virtue of treating the different

n—®

target spaces at the same time. The papers [14], [7] and [9] start by proving the result
for maps into CP!, and then use induction to extend the result to the other target
spaces.

If D is the open unit disk in C, then the inclusion Hol(D, Y)->Map(D, Y) is a
homotopy equivalence. As a surface X can be made by gluing disks together, one couid
hope to prove that the inclusion Hol(X, Y)->Map(X, Y) is a homotopy equivalence by
an induction argument. It would be easy, if the restriction map Hol(X, Y)—Hol(X", Y)
was a fibration for a pair X'cX. Unfortunately this is not the case, so we have to be
more clever.

A based holomorphic map X—CP' is uniquely determined by its zeros and poles
and Segal uses this fact to replace the study of holomorphic maps with the study of
configurations of zeros and poles. We will use that a based holomorphic map X—CP" is
uniquely determined by its principal parts, and replace the study of holomorphic maps
with the study of configurations of principal parts.

As the diffeomorphism group does not act on such configurations, we have to
enlarge the space. The ‘configuration’ space we consider consists of pairs of a complex
structure on the underlying real manifold M and a configuration of principal parts in
this complex structure. Now the diffeomorphism group acts on the space, but it is no
longer a true configuration space, since a global quantity, namely the complex struc-
ture, is introduced.

In Sections 2, 3 and 4 the necessary features of complex structures on two
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dimensional manifolds, flag manifolds and loop groups are described. Most of the
material is standard, cf., [6], [12] and [15], so there will be statements without proof or
specific references. The main results are Lemma 2.8 and its generalizations Lemma 3.2
and Lemma 4.2.

In Section 5 we introduce the space (M, Y) of pairs (f,J), where J is a complex
structure on M and fis a J-meromorphic map M—Y. If D is the closed unit disk, then
we show that (D, Y) is weakly homotopy equivalent to Map(D, Y).

In Section 6, a principal part of a holomorphic map into Y is defined and we define
the space P(M, Y) of pairs (§,J), where J is a complex structure on M and & is a
configuration of principal parts in this structure. There is a natural map
MM, Y)->PM, Y), and if M=+, then the map is surjective and a weak homotopy
equivalence. The most important property of the space P(M, Y) is that, under certain
conditions on an inclusion M;cM,, the restriction map from P(M,, Y) to PA(M;,Y)is a
quasifibration. It enables us to get the desired result for a union M, UM,, if it is known
for M;,M, and M,nNM,.

This is used in Section 7, where the results are proved. Starting with the result for
D, we follow the inductive methods of [10]. As long as M is not closed, the relevant
restriction maps are quasifibrations, and #(M, Y) is weak homotopy equivalent to
Map(M, Y). When the manifolds is closed, it is necessary to introduce a stabilized
space 2.

By adding a principal part near infinity, we get a map #— %, which increases the
degree and 2 is the telescope of the sequence P—P—>P—.... Now the relevant
restriction maps become homology fibrations and we can conclude that @ and
Map*(M, Y) have the same homology type. The next step is to show that if &, is the
space of configurations of principal parts in a fixed complex structure J, then the
inclusion ?,- % is a homotopy equivalence. Finally we show that %, , can be identified
with ¥,(XXCP!, XVCP!, G¢), where X is M equipped with the complex structure J.

2. Complex structures on two dimensional manifolds

Let M be a compact, connected, oriented two dimensional C”-manifold possibly with
boundary and corners. Choose a volume form Q and let F be the subbundle of
End(TM) consisting of endomorphisms A with A2=—1 and Q(v, Av)=0 for all vE TM.
As the dimension of M is two, the space (M) of complex structures on M is the space
of smooth sections J in F, equipped with the C”-topology. The bundle F has contract-
ible fibers, so (M) is contractible. If J € 6(M), then M; denotes M equipped with the
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complex structure J. As the complex structure can vary we will speak of J-holomorphic
and J-harmonic functions, maps, forms etc.

Let Diff(M) be the diffeomorphism group of M equipped with the C”-topology,
then by the results of [4] and [5] we have

LEMMA 2.1. If M is the sphere or the closed unit disk and I, is the standard
complex structure, then there exists a continuous map J—¢; from €M) to Diff(M),
such that ¢; =id and ¢,;: M,—M, is holomorphic.

The volume form Q together with a complex structure J, determine a unique
metric (-, -); on M, and if J* is the adjoint of J, then —J* is the Hodge star operator for
(-, -); acting on one-forms. We also let —J* denote the Hodge star operator acting on
zero- and two-forms, i.e., J*f=—fQ and J*fQ=—f.

The metric (-, -); on M induces a Hermitian metric on the bundle A’M¢ of complex
valued i-forms on M. We also denote this metric by (-, -);, and in terms of J it can be
expressed as (¢, ¥); Q=¢/\—JT1/7. The space of smooth sections in A’M¢ is denoted
Q'Mc, and it has an inner product defined by

(¢’¢>J,0=f (¢,¢),Q=f PA—T*y.
M M

The complex structure J induces a splitting A'Mc=A""M@A*'M of the complex
one-forms into (1, 0)-forms and (0, 1)-forms, and a corresponding splitting of the exteri-
or differential d=3;+3,. The adjoint operators with respect to (-,-),, have the
following expression d¥=—J*dJ*, 3%=—J*3,J* and 8*=—J*3,J*.

We inductively define Sobolev inner products on QM by
(0, 9), =D, @), +(dp,dp); ,_+{dFP,dFV) 11>

and it is easily seen that J* is an isometry with respect to these inner products. The
corresponding Sobolev norms are defined by ||y||; .=V (v, ), ,, and for kKEN we
define an operator norm ||-||;,x on End(Q'M¢) by

Tl . = sup{iTall, | liall; <1 and I<k}.

If k=0, then we will omit it, i.e., (-, - ),=(-, - ); oand ||-|;=||-ll;,o- Let @, BEA'M
and J,J' € €M), then aAJ"*B=aA—J*J*]"*B, so

(a,ﬁ),,=—(a,J*J'*ﬁ), (2.2)
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and hence

K, B) = (e, B}l = o, A+TT*) ) | < |lall, |1+ T*T"*) B,
<||1+727*;llall; 181, = W*@"* =T, llell; 1 Blls
< [l W= lelly 181y = =7 Hadl; 11>

especially |||a)2—|lalf2|<[l/"*—J*||; |le|3. This inequality generalizes by induction to
LEMMA 2.3. If |J'*—J*|li<1, then

AIG =N 1G <4 * =T is IS 1 all FEQ°M,  and
a3, o= llelly, | < 490" * =¥y i lled} o~ all @€ QM.

We can now show

PropPoSITION 2.4. Let f,,f€EQ°Mc and let J,,J€ €(M). Suppose that [, f,Q=
I fQR=0 for all nEN, J —J and a-Jnf"—>éinn the C*-topology. Then f,—f in the C”-
topology.

Proof. Let A be the first positive eigenvalue for the Laplacian A,=d}d=20%3,
acting on functions, then

1= 4(1+2) WL

2 L - -
< 4(1+7> (”a,lf_a.lnf;l”.l, k—1+|l(aJ,,_aJ)fn”J, k—l)z'

As & ,n—><’§ ,» we only need to show that || f,|l; , is bounded. We may assume that
|W¥—~J*|; ¢—;<1 and then by Lemma 2.3

_ _ 2\, =
G = 4D IR = 47414218, £
2 _ _
<a(1+2) a+4218, £JB oo

which is bounded, because 3, f,—3, f. O

The J-harmonic one-forms are characterized by being closed and orthogonal to the
exact one-forms with respect to (,);. We fix a basis (a;(J), ..., a(J)) for the J-
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harmonic one-forms by demanding that fc'_ af)=9,; for ij=1,2,...,2¢, where
(1, €3, ..., C3p) is a fixed canonical homology basis, see [6, p. 54].

PROPOSITION 2.5. Let (ay(J), ..., 02,(J)) be a basis for the J-harmonic one-forms as
above. If J,—J in the C®-topology, then a{J,)—a/J) in the C”-topology, for all
i=1,2,...,2g.

Proof. Let i€{1,2,...,2g} be given. To ease the notation put a,=af/,)
and a=a(J). As a and a, represent the same cohomology class, a,=a+d¢,, where dg,
is uniquely determined by (dg,, dy), =—(a,dy), for all dy. We shall show that
d¢,—0. As J,—J, Lemma 2.3 implies that it is enough to show that ||d¢,|| ), «—>0 for all
k.

First consider the case k=0. We may assume that ||J¥~J*||;<1, and then, using
equation (2.2) and the fact that aLd¢ with respect to (-, - ), we get
ldg,ll}, = —(a. d8,); = (a, (1+I*]}) dg,),
< ladl, [[1+7*T3; l1de,ll; < llally 111+ T* T3, 2l|dep ]|
and hence ||dg,||; <2||al|, ||t +J*J;||, which tends to zero.
If k>0, we put L,=...d¥ dd¥ (k terms). The adjoint with respect to () g, I8
Lj=dd}‘nd... . Similarly we put L=...d}dd and L*=dd}d....
As |ldg,|l5, «=I1d®I} -1 +|IL,dg,|;, an induction argument gives that we only
need to consider the last term.
”Ln d¢n”.zl’l = <d¢n’ L:kt Ln d¢n>ln = <a' L: Ln d¢n>],,+ <a’ L*Ld¢n>1
=(L,a,J*J*L,d¢,),+(La,Ldp,),
=((L,—L)ya, J*J* L d¢,) ,+{La, J*I* L, +L)dp,),
<||@-L, all,|W*T} L, dg,ll,+|Lall; |*]; L,+L) dp,||;-
As L,—L and J*J}——1, we only need to show that ||dg,||; « is bounded, or by Lemma

2.3 that ||d¢,||; is bounded. The case k=0 is already shown, and if k>0, then as above
we only need to consider ||L,dg¢,]|, . We have

“Ln d¢n”§n = <d¢n’ L: Ln d¢n>.’,I = —<a’ L: Ln d¢n>!,'

=- <Ln a, Ln d¢n>ln = “Ln a”.l" “Ln d¢n”Jn’
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so if |JE-J*||;<1, then |[L,dg,|; <IIL,al, <llol, (<(1+4%)||all;, and the proof is
complete. O

We get a basis (w,(J), w,(J), ..., 0,(J)) for the J-holomorphic differentials by
putting wJ)y=ad)—iT*a{J) for j=1,2,..., g, see [6, Proposition 111.2.7.]. Hence the
holomorphic differentials depend continuously on the complex structure. Similarly we
have

PROPOSITION 2.6. The Weierstrass points depend continuously on the complex
structure.

Proof. It is a local question, so consider the Weierstrass points in some disk
D’'cM. Choose, continuously depending on J, a J-holomorphic homeomorphism
¢ D—-D’. Let (w((J), 05(J), ..., wg(J)) be a basis for the J-holomorphic differentials as
above and define holomorphic functions f; : D—C by letting f; ;dz=¢(wAJ)). These
functions depend continuously on J as does the matrix

fio Sz e S

’ ’ . f’
[0, @0, (), ..., 0, ()] = ! i d U e

g0t o S5

Now we only have to observe that the J-Weierstrass points in D’ is the image by ¢; of
the zeros of det[w((J), w(J), ..., w(J)], see [6]. O

With the same notation as above, assume that ¢40) is the same point p for all
JE €M) and that p is a non-Weierstrass point in the complex structure Jo. For J in a
neighbourhood of Jy, det[w(J), w(J), ..., w,(J)]+0. So the inverse matrix

[0,(1), @), ..., @ (DO

exists, and it depends continuously on J. If

G EWD), o0 EUN = (0,(1), 0], ..., 0 () [0,(]), 0], ..., 0, (D] (O) 7,

then (£,(J), EA(J), ..., £,(J)) is a basis for the J-holomorphic differentials adapted to the
point p, and we have shown

LeMMA 2.7. If p is a non Jy-Weierstrass point, then for J in a neighbourhood of Jy,
we can find a basis, continuously dependent on J, for the J-holomorphic differentials
adapted to the point p.



254 J. GRAVESEN

If Uis a domain in C and f: U—CP' is a meromorphic function with a finite number
of poles, then we can write f=p/q+h, where p and g are polynomials and h: U—C is
holomorphic. The following lemma is a generalization of this result.

LeMMA 2.8. Let M be a closed surface and let Dy, D, and D, be open disks in M
such that D, N D,=@ and DycD,. Put T=D;\Ds, let J be a complex structure on M and
let Q€ D, be a non J-Weierstrass point.

Any J-holomorphic function f: T—C can be written uniquely as a sum f=F,|;+F,|;
where F,: D,—C and F,: M\(D,U{Q})—C are J-holomorphic functions such that if z
is a J-parameter vanishing at Q, then Fy(2)=L,__,d,z" with dy=0.

Furthermore, if z depends continuously on J (which we may assume), then F, and
F, depend continuously on f and J in the compact-open topology, as long as Q is a non-
Weierstrass point.

Proof. Uniqueness is clear. To prove the existence, we first consider the case
fw)=XN__, c,w", where w is a parameter on D,, vanishing at P€D,. There eXists a
meromorphic function F, on M, which at P has the same principal part as f, has no
poles outside {P, O} and at Q has the expression F(2)=X,__,d,z". Indeed, a configura-
tion of principal parts (a Mittag-Leffler distribution of meromorphic functions) comes
from a globally defined meromorphic function if and only if the induced cohomology
class in H'(M, 0) is zero. As we allow an extra pole of up to order g at Q, the induced
class in H'(M, O(g-[0])) must be zero, and by Serre duality, H'(M, O(g-[Q])=
H"M, O(Ky—g- [O])=0 since Q is a non-Weierstrass point. We may of course assume
that dy=0. If we put F;=f—F,|r then F, extends to a holomorphic function D;—C.

The next step is to show that F, and F, depend continuously on f and J. For that
purpose we will determine the principal part of F, at Q.

Let ¢, be a circle in T around P and let ¢, be a circle in D, around Q. Let
(&), &, ..., &) be a basis for the J-holomorphic differentials adapted to the point Q, i.e.,
E=(z"""+(order =g))dz. The principal part of F, at Q is f'=%;! d,2", and the
coefficients d_,,d_,, ..., d-, can be determined by

d—k=ff’§k=f F2§k=if F2§k=iff§k'

2

If we choose z to depend continuously on J, then (&,&,...,5,) and the numbers
d_,d_,,...,d_, depend continuously on J. Hence if we consider f’ as a function
D\ {Q}—C, then f’ depends continuously on J and f. If D,cD, and D,cD, are closed
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disks containing Dy and Q respectively in their interior, then we can extend
flsp, a0d f'|5.\ (o) to one smooth function G: M\(DyU {Q})—C such that G depends
continuously on f and f’ and hence on f and J.

We define a differential a on M by letting a=—3,G outside D, UD, and zero on
D, UD,. Consider the equation J;u=a on M. As

(1) F,—G is a solution on M\(D,UD,),

(2) (F,—G)|;=F,|;—f=F|; extends J-holomorphically to D, and

() F,~G)lp\ (9y=Falp 1gy—f" extends J-holomorphically to D,,
there exists a solution with u(Q)=0. By Proposition 2.4 the solution depends continu-
ously on J and a, and hence on J and f. This implies that F, and F, depend continously
on fand J.

By continuity the map f—(F,, F,) extends to the space of all functions f. a

3. Flag manifolds

Let k=(k;, k», ..., k,) be an ordered set of positive integers and put n=Z k;. The (general-
ized) flag manifold Fly is the space of subspaces (E,,E,,...,E) of C", such that
dim(E)=k,+k,+...+k; and E,cE,c...cE =C".

A flag (E,E,, ..., E) in Fl, can be represented by a (nXxn)-matrix (ay) in GI,(C),
such that E; is the span of the first k,+k,+...+k; columns. A generic flag can uniquely
be represented by an nXn-matrix of the form

E 0 0

A E :
A= %2 ’

: . . 0

A, ... A, E

where E; is the identity (k;xk)-matrix and A; j is an arbitrary (k;xk)-matrix. The
subspace of these flags is called the affine part of Fl, and is denoted (Fl,),. Further-
more, such matrices form a subgroup N, of GI,(C), which acts on Fiy from the left and
acts transitively and freely on (FI),.

The complement of (Fl), is called the infinite part and is denoted (Fl).. It is a
subvariety of Fl, given by the equation IT;] det(a;); Joky oty = 0

Unless r=2 and we are considering a Grassmanian, (Fl), is reducible with
irreducible components Y,, Y,, ..., ¥,_,, where Y, is given by the equation

det(ay); jsk,«..+k,=0-

17898283 Acta Mathematica 162. Imprimé le 25 mai 1989
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If U is an open subset of a Riemann surface and f: U—Fl, is a holomorphic map
with f(U) N (Fl,),+3, then we can consider f as a meromorphic map into (Fl),. The set
of poles is f~'((FI,)..), which is a discrete subset of U.

For I=1,2,...,r—1 we put N;={A|i—j*l= A;;=0} and let m denote the
projection N,=N,®...®N,_;—>N, The composition in N is given by (AB), ;=
A, +LiZj,, A, B +B, , and if AEN;®...®N,, then

7(AB) = n(BA) = n{A+B-I) = n(A)+n(B)~I. G.1)

On an open Riemann surface, any Mittag-Leffler distribution comes from a global-
ly defined meromorphic function. If CP' is replaced by a flag manifold Fl, this
generalizes to:

LemMA 3.2. Let M be a compact surface with 3M+Q, and let D,, D, be disjoint
closed disks in M=M\8M. Put ¢;=3D; and let J€ €M). If, for i=1,2, f;: D;(—Fl is
J-holomorphic with f(c)<(Fl,),, then there exist J-holomorphic maps fM—Fl and
gi: Di—> Ny such that f=gf| p, and the poles of f is contained in D{UD,.

Furthermore, for small variations of J, the map f can be chosen such that it
depends continuously on fi, f and J.

Proof. First choose a closed surface M with McM and a continuous extension map
@M)—%€M). Then any complex structure J on M can be considered as a complex
structure on M. Next, choose a point Q in M\ M, which is a non-Weierstrass point in
the given complex structure.

We can find open disks D{ and Dj, such that D/cD, and f;'((Fl),)<D;. Let
T=D\D; and consider fi|r,. as a map T,—N,. If the composition in Ny was addition,
then Lemma 2.8 would give the result. Instead an induction argument using (3.1) and
lemma 2.8 works. O

Remark 3.3. If McS?, then we do not need the assumption dM=+(J, i.e., the
lemma holds for M=S52.

4. Loop groups

Let G be a compact connected Lie group with Lie algebra g and consider the space of
based loops in G, i.e., the space of smooth maps y: S'—G with y(1)=1. It is an infinite
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dimensional Lie group, and we let the loop group QG be the identity component.(') The
Lie Algebra of QG is Qg, i.e., the space of smooth maps y: §'—g with y(1)=0.

The complexification of G is denoted G¢ and has Lie algebra g.=ga®;C. We let
LG denote the identity component of all loops in G¢. It too is an infinite dimensional
Lie group, and we may consider QG as a subgroup of LG¢. Let L*Gc denote the
subgroup of loops y€ LG, which are the boundary value of a holomorphic map
D—G¢, where D is the open unit disk in C, and let L™ G¢ denote the subgroup of loops
y€LGc, which are the boundary value of a holomorphic map D.—F¢, where
D.=CP'\D. The Lie groups LG, L*G; and LG have the Lie algebras Lg,
L*gc and L™ gc.

The multiplication map QGXL*G— LG, is a diffeomorphism, see [12, chapter 8],
so the loop group is also a homogeneous space of LGc. The description
QG=LG/L*Gc makes QG into a complex manifold, but not into a complex Lie group.
The multiplication in QG is not holomorphic, but left multiplication by a fixed element
is holomorphic.

If L;G.={y€ L™ G| y()=1}, then the multiplication map L; G XL*G—LG_isa
diffeomorphism onto a dense open subset of LG, see [12, chapter 8], so L] G can be
considered as an open dense subset of 2G. Moreover, the inclusion L; Gc—>QG is
holomorphic, and the multiplication in LG extends to a holomorphic left action of
LG on QG. The Lie algebra of LG is Lyg.={y€L g¢| y(*)=0}, so QG is a
complex manifold modeled on Lj g,

The loop group QG can be considered as a kind of infinite dimensional Grassman-
nian, see [12], and as such L] G, is the affine part of QG. The complement is called the
infinite part and is denoted (QG)...

This is very similar to the situation in the preceding section. The loop group QG
corresponds to the flag manifold Fl, and L{ G corresponds to the group N, =(Fl),.
There is one difference between the groups Ny and L] G, namely the exponential map.
It is an isomorphism in the case of Ny, but this may not be so in the case of L G.
Hence as a complex manifold L G need not be a vector space, but it is contractible by
the homomorphisms y—y,, t€[0, 1], where y{(2)=y(t"'2).

We will need the description of elements in QG as holomorphic bundles over CP',
see [12, section 8.10]. The idea is simple. A loop y € QG is used to glue the trivial G¢-
bundle over D and D., together and thus obtain a G¢-bundle over CP!. To be precise, an

() Normally ali components are considered, but as we later will consider based maps into QG, we will
only need the identity component.
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element of QG is the same as an isomorphism class of pairs (P, ), where P is a
holomorphic principal Gc-bundle on CP' and 7 is a trivialization of P over D,,ie., a
smooth section of P|, , which is holomorphic over D... The elements of L;G.cQG
correspond to pairs (P, 7), where P is the trivial bundle, and the action of LyG;on QG
corresponds to the map (y, (P, t))—(P, yr). Holomorphic maps into QG are described
by

PROPOSITION 4.1. If X is a complex manifold, then a holomorphic map from X to
QG is the same thing as an isomorphism class of pairs (P, t), where P is a holomorphic
principal Ge-bundle on XxCP! and t is a trivialization of P over X XDo.

If U is an open subset of a Riemann surface X and f: U—QG is holomorphic with
AUINL; G *@, then f can be considered as a meromorphic map into L Gc=(QG),.
The set of poles is f~'((RG).), which is a discrete subset of U. If we use Proposition 4.1
and identify f with a pair (P, 7), where P is a holomorphic G¢-bundle over UXx CP!, then
a point a € U is a pole if and only if the line {a} xCP! is a jumping line, i.e., if and only
if the bundle P| (a) xCP! is non-trivial.

We end the chapter on loop groups with the equivalent of Lemma 3.2.

LEMMA 4.2. Let M be a compact surface with non-empty boundary, and let D, D,
be disjoint closed disks in M=M\8M. Put ¢;=3D; and let JE €M). If, for i=1,2,
f: Di—QG is J-holomorphic with f(c)cL; G, then there exist J-holomorphic maps
£ M—QG and g;: D,—L; G such that f=g.f|; and the set of poles of f is contained in
D,uD;. ’

Furthermore, for small variations of fi, f, and J, the map f can be chosen such that
it depends continuously on fi, f, and J.

Proaof. The two maps f;: D;—QG and f5: D,—QG correspond to two pairs (P;, 7),
where P; is a J-holomorphic G¢-bundle over D,xCP' and 7; is a trivialization of P; over
D,xD,,. The bundle P; is trivial outside the jumping lines f~'(RG)=)XCP', so by gluing
P,UP, to the trivial bundle over (MxCP")\ {jumping lines}, we get a J-holomorphic
Gc-bundle P over MxCP'.

As M=Q, there exists a trivialization 7 of P over MxD.. The pair (P, 7) corre-
sponds to a J-holomorphic map f: M—QG, and the difference between the trivializa-
tions 75,5, and 7; is a J-holomorphic map g;: D;xD.—Gc. We can choose 7 such that
gi(x, ©)=1 for all x GD_,., so g;is a J-holomorphic map D,—L;G. The maps f, g and g,
have all the required properties, but we still have to show that this process can be made
continuously.
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Let y,=(f2,19,J° be given. Put U=D, UD, and choose an open subset V=M, such
that UU V=M and fA(V0D)<=(QG), for i=1,2. Finally, choose a neighbourhood W of
¥o in the space of triples (f,f,J) with ;€ Map(D; QG) and JE €M) such that
f(VND)=(QG), and f; is J-holomorphic.

The evaluation map F: Wx U—QG, given by F( fi b, 0)=fx) if x€D,, defines a
pair (P, v), where Py is a Gc-bundle over WxUxCP!, and 7y is a trivialization
of Py over WxUXD.. The bundle P, is J-holomorphic, when restricted to
{(fi,f2,J)}xUXCP', and the trivialization 7y is J-holomorphic, when restricted to
{(f1,£2, )} xUxD,,. Furthermore, Py can be trivialized over Wx(Un V)xCP', and the
trivialization can be chosen such that it is J-holomorphic, when restricted to
{(fisfp NIXUNV)XCP.

By gluing Py to the trivial bundle over WX VXCP', we get a Gc-bundle P over
WxMXCP', which is J-holomorphic, when restricted to {(f,,f;,J)}xMxCP' and is
trivial over WxVxCP!. We only need to find a trivialization 7 of P over WXMXD.,,
which is J-holomorphic, when restricted to {( Jio o D)} XMXD,, and is equal to 7y on
WxUx{x}.

If x€UNV, then F(y,x)€(RG),=L; G, and the transition function from the
trivialization over WxUxDx, to the trivilization over WxVxD.. is exactly Fly.gav)
considered as a map WX(UNV)xDx—Ge.

Let 1:M—[0,1] be a smooth map, such that (M\U)=0 and U\ V)=1. We
define yy: WXV—LIG. by letting yy(y,x)(2)=1 if xEVN\U and yy,x) (@)=
F(y,x)(tx)2) if x€UNV, and yy: WxU— L; G, by y,=1on U\V and yy=F "'yyon
unv.

The map yy defines an isomorphism of the trivial bundle over WX VXD.,, and yy
defines an isomorphism of the trivial bundle over WXxUXD.. As yy=Fyy, when
restricted to Wx(UNV)XD., we get a trivialization ¢ of P over WXMXD,. The
trivialization ¢ is holomorphic when restricted to {(f;,f,,J)} XM X {=}, and is equal to
Ty, when restricted to WX Ux {}.

For any map y: WXM—L[ G, the product y¢ is a new trivialization of P over
WXMXxD.. We want to find a y, such that p¢ is J-holomorphic, when restricted to
{(fifi, )} XMXD,,. As P is J*-holomorphically trivial over {y,} xMxD.,, we can find
¥: M—L{G,, such that y¢ is J>-holomorphic, when restricted to {yo} X MxD... To ease
notation, we assume that ¢ is already J°-holomorphic, when restricted to {y,} XM xD..
This corresponds to assuming that ¥y and vy are J-holomorphic, when restricted to
respectively {y,} XxUXD,, and {y,} XVxD,.

We shall find a map y: WXM—>L1‘GC such tat yyy and yyy are J-holomorphic
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when restricted to respectively {(f},f;,J)}xU and {(f,,f,,J)} X V. Let Q(M, L;gc) be
the space of one-forms on M with values in L; gc, and define i: W—Q'(M, L g.) by

-@By vy onU
h( S, f T) = { ety
—-@y)yy onV.
This is well-defined, because the difference between 1y and yy is J-holomorphic.
Our task is to find ¥, such that '3, yp=h. It we put

QUUWXM, Ly ac) = {(finfor I, HEWXQUM, Lygo)l hEQS'(M, Ly o)},

then (y, h(y)) € Q" (WxXM, L;a.)all y € W, and as ¢ is J*-holomorphic, when restricted
to {yo} XxMXD.., we have h(y)=0. Now consider the map

H:WXC*(M,L;G.) = Q"' (WXM, Ly ac)
(.f] ’.f2, J: 1/)) = (ﬂ 9.f2’ J’ w_]éj w)-

We shall show that H has a right inverse, and to do that we use the Nash-Moser
inverse function theorem, see [8]. The first step is to find the differential of H.

The tangent space at (y,y) of WXC™(M, LGy is T,WX C*M, L;gc), and
the tangent space at (y,h) of Q"' WxM,L;jgo) is T,WxQ}'(M,Lyjgo). Let
y=(fi:f )EW, AEC™(M, Ly gc) and B=(B,, B,, K) ET,W, where B,= T, Map(D;, QG)
and K€T;6M). Then

DH(y, y)(B, A) = (B, w"%K dy+y~'(3,4) w)-
By [8, III, Theorem 1.1.3] it is enough to show that DH has a smooth tame family of
right inverses. So we shall be able to solve the equation

é,A=zpth"—%Kd1pzp“ (4.3)

where h€ Q}'(M, L; g¢), such that the solution A is a smooth tame function of J, y, K
and h.

If 3M=0 and the righthand side of (4.3) lies in the images of 3, then this is
possible, see (8, II, Theorem 3.3.3]. We have M=+, so we will close M and extend
our data in a suitable way.

Let M be a closed surface containing M. By [13] there exists a smooth tame map



ON THE TOPOLOGY OF SPACES OF HOLOMORPHIC MAPS 261

(, v, K, hy—(J, ¥, K, k) which extends the data from M to M. Next we modify 4 to h
such that R=yhy~'—(i/2) K dip ¢! lies in the images of J;.

The image of §; is the forms a €QY'(M, L; go) such that [zaAw=0 for all J-
holomorphic forms w. In § 2 we constructed a basis (w;(J), ..., w,(J))) for the J-holomor-
phic differentials and by examining the proof of Proposition 2.5 we see that the map
J—wi(J) is smooth and tame.

Choose forms f;, ..., f, € QY ' M such that f];=0 and the matrix

ij=1,....8

@ Ny jor, s = <f~ wy fi A wj(j)> ,
i

where 7} ! is the projection onto Q% 'M, is regular for J=J;. Then the same is true for J
in a neighbourhood of J; and by making W smaller we may assume that it is true for all
J. Let (b, (), ..., be the inverse matrix and put f(/)=%%,b, (J)#}'f. Then
JafihNoJ)=6, ;, and if we put

==Y 1) ® f (ﬁ—iu‘r'lédu}) Ao,
i=1 M 2

then R lies in the images of §;. As mentioned above, 3; now has a smooth tame family

of right inverses. As the restriction from M to M obviously is smooth and tame, the

differential DH has a smooth tame family of right inverses, and the proof is complete.

]

5. Spaces of holomorphic maps

In the following Y denotes either a flag manifold FI or a loop group QG. It is a complex
manifold and even a complex projective variety. We let Y, denote the affine part of ¥
and let Y.=Y\Y, denote the infinite part of Y. The affine part is isomorphic to a
contractible complex Lie group N, and the composition NXN—N extends to a holo-
morphic left action Nx ¥—Y of N on Y. The infinite part is the union Y.=Y;U...UY, of
finitely many irreducible algebraic varieties Y,..., Y,.

If X is a Riemann surface and f: X— Y is a holomorphic map, which does not map
into Y., then the set of poles, f~!(Y.), is a discrete subset of X. To each point a € X and
i=1,...,r the ith order ord; ,f of f at a is defined as the order of contact between f(U)
and Y; at f(a), where U is a neighbourhood of a, such that f~'(Y.)nUc{a}. The
total order, ord,f, of f at a is of the sum the ith orders, and a is a pole if and only
if ord,f>0. The ith degree of f is deg;f=L,ord;,f, and the total degree is
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degf=deg, f+...+deg, f=% ord,f. If X is closed, the degrees are finite, and the r-tuple
(deg,f, ..., deg.f) determines which component of Map(X, Y), f lies in.

Let M be a compact two-dimensional manifold, possibly with boundary and
corners, and put M=M\ 8M. Equip the space Map(M, Y) of continuous maps from M
to ¥ with the compact-open topology.

If fe HolAM, Y)={fEMap(M, Y)| f is J-holomorphic} and f(M)NY,+, then we
call fa J-meromorphic map and we have the concepts of poles, orders and degrees of f.

We let #,(M) be the space of pairs (f,J) in Map(M, Y)x €(M) such that f is J-
meromorphic with degf=n, and if M’ is any subset of M, then we let (M, M’) be the
space of pairs (f,J) in M,M) such that the poles of f is outside M’'. We put
Mo, (M, M")=U}_o MM, M') and MM, M")=lim,_,, M_ (M, M").

If the complex structure is fixed, then we have the spaces J{; .(M,M’) and
My <, (M, M') consisting of J-meromorphic maps with the right degree. We put
MyM, M')=1im,_,, M, (M, M’) and if M'=0, then we omit it, i.e., MM)=MM, D),
etc.

The restriction of the projection Map(M, Y)x €(M)—Map(M, Y) to M(M) fits into
the commutative diagram

MM) —> MM)

l I

Hol,(M,Y) — Map(M, Y)

In this section we consider the case M=D={z€C|[z|<1} and show that the maps in the
diagram are homotopy equivalences.

LeMMA 5.1. Let Jy be any complex structure on D. There exists a map  from
M(D) to M; (D), such that y(f,Jo)=f, and the map ./ﬂ(D-)—>MJ0(D)x €(D) given by
(f, D=(f,J),J) is a homeomorphism.

Proof. Let ¢;:D;—D Jo be the map from Lemma 2.1 and define y by
w(f,J)=fop;". O
LeMMA 5.2. The inclusion Hol(D, Y)>Map(D, Y) is a homotopy equivalence.

Proof. Let J, be the standard complex structure on D and let ¢: 15,0—>D, be a
holomorphic homeomorphism with ¢(0)=0. Define for t€[0,1], y.:D—D by
YA(2)=¢(t$p~'(2)). Then y, is J-holomorphic for all 1€[0, 1], =0 and y,=id. We define
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a homotopy inverse F: Map(D, Y)—Hol/(D, Y) to the inclusion by F(f)(z)=f(0), and
only have to observe that F is homotopic to the identity on both Hol, (M, Y) and
Map(D, Y) by the homotopy (¢, f)—>foy,.

LemMMA 5.3. The map MAD)—Hol (D, Y)\Hol(D,Y.) is a homotopy
equivalence.

Proof. Let y,: D—D be the map defined in the proof above. We define a homotopy
inverse to the map in the Lemma by fiesfoy,. |

Let Hol (D, Y) be the space of f€ Map(D, Y) such that f|p is J-holomorphic and
f(D) is contained in a chart, and let n be the Lie algebra of N. Then we have

LemMa 5.4. AolD, Y) is a complex manifold modelled on Hol,(D, n).

LeEMMA 5.5. The inclusion Hol{D, Y)N\Hol/D, Y.)>Hol/{D, Y) is a homotopy
equivalence.

Proof. Choose a metric on Y and a k>0, such that any subset of Y with diameter
less than k is contained in a chart. Let 9, be the J-holomorphic map defined in the proof
of Lemma 5.2. For fEHol/(D, Y), we let t(f) be the maximal ¢€[0, 1/2] such that
diam(foy,(D))<k. The number #(f) depends continuously on f, so we can define a map
¢ from Hol/(D, Y) to ITSI,(D, Y) by ¢(f)=foy, This is a homotopy inverse to the
restriction r: Hol/(D, Y)—Hol/(D, Y), because

r°¢(f)=f°w,(f)~f°w1=f and ¢°r(f)=f°¢z(f)~f°'/)1=f

by obvious homotopies.
Moreover, the subspaces Hol,(D, Y)\ Hol/(D, Y.) and Hol/(D, Y.) are preserved
by the homotopies. So it is enough to show that the inclusion

Aol(D, Y)\Hol,(D, Y,.) - Aol (D, Y)

is a homotopy equivalence.
This is the case because Hol,(D, ¥) is a manifold and Hol,(D, Y)nHol/D, Y..) has
infinite codimension in the sense of the following lemma. O

LEMMA 5.6. If f€ Hol D, Y) N Holy(D, Y.), then there exist a neighbourhood W of
0 in Hol{D, C) and an imbedding i WoHolD, Y), such that

(1) i"\(Hol(D, Y..))={0}, and

(2) every smooth curve y in Hol(D, Y.) with y(0)=f has y'(0) & di(T, W\ {0}).
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Proof. We can consider fas a map D—n and as Y., has complex codimension one
in Y, there exists a g € Hol(D, n), such that g(0) is not tangent to Y. at f(0) (nis a
vector space so it makes sense to consider g(0) as a tangentvector at any point). We can
choose an £>0, such that for a z€ D with |z]<¢, g(z) is not tangent to Y., at f(z).

If W is a sufficiently small neighbourhood of 0 in Hol/(D, C), then we have an
imbedding i: WQI%’L(D, Y): h—f+hg. We see that diy(h)=hg, and if h(z)g(z) is tangent
to Y. at a point f(z) with |z|<e, then we must have h(z)=0. If y is a smooth curve in
Hol/(D, Y.,) with p(0)=f and y’(0)=hg for a h € Hol(D, C), then h(z)g(z) is tangent to Y.,
at f(z) for all z. Hence h(z)=0 for all z with |z|<e, and as h is holomorphic, & is
identically zero.

So condition (2) of the lemma is satisfied and if W is sufficiently small, condition
(1) is satisfied too. d

We finally state

LEMMA 5.7. Let D be the closed unit disk in C and let J be any complex structure
on D. Then the maps in the commutative diagram

M{D) —> MD)

l l

Hol,(D, Y) — Map(D, Y)

are homotopy equivalences.

Proof. The two horizontal maps are homotopy equivalences by Lemma 5.1 and
Lemma 5.2, and the lefthand vertical map is a homotopy equivalence by Lemma 5.3
and Lemma 5.5. But then the last map is a homotopy equivalence too. O

6. Spaces of principal parts

Let J be a complex structure on M and let 0; and J/; denote the sheaves of respectively
J-holomorphic and J-meromorphic maps into N. IL.e., for an open subset UcM, we let
O0U)=Hol,(U, N) and M, (U)=Hol{U, Y)\Hol (U, Y.).

The action of N on Y induces an action of O{(U) on #,(U), which clearly preserves
poles and their orders. So we can define the quotient sheaf ?;=.,/0; called the sheaf
of J-principal parts. A configuration of J-principal parts is a global section of %;.
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As noted above, a pole, the order of a point and the degree of a configuration of
principal parts are well defined concepts. We are only interested in finite configura-
tions, so we let (M) be the set of global section £ of P, with degé<w. We
furthermore let #; (M) and %, (M) denote the set of EE P(M) with respectively
degé<n and degé=n.

If M’ and M both are subsets of a surface M, then we let ,(M, M') be the space of
§€ Py(M) with &|y,,,,=0 and similar for ?; <,(M,M’) and P; (M, M"). '

Finally the complex structure varies, and we get the space (M) consisting of pairs
(§,J) where JE€(M) and E€E PyM), and the spaces P, (M), P, M), PM,M"),
Pen(M,M") and P, (M, M") whose definition should be obvious.

Let #{(M, M) be the quotient of the free Abelian monoid, generated by points of
M\M' by the relation, which identifies points on M with zero, see [14, p. 45], and
define the pole map P(M,M")—>A(M,M') by (£, J)—L ¢, 0rd, & a.

A J-holomorphic map f: M— Y with f(M)n Y+ and degf<x defines a configura-
tion [f] of J-principal parts with deg,[f]=deg.f all a €M, i.e., we have a map
MM, M"y—PM, M"): (f, ))~(f],J), which preserves the degree.

LEmMA 6.1. Let f,f' € M{M). then {f1=[f'] if and only if there exists a J-
holomorphic map g: M—N, such that f'=gf.

Proof. The “if” part is clear, so assume [ f]={f']. Let a4, ..., a, be the poles of fand
f"and put V=M\{a,, ..., a,}. There exist neighbourhoods U; of a; and J-holomorphic
maps g;: U;—N, such thatf’lUi=g,.f|Ui for all i=1,...,n. On V we can consider f and f’
as maps into N. So on VnU; we must have gi'VnU,.=f'|VnU,f|‘_/f11U,. and hence g:M—N
can be defined by g(x)=g(x) if x€ U; and g(x)=f"(x)f '(x) if xEV. O

The Lemma says that the fiber at ({f1),J) of the map M(M)—P(M) is G;(M).

In the case of Y=QG, Proposition 4.1 implies that 2,(M) is the set of holomorphic
Gc-bundles on M;xCP! with only finitely many jumping lines.

Before we equip (M) with a topology, we will study the action of 0;(M) on
MAM) a little closer.

LeEMMA 6.2. Hol (M, N) acts freely on My(M).

Proof. Let g € HolyM, N) and f€ #,(M) and assume that gf=f. As N acts freely on
Y,, gx)=1 for xEf7\(Y,), but f'(Y¥,) is dense in M, and thus g=1. O
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LEMMA 6.3. Let UcM, let a4, ...,a,, €UNIU and put V=U\{ay,...,a,}. Let
J,€ €M) and let g, be a map U—N, such that g, is J,-holomorphic. If J,—J € €(M)
and g, |,—g, where g: V—N is J-holomorphic, then g extends to a J-holomorphic map
g:U—-N, and g,—¢.

Proof. Let a €U\ V and choose a disk D, in (VN\3U)U{a} around a. Choose,
continuously depending on J' € ¢(M), a J'-holomorphic homeomorphism ¢;.: D,—D,
such that ¢,(@)=0. Let c={z€C| |z]=%}. We can imbed N as a closed subset of a
complex topological vector space E. In the case of a loop group, E is not a Banach
space, but there do exist norms ||-||,, on E, and a sequence in E converges if and only if
it converges in all these norms. If x€D,\ {a}, then g(x)=L;__, a, $,(x)* with

1 [ 2°¢;'@

=E Z"‘H dZEE

a;

As g,—g and ¢;'—>¢; " uniformly on c, we have a,=0 if n<0. Thus g extends to a J-
holomorphic map g: VU {a}—N. Let K=¢;'({zEC] |z|<}}). It is a compact neighbour-
hood of a, and dist(¢AK), c)=1, hence dist(¢ ,"(K ), ©)>4, if n is sufficiently large. For
such an n, an x € K and a norm ||-|| as above

1 j £,99;'@ | f go9;'2)

llg(xo)—g (x| =

i ), =6, (0 . 27 ), 2= ,x)
1 [|| et e85 @=g0 85 @ +@, c0- s 200D ||
<2 ), (e=95,00) (= ,x0)

=<3 f(”gn °© ¢J_HI(Z)_&’ ° ¢;1(Z)||+l|¢1,,(xo)—¢1(xo)|| llg o ¢7' @ dz.

As g,,0¢,_n](z)—>g°¢,“(z) uniformly on ¢, ¢; —>¢, uniformly on K and ||go¢;'(z)|| is
bounded on ¢, we have ||g,—g||—0 uniformly on K. Hence g,—g uniformly on compact
subsets of VU {a}. Finally induction on the number of points in U\V finishes the
proof. d

LEMMA 6.4. Let J, be a sequence of complex structures on M, let g, € Ofn(M ) and
letf,€M;(M). If J,—>JE éM), f,—fE M(M) and g,,f,,—)fE M,(M), then there exists a
g€ O0(M), such that g,—g and f=gf.

Proof. Put V=YY, )nf~'(Y,). Then M\ V is finite, we can consider f|, and f|, as
maps into N. Define g: V—N by g=f|, f|,'. Let K be a compact subset of V. As Y, is
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open and f(K)cY,, we have that f(K)cY,=N if n is sufficiently large. Then
g lx=8.xfilx s —=Flflx'=glx- By Lemma 6.3, g extends to a J-holomorphic map
g:M—N and g,—g, which in turn implies that g,f,—gf, and thus f=gf. O

COROLLARY 6.5. O/{M) acts properly on MAM ).
There is obviously the following generalization of Lemma 3.2 and Lemma 4.2.

LEMMA 6.6. Let M be a two-dimensional compact connected manifold with non-
empty boundary and let Dy, ..., D, be disjoint closed disks in M. Suppose we have J-
holomorphic maps f:Di—Y with f{8D)cY,, then there exist J-holomorphic maps
fM—Y and g;: D/~ N such that fi=g.f| 5, and the poles of f is contained in D U...UD,.

Furthermore, for small variations of fi, ...,f, and J, the choices can be made, such
that f and gy, ..., g, depend continuously on fi, ....f, and J.

COROLLARY 6.7. If M is a compact connected surface with SM=+Q, then the map
MM)—P(M) is surjective, and as sets P(M)=M{M)/OM).

We are now ready to define the topology on (M) in the case, where M has a
boundary. For a compact subset K of M, we let #(K) denote the space of pairs
(f, J)EMap(K, Y)x €(M), where fextends to an element of #,(U) for some neighbour-
hood U of K. We define an equivalence relation ~ on (K by letting (f, J))~(f;,J,),if
J1=J, and there exist a neighbourhood U of K and a map g€ Hol ,l(U, N), such that
fi=¢g|xf>- Equip M(K)/~ with the quotient topology. Put the weakest topology on
P<.(M), which makes the restriction map P (M)—MK)/~ continuous for all com-
pact subsets K of M. Finally let #M)=lim,_, P, (M). If dM+D, then the maps
MM)— P(M) and P(M)— (M) are continuous.

If Dy, ..., D, are disjoint disks in M, and, for i=1, ..., k, f;: D/—Y is a J-holomorphic
map with f(D)Nn Y+ and deg f;<x, then we get a configuration of J-principal parts in
M denoted [ f1]U... U{£z], and no matter what the boundary of M is, every configuration
of J-principal parts is of this form.

Equip D with the standard complex structure and let H, denote the space of J-
holomorphic maps f: D— Y such that degf|p=n. Choose, for i=1, ...,k and J € ¢(M), J-
holomorphic imbeddings ¢;: D—»M which depend continuously on J, such that
(D) N g (D)=0, if i%j. If n=n,+...+n,, then there is a map

H, X...xH, x6M)—>2,M)
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defined by

(fir oS> ([fiogi U U [fiodg']. D).

Two sets of maps (fi,...,f) and (f1{,...,f» give the same configuration if and only if
there for each i=1,...,k exists a map g;€Hol(D, N), such that f/=g,f. If we put
H,/~=H,/Hol(D, N), then Lemma 6.6 implies

LEMMA 6.8. If SM=QD, then the map above induces a local homeomorphism

(H,/~)X..X(H,|~)x €M) > Z,M),

and every element of P,(M) has a neighbourhood, which is the image of such a
homeomorphism.

In particular, the transition functions between spaces of the form
(H, [~)X...X(H, [~)X €M)
are homeomorphism. This is even the case if M=), because we can always remove a

disk from M without disturbing a given configuration of principal parts. So if OM=0,
the topology on #(M) can be defined by declaring the inclusions

(H, [~)X...X(H,[~)X €M) > PM)

to be local homeomorphisms. The subspace ?,(M) is then open and closed in AM),
and we still have

LEMMA 6.9. The maps MM)— P(M)— (M) are continuous.

Let H,={f€H,| f(D) is contained in a chart}. Then H, is an open subset of
Hol(D, Y) and hence a complex manifold modelled on Hol(D, n), see Lemma 5.4. The
following result is obvious.

LEMMA 6.10. The restriction of the action F:Hol(D, N)xH,—H, to F"'(H,) is
holomorphic.

As a corollary we have

LEMMA 6.11. H,/~ is a manifold, and the projection H,—H,/~ has local sections.
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Proof. Aol(D, Y) acts freely and properly on H,, and a neighbourhood of the
identity acts smoothly on H,. ]

In Lemma 6.8 we may clearly replace H, with H,, i.e., we have
LEMMA 6.12. The maps
(H, [~)X... X(H,|~)X €M) — P M)
are local homeomorphisms and cover P(M).

As the fiber of M(M)—P(M) is OM), which is contractible, it is not surprising
that the map is a weak homotopy equivalence, but before we can prove it, we need to
show that it is a quasifibration.

LEMMA 6.13. If 9M=+Q, then the map m: M, (M)— P, (M) is a quasifibration over
any open subset of P(M).

Proof. By [2, Satz 2.2], it is enough to show that n is a quasifibration over
arbitrarily small open subsets. Locally we have a commutative diagram

H, x...xH, X €M) — M M)

l |-

(H, [~)X...X(H,|~)x €M) —> P,M)

As there are local sections of Hni_)ﬁni/~’ there are local sections of z. Let
o: W—M,(M) be a section of 7 over an open subset W= 2,(M). We only need to show
that nln-,(w):n"(W)—»W is a quasifibration. Let W be the set of triples
(g,&,J)EMap(M,N)XW such that g is J-holomorphic, and consider the map
(g, &, Nga(E, J) from W to 7~ '(W). It is a homeomorphism, so we only have to show
that the projection W—W is a quasifibration. This is trivial, as a contraction of N
induces a fiber preserving deformation of W onto {0} XW. 0

We can now show
LEMMA 6.14. If SM=+QD, then the map m: MM)—PM) is a quasifibration.

Proof. As P(M)=lim,_ P_ (M), it is by [2, Satz 2.15] enough to show that 7w is a
quasifibration, when restricted to #(,(M). This we do by induction on n. Assume that



270 J. GRAVESEN

the restriction to #_,_,(M) is a quasifibration. Choose a neighbourhood B(e) of M in
M, homeomorphic to 3Mx[0, £) and let W be the set of pairs (&, J)€ P<,(M) with
deg §|M\B(€)Sn—1. Then W is a neighbourhood of ?/‘s,,_,(M ) in P (M), and it is enough
to show that nx is a quasifibration, when restricted to n (W), (M) and
MAM) N (W) respectively. By Lemma 6.13, the last two restrictions are quasifibra-
tions, so we need only consider Jr|"_, Wy a~{(W)—W. As the fibers of x are contractible,
it is by [2, Hilfsatz 2.10] enough to find a deformation v, W—W, €0, 1], such that

(1) yo=1d,

) Y Pep_ (M) P_,_ (M) for all 1,

3) p,(W)=2P_,_,(M) and

(4) y, lifts to a deformation of x~'(W).
Choose a vector field on M, such that the corresponding flow ¢, preserves M\ B(e) and
has ¢1(M)c(M)\B(e). We put ¢((f,J))=(fo e, ¢,J)). This defines a deformation ¥,
of #~'(W), which clearly descends to the wanted deformation v, of W. O

We have already noted that the fibers of #(M)— (M) are contractible, so we get

LEMMA 6.15. If 3M=*D, then the map MM)—PM) is a weak homotopy equiv-
alence.

Two configurations &, and &, of J-principal parts without common poles give rise to
a new configuration &, U &, of J-principal parts called the union or the sum of &, and &,.

LEMMA 6.16. Addition of principal parts is a continuous map:
{(E,,0),(&,, ) € PIM)x P(M)| pole &, npole &, =B} — PM).

Proof. Let ((§,,,J,), (&, I —((E), 1), (§;,J)) be a convergent sequence in the
space above. Let a, ces Oy be the poles of &, and let O s oo O be the poles of &,.
Choose disjoint closed disks Dy, ..., Dy in M, with o;€D; all i=1, ..., k. Let, for j=1,2,
&, be the part of &, which lies in D,U...UDs. Then (&, J)—(;,J) and, for n
sufficiently large, deg éjn=deg &=n,. We obviously have that €, VE,, . J )= VE, D),
and if K is any compact subset of M, then £,|,=£,|c, if n is large. Hence
(glnugzn,-’n)—’(§1u§2,-’)- O

LEMMA 6.17. The fiber of the pole map P (M)— (M), restricted to configura-
tions with one simple pole, has r connected components, one for each irreducible
component Y, of Y,=Y,U...UY,.
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Proof. Let a € M=54,(M) be given. Choose for JE€ (M), a J-holomorphic imbed-
ding ¢;: D—M, such that ¢0)=a and ¢, depends continuously on J. The fiber over a
of the pole map is homeomorphic to

{(Lf1,J) E(H\~)X CM)| f(0)€ Y}
As €(M) is contractible, it is enough to consider the space

{[fIEH/~| fO) € Y}

Let [ f] be an element of this space. Then f(D)Nn Y..={ f0)}, and the order of contact is
one. Thus f(0) is a simple point of Y., and as the sets ¥;NY; consist of singular points
for i#j, the fiber has at least r connected components.

On the other hand, the set of singular points in Y. is a proper subvariety of Y., and
has at least complex codimension one. Hence the set Y} of points in ¥;, which are
simple in Y., is connected. Around each point y € Y3, exist local coordinates (, v) on ¥,
such that Y; is given by the equation »=0. In these coordinates, f is given by a
pair of maps f(2)=(u(z), v(z)) with u(z)=X,_, u,z", u;#0. We put f(2)=(u(z), v{(z)) with
ufz)=zZ5_,u,(t2)""" and v(z)=v(tz). This gives us a curve f; from f=f, to f,. The map f,
has only one simple pole at 0 for all ¢, and fy(z)=(u,z, v(0)). By covering a curve in Y;
from £5(0)=(0, v(0)) to a base point y;€ Y; with a finite number of local coordinates, f,
can be deformed such that the new f; has f(0)=y, and in local coordinates fy(z)=(u,z, 0).
Finally we just have to deform i, into a base point. a

Higher order poles can be split continuously in the following sense.

LEMMA 6.18. Given a J-principal part & at a €M and a neighbourhood U of a.
Then & can be deformed continuously into a configuration of principal parts in U, all
with simple poles.

Proof. We use induction on the order ord, £ of the principal part. If ord, =1, there
is nothing to show. So we need only to show that we continuously can split a principal
part of order m=2 into a configuration of two or more principal parts in U, which then
necessarily have strictly lower orders.

We may assume that U=D, a=0 and f: D—Y is a representative for &, which maps
D into a chart. If f(0) € Y., is a simple point, then there exist local coordinates (u, v) on
Y, such that Y. is given by the equation #=0. The map f is given by a pair of maps
f(@=u(z),v(z)). Put v,=v and u(z)=tz+u(z). Then f(z)=(u[(z),v(2)) defines a curve f;
starting at f=f;. For t#0, f, has a simple pole at 0 and hence some other pole in the

18—-898283 Acta Mathematica 162. Imprimé le 25 mai 1989
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vicinity of 0. If f(0) is a singular point on Y., then it is obviously enough to find a curve
£ with fo=f, such that £,(0) is a simple point on Y., for t#0. Let u be a local coordinate
on Y around £(0), such that fis given by f(z)=u(z), with u(0)=0. The singular points
have at least complex codimension one in Y., so there exists a curve #(f) such that
#(0)=0, which corresponds to the singular point f(0), and i(¢) corresponds to simple
point on ¥, for t+0. We define the curve £, by f(2)=a()+u(z). O

Remark 6.19. If Y., is irreducible, then the last two results show that the space
P(M) is connected.

If M’ is another compact surface and M’'cM, then the restriction from M to M’ is
a continuous map r: P(M)—P(M’') and the fiber r~'(&’,J’) is homeomorphic to
{(E,EPM,M")| J|;;=J'} by the map (§,J)—>(EUE',J). We will show that r is a
quasifibration under certain conditions.

We say that M'cM is nicely imbedded, if M’ N M only has finitely many connect-
ed components 3y, ..., 3, and the closure 3; of each of these has the topology of a line,
intersects dM transversally and has a neighbourhood Bge) in M homeomorphic to
9;%(~¢, €), such that B{e) N B{e)=3, if i*j. We put B(e)=By(¢)VU ... UBe). Then B(e)is a
neighbourhood of 3M’ N M homeomorphic to IM' NMX(—e¢, €).

LEMMA 6.20. Let M'cM be nicely imbedded and let r: PIM)—P(M') be the
restriction map. If W P,(M’) is open, then r| _, . r-(W)>W is a quasifibration.

Proof. 1t is enough to show that r has the following weak form of the homotopy
lifting property:

Let P be compact, and let h: P—r~ (W) and H: Px[0, 1]—W be maps, such that
H(x, )=roh(x) for all x€P and t€[0, 1/2]. Then there exists a lift of H, i.e., a map
H:PX[0,1]—r"Y(W), such that ro H=H and H(x, 0)=h(x) for all x.

Let & and H be as above. We can write H(x, )=('(x,1),J'(x,t)), and then
h(x)=(&'(x, 0) U &(x), J(x)), where the poles of £(x) are contained in M\ M'. It is tempt-
ing to put H(x, )=(&'(x, Y U&(x), an extension of J'(x, ), but &(x) need to be holomor-
phic with respect to the extension of J'(x, 1). Let us for the moment assume that the
poles of £(x) are contained in an open set V with VNM'=2. Then we can choose the
extension J(x, 7} of J'(x, t) such that J(x, t)|y=J(x)|v and all is well. The strategy is now
first (while ¢ goes from 0 to 1/2) to push &(x) away from M’ and then use the
construction above. The details are as follows.

Choose an open set U, such that the poles of §'(x, 7) are contained in U for all
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(x, )EPx[0,11, and UcM’'. Choose for each x EP a vector field v(x) on M which is
J(x)-holomorphic in a neighbourhood B(e) of 3M' N M, with B(e)n U=2. Let t—¢(x, 1)
be the flow restricted to MM, and put V=M\B(s)UM’'. We can choose v(x) such
that ¢ is continuous in (x, #), M\ M'c¢(x, 1) (V) for all x€P and such that ¢(x, 1) is
J(x)-holomorphic in a neighbourhood of 3M'nM, see Figure 6.1.

As ¢(x, 1) is J(x)-holomorphic near dM'NM, we can choose a continuous map
J: Px[0, 1] €M), such that

(1) J(x, D]y =J'(x, D), for all t€[0,1],

) Jx, iz =0, 28) ()| 4z-» for t€10,1/2] and

(3) J(x, t)|y=0(x, D) (J(x))y, for 1€[1/2,1].
As the poles of &(x)o¢(x, 1) lie in V we can regard &(x)o¢(x, 1) as a configuration of
J(x, t)-principal parts for t€[1/2,1]. Hence it is possible to define the homotopy
H:Px[0,1]-r (W) by

Hex, ) = {(g'(x, NUERE) o p(x, 20),J(x, 1)), for 0<t<1/2
T EE DUEE 0 o(x, 1), J(x, 1)), for 12<t<1.

Obviously ro H=H and H(x, 0)=h(x) all x. Q
We can now show

PROPOSITION 6.21. Let M' =M be nicely imbedded and assume that every compo-
nent of M’ intersects M. Then the restriction map r: P(M)—P(M') is a quasifibra-
tion.

Proof. As P(M')=lim,_,,, P.(M"), it is enough to show that r is a quasifibration
over ?.,(M'), which we do by induction on n. By Lemma 6.20, r is a quasifibration
over P o(M')=P(M’), so the start of the induction is secured. Assume that r is a
quasifibration over 2_,_,(M").
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Let B'(¢) be a neighbourhood of 3M ' in M', homeomorphic to M’ x[0, ¢), and let
W be the set of pairs (§,J) € P<,(M') with Elm~pse=n—1. It is a neighbourhood of
Pep(M’) in P (M’), and by Lemma 6.20, r is a quasifibration over #,(M’) and
Wn@,(M"). Thus, it is enough to show that r is a quasifibration over W, see [2, Satz
2.2].

As in [2] and [10] we only have to contract W onto ?,_,(M’) and show that the
contraction lifts to a deformation of »~!(W), which is a weak homotopy equivalence on
the fibers. Choose a vector field on M, such that the induced flow ¢, satisfies

(1) ¢ (M")c=M'’ for all ¢,

(2) {M'\B'(e))cM '\ B'(¢) for all ¢ and

(3) 9(M")c=M'\B'(¢).

See Figure 6.2.
We define deformations d, of W and D, of r"'(W) by

a&,J)=(@Eo¢,¢J")) and D(EJ)=(500¢, ).

As roD,=d,or, d(?.,_(M")cP_,_,(M') and d{(W)c P, (M’), we only have to
show that D"r“((E', " r (&, J)—->r\(d\(&',J") is a weak homotopy equivalence, see
[2, Satz 2.10]. The fiber r~!(&',J') is homeomorphic to the space F, of pairs
(&, J)EPM, M’) with J|,,=J" and r~'(d,(§',J")) is homeomorphic to the space F; of
pairs (§,J)€E P(M, M’) with J|,;,=¢,(J"). If we consider D, as a map Fo—F;, then
Dy, N)=((Eu&)ogp,,¢,(J)), where £ is a (possibly empty) configuration of principal
parts in B'(€)N M, which by the flow ¢, is moved to M\ M. The configuration £o ¢, is
pushed away from 8M’, and it is possible to move £ along 3M’ to M. Hence D, is
homotopy equivalent to the map D: Fy—F,, given by D(&,J)=(§0 ¢,, ¢,(J)). We want
to find a homotopy inverse D: F;—F,.

We cannot use D! as it would move principal parts in M\ M’ into M. Instead we
will first move the principal parts away from dM', and then use D!, but this process
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must not change the complex structure in M'. There are no principal parts in M’ so we
need only worry about the complex structure in a neighbourhood of M'nNM. So we
will move the principal parts by a flow which is holomorphic in a neighbourhood of
OM'nM.

Let B(e) be a neighbourhood of 3M'NM in M, which is homeomorphic to
dM' N MX(~¢, €) and let s—>y(t, 5) be the flow of a vector field on M, such that

(1) y(¢, s) depends continuously on (¢, s),

(2) ¥(t, 5) is ¢(J")-holomorphic on B(e)N M’ for all (¢, s),

(3) M\ (B(e)UM ") =y(t, 5) (M\(B(e) UM")) for all (1, 5),

4) M \M'cy(t, 1) M\ (B(e)UM")) for all ¢,

(5) there exists an n €N such that

@) ¢y (M\M")cy(t, )0 ¢, (MN\M") for all (1, 5),
(i) ¢, M\ M"cy@, 1)(M\M’) for all ¢.

If n=1, then we could move the principal parts away from 8M’ by y, and then use
¢ to move them back and at the same time change the complex structure on M’, from
$1(J") toJ', i.e., use D!, For an arbitrarily n we do the same, but in several steps. The
details are as follows. Put

0=pisov( 1) egiton(2.1)o..0pzhon, D,

and define for a JE €M) with J|,;=¢,(J'), a complex structure h(J) on M by
hD=J" and h(])|yr 5 =0(J). Now D: Fi—F, is defined by D(&, J)=(£06, h(J)).

We shall show that DoD and DoD are homotopic to the identity. First we
consider DoD and define 6,;: M—M for kinst<(k+1)/n by

—k - —k+1
0= tunov("E k) opitoy(2=E

,1) o...o¢psow(l, 1).

For a JE (M) with J|,;,.=J', we define h,(J)€E €M) by h(J)=J' on M’ and
h{J)=64(J) on M\ M'. Finally H.:F,—F,is defined by H/(§, J)=(£0 8,, h(J)). Clearly
Hy=id and H,=DoD.

The proof that DoD is homotopic to the identity is similar. O

7. The results

In this section we will show the topology of the space of holomorphic maps resembles
the topology of the space of continuous maps. First a non-closed surface is considered.
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PROPOSITION 7.1. Let M be a compact surface, and assume that every component
of M has non empty boundary. Then the map M(M)—Map(M, Y) is a weak homotopy
equivalence.

Proof. The surface M can be made by gluing disks together, and we use induction
on the number of disks. The start of the induction is secured by Lemma 5.7. So assume
M=M,UM,, and that the proposition is true for M;, M, and M,NM,. We may assume
that the inclusions M,nM,cM, and M,cM satify the conditions of Proposition 6.21.
Consider the diagram

PM)—> PM,) MM)— MM;) MapM,Y)—> Map(M,,Y)

! -

PM) — PIM,NM,) MM,) - MM,NM,) Map(M,, Y)—>Map(M,NM,,Y)

X

where the maps in the squares are restrictions. The maps between the squares are weak
homotopy equivalences, except possibly, the map M(M)—Map(M, Y). The right-hand
square is homotopy cartesian, and if the middle square is weak homotopy cartesian, the
proof is complete. The left-hand square is weak homotopy cartesian, because the
vertical maps are quasifibrations, but then the middle square is weak homotopy
cartesian too. a

It is unfortunately impossible to apply the proof of Proposition 7.1 in the case,
where M=, because the relevant restrictions are not quasifibrations. Indeed, in the
proof of Proposition 6.21, it was crucial to be able to push a configuration £ to the
boundary M. In order to overcome this difficulty, a new stabilized space is intro-
duced.

Let M be a closed surface. Choose open subsets M,;, M,cM, such that M; and M,
are manifolds with boundaries, and M, and M\ M, are closed disks with M\ M,cM,.
Then M=M,UM,, and M,NM, is an annulus, see Figure 7.1.

Choose a sequence of disks D,,D,,... in M, such that D, ,cD, all k, and
D.=ND, is a disk with 3M,nD_+@. Choose for all k, a point a, € D,\D,,,, such that
{aJkEN} nM,=2, see Figure 7.2.

Now choose continuously depending on J€ 4(M,), a J-holomorphic imbedding
¢ D—-D,\(D,,,UM,), such that ¢,(0)=a,. If Yi,..., Y, are the irreducible compo-
nents of Y., then for each i=1, ..., r, we choose a holomorphic map f;: D—Y, such that
0 is the only pole and ord, (f;=¢;. We define a J-principal part &, at a;, with ord;§ =0
where k=i (modr), by &,=[f;o¢5;]. Define imbeddings PAM, D)->%PM,D,,,) by
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\

Fig. 7.1

& N-(EVE, k,J) and P(M,,D)>PM,,D,.) by (& Jr>(EUEy,J), and form the
telescopes @(M D.) of the sequence P(M, D )>PM, D,)s... and P(M,,D,) of the
sequence PM,, D)—>PM,,D,)-..., then we have

ProPoOSITION 7.2. There is a homology cartesian commutative diagram:

#M,D,)— PM,,D,)

I I

@(MZ’D-w) - Q(Ml an’Dm)‘

Proof. If we let a homology fibration be as in [11], then it is enough to show that
the restriction maps r are homology fibrations. Let M’ denote either M or M, and put
M;=M,nM’'. Let (£,J,) belong to #AM;,D,), let B,,...,B, be the poles of &
and let v,...,v; be their orders. Let B(e) be a neighbourhood of oM in M, which
is homeomorphic to dM;iXx(—e¢,¢), and choose £>0 such that ﬂjém and

Fig. 7.2
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D, N(M,\B(Q2¢))+@, see Figure 7.3. Choose for i=1,..., k an open disk U; around B,
such that U,cM;\(BQ2e)UD,,) and U;nU=Q if i=j.
The set

{(¢&, 7)EPM;, D) deg Ely,=v; and pole())cU,u...uU, UB(e)}

is a neighbourhood of (&, Jy) in #AM', D.). So by Lemma 6.12, (&, Jo) has a neighbour-
hood homeomorphic to

(H,[~)X...x(H,[~)x{(,J) € PM;,D,)| pole(€)c B(e)}.

As Hvl/~ is a manifold (&,J,) has a neighbourhood W in #(M}5,D.), homeo-
morphic to B;X...XB,XB, where B; is an open contractible subset of Hv‘_/~, and
B={(&,J)€E (M}, D..)| pole(§)cB(e)}. From the diagram

r(W) —= B,x...xB,xr (B)

l ’l'—!(w) l idx;{’_lw)
W  —— B/X...XB/XB,

it is seen that we only have to show that B is contractible, and that the inclusions of the
fibers of r in r~'(B) are homology equivalences.

Choose a vector field on M, which vanishes outside B(2¢), is tangent to 3D; for all
i, is transversal to dM; and points into M3, see Figure 7.3.

Let ¢, be the flow on M, induced by this vector field. We may assume that

(1) ¢,=id outside B(2¢) for all ¢,

(2) pAD)=D, for all ¢,
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(3) pAM;UB(£))cM5UB(e) for all ¢, and

(4) (M3UB(E)=M3\B(e).
The flow ¢, induces a deformation h, of B, given by h(£ J)=(£0¢,¢,J)). As
h(B)=%(M}), B is contractible. Let (£,J')EB. We shall show that the inclusion
r"Y(&,J")r (B) is a homology equivalence. Define a deformation H, of r"'(B) by
H(E, J,5)=(£0¢, ¢J),s). Then H,(r"'(B)) is the space of triples (&,J,s)€ PM’, D..)
with pole(§)cM\ M,UB(). Let F, be the space of triples (&,J,s) € H,(r"'(B)) with
Ja=®ilsJ "), and consider the diagram

rri(E, I = i)

| {m

F, - H,(r"(B)).

We will show that the two vertical maps and the lower horizontal map are homology
equivalences, and hence that the top horizontal map is a homology equivalence.

First consider Hy:r '(B)—H,(r"'(B)). If i:H\(r"'(B))—r '(B) is the inclusion,
then io H,=H,~H,=id, and as H(H,(r"(B)))cH,(r"'(B)) for all ¢, we also have H,oi=
Hily @y~ Holy -1sy=1d- Next consider the inclusion F,~H, (r"(B)). Choose a defor-
mation D, of €(M’) such that

(1) Do=id,

@) DDlasotyuien=7 b as,u ey for all J,

3) D,(J)|M2,=¢1|MZ.(J’) if J|M2,=J’ for all ¢, and

4) D\()|z;=¢1[y,(J ") for all J.

Define a deformation D, of H,(r"'(B)) by D&, J,s)=(E, D,(J),s). This deformation
contracts H,(r"(B)) onto F;, hence the inclusion F 1<—>H1(r"(B)) is a homotopy equiv-
alence.

Only the map H,:r \(&',J')—F, remains. Let F, the space of triples (&,J, 7)€
HM', D.,) with pole(§) cM\ M, and J| M2,=J . This space is homeomorphic to r (&', J")
by the map Fy—r~'(&',J’), which maps (£, J, f) to (EUE’, J, £). By this identification, H,
corresponds to the map H: Fy—F,; by

(gr"r t)H(§°¢1U§,°¢1’¢l(J), t)‘

By Lemma 6.18 and Lemma 6.17, we can split & o¢, into simple principal parts,
move these principal parts along ¢;1(aM2) to the points a;, and finally deform them into
the standard form &,;.
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The spaces F, and F,; are the telescopes of the sequences F$—>F§—>... and
Fi—>F:—... respectively, where F! is the space of pairs (§,J)€EPM',D,) with
pole(§)cM\ M, and Jlw=J' and F} is the space of pairs (§,J)€ PM',D,) with
pole(§)cM\ M,UB(e) and J|;;,=¢,(J )|y, We define H: F;—F} by

HE J)=(Eog,, ().

It is enough to show that A is a homotopy equivalence, and this can be proved by the
same method as in the proof of Proposition 6.21. O

We can now show that #(M, D..) and Map(M, D..; Y, Y,), which is the space of
maps f: M— Y with f(D.)c Y,, have the same homology type. Let H, be the homotopy
theoretical fiber product of #(M,, D,.) and #(M,, D,,), let H, be the homotopy theoreti-
cal fiber product of .#(M,, D,) and #M(M,,D,) and let H; be the homotopy theoretical
fiber product of Map(M,, D,; Y, ¥,) and Map(M,,D,;Y, Y,)

The inclusion Map(M, D..; Y, Y,)—H, is a homotopy equivalence, and by Proposi-
tion 7.2, the inclusion #(M, D.)>H, is a homology equivalence. All in all we have

THEOREM 7.3. In the commutative diagram

PAM,D,) «<— MM, D,) — MapM,D,;Y,Y,)

l l |

H, — H — H,,

the bottom horizontal maps are weak homotopy equivalences, the left-hand vertical
map is a homology equivalence and the right-hand vertical map is a homotopy
equivalence.

Proof. We only have to show that
MM,,D)— PM,,D,) and MM, D)—>MapM,,D,;Y,Y,)
are equivalences, but this is trivial, as all three spaces are contractible. O

The same conclusion holds, if the complex structure is fixed, but before we can
show that, some terminology is needed.

Imbed M in R?, and choose a tubular neighbourhood U of M. The imbedding and U
can be chosen, such that any subset of M with diameter less than 10, is contained in a
disk in M and has its convex hull contained in U. Let a,,...,a,EM be points with
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weights vy, ..., v,. If diam({a,, ..., @,})<10, then the ordinary center of mass lies in U
and can be projected down to a point on M, which we will call the center of mass, and
which depends continuously on the configuration (a'{‘, vees aZ") of points in M.

Choose a point x.. € M, and put M'=M\ {x.}. Blow the metric up at x.., such that
any subset M’ with diameter less than 10 is contained in a disk in M’, and any
configuration of points in M\ {x} with diameter less than 10 has a well defined center
of mass.

Let r€R, and £€ A, (M"). If diam(E)<<r-4%#¢~", then & is called r-small.

LeEmMA 7.4. If & and &, are r-small and &, N§,+D, then § U, is r-small.

Proof. If §,c&, or £,c&, there is nothing to show, so we may assume that
deg(§, U&,)=max{deg&,,deg&,}+1. Then

diam(EI 4] Sz) < diam §1+diam ;9-2 <r 4deg61—n tr 4deg§2—n

< 2r‘4max(deg§,,deg§2}—n < r.4deg(ElU§2)—n’

i.e., £,U&, is r-small. O

Two configurations &, and &, are called r-independent, if any r-small subconfigura-
tion of &, U&, is contained in either &; or &,.

Lemma 7.5. If & is not r-small, then we can write §=§,UE, with § N§,=0 and
&, &+, such that any proper 2r-small subconfiguration is contained in either &, or &,.

Remark. Then the configuration &, and &, are r-independent, but they need not be
2r-independent, because £ may be 2r-small.

Proof. Choose x,y€E, such that dist(x, y)=diam £=r®E5*". Let &; be a maximal
2r-small proper subconfiguration of £ containing x, and let &=&\&;. Then diam <
2r-49%8&-1-n and hence

dist(y, &) = dist(x, y)—diam & > r- 49852y 4d88~1-n = 3. gdegl-1-n,

Assume &'c& is 2r-small, &' n&+D and &' NE+D. We shall show that £'=E. As
&' N§ i+, Lemma 7.4 implies that & U&, is 2r-small, and as &, is maximal, we must have
&'U& =&, Especially y EE&’, and hence

diam &’ = dist(y, &) > 2r- 498417,
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As &' is 2r-small, we have deg&’>deg&—1 and thus &'=E. O

We can now show

LEMMA 7.6. Let M be a closed surface with base point x, and let J be any complex
structure on M. Then the inclusion PAM, {x.})=>PM, {x.}) is a homotopy equiv-
alence.

Proof. 1t is clearly enough to show that the inclusion of #;.(M,{x.}) into
PAM, {x.}) is a homotopy equivalence for all .

We want to define a map P_ M, {x,})X€M)—>P, (M, {x,}) of the form
(&,J,J")—((&, J,J"),J"), which preserves degree and satisfies

() (&, J,J)=§ and

(2) Y& UE, T, T )=y, ], Ty, J,J") if pole(§)) and pole(&,) are 2-independ-
ent, considered as elements of #,(M’), where (2) only is needed for an induction
argument. The map v turns J-principal parts into J'-principal parts. We define y
inductively, but first we choose a vector field v on M, which only vanishes at x..

If (£,J,7)EP(M, {x.})X €M) and a € M’, then we let D, be the disk in M with
center o and radius one. Let ¢,. ;: D ;.—D,, be the unique holomorphic homeomor-
phism such that ¢,. {a)=a and dg,. (v(a))=c"v(a) with c>0. Define y by wE J,J)=
Eo¢. As ¢ depends continuously on a, J and J', the map ¥ depends continuously on
(€,J) and J'. Condition (2) is empty in this case, and as ¢=id, if J=J’, condition (1) is
satisfied.

Assume y is defined on P_;_(M, {x,})X 6(M) with 2<k<n, and put

P={(§,J)E P, M, {x,})| pole(®) is 1-small = degE=<k—1}
= Py M, {x DU{(E J)E PM, {x.})| diam pole(§) >4*""}.

If deg&=k, and diam pole(§)>4*"", then we write £=&;U&,; according to Lemma 7.5.
Define v on #x €M) by

ot "N o— w(E;JrJ’)y ifdegESk—l,
vE LI = {w(sl,J,J')uw(gz,J.J'), if deg& = k.
As v satisfies condition (2), y is well-defined, and clearly v is continuous and satisfies
condition (1) and (2).
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We now let

P={(&,J)€ P_ M, {x.})| pole(?) is 2-small = degE<k—1}
= Py M, {x DU{(E J)E PM, {x,.})| diam pole(§) >2-4*"} c P.

If deg £=k, and diam pole(&)<2-4*7", i.e., if £¢ P, then we let a be the center of mass of
pole(§) and put D,={x € M| dist(x, a)<5}. As D, is a disk in M containing pole(§), we
can define ¢,. ;: D, —D,; as above. Choose a homotopy

H: ¢M)x€M)x[0,1] - €M),

such that H(J,J',0)=J, H(J,J',1)=J' and H(J,J, )=J. Put #(£§)=4"""-diam pole(£)—1
and define y on P (M, {x.}) by

YE g1, if (£,7)€ P,
'/’(5, J,J') = '/)(g; J: H(J,J’, t(g)))°¢_]',”(],]:,,(§», if deg§= kand 0< I(E) = 1,
§°¢J',1a ifdeg§=kand &) =<0.

It is easily checked that y is well-defined, continuous and satisfies condition (1) and
condition (2).

We can now define a homotopy inverse 8: Z,(M, {x.})— %,.(M, {x,.}) to the inclu-
sion &—>(&,J"), by 8, J)=y(&,J,J"). O

Put P*(M)=PM, {x,}) and PF(M)=PAM, {x.}). Let D’ be any disk in M contain-
ing x... By choosing a vector field, which pushes principal parts away from x., we see
that the inclusion P(M, D) P*(M) is a homotopy equivalence. We put

P(M,D,) =Tel(PyM, D,) > P(M,D,) - ...) c #M, D).
If x_€D,, then by the remarks above and Lemma 7.6:

H (P M, D)= lim H(PM,D,, )= lim H (P M))

n—w n—x

= lim H, (% (M),

n—

for all J€ €(M). Similarly we let Map#(M, Y) be the space of maps f: M—Y, such that
f(x=)=1EN=Y, and deg,f=...=deg,f=0 and let Map,(M, D,; Y, Y,) be the space of
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maps f: M—Y, such that (D)<Y, and deg, f=...=deg,f=0. As Map§(M, ¥) is homo-
topy equivalent to Map,(M, D,; Y, Y,), we have

H,Map}(M, Y)) = H.(P(M, D.)) = lim H(F} (M),
for all J€ G(M).
Fix J€ 4(M), let X denote the Riemann surface M; and put ZH(X)=2} (M). If G is
a compact Lie group, then we let ¥, (XX CP!,XVCP!, G,) denote the space of based
isomorphism classes of holomorphic Gc-bundles over XxCP!, trivial over XVCP',
based at (x.,, ) and with characteristic class n, see [1].

ProrositioN 7.7. If Y=QG, then

PX) =V (XXCP', XV CP',G,).

Proof. If X'=X\{x«}, then a configuration of principal parts in X without a pole
at x., can be represented by a holomorphic map f: X'—QG, which by Proposition 4.5 is
the same as an isomorphism class of a pair (P’, r), where P’ is a holomorphic G¢-bundle
on X'XCP!, and 7 is a trivialization of P’ over X 'xXD... The different choices of f
correspond to different trivializations 7, but they all agree on X' x{}, i.e., a configura-
tion of principal parts gives a pair (P’,t’), where 1’ is a trivialization of P’ over
X’'x{x}. We can find a neighbourhood U of x., such that P’ is trivial over
(X'nU)xCP' and 7’ determines the trivialization uniquely. By gluing P’ to the trivial
bundle over UXCP!, we get a bundle P over X xCP!, and 7’ extends uniquely to a
trivialization over XVCP!. Thus we obtain an element of ¥,(X*xCP', XVCP!, G¢).

Assume on the other hand that we have a bundle P over XXCP', which is trivial
over XVCP'. Then the restriction to X'xD., is trivial, and by extending the trivializa-
tion over X' x {o} to X'x D, the transition functions to sets of the form UXD, give us
a holomorphic map f: X’'—QG. Different choices of the trivialization correspond to a
multiplication of f with a map g: X'— L[ G, i.e., we get a well-defined configuration of
principal parts in X' and hence an element of ?}(X). O

From [1] we have that ¥ (CP'xCP', CP'VCP', G,) and Hol}(CP',QG) are diffeo-
morphic, and by Remark 3.3, Q’j(CP‘)=Hol;‘;(CP', Y), if Y is a generalized flag mani-
fold. All in all we have

THEOREM 7.8. Let X be Riemann surface and Y a generalized flag manifold or a
loop group. If X=CP', then
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H,(Map}(CP', Y)) = lim H,(Hol*(CP', Y)),

n—w

and if Y=QG, then

H,(Mapi(X, QG)) = lim H,(V,(XxCP',XV CP',G.)).

n—o

The connected components of Map*(CP!, Y) are the spaces Map#(CP', ¥) of based
maps CP'— Y with multidegree k €Z'. By Lemma 5.7 and Lemma 6.18, the connected
components of Hol*(CP!, Y)=%*(CP") are the spaces

Hol#(CP', Y) = Hol*(CP', Y) nMapi(CP', Y),
with k=(k,, ..., k,) and k=0 for i=1,...,r. Hence we have

THEOREM 7.9. If Y is a generalized flag manifold or a loop group, then the
inclusion Hol*(CP', Y)->Map*(CP!, Y) induces an injection

7,(Hol*(CP!, ¥) < m,(Map*(CP', 1)).

Acknowledgement. 1 am indebted to M. F. Atiyah and G. Segal for proposing the
problem and giving me many helpful suggestions.
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