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Introduction

In this paper we complete the reduction of the singularities for non-dicritical holomor-
phic foliations of [5] and [7], in order to get only the so-called simple singularities. As a
consequence, we prove Thom’s conjecture about the existence of convergent separa-
trices, in dimension three. These results where announced in [8].

Let X be a non-singular analytic variety over C. A holomorphic singular foliation ¥
of codimension one over X is an integrable and inversible Oy, ;-module of the cotangent
sheaf Qy such that the quotient Qx/% has no torsion. This means that each stalk % is
generated by a differential 1-form

Q= bdx; bEO,
i=1

such that QAdQ=0 and g.c.d.(b;;i=1,...,n)=1. The singular locus Sing ¥ is locally
given by

Sing 9= (b;=0;i=1,...,n).

It is a closed analytic subset of X of codimension =2. An irreducible element f€ Oy p is
a separatrix or an analytic solution iff f divides QAdf. This means that (f=0) is
contained in a leaf, outside the singular locus. Analogously, a formal separatrix or a
formal solution is an irreducible element f€ @X, p (=formal completion of Oy p along its
maximal ideal) such that f divides QAdf.

The result in this paper concerning Thom’s conjecture may be stated as follows:
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2 F. CANO AND D. CERVEAU

EXISTENCE OoF SEPARATRIX THEOREM {(dimension three). If 4 is a germ of
holomorphic singular foliation of codimension one over (C*,0) given by (Q=0) then one
of the following two properties is satisfied:

() 9 has an analytic solution at the origin.

(ii) There is an analytic mapping o*: (C2,0)—(C?,0) such that 0*Q is not identical-
ly zero and the foliation given by (6*Q=0) has infinitely many analytic solutions.

When (i) holds we call the singularity a ‘‘dicritical singularity”’. In the two
dimensional case, the existence of an analytic solution has been proved by Camacho
and Sad [4]. In the three dimensional case, Jouanolou [15] gives a counterexample to
the existence of a separatrix in the case (ii) above.

Like in the case of varieties (cf. [1], [13]), the reduction of the singularities intends
to improve the singularities by blowing-up the ambient space X. More precisely, let
m: X' —X be the blowing-up of X with a non-singular center YcSing 4. Then there is a
unique singular foliation %’ over X' such that

(gllxl_”‘l(y) = Cglx—Y'

We call ¥’ the strict transform of by . Note that, even if we blow-up repeatedly, we
do not necessarily get that 4’ has no singular points. This can be easily seen by
blowing-up ydx+xdy. Thus we can only hope to get *‘simple singularities’’, in order to
have the following result:

DESINGULARIZATION THEOREM. Let % be a non dicritical holomorphic singular
foliation over X=(C?,0). Then there is a sequence of “‘permissible blowing-ups’’

(1) x)2x22.. " xwn

such that the strict transform 9(N) of G under this sequence has only simple singulari-
ties.

Let us explain somehow the above statements. First, let us recall the situation in
the case dimX=2. Write

Q =adx+bdy, a(P)=bP)=0,

and put
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Fig. 1

The point P is a simple singularity iff the linear part of D has two distinct eigenvalues
a=+p+0 and a/B ¢ Q. (=strictly positive rational numbers). The simple singularities are
persistent under blowing-up. In fact, the blowing-up of a simple singularity produces
exactly two other ones, corresponding to the eigendirections. Moreover, there are
exactly two formal separatrices I', and I'; at P, which are both non-singular and tangent
to the corresponding eigendirection. By Briot-Bouquet’s Theorem, we know that I is
always convergent. (See Figure 1.)

Now, we can choose a regular system of parameters (x, y) of &y p and Q which is
written down in one of the following formal normal forms:

() Q=xy(dx/x+Ady/y); LEC, A¢Q_;

(i) Q=xyy*(dx/x+(e+1/y")dy/y); s=1, ¢€EC;

(i) Q=xy(x"y?)’ (dx/x+(e+1/(x"y?)) (p dx/x+qdy[y); g.c.d.(p,9)=1, s=1;
(cf. Part II). There, we have that [, UTz=(xy=0).

Assume now that P is the only singular point of 9. Then, the two-dimensional
desingularization due to Seidenberg [20] says that there is a finite sequence of blowing-
ups at singular points

) x)Lx2) 2. & xavy

such that all the singularities in the last step are simple singularities. Let E(N) be the
exceptional divisor produced by the sequence (*). The irreducible components of E(N)
which are generically transversal to the strict transform 4(N) of ¥ are called ‘“dicriti-
cal components’’. Thus, the non-dicritical components are leaves of 4(N). Note that a

dicritical component produces by blowing-down infinitely many separatrices at P. (See
Figure 2.)
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We say that 4 is non-dicritical iff E(N) has no dicritical components. This is
equivalent to say that 4 has only finitely many separatrices at P.

Let us restrict our attention to the non-dicritical case. Given a point Q € E(N),
denote by e=e(E(N), Q) the number of irreducible components of E(N) through Q. If
e=2, then [, UT3=E(N), locally at Q, and hence no other separatrix of §(N) passes
through Q. If e=1 and Q € Sing %, then either E(N)=T, or E(N)=Tp, locally at Q, hence
there is exactly one separatrix I'p of 4(N) at Q with T',+E(N). (See Figure 3.)

By blowing-down these I'y, we obtain a bijection

{formal separatrices of 4 at P} < {points Q€ E(N)n Sing 4(N) with e=1}.

By [4], we know that there is always a point Q with e=1 such that 'y corresponds to a
nonzero eigenvalue, hence I’y is convergent and projects over a convergent separatrix
I' of 4 at P. (See Figure 4.)

 E(N)

E(N) EWN)

Fig. 3
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Thus, as mentioned above, Thom’s question about the existence of a convergent
separatrix has an affirmative answer in the case dimX=2.

Now, let us consider the case that dimX=n=3. Let us fix a normal crossings
divisor E of X. Here E plays the role of the exceptional divisor in an intermediary step
of the desingularization process, hence in the initial step we shall put E=@. A dicritical
component of E is an irreducible component of E which is generically transversal to 4.
Consider a blowing-up 7: X' —X with center Y. Note that if the center Y has normal
crossings with E, then E'=x"'(EUY) is also a normal crossings divisor of X’. We say
that Y is a permissible center for ¥ adapted to E iff, in addition Y satisfies a certain
condition of equimultiplicity locally at each point (cf. [5], [7] and Part I). We say that ¢
is non-dicritical iff E has no dicritical components and this remains true after any finite
sequence of permissible blowing-ups (this definition is made relatively to E, actually, it
deals with the initial singular foliation, before starting the desingularization process).
Roughly speaking, to say that ¢ is dicritical means that for a certain non-degenerate
two-dimensional section we can find infinitely many integral curves (cf. [6]). This
corresponds to the condition (ii) of the Existence of Separatrix Theorem.

In opposition to the same phenomena in the two dimensional case, the dicritical-
ness is an obstruction to the existence of a convergent (even a formal) separatrix. In
fact, the dicritical foliation given by the differential form

Q= (xmy_zm+l) dx+(ymz_xm+]) dy+(z’”x—y'"+1)dz, m 22’

has no separatrices at the origin [15]. Thus, we may reformulate Thom’s question about
the existence of separatrices as follows:

If %is non-dicritical, does % have a convergent separatrix?
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Assume that 9 is non-dicritical and that F is given locally at P by
H x;=0.
i€EA

Then we can write, in a logarithmic way,

Q=<Hx,.)w; where w=2aiﬁ+2aidxi; a,€0y p

€A iea Xi iga
and g.c.d.(g;;i=1, ..., n)=1. The adapted multiplicity u(%, E; {P}) of 4at P is defined by
W%, E; {P})=min{vp(a);i€EA}U{vpla)+1;i¢ A}

where vp(a;) denotes the order of a; at the point P. It generalizes the order of the strict
transform of a hypersurface, in the case that we begin with Q=df. The main result in [5]
and [7] is stated as follows:

RepucrtioNn THEOREM ([5], [7]). Let ¢ be a non-dicritical holomorphic foliation
over X=(C*,0). Then there is a finite sequence of permissible blowing ups

@) x=x)2x22 .. " xwn)

such that u(4(N), E(N); {Q})=1 for; each point QEX(N); where 4(N) is the strict
transform of 4 and E(N)cX(N) is the exceptional divisor of (2).

Assume now that dim X=3 and fix a point P € E. We want to define the statement:
P is a simple singularity of 4. Put e=e(E, P); we have three possibilities e=1,2 or 3.
(See Figure 5.)

In the case e=1, we say that P is a simple singularity iff % is an analytic cylinder
over a two dimensional simple singularity with e=1. In particular, in this case Sing ¥is
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locally a nonsingular curve contained in E and the formal separatrix of the two
dimensinal case produces a formal separatrix Sy at P. (See Figure 6.)

In the case e=2, we have two kinds of singularities. The first kind is locally an
analytic cylinder over a two dimensional simple singularity with e=2. In this case
Sing 9 is locally the intersection of the two components of E and the only separatrices
of % at P are the irreducible components of E. (See Figure 7.)

Before defining the simple singularities of the second type with e=2, let us
consider the case e=3. Then P is a simple singularity iff u(%, E; {P})=0 and the singular
points near P are simple singularities of the first kind with e=2. The singular locus is
the union of the intersections of two components of E and the only separatrices of §at
P are the irreducible components of E. In order to verify if P is a simple singularity it is
enough to look at any generator of 4=% @X’p. Hence, it is a formal definition. (See
Figure 8.)

Now, assume that e=2. Then P is a simple singularity of the second kind with e=2

///

Sing ¢
Fig. 7
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Fig. 8

iff there is a nonsingular formal separatrix Sp at P such that EU Sp is a (formal) normal
crossings divisor at P and P is a simple singularity for ¥, relatively to EUSp (i.e. with
e=3). (See Figure 9.)

In particular, Sing % is the union of the intersections of two components of EUSp

and Sp is the only formal separatrix of % at P which is not a component of E. Moreover,
in this case, the singular points near P are either simple singularities with e=1 or simple
singularities of the first kind with e=2.

The simple singularities and their normal forms are studied in Part II. First of all
we define the pre-simple singularities by the following conditions:

(a) Adapted multiplicity less or equal than one.

(b) The directrix (if it exists), has dimension two and has normal crossings with the
divisor E.

The directrix is a geometrical invariant which plays a role similar to the strict
tangent space of Hironaka [13] (it is defined in [5], [7] and also in the Part I). Hence,

Sing 4
E
A
Sing ¥ E

Fig. 9



SEPARATRICES AND DESINGULARIZATION OF FOLIATIONS 9

being a pre-simple singularity is a very geometrical property. Actually, this property is
semicontinuous in an evident sense (see Proposition 1.2.6). Let us note however that
the semicontinuity depends on the non-dicriticalness property.

Now, let P be a pre-simple singularity. Put

9(9)p={DEOy p; AD) =0} = Oy p

where (:‘)x, p is the @x, pmodule of the formal vector fields. Then we can find two
commuting formal vector fields Dy, D, in %(%)p which produces also @ by duality.
Moreover, one of the following situations occurs:

(A) D=8/3z, D,=x3/8x+a(x,y)8/dy; with a(0,0)=0. (In this case D; gives the
local analytic triviality.)

(B) Dy=x3/ox+a(x,y, 2)8/8z, D,=y3/3y+b(x,y,z)3/3y; with a(0,0,0)=5(0,0,0)=0.

Then, P is a simple singularity iff the eigenvalues of D, (in case (A)) or of D,, D, (in
case (B)) are non-resonant in a similar sense to the two-dimensional case (quotients not
in Q.). These are diophantic conditions, easily reached after finitely many permissible
blowing-ups, if we begin with only pre-simple singularities (see Part 111, §1).

The fact that D, and D, commute allows us to make a simultaneous jordanization
of D; and D,. In particular, we can find a regular system of parameters (x, y,z) of @”X, pin
which the semisimple parts of D; and D, are diagonal. After a little additional work we
can write down formal normal forms for the pre-simple singularities (see Proposition
I1.4.4). More particularly, in the case of simple singularities we see that a generator Q
of 9» may be written down either in one of the normal forms (i), (i), (iii) (in the case
(A)) or in one of the following normal forms (in the case (B)):

(iv) Q=xyz(adx/x+Bdy/y+dz/7); with a-8+0 and —a, -8, —a/8¢ Q..

(V) Q=xyz - 2*(dx/x+B dy/y+(e+1/z°) dz/7); with s=1, 0+—-5€¢Q,.

(vi) Q=xyz(y"z%* (dx/x+p dy/y+(e+1/(y"z9)") (p dy/y+q dz/2)}; s=1, g.c.d.(p,q)=1.

(vil) Q=xyz -(Py%Z"Y (dx/x+L dyfy+(e+1/x"yZY) (p dx/x+q dy/y+rdz/z)); with s=1,
g.cd. (p,qg,r=1.

Many of the properties we need from simple singularities can be obtained either
directly from the formal normal forms, either from the way we obtain the formal normal
forms. For instance, the uniqueness property of the formal separatrix Sp, the shape of
the singular locus or even the fact that Sp is ““‘convergent’” along the exceptional divisor E.

In Part III, we give a proof of the Desingularization Theorem. By the Reduction
Theorem, we may assume that we start with adapted multiplicity less or equal than
one. The first thing we do is to prove that we can get only pre-simple singularities after
finitely many permissible blowing-ups. This is quite difficult, but most of the technics in
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E(N)

E(N)

Fig. 10

[7] remain valid. Hence we only give in detail those parts which are either different or
may be simplified with respect to the general technics in [7]. Once we have only pre-
simple singularities, we finish with a computation of ‘‘killing resonancies” along the
irreducible components of Sing %.

In Part IV we prove the existence of a convergent separatrix for a non-dicritical
holomorphic singular foliation ¥ over X =(C3,0). We begin by taking a de-
singularization sequence like (1). Now, consider the set

U=U{Y;Y is an irreducible component of Sing 4(N) which is
generically contained in only one irreducible component of E(N)}.

Let us fix a connected component %; of 9. (See Figure 10.)

Then we have a formal separatrix Sp at each point Q€ 9. Assume for a moment
that S is convergent. By analytic triviality we may continue in an analytic way Sg to
the points Q' of U with e(E(N), Q")<e(E(N), Q). Hence, the only difficult case is to
continue Sy, to the points Q' with e(E(N), ¢’)=2, but this can be done (see Proposition
I1.5.5). Thus, we can ‘‘glue” the Sy in order to obtain a closed hypersurface
§;(N)cX(N}which gives locally a separatrix at each point. (See Figure 11.)

Now because of the properness of the sequence (1) then S;(N) projects over a
convergent separatrix S;,cX of the foliation ¥. It remains to show that there is at least
one % supporting a convergent separatrix as above. This is done by taking a non-
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a S;(N) S;(N)

—] %
E(N) /

E(N)
Fig. 11

degenerate plane section of ¥; by [4], the two-dimensional section has at least one
convergent separatrix I'. Without loss of generality we may assume that the strict
transform I'(NV) of T under (1) is nonsingular and passes through a point Q € E(N) with
e(E(N), @)=1. (See Figure 12.)

Now, by analytic triviality, we see that S, is convergent. Thus, the desired %, is
the connected component of % passing through Q.

More precisely. Let us denote by X(N) the formal completion of X(N) along the
inverse image of the origin 7~ '(0), where z=n(1)o...on(N). The nature of the formal
separatrices Sy is of such kind that we can construct a coherent hypersurface

S,(N) < X(N)

I'(N)

Sing 4(N)

‘ So
=
_ s

Fig. 12
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supported by each connected component %; of %, such that ) ;(N) gives the separatrix
Sg at each point Q € ;.. Once again, the properness of 7 assures that S i (N) projects
over a formal separatrix S} of ¥ at the origin. In this way we obtain a bijection

{formal separatrices of ¥ at the origin <> {connected components %; of U}.

Open questions and related problems. We give here a list of unsolved problems
which seem us to be important ones:

(1) Desingularize holomorphic foliations in higher dimensions and in the dicritical
case.

(2) Desingularize a vector field which is tangent either to one or two different
foliations of codimension one. .

(3) Call “‘singular holonomy’’ along %, the representation

7, (U—Sing Y, Q) — Trdiff(4(N), Q)

where Trdiff(4(N), Q) means the diffeomorphisms of the restriction of 9(N) to a
transversal two-dimensional section at Q into itself. The problem is to understand the
non-dicritical singular foliations with the data of the singular holonomy and the holon-
omy of the components of the exceptional divisor. Some results in this direction may
be found in [3] and [19].

(4) Say that % has the property 2 iff it is possible to desingularize 4 by only
blowing-up points (and an ‘‘a posteriori’’ eventual addition of irreducible components
for E(N)). In [11] there is a description of such ¥ which are desingularized after one
blowing-up. These foliations have first integrals of Liouville type X4;Logf;. The prob-
lem is to describe the foliations having the property 2.

(5) Classify the non-dicritical singular foliations in (C*,0) generated by one 1-form
with initial part of the type xdx.

(6) Moduli for simple singularities. As in dimension two, Kit is a natural and
fascinating problem (see [17]). For example, it is possible to establish some theorems
“‘Poincaré-Siegel’’ [21] in the ‘‘non-resonant’’ cases (the eigenvalues ratio are not in Q
or even in R) (see [10], (11]). In the resonant case, there is a rigidity result which is a
consequence of Ecalle’s Theory (see [12]): assume that Q is formally conjugated to

x y (xPyiz")* X y z

then, for generic values of the parameters, Q is holomorphically conjugated to Q ([9)).
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(7) Give the topological classification of simple singularities with a given formal
normal form.
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Part 1. Preliminaries
§ 1. Adapted singular foliations

Most of the concepts and results in this paragraph may be found in [5], [7].

Let X be a nonsingular connected analytic space over C of dimension n. Fix a
normal crossings divisor E of X (always with reduced structure). Let us denote by
Qx{—E] the sheaf of germs of meromorphic differential 1-forms over X having at most
simple poles along E.

DErINITION 1.1. An adapted to E singular foliation of codimension one over X is a
pair (F E) where F is an Ox-submodule of Qx[—E} such that:

(a) & is locally free of rank one.

(b) FAdF=0, where d is the exterior differential.

(¢) The quotient Qx[—E]/% is torsion-free.

Let Jg be the sheaf of ideals defining EcX. Fix a point P of X. We can choose a

regular system of parameters (xy, ..., x,) of the local ring Oy p such that
(1.1) T p= (Hx,.)%?X,P
i€EA

for a certain set Ac{1,...,n}. Then, a basis of the stalk Qy p[—E] is given by

dx;
(1.2) {—} U{dx;}iga-
Xi )iea

Hence, %; is generated by a meromorphic differential 1-form
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dx.
(1.3) 0= a ~+ > adx; a,€0,,.
X

i€A i i¢A

such that w Adw=0 and g.c.d.(a;;i=1,...,n)=1.

In the case E=0, we find the usual notion of singular foliation of codimension one
(cf. {11]). Let us denote by F(X, E) the set of adapted to E singular foliations of
codimension one over X. Then, we have a bijection

(1.4 hol: F(X, E)— F(X, D)
which is defined by the following property:

(1.5) If (4,2) = hol(F,E)), then 9|y ;= Fly_s.

Moreover, if %p is generated by w as in (1.3), then %p is generated by

(1.6) Q=<Hx,.)w

iEA*
where the set A* is given by
1.7) A*={i€A;x; does not divide a;}.

Now, fix (4,9)EFX,D) and a point PEX. Assume that % is generated by
QEQy p. We recall that a “‘separatrix’’, respectively a ‘‘formal separatrix’’, of (%, 9)
at P is a principal prime ideal f Oy p, respectively f @x, p, such that

(1.8) f divides QA df.

(cf. [11]). Here @X, p denotes the completion of Oy p along the maximal ideal. An
“‘invariant analytic space’’ of (%, @) is an irreducible closed analytic space K of X such
that

(1.9) Q=0

at the nonsingular points P of K. Any invariant analytic hypersurface HcX of (%, Q)
defines a separatrix at each point P € H. Conversely, an irreducible hypersurface HcX
defines an invariant analytic space of (%, @) iff it defines a separatrix at a point PE€ H.

Let (%, E)E¥(X, E) and fix an irreducible component F of E. We say that F is a
“‘non-dicritical component’’ of E for (%,E) iff F is an invariant analytic space of
hol((%, E)). Otherwise, we say that F is a ‘‘dicritical component’’ of E for (%, E). Then,
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taking the notation of (1.7), we have that
(1.10) A*= {i€A; (x;=0) is a non-dicritical component for (%, FE)}.

DerINITION 1.2. Given (%,E)YEFX,E) and a point PEX, the adapted order
WF,E;P) is the M-adic order of the submodule Fp of Qx pl—E], where M is the
maximal ideal of Ox p. The singular locus Sing(%, E) is the set of the points PEX such
that (%, E; P)=1.

With the notations of (1.3), we have that
(1.11 W, E, P)=min{vp(a); i=1,...,n}.

Where vp(a;) is the A-adic order of a;€ Oy p. The singular locus is a closed analytic
subset of X and since Qx[—E]/% has no torsion, we have

(1.12) Codimy Sing(#,E) = 2.
If hol((%, E))=(%, ), note that
(1.13) Sing(%, E) < Sing(%, 9)

and we also have that Codimy Sing(%¥, &)=2.

Let Y= X be a nonsingular analytic subspace of X having normal crossings with E.
Let

(1.14) X —-X

be the blowing-up with center Y. Put E'=n"(EUY), with reduced structure. Then
E’'cX’ is also a normal crossings divisor of X'. Now, fix (%, E)EF(X, E) and put
(4, 2)=hol((#,E)). Then there is a unique (%', E') in (X', E'), respectively (¥',J) in
F(X',D), such that

(1.15) F'ly_wiry= Flx-y respectively G'|, ., =9y y,

under the isomorphism 7: X' -7~ '(Y)—>X—Y. Moreover
(1.16) (¥',2)=hol((¥',E")).
(ctf. [5], [7D).

DEFINITION 1.3. In the above situation we say that (¥',E') is the adapted strict
transform of (%,E) by w and that (§',D) is the strict transform of (4,2) by .
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Let JycOy be the sheaf of ideals defining YcX. Denote by ©4[E*Y] the sheaf of
germs of vector fields being both tangent to E and Y. Let U(%, E; Y) be the image of the
bilinear mapping

given by (w, D)>w(D).

DEeFINITION 1.4. The adapted multiplicity W(%,E;Y) of (¥%,E) at Y is the Jy-adic
order of W(F,E; Y).

Remarks 1.5. (a) Take P€ Y and P’ €x~'(Y). Let w be a generator of Fp and let fbe
a reduced equation of the exceptional divisor 7 '(Y) at P’. Put a=(%, E; Y). Then %',
is generated by f*z*w (cf. [5], [7D).

(b) Since Y has normal crossings with E, we can find a regular system of parame-
ters (xy, ..., x,) of Ox p and two sets A, Bc{1, ..., n} such that

(1.18) Jop= (Hx,.) Ors Jyp= D, % Oy p-
i€EA i€EB
If  generates %, as in (1.3), we have explicitly that
(1.19) w(F, E; Y)=min({vy(a);i§B—A} U{vy(a)+1;i€EB—A})

where vy(a;) denotes the Jy p-adic order of a;€ Oy p. In particular, we can compute
u(#,E; Y) at any point PEY.

(c) The adapted multiplicitity generalizes in a natural way the usual multiplicity of
a hypersurface and its behaviour under blowing-up (¢f. [7], Introduction).

Consider a point PEY. Denote by o(%, E;Y, P) the -adic order of the ideal
WU F, E; Y)p=Ox p, Where M is the maximal ideal of Oy p. More explicitly

(1.20) oF,E; Y; P)=min({vp(a);i§ B—A} U{vp(a)+1;i€EB—A}).
Note that
(1.21) AFE; Y;P)Z2 U F E Y)

and the equality holds outside an analytic subset W of Y, with W=7,

DEFINITION 1.6, Let Y be an irreducible closed analytic subspace of X and let
(%, E)EF(X,E). Fix a point PEY. Then Y is a permissible center for (¥,E) at P iff the
following properties hold:
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(a) YcSing(%, D), where (4, J)=hol((%,E)).
(b) Y is nonsingular at P and has normal crossings with E at P.
(c) The equality o(%,E; Y, P)=u(%,E;Y) holds.
A permissible center Y for (%,E) is a permissible center at each point PEY.

Remarks 1.7. (a) A point {P}<=Sing(¥%, Q) is a permissible center.
(b) An analytic subspace YcSing(%, @) is a permissible center outside an analytic
subset W of Y, with W=Y.

Now, we are able to define the ‘‘non-dicritical singular foliations’’. Here we shall
give a technical definition which is convenient for our purposes. Another characteriza-
tions of this condition are given in [6].

DEFINITION 1.8. We say that (¥, E)EX(X, E) is non-dicritical iff there is no finite
sequence

(1.22) (XD, E®, F(O), UD, YD), 7i+ D} s 1, N

such that:
(a) X(0)=X, (Z(0), E(0))=(Z, E).
(b) For each i=0,1,..., N we have that:
(b1) UG <X() is a nonempty open set.
(b2) Y()<U(i) is a permissible center for (F(i)|qy,, E@) N U®).
b3) 2G+1): X(i+ 1) Ui} is the blowing-up with center Y(i).
(b4) (#(i+1), E(i+1)) is the adapted strict transform of (F(i)|y;, EG@N U (7)) by
a@i+1).
(c) There is a dicritical component of E(N) for (¥#(N), E(N)).

In particular, making N=0, we see that if (%, E) is non-dicritical, then E has no
dicritical components for (%, E). That is, each irreducible component of E is an
invariant hypersurface for hol((%, E)).

THEOREM 1.9 (Stability Theorem). Let (¥, E)€ %(X, E) and let YcX be a permis-
sible center for (%, E). Let m: X' —X be the blowing-up with center Y and let (%', E’) be

the adapted strict transform of (¥, E) by n. Fix a point PEY and a point P' € n—1(P).
Then:

(@) WF',E", P)<v(F, E; P).
(b) If (%, E) is non-dicritical, then u(¥',E'; {P' N)<su(%, E; {P}).

Proof. [7], Theorem 1.2.7; Theorem 1.3.3. 0

2-928285 Acta Mathematica 169. Imprimé le 20 ao(t 1992
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Hence, in the non-dicritical case, we can use the invariant
(1.23) (r,m)= (W% E; P), (¥, E; {P}))

in order to control the behaviour of the singularities under permissible blowing-ups.
Let YcX be a permissible center for (%, E) € (X, E). Fix a point PEY. Then

(1.24) WF E;P)<o(%,E; Y, P)= (% E;{P}) <WF,E;P)+1.
We say that Y is ‘“‘appropriate’’ at P iff
(1.25) WF E;Y)=u(F E;{P}).

ProrosiTioN 1.10 (Stationary sequences). Let (%, E) EF (X, E) be non-dicritical.
Put (4,0)=hol((¥, E)). Fix an irreducible curve T'<Sing(%,@) and a point PET.
Consider an infinite sequence

(1.26) {X@), E@), Fi), T @), PG), 2i+1), r(@), m(D)} ;5

defined as follows:

(a) X(0)=X, (¥(0), E(0))=(%,E),T(0)=T, P(0)=P.

(b) #(i+1): X(i+1)—>X(i) is the blowing-up with center P(i).

(©) T(+1) is the strict transform of T(i) by n(i+1).

(d) PG+1) ETG+1) Nali+1)"(PG)).

(&) (F(i+1),E(i+1)) is the adapted strict transform of (% (i), E())) by n(i+1).

®) r)=v(F @, E@D; P()), m()=u(F (@), E(); {P()}).

Then, the following two conditions are equivalent for any index N:

(A) I'(N) is nonsingular and has normal crossings with E(N) at P(N) and for each
izN we have that (r(i), m(i))=F(N), m(N)).

(B) I'(N) is permissible and appropriate for (¥(N), E(N)) at P(N).

Proof. [7], Theorem 11.1.1. O

Remark 1.11. There is always an index N=0 such that the above condition A is
satisfied. Hence, if T" is not permissible at P, we can achieve this condition by blowing-
up the point P finitely many times.

Now, we can state the main result in [5] and [7] as follows:

THEOREM 1.12 (Reduction Theorem). Assume that dim X=3. Fix a non-dicritical
(F,D)EFX,D) and a point PESing(F, D). Then there is an open set X(0) of X,
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PE€X(0), and a sequence of permissible blowing-ups

1.27) x0) 2x1) 2 ... & xvy
such that
(1.28) WFN),EN); {OD <1, forall QEXN),

where (¥(N), E(N)) is the adapted strict transform of (%| x)» @) under the composition
a(l)o...on(N). Moreover, the sequence (1.27) may be taken in such a way that

(1.29) {P} = center of n(1),
(1.30) Singhol((¥#(N), E(N))) < E(N).

Remarks 1.13. (a) Put z=mn(1)o...on(N). Then (1.29) means that Z(N)=z"'(P) is
also a normal crossings divisor Z(N)cE(N).

(b) In [5] and [7], the above theorem is stated in terms of the germs of X at P. In
particular, the condition (1.28) is stated only for the points Q € 7~ '(P)=Z(N). Neverthe-
less, the semicontinuity of the adapted multiplicity in the non-dicritical case ([7],
Remark 1.1.6) allows us to state the result in terms of ‘an open set X(0)cX, P € X(0).

§ 2. Pre-simple singularities

Before defining pre-simple singularities, let us recall the notion of ‘“‘directrix’’ intro-
duced in [5], [7]. Actually, we shall only consider here the case of adapted order equal
to one, which is simpler than the general case.

Given an element f€ Oy p and an integer s=0 such that vp(f)=s, let us denote by
In’(f) the image of f in J€/M*', where M is the maximal ideal of Oy p. Actually
In’f€ Gr(0Oy p), where Gr(0Oy p) is the graded ring for the #-adic filtration of Oy p. Note
that Gr(0Oy p) is a polynomial ring in the indeterminates X;=In'(x), i=1,...,n.

Now, consider a non-dicritical (%, E) € §(X, E) a point P € X such that

@.1) m=u(F E;{PH<1.

Note that if r=v(%, E; P), then r<m<r+1 and hence either r=0 or r=1. Assume that
r=1 and let us write a generator o of %p as in (1.3):

dx;
2.2 = —+ dx; a,€0y p.
( ) w 2 az X az xl al X, P

i€A i i¢A
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Then, the directrix Dir(%, E; P) of (%, E) at P is defined by

2.3) Dir(#,E;P)= N (In'(a)=0)c TpX,
i€A

where Tp X is the tangent space of X at P. (In the case r=0, the directrix is not defined.)
Denote by IDir(%, E; P) the ideal defining the directrix. Then

2.4) IDIN(%, E; P) = , In'(a) Gr(Oy p),

i€EA

ProPoOSITION 2.1. In the above situation, assume that r=m=1. Let YcX be a
permissible center for (¥, E) with PEY. Let n: X' —X be the blowing-up with center Y
and let (%, E) be the adapted strict transform of (%, E) by . Then:

(a) TpY<Dir(%, E; P).

(b) Let P' €~ (P) be such that %' ,E';P)=u(F',E';{P'})=1. Then:

2.5) P’ €Proj(Dir(#, E; P)/T, Y)<=Proj(T, X/T, Y) = 7 \(P).
Proof. [7], Theorem 1.4.8 (see also [5], Theorem 4). O

Let us denote by e=e(E, P) the number of irreducible components of E through P.
(Actually e(E, P) is the multiplicity of E at P, moreover, with the notation of (1.1) we
have e=*A.) Take a codimension one vector subspace H of TpX. We say that H has
normal crossings with E iff there are e+1 independent linear forms ¢, @1, ..., @, On
TpX such that

2.6) H=(p,=0).
@.7) T,E,=(g,=0), i=l,....e,

where E, ..., E, are the irreducible components of E at P.

DEFINITION 2.2. Consider a non-dicritical (¥, E) EF(X, E). Put (4, 2)=hol((%, E))
and consider a point P € Sing(%4, @). We say that P is a pre-simple singularity for (¥, E)
iff one of the following conditions holds:

(a) (%, E; P)=0.

(b) i(F, E; {P})=v(%, E; P)=1 and Dir(%, E; P) has normal crossings with E. (In
particular, the dimension of Dir(%, E;P) is n—1.)
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Remarks 2.3. (a) If P is a pre-simple singularity, then necessarily e(E, P)=1. In
fact, if e(E, P)=0 and v(%, E; P)=0, then P & Sing(%, ©); if e(E, P)=0 and W(%,E; P)=1,
then w(%,E, {P})=2.

(b) If P is a pre-simple singularity with e(E, P)=n, then necessarily »(%, E; P)=0. In
fact, if the directrix exits, it cannot have normal crossings with E.

LeMMA 2.4. Consider a non-dicritical (¥, E)E§(X, E). Let PEX be a point such
that

(2.8) UF.E, P)=w(F E;{P})=1.

Let F be the intersection of all the irreducible components of E through P. Then P is a
pre-simple singularity for (%, E) iff

2.9) Dir(%,E;P)$ TpF.

Proof. The “‘only if*” part is trivial. Conversely, assume that (2.9) holds. Choose a
regular system of parameters (x;, ..., x,) of Oy p such that

(2.10) JE,p=( 11 x,~> Oy p-

i=1,...,e

Then a generator w of %p is written down as follows:

@.11) w= > ai%+zaidxi.

i i>e

Denote by A;=In'(a), i=1, ..., n; X,.=In1(x,.), i=1,...,n. We can assume without loss of
generality that A,=X,,,. Now, the integrability condition w Adw=0 implies that

A A
2.12) A=A
3X 30X,

e+1

=A, s=2,...,e

Hence A,=4,X,,,, 4,€C, for all s=2,..., e and thus
2.13) DiN(,E; P)=(X,,,=0).
This ends the proof. O

ProrosiTiON 2.5. Consider a non-dicritical (¥ E)EFX,E). Let PEX be
a pre-simple singularity for (¥, E). Consider a permissible center YcX for (%, E).
Let m:X'—>X be the blowing-up with center Y and let (¥',E') be the adapted
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strict transform of (%, E) by n. Put (4',2)=hol((¥',E'). Then each poini in
7~ (P)nSing(¥’, D) is a pre-simple singularity for (¥’ E').

Proof. By Theorem 1.9, the only bad case is P’ €x~'(P) with
(2.14) WF E;{PY)=wF E;P)=1.

Let F be the intersection of all the irreducible components of E through P as in Lemma
2.4. Define

2.15) d(F, E; P) = dim((Dir(%, E; P)+JT, F)[JT,F),

where JTp F is the ideal of Tp F and the subindex 1 means *‘linear part”’ (cf. [7],1,(4.2.4)
or [5],§4). Since P is a pre-simple singularity then

(2.16) d(# E;P)=1.
Now by [7], Theorem 1.4.8(c), or [5], Theorem 4(iv), we have that
2.17) d(F' ,E';PY=d(% E;P)=1.

This implies that the condition (2.9) of Lemma 2.4 holds. Hence P’ is a pre-simple
singularity. O

PRrOPOSITION 2.6. Consider a non-dicritical (¥, E)EFX,E). Put (%,2)=hol(%, E)).
Then the set

(2.18) Sing*(%, E) = {P € Sing(¥, ©); P is not a pre-simple singularity}
is a closed analytic subset of X.

Proof. 1t is a local statement. Fix PE€X and let (xi, ..., x,) be a regular system of
parameters of Oy p such that

(2.19) E= (H x; =~0), locally at P.

i€EA

Let us consider a generator w of %, given as in (1.3) by

dx,
2.20 = 4 dx; a,€0, ..
(2.20) w Z a; e 2 a;ax; a;<Uyp

i€EA i i¢A
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Now, let us put
2.21 F(s)={Q;e(E,Q)=s}, 0<s<e(E,P).

Given A’cA, let us define the closed analytic sets

2.22) E,= N (x,=0)

iea’
(2.23) C, =Sing(F, E)n{Q; (aa,./axj.) (@=0,i€A’, j¢A'}
(2.29) D,. = adherence of C, N(E, —F(1+%A")).

In view of Lemma 2.4, we have that

(2.25) Sing*(%, E)yN(E, —F(1+¥*A")) = C, N(E, —F(1+%A").
Now, it is enough to prove that

(2.26) IfA'cA”, ¥*A"="A"'+1, then D, N(E, —F(1+*A"))c D,..

Since in this case

2.27) Sing“(¥#,E)= U D,..
A'cA

In order to prove (2.26), let us reason by contradiction, assuming that (2.26) is not true.
We can assume without loss of generality that

(2.28) A"=A={1,2,....e}.

(2.29) A'={2,...,e}.
(2.30) There is a point PED,~D,.

Then, we can find an analytic branch I at P such that '<D,. and I'¢ E,. By Proposition
1.10 and Proposition 2.5, blowing-up the point P repeatedly, we may assume without
loss of generality that I' is a permissible center for (%, E). Hence we can take
coordinates such that

(2.31) Fr=(;=...=x,=0).

The fact I'cSing(%, E) implies that vy(a)=1, i=1, ..., n. Moreover, since P is a pre-
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simple singularity, then

2.32) | <% E;T)<u(F E;{P}) = 1.
Hence u(%, E;T")=1. Assume first that

(2.33) vi(a) =2, for i=2,..,e.

Then, in view of Remark 1.5(a), we find a dicritical component by blowing-up the
center I'. Contradiction. Thus, we may assume that

(2.34) va;i=2,...,e)=1.

Since I'eD,., we can write

(2.39) a= D Q)xt¥, i=2,..e,

where W€ (x,, ..., x,)°. Moreover, since P is a pre-simple singularity we can assume
without loss of generality that

(2.36) In'(a,) =X,,, =In'(x,, ).

Now, looking at the coefficient of dx, Adx,Adx,,,, §=2,...,e in the integrability condi-
tion w Adw=0, we have that

da da da da da da
2.37 g, +a,— )+ el L + La —a,——]=0.
( ) xl( axl ae+1 as axl > xs<al axs ax ae+1 axe+1 s 1 axe+1

s

Looking at the terms of order one with respect to (x3, ..., x,,) in (2.37), we find that

(2.38) Z (psj(xl)xj=0, s=2,...,e.
Jj=2,...,¢
Then (2.33) holds and we find a contradiction as above. a

Part II. Simple singularities and their normal forms
§1. Formal normal forms for abelian Lie algebras of vector fields

Here we shall recall some elementary facts about the theory of formal normal forms for
vector fields and abelian Lie algebras of vector fields. Since these results are well
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known, we shall only sketch the proofs. A good reference about this subject is
Martinet’s Bourbaki [16].

Let X be a nonsingular analytic space over C of dimension n. Denote by Oy the
tangent sheaf of X. Given a point P€X, we shall denote by éX_ p the M-adic completion
of Oy p, where . is the maximal ideal of Oy p. The elements of (:)X, p are called formal
vector fields at P. They induce derivations of @X, p In an obvious way. Moreover, we
have a canonical inclusion

(1.1) Oy p= Oy p.

Put M=y p. Given a formal vector field D € MOy p and an integer k=1, we have
an induced derivation

DR M) M — MM
(1.2)
JHMT < D)+ M

(Note that M /(MY =M/ M .) We can put the C-linear operator D* in its Jordan
normal form. That is, there is a unique pair of linear operators D*s and D*y, being
respectively semisimple and nilpotent, such that

(1.3) D*=D*+D%; DF;DYy~D*,D*;=0
Actually both D¥s and D*y are derivations of 4 /#**' as Oy p-module (to see this, it is

enough to compute D*s and D¥y directly in terms of coordinates). By uniqueness of the
Jordan decomposition we can take limits

(1.4) Dy =lim,D*;; Dy =1im D,
which are formal vector fields at P such that
(1.5) D=Ds¢+Dy; [Ds,Dy]=0

where [ -, ] denotes the Lie bracket.
The decomposition of (1.5) is called the Jordan decomposition of D. We say that D
is semisimple, respectively nilpotent, if D=Dy, respectively D=Dy.

PrOPOSITION 1.1. Consider a semisimple formal vector field D€ MOy p. Let
x'y,...,x';) be a ./&Z-regular sequence in @x, p such that

(1.6) D(x')=4"x';; A€C, i=1,..,s



26 F. CANO AND D. CERVEAU

for a certain s, with 0<s<n. Then there is a regular system of parameters (xy, ..., X,) of
@X,P such that

D(x) =l,'xi; A,-GC, i=1,...,n
(1.7)

Proof. The x';, i=1, ..., s, gives a part of a basis of eigenvectors for D¥. Now, it is
enough to complete it and to take limits when k— . O

In the situation of the above Proposition 1.1, any regular system of parameters
(x1,...,x,) of @x, p satisfying (1.7) is said to be a linearizing formal system for D.

Remark 1.2. Given D€ MOy p, then D is nilpotent iff D' is nilpotent. This is
evident, since the 4;, i=1, ..., n, of (1.7) are the eigenvalues of D's.

Consider D€.MOy p. Let (xy, ..., x,) be a linearizing formal system for Ds and let
A=(44, ..., A,) be the corresponding eigenvalues. Take the following notations

(1.9) IfI=(,,...,i) EN", then x'=x"...x,".
(1.10) A= > ki, = 2 i
Jj=1,..n =1, n

Now, in view of (1.7), we have that

3 3. .
(1.11) [Ds,xlgz]:((a,n—a,.)x’a—%; i=1,...n.

That is, the monomial formal vector fields x’(8/3x;), i=1, ..., n, are eigenvectors for the
operator [Dyg,-] with eigenvalues (A,I)—A;. Now, write

(1.12) Dy= 5 Da 2
j=1,..n =1 9x;

By (1.11), the condition [Ds, Dy]=0 is equivalent to say that

(1.13) If (A,1)—A;%0, then q,;=0.

Hence D=Ds+D, can be written down as follows:

_ 3 .\ 1 9
(114) D= 2 ijja + Z E a,,jx g
Jj=1,...,n i o= 2L, D=4 j
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Remark 1.3. The formula (1.14) has the additional property that the linear operator

(1.15) D= 3 gl

=l L@ =4 ox;
is actually a nilpotent operator.

The above formula (1.14) may be generalized to finite dimensional abelian Lie
algebras of formal vector fields as follows:

ProrosiTiON 1.4. Let (Sjcﬂéx, p be a finite dimensional abelian Lie algebra of
formal vector fields vanishing at P. Then:
() There exist two finite dimensional abelian Lie algebras &g and Gy in Jﬂé)x, P
such that:
@l) BcG;DGy.
(a2) [Gg, GxN]=0.
(a3) If DE®y, resp. DE®y, then D is semisimple, resp. nilpotent.

(b) Let (x'y,...,x'5) be a M-regular sequence in @x, p such that:
(1.16) Forall DE®, Dsx')=A';(D)x';; A (D)EC, i=1,...,s.
for a certain s, 0ss<n. Then, there is a regular system of parameters (xi, ..., x,) of @X, P
such that:
1.17) Forall DE®, Dsx)=A4;D)x; AD)EC, i=1,...,n.
(1.18) x;=x";, AD)=A,D); forall DEG and i=1,...,s.
Proof. Take
(1.19) Gs={Ds;DEG}; Gy={D\;DEG}.

Thus, we have obviously (al) and (a3). Given Z € .#lOy p, consider the linear operator
[Z,-], acting on MOy p. Working as above, we have a unique decomposition

(1.20) [Z9']=[Z9.]S+[Z"]N'

where [Z,-]5 and [Z,- ]y are commuting linear operators that produce the semisimple-
nilpotent decomposition of [Z,-], modulo (.#)**!, for all k=1. Moreover, we have that

1.21) [Z,-1s=[Zs,-] and [Z,-]y=[Zn, ]
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Take two elements D, D' € &. The fact that
(1.22) [D,D']1=0

means that D’ is an eigenvector for [D,-] with zero eigenvalue. Hence it is so for its
semisimple part [D,-]s=[Ds,]. Thus

(1.23) [Ds,D'1=0=—[D', Dg].
Now, Dg is an eigenvector for [D’, -], hence for [D’s,-], and
(124) [D’S, Ds] =0.

This proves that & is an abelian Lie algebra. From (1.22), (1.23) and (1.24), we deduce
that

(1.25) [Ds,D'N]=0; [Dy,D'N]=0.
Hence, Gy is an abelian Lie algebra and (a2) holds.
(b) Choose a regular system of parameters (x|, ..., x",) of @’X, p such that
(1.26) In'(x")=In'(x"), i=1,...,s.
(1.27) D'((In'(x")) = 2,(D)In'(x"); forall DEG, i=1,...,n.

Note that (1.27) is always possible by simultaneous reduction to the Jordan form of a
set of commuting endomorphisms of a finite dimensional vector space. In particular,
(1.27) allows us to define

(1.28) AD)=@A(D), ..., D))

for all DE®. Actually i: D<>A(D) is a linear mapping. Let us fix an element Z of &,
satisfying the following generic property:

(1.29) (M2),I)=4(Z) = (AD),I)=4(D); for all DEG); forall j=1,...,n.

We can take a regular system of parameters (xy, ..., x,) of @x, p such that
(1.30) In'(x) =In'(x"), i=1,...,n.
(1.31) 2= 1@

= ' ox;

H
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Given DE®, let us write

3 3
1.32 D,= (D)x;—; D,=D-D,.
(1.32) 1= 2 4D)xiz s Dy=D-D;

Hence D, is semisimple, D, is nilpotent (since D,' is nilpotent) and D=D,+D,. If we
show that [D;, D,]=0 we are done, since then D=D;+D;, is the Jordan decomposition of
D. Note that

(1.34) 0=[Z, D\+D,]|=Z,D\]+[Z, D;] = [Z, D,].

But in view of the property (1.29) (see also (1.13)), we have that

(1.35) [Z,D,)=0 = [D,D;]=0.
This ends the proof. ‘ O
In particular, the above (x,, ..., x,) is a common linearizing formal system for Dyg,

for each DE®. Given DE®, denote by AD)=A,(D),...,A,(D)) the corresponding
eigenvalues, like in (1.28). Take a generic Z€ & like in the proof above. The condition
[Zs, Dy]=0 means that D=Dgs+ Dy can be written down as

N 3 .\ 3
(1.36) D=Zl/1j(p)xj—a;+2 > a,;D)x'
j= 7 =1 IE#(®) j
where the set #;(®) is given by

(1.37) H,(®) = {IEN|I|=2, (AD), I) = 4;(D), for all DEG}.

Note also that the second term on the right hand-side of (1.36) defines a nilpotent
operator.

The formula (1.36) will be a key tool in our study of the normal forms for the pre-
simple and simple singularities.

§2. Dimension two revisited

Let EcX be a normal crossings divisor of X. Denote by Ox[E] the sheaf of germs of
vector fields which are tangent to each irreducible component of E. Thus Ox[E]cOx
and moreover we have a perfect pairing

@.1) Q,[~EIXOE]— 0,.
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Given a coherent submodule % of Q,[—E], denote by @(%, E) the submodule of O4[E]
which annihilates &, i.e., the orthogonal of % under (2.1). Conversely, given a coherent
submodule @ of OE], let F(D, E)cQy[—E] be the orthogonal of @. Consider
(#,E)EFX, E), the fact that Fis inversible and that Qx[—E]/ % has no torsion implies
that

2.2 F=F(9(% E),E).

Moreover, if (%, E)€E (X, E) is non-dicritical and (¥, @)=hol((%, E)), then

(2.3) D(F, E)=2(%,9) c OLE].

Given a point PE€ X, then (2.1) induces a perfect pairing between #-adic completions
(2.4) Qy p[~E1xOy p[E]1> Oy .

If %(-,E) and 9(-,E) denote the corresponding orthogonality operators, then

2.5 F(Dp, E)=(F(D,E)p)", 9(%p, E) = (D(F, E)p)",

(with evident notations), for each coherent F<Qy[—E] and $cO,[X].

Assume now that n=dimX=2 and take a non-dicritical (%, E)E#(X, E). Put
(%, ©)=hol((%, E)). Consider a point P € Sing(%, &) which is a pre-simple singularity for
(#,E). Then @(%, E)p is generated by a single germ of vector field D € Oy p[E] with

(2.6) DE@y plEDNM Oy, p.
Moreover, the fact that P is a pre-simple singularity implies that
2.7 D's*0,

i.e., D' has at least one nonzero eigenvalue. Consider an irreducible component F of E
at P (it exists since e(E, P)=1 by Remark 1.2.3). Let x € Oy p be a generator of the ideal
Jr, p. Since D is tangent to F, then In'(x) is an eigenvector of D'. Hence

2.8) D'(In'(x)) = AIn'(x), AEC.

Let 4 €C be the eigenvalue of D' corresponding to an eigenvector of D's independent of
In'(x). Note that (4, 4)#(0, 0). Define the invariant A(%, E; F;P) by

2.9) A(F,E;F;P)=A/u€CU{x}.

It is intrinsically defined.
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DEFINITION 2.1. In the above situation, we say that P is a simple singularity for

(F,E) iff
(2.10) ANZF E;F;P)§Q.
where Q. ={strictly positive rational numbers}.

Remarks 2.2. (a) The above definition does not depend of the chosen irreducible
component F of E at P. In fact, if F,, F, are the two irreducible components of F at P (in
the case e(E, P)=2), then

2.11) A&, E;Fy; P)= 1/N(ZF, E; Fy; P).

(b) The simple singularities are stable under blowing-ups. More precisely, let P be
a simple singularity for (%, E), let 7: X’—X be the blowing-up with center P and let
(#',E’) be the adapted strict transform of (%, E) by n. Put (§',2)=hol((%', E")). Then
there are exactly two singular points P}, P’, in Sing(¥’,d) with P",€x~(P), i=1,2.
Both P’y and P’; are simple singularities for (%', E"). The strict transform of each
irreducible component of E at P passes through one of these points. Moreover, fix an
irreducible component F of E at P and assume that P’ is in the strict transform F’ of F
by z. Then

2.12) ' MNZF',E';F;P')= A%, E;F;P)-1
2.13) AF'E';7”(P); P') = 1/[A(%,E; F; P)—1].
2.14) AF',E';n ' (P); P') = 1/[[1/A(F, E; F; P))-1].

(c) Let P be a simple singularity with e(E, P)=2. Then the only invariant analytic
spaces of (¥, Q) through P are the two irreducible components of E at P.

(d) Let P be a simple singularity with e(E, P)=1. Then (%,Q) has exactly two
formal separatrices at P. One of them is given by the ideal J p of the divisor E, it is of
course a convergent one. The other one, say f- @x, p, is non singular and transversal to
E (i.e., f jointly with a local equation of E define a regular system of parameters of
Ox p). Classical results say that we can take S to be convergent in the case that

(2.15) AMF E;E;P)F .

(e) Finally, let us recall that Seidenberg’s result of desingularization {20] means
that in the two-dimensional case we can get a situation with only simple singularities
after finitely many blowing-ups.
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LEMMA 2.4. Let P be a pre-simple singularity for (¥, E) as above. Then
(2.16) AZ E;F;P)§Q.—~NU(I/N).
Otherwise (¥, E) would be a dicritical singular foliation.

Proof. Let us reason by contradiction, assuming that
2.17) A(%,E;F;P)=p/qg€Q,~NU(I/N),

where p, gEN, p, g=2 and g.c.d.(p, g)=1. Now, let us make induction on p+q. We can
take a regular system of parameters (x, y) of Oy p» such that a generator Q of % is given
by

(2.18) Q = (py+¢(x,y)) dx+(—~gx+¥(xy)) dy

with vp (@, y)=2. Assume that g<p, let us blow-up the point P and look at the point P’
corresponding to the strict transform of (y=0). Putting x=x’, y=x'y’, a generator Q' of
¥'p is given by

2.19) Q' =((p—q)y'+x'@'(x',y")) dx'+(—gx'+x"yp'(x', y')) dy’.

We distinguish two cases: _

Case 1: g=m(p—q), for some integer m=2. In this case, blowing-up P’ and looking
at the point P’ corresponding to the strict transform of x'=0, a generator Q" of 4", is
given by

(220) Q" = (—y"+y"2<p"(X", yn)) dxn+((m_ l)xlr+x112wu(xu, yn)) dy".

If m—1=1, we see easily that blowing-up P’ the exceptional divisor is a dicritical
component. If m—1=2, we reason by induction on m—1: blowing-up P” and looking at
the point corresponding to (x"=0), then m—1 decreases one unit. This is the desired
contradiction.

Case 2: otherwise. Then the invariant p+q decreases strictly and we are done by
induction. =

The following proposition gives to us the formal normal forms for the non-dicritical
pre-simple singularities in dimension two:

ProrosiTion 2.5. Let P be a pre-simple singularity for (%, E). Then there are a
regular system of parameters (x,y) of Oxp and a generator Q of %y such that
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Jz poxyOyx p and Q is in one of the following formal normal forms:

(i) Q=xy(dx/x+Ady/y); LEC, 1¢Q_.

(i) Q=xyy'(dx/x+(e+1/y)dy[y); s=1, ¢EC.

(iii) Q=xy(x?y?)’ (dx/x+(e+1/(x"y?)) (p dx/x+qdy[y);g.c.d.(p, 9)=1, s=1.

(iv)* Q=x((my+x")dx/x—dy); m=1.

The formal normal forms (i), (ii) and (iii) correspond exactly to the simple singularities;
the formal normal form (iv)* corresponds to a pre-simple singularity which is not a
simple singularity.

Conversely. Let (¥, E)ER(X, E), assume that P is the only point in Sing(¥%,Q),
where (9, )=hol((%¥, E)). Assume that there is a regular system of parameters (x,y) of
O p satisfying

(a) 1%Jg, poxyOy p;

(b) a generator Q of Gp can be written down in either one of the formal normal
SJorms (1), (i), (iii), or (iv)*;

(©) if Gv)*, then Jg p=x0y p.

Then (#,E) is non-dicritical and P is a pre-simple singularity for (%,E).

Proof. Assume first that e(E, P)=1. Take a regular system of parameters (x, y) of
Oy p such that Jg p=x0x p. Then Fp is generated by
@.21) w= a%wdy; a,b€6, ,, gcd(a,b)=1,

where vp(a)=1 (otherwise P ¢ Sing(%, @)) and x does not divide a (otherwise E would
be a dicritical component for (%, E)). Then % is generated by

(2.22) Q=adx+bxdy.

Since P is a pre-simple singularity, one of the following two possibilities holds:

(A) vp(b)=0, i.e. b is a unit of Oy p.

(B) v»(b)=1 and In'(a)=aIn'(x)+BIn!(y) with S=+0.
Consider the possibility (A). Then b=1, up to multiply Q by & !. Thus %%, E)p is
generated by the germ of vector field

(2.23) D=x—-a—.

By Proposition 1.1, we have a regular system of parameters (x,y") of @x, p which is a
linearizing system of parameters for Dg. Assume that D(y")=1y", for a certain A €EC.

3-928285 Acta Mathematica 169. Imprimé le 20 aoat 1992
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(Note that A=—0a/3y(0).) Actually we have that
2.29) 1/A=A(%,E;E; P).

Hence 1¢Q,.—NU(1/N) by Lemma 2.4. Consider the following cases:
(A1) A=0. Then, in view of (1.14), we can write D as follows:

N
225 p=x2 -2

= 9

Let s be the first index such that £,3+0. Note that s<o, otherwise x divides the
coefficients of Q. Hence, %p is generated over @X‘p by

(2.26) QA=x'yA-(y“)‘[£+u(yA> ‘iy;]]
x 6%

where u(y*) € @X, p is a unit. A coordinate change y'=y'(y") allows us to write

2.27) u(y) - - (HL)d_Y’

(y/\)s+] - yrs yl

for a certain residue ¢ € C. Hence, multiplying Q* by a unit in @x, p, we have the normal
form (ii).
(A2) A=—p/q€Q_=—-Q,; with g.c.d.(p, 9)=1. We can take

] ] da
2.28 D = —_— —; —_— 0 = .
(2.28) gr—_-—a 5" By ©=p
By (1.14), we have
) o ; 3
(2.29) D =gx— — py" — D & (xPy )yt ——,
4 dx 4 3y” ; ! y*

Let s be the first index such that e;#0. If s=, we have the normal form (i). Assume
that s<o. Then, %p is generated by

pyng A
(2'30) Q/\=xy/\‘(xpy/\q)s <£+&_{_S)<pﬂ+q dyA )>’
x o (™) x y

where u(r) € C[[¢]] is a unit. Take coordinate changes ¢'=¢'(f) and y’'=y'(y") such that

(2.31) M . _d_t = <8+ i) d_t,; xpqu _ tl(xpy/\q).
rot ts) t
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Then, multiplying Q" by a unit, we have the normal form (iii).
(A3) A=m€EN,. By (1.14), we have

2] ] 2]
(2.32) D=x—+my" + ux™ ——.
ax Y yr
Hence, we can take
(2.33) Q= x((my"ﬂu”’)ﬂc— - dy").
X

In the case u=0, if we blow-up n times following the direction given by y*=0, we see
that (%, E) is dicritical. Thus x=+0. Multiplying x and Q by a scalar, we have the normal
form (iv)*.

(Ad) A=1/m€1/N,, m=2. By (1.14), we have that

(2.34) D=x2 4 1m)-y*
x

—.
Hence, we can take

2.35) g=x.yA<yA£x__mdL“).
X y*
Blowing-up m times following x=0, we see that (%, E) is dicritical. Thus, this case does
not hold.
(A5) AEC-NU1/NUQ_. Then, by (1.14) Dy=0 and D is semisimple. Hence, we
have the normal form (i).
Consider now the possibility B. Making the linear coordinate change y;=ax+8y,

we may assume that In'(a)=In'(y). Thus 9 (%, E)p is generated by the germ of vector
field

(2.36) D=bx> —(y+a)-2, vbx a)=2.
ox dy

Let (x,y") be a linearizing formal system of parameters for Dg. Note that Ds(x)=0 and
Dy(yM)=1. By (1.14), we have

v O 2] ; 3
2.37) D=L yr 2 LN iyn
=1 ! ox oy = ! oy

Multiplying D by (1+Z A;-x)~!, we can assume that %p is generated by
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A d dy”
(2.38) Q=xxy (u(x)}—ff—l+ ;’A )
where u(x) is a unit and s=min(j; ¢7#0)<x (see (Al)). Now, reasoning as in (A1) and
interchanging the role of x and y”, we obtain the normal form (ii).
Assume now that e(E, P)=2. Take a regular system of parameters (x,y) of Ox p
such that Jg p=xy0Oy p and a generator w of %p such that

(2.39) Y S
X y

Then, D(F, E)p is generated by the germ of vector field

9 3
(240) D=xa—x—aya—y.
Now, reasoning as in the case (A) above, we obtain either the normal form (i), (i), or
(iii) (the normal form (iv)* does not appear).

For the second part of the proposition, in the simple cases (i), (ii) or (iii), blowing-
up we only obtain simple cases, hence (&%, E) is non-dicritical. In the case (iv)*, we
obtain either simple cases or a case (iv)* with strictly smaller invariant m; we are done
by induction and (%, E) is non-dicritical. O

§ 3. Locally product simple singularities

Let us consider now the study of the case n=dimX=3. Take a non-dicritical
(%, E)ETF(X,E). Put (4, @)=hol((%, E)) and let us fix a point P € Sing(%, &) which is a
pre-simple singularity for (%, E).

LemMa 3.1. In the above situation we have that either v(94,Q,P)=1 or
WY, &, P)=2. In the case v(4,; P)=2 then there is an open set UcX, P € U, such that

G.1) UNSing*(F E) =0, (see L(2.18)),
3.2 UN{Q;(%,2;Q) =2} = {P}.

Proof. The first part is a trivial computation. The property of (3.1) is a conse-
quence of Proposition 1.2.6. In order to prove (3.2), note that

(3.3) if e(E,P) =1, then W(%,0;P)=1,

(direct computation). Hence, assume that e(E, P)=2. Actually, it is enough to consider
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the case e(E, P)=2; in fact, the case e(E, P)=3 follows immediately, (see Remark
1.2.3(b)) since the order v(4, J; 0)=0, for Q near P, and the points P with e(E, P)=3
are isolated points. Take a regular system of parameters (x,y,z) of Oy p such that
Je, p=xy0Oy p. We can write a generator w of %, as follows:

(3.9 w=a—di+bﬂ+cdz.
X y

Note that % is generated by

3.5 Q =agydx+bxdy+cxydz.

Since (Y, J; P)=2, then vp(a, b)=1. Let us reason by contradiction, assuming that
(3.2) does not hold. By (3.3) we must have that

(3.6) Vi@, B) = 1.

Let us distinguish two cases:

(A) vp(c)=1. Hence w(F, E; {P})=v(%,E; P)=1. Then the condition (3.6) contra-
dicts the fact that Dir(%, E; P) has normal crossings with E.

(B) vp(c)=0. Then (x=y=0) is locally permissible at P for (%, E). In fact, we have

(3.7 o(F Ex=y=0);P)=u(F E;(x=y=0))=0.

If we make the blowing-up with center (x=y=0), the condition of (3.6) means that the
exceptional divisor is a dicritial component. This contradicts the fact that (%, E) is non-
dicritical. : il

In this paragraph we shall consider only pre-simple singularities with (4, J; P)=1,
and we shall define the simple singularities in this case. The following proposition
means that this case is essentially a two dimensional one. In fact, we have an analytic
triviality along the singular locus, which respects the exceptional divisor.

ProrositioN 3.2. In the above situation, assume that v(§,0;P)=1. Then there
exists a non-singular germ of vector field D€ 9 (%, E)p. More precisely, we have that

3.8) DEZ(F E)pnOx p[E] and D¢ MOy p,
where M is the maximal ideal of Ox p.

Proof. If e(E, P)=3, we have (4, J; P)=2. Then, either e(E, P)=1 or e(E, P)=2.
(A) Case e(E, P)=1. (By (3.3) we always have v(¥4,J; P)=1 in this case.) Assume
first that (&, E; P)=0. Then there is a regular system of parameters (x, y, z) of Ox p and
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a generator @ of % such that

(39) JE’p=X‘0X,p.

(3.10) w=a—(—12‘—-+bdy+dz; vp(a)=1.
x

Then the germ of vector field

. =7 —ph—

satisfies (3.8). Note that D(x)=0 and hence D€ Oy plE].
Assume now that ¥(%, E; P)=1. Take (x, y, z) and w such that (3.9) holds and

3.12) w=(z+a’)£+bdy+cdz; vp(a')=2, vp(b,c)=1.
x

Then % is generated by

(3.13) Q= (z+a')dx+xbdy+xcdz.
Note that dQ is non-singular at P, actually

(3.14) dQ = xa* dy ndz+b* dzandx+c* dxndy

and b* ¢ M. The integrability condition Q AdQ=0 implies that

3 3 3
3.15 D= xa*—— + b*— + c*
G.15) xa ox dy 9z
is the desired germ of vector field. This situation is named ‘‘Kupka-Reeb phenomena”
(cf. [11], p. 31). Note that D(x)=a*x and thus DE Oy p[E].
(B) Case e(E, P)=2. Since v(%,J; P)=1, there is a regular system of parameters
(x,y,2) of Ox p and a generator w of Fp such that

(3.16) Jg p=x20x p.
3.17) w=ﬂ+bdy+c£.
x b4
Hence
2] o
3.18 D=bx—=2 -2
( ) xax oy

is the desired germ of vector field. o
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COROLLARY 3.3. In the above situation, assume that v(%,;P)=1 and let us fix a
germ of vector field D€E®y p satisfying (3.8). Then there are a regular system of
parameters (x,y,2) of Ox p and a generator o of Fp such that:

(a) Either Jg,p=x0yx p or Jg p=xy0x p.

(b) D=3/3z.

(¢) Under the identification Ox p=C{x,y, 2}, we have that

(3.19) w=a% 1 bdy, a,bEC{x,y}; ifeE,P)=1
X

(3.20) w=a£+b%, bEC(x,y); if e(E, P)=2.
X

(d) Sing(¥%, &)=(x=y=0), locally at P (in any regular system of parameters (x,y, z)
of Ox p as above)

(e) Let A be a germ at P of a two-dimensional non-singular subspace of X such
that TpA is transversal to Tp(x=y=0). Then there is a germ of analytic isomorphism
between (z=0) and A which sends

(3.21) (F| o0, EN(z=0))EF(z2=0), EN(z=0))
into
(3.22) (F|AH ENA)EF(A,ENA).

(£) Making a formal coordinate change in (x,y) (which preserves the property that
fE, pry@A‘X, p), then Gp is generated by one of the normal forms (i), (i), (iii) or (iv)* of
Proposition 2.5.

Proof. Take (x,y, z) satisfying (a) and (b). Then % is generated by
(3.23) Q=alx,y, 2)dx+p(x,y, 2) dy.
The integrability condition Q AdQ=0 implies that
(3.24) atx, y, 0)8(x,y, 2) = alx, y, 2 fx, 3, 0).
Hence % is also generated by
(3.25) Qo= alx,y, 0)dx+8(x,y, 0)dy.

The rest of the proof is obvious. O



40 F. CANO AND D. CERVEAU

Remark 3.4.(a) In the above situation, let F be an irreducible component of E
through P and let A be as in Corollary 3.3(e). Then both (¥|,_,, EN(z=0)) and
(%], ENA) are non-dicritical. Moreover, P is a pre-simple singularity for these adapted
singular foliations and

(3.26) A(F| g, 2=0)NE;(z=0)NF;P)= A(%|,, ENA;FNA; P).
Thus, in this case we define the invariant A(%:; E;F; P) by
(3.27) AF E;F;P)=A(F|a, ENA;FNA; P).
(b) Let Y be the irreducible component of Sing(%¥, @) passing through P. The points
(3.28) H={QE€Y;Q is not pre-simple with v(¥,3; Q) =1}
are isolated points. Hence, by connectedness, we have
(3.29) AMFE;F;0)= A%, E;F;P) forall QEY—H.

DEFINITION 3.5. Let P be a pre-simple singularity for (¥, E) with v(4,0;P)=1.
We say that P is a simple singularity for (¥,E) iff

(3.30) ANF,E;F;P) Q.
for each irreducible component F of E at P.

Remarks 3.6.(a) The point P is a simple singularity for (%, E) iff it is a simple
singularity for (¥|,, ENA), where A is as in Corollary 3.3 (e).
(b) Also, P is a simple singularity for (&, E) iff we have one of the normal forms (i),
(i) or (iii) for a generator of %p.
(c) Conversely, assume that (x,y,z) is a regular system of parameters of @x, P
satisfying the following properties:
(c1) Jg poxy6y p; e(E, P)=1.
(c2) % is generated by one of the normal forms (i), (ii), (iii) or (iv)* of Proposi-
tion 2.5.
(c3) If (iv)*, then fE, p=x@X, p-
Then P is a pre-simple singularity for (%, E) with v(¥%,J; P)=1.
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§4. Confluencies of simple singularities

Like in the preceding paragraph, assume that n=3, take a non-dicritical (%, E)€
F(X, E), put (4,)=hol((#,E)) and fix a point P € Sing(¥, D) which is a pre-simple
singularity for (%, FE). In this paragraph we shall study the case v(¥%,J;P)=2. By
Lemma 3.1, we can think of P as a ‘‘confuence’’ of pre-simple singularities which are
locally a product.

LEmMA 4.1. Let P be a pre-simple singularity for (%,E) such that
“.1) WY, 3, P)=2 and WFE;{P})=wW%E;P)=1.
(Hence e(E, P)=2.) Take a regular system of parameters (x,y, z) of Ox p with
(4.2) Je,p=xy0x p.
Then, there is a formal coordinate change
4.3) " =z+ox,y); viekxy)=1,
such that z"@x, p is a formal separatrix of (4,D).
Proof. We have a generator w of %p given by

4.9 w=aﬂ+bﬂ+ cdz
X y

such that vp(a, b, ¢)=1 and 3a/3z(0,0,0)=1. Let us put

4.5) a=z+ 2 a,.jx"yj+za', ve(a') = 1.

i,j=1
(4.6) (s, 5 =min{(i,j);a;+ 0},
with respect to the ordering
@.7 @LH=0,J/") <« (+j<i'+) or (i+j=i'+j and i<i').
If (s, f)=00, then z divides a. Assume the contrary. By the coordinate change
(4.8) =zt Xy, @,=a,,

the corresponding invariant (s’, ¢') is strictly bigger than (s, f). By a formal coordinate
change
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4.9) =z, g XY,

st

we may assume that z* divides a. Multiplying @ by a unit, we have that

4.10) 0= b Dy g v o) =1
X

y

The integrability condition wAdw=0 implies that z" also divides . Hence

4.11) w=zA£+z"b’ﬂ+cdz"
X y
and z" is a formal separatrix for (%, Q). a

LEMMA 4.2. Let P be a pre-simple singularity for (%, E) such that v(%,J; P)=2.
Then there are a regular system of parameters (x,y, z) of @x, p and two formal vector
fields D, and D, such that:

(a) XYZ@X,PCjE,P-

(b) D=x(3/9x)—a(3/3z), D,=y(8/3y)—b(3/32); with v(a, b)=1.

(€) D1,D,€ED(F E) p.

(d) [Dy,D,]=0.

Moreover, if £ is the Lie subalgebra of Oy p generated by D, and D,, then

(4.12) Fp={w€ Qy p[—E]; w(D)=0, for all DE £}.
Proof. Let us consider the following cases:
(A) e(E, P)=2 and W(%, E; P)=0. Then %; is generated by

4.13) w=a 4 p
X y

+dz; via,b)=1

in a regular system of parameters of Oy p such that Jg p=xy0Ox p. Take then

d o 3 3
4.14 Dj=x——ag—; D,=y——~b—.
( ) 1= ox “ oz 2=
The condition (d) is equivalent to o Adw=0 and (4.12) is obvious.

(B) e(E, P)=3. Then %5 is generated by

(4.15) w=a P p D | dz

X y Z

in a regular system of parameters of Oy p with Jr p=xyz0y p. Take then
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o d 3 o
4.16 D = ——— —; D = —_— b —_—,
(4.16) T e T e TV T,
and let us reason as above. R
(C) e(E, P)=2 and v(%, E; P)=1. By Lemma 4.1, we can write a generator w of %p

as in (4.11):

(4.17) w=zA(ﬂ+ b2y ciz—A—)
X y b4
and we can take
o ) 0 d
4.18 =2 —ex2y D=y
(4.18) D =z P cx— D,=y 5 X
This ends the proof. (W

Remark 4.3. The only case in which (x, y, z) is may be not convergent is the case
(C) above. By Lemma 4.1, even in this case, the parameters in (x, y, z) defining the
irreducible components of E are convergent ones.

ProrosITION 4.4 (Normal forms). Let P be a pre-simple singularity for (¥, E) with
W%, 0, P)=2. Then there are a regular system of parameters (x,y,z) of @x, pand a
generator Q of 9p such that xyz- Ox pcJz p and Q is one of the following formal normal
forms:

(iv) Q=xyz(adx/x+Bdy[y+dz/?); with a-B+0 and —a, —, —a/B ¢ Q.

(V) Q=xyz-z'(dx/x+Bdy/y+(e+1/2°)dz/z); with s=1, 0+—B&Q,.

(Vi) Q=xyz(y*z%) (dx/x+Bdy[y+(e+1/(y"Z)) (pdy[y+qdz/z)); s=1, g.c.d.(p,g)=1.

(vil) Q=xyz-(x"yz")’ (dx/x+B dy[y+ (e+1/(x"yz?") (p(dx/x)+q(dy[y)+r(dz/2)));
with s=1, g.c.d.(p, q,H=1.

(viil)* Q=xy(ay™ dx/x—(mz+y™)dy[y+dz); m=1, a*0.

(ix)* Q=xy(—(pz+x?y?)dx/x—(qz+Bx"y) dy/y+dz); p,q=1, 0B84 Q_.

Proof. Take a regular system of parameters (x, y, z) of @A’X, p and two formal vector
fields

(4.19) D=x~-a=

as in Lemma 4.2. Let 4, 4 be the eigenvalues of D,, D,, given by

(4.20) 1=-220,0,0; u=-22,0,0).
9z oz
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By Proposition 1.4, we can obtain from (x, y, z) a regular system of parameters (x, y, z")
of Oy p which is both a linearizing system for D, and D,;. Moreover, if

4.21) Jepcz0xp
(in particular, z divides *“‘a’’ and *“5” in (4.19)), then

4.22) 2Oy p= 20y p.

Hence the condition xyz"0y pcJ; , holds. In order to simplify the notation, put
(x,y,2)=(x,y,2"). Let us write

(4.23) a= > a, Xy b=, byxyi.

i,j, k i,j,k
By the formula (1.21), we have that
(4.24) (@ b) *(0,0) implies that i+Ak—1) =j+uk—1)=0.

Now, let us consider the following cases, corresponding to the possible values of 4, u:
(A) Au#0;1, u¢Q_UN,. By (4.24) we have that

2] d ] 0
4.2 =y — . D =y— 4 —_
4.25) D, xax+/1zaz, ) yay H—-
In view of (4.12), then % is generated by
(4.26) 9=xyz(-aﬁ—yﬂ+ﬁ).
x y z

Note that the axis are permissible centers. Blowing-up the axis in an adequate way and
making arguments like in the Lemma 2.4, we see that if

(4.27) A, —u€Q.

does not hold, then (%, E) is a dicritical foliation. (The fact that we work with formal
coordinates does not worry, in view of the faithfully flatness of @X, p over Oy p.) Hence,
we have the normal form (iv).

(B) Au+0; A¢ Q_UN,, u=mEN,. We can reason like in (A), but (4.27) does not
hold and hence we have a dicritical case.

(C) Au*0; 1¢Q_UN,, u=—p/q€Q_, g.c.d.(p,gq)=1. We obtain the normal form
(iv) like in (A).
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(D) Au=0; A=p, u=qEN.. By (4.24), we have that

3 5 3 3
4.28 D, =x—2 + (pz+ax’y)—=—; D,=y— +(qz+Bx"yT)—.
(4.28) 1=r (pz+ax®y9) py =Y 3 (qz+Bx*y7) pe

If a==0, we obtain a dicritical case as before. If a+=0, blowing-up the axis
(y=2=0) repeatedly we see that is is a dicritical case. Thus af+0. After a coordinate
change x>a'”x we may assume that a=1. If BEQ_, blowing-up repeatedly (x=y=0)
we obtain a situation like (4.28) but with a=0, which is a dicritical case. Hence we
have the normal form (ix)*.

(E) Au+0; A=—p/q€Q_, u=mEN,. We have a dicritical case like in (B).

(F) Au=0; A=—p/r€Q_, u=—q/reQ_, q.c.d.(p, g, )=1. By (4.24) there are two
formal series a(r), 8(f) € C[{r]}, with v(a(t), B(1))=1, such that

3 p_ 90 d d q_ 20 o O
429) D, =x> P ;9 _oiryiryz S p=y S 4,9  purarny S
4.29) 1xax rzaz a(xyz)zaz 5 yay rzaz ﬂ(xyz)zaz

Thus % is generated by

@300 Q= xyz(ra(x”yqz’) i‘ii + rﬁ(x"yqz')ilyl +p —‘ii + q—dyl + rﬁ'zz—).

If (a(2), B(9)=(0, 0), then we obtain the normal form (iv). Assume that (a(r), 8(£))+(0, 0).
Put u=x"y%7’, then the 1-form

(4.31) Q' =x"yiZ Q= xyu(roz(u)—ajci + r,B(u)—d;y~ + d—u">

is integrable and (x, y, ») is of maximal rank at the generic points. Hence

da(®) ;. _ . dB()
4.32) o P0=a0E

Thus, we can write

(4.33) a(f) = (a/r)y@®); BB =B/ y); a BEC.

Put s=v(y(1)). Note that 1<s<. Then there is a unit »(f) € C[[¢]] such that y(r)=r"-w(z).
Let w(s) €C[[7]] be such that »(Dw(r)=1. Then % is generated by

4.34)

Pydr
Q"= w(x?y%") Q = xyz(x"y?7)* (ozﬂ +ﬁﬂ + WEY'Z) (pﬁ + qﬂ+ rﬂ»
x y o @Yy x y 2
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Consider a change of coordinates u’'=u'(u) such that

(4.35) w)  du _ (g-{— _1_>ﬂ

?
us u urs u'

for some £€C. (See also (2.28).) Take z'=z'(z) such that
(4.36) ' (xPyi7) = xPy%Z"".
Multiplying Q" by a unit, then % is generated by

(4.37) xyz'(xPyiz'")’ (ozﬁ +/3ﬂ + (e+ ——1—> (p—di + qﬂ + r_d_z,;))
X y (xPyiz'"y’ x y z
Let us assume that a=%0. Then, multiplying x by (l/a)”" and the above generator by
(1/a)"*'P | we have the normal form (vii).
(G) A=0, u*0, u¢Q—N,. We have (4.25) like in A, but since i=0, then
(%, J; P)=1 and this case does not hold.
(H) A=0, u#+0, u=mEN,. By (4.24) we have that

3 3 3 3
4.38 D =x2 —ay"2: D,=y-L +(mz+py")——.
(4.38) =X o ay 3 D,=y 3 (mz+py™) 22

Then % is generated by

(4.39) Q= xy(ay"'% - (mz+ﬂy'")% + dz).

Note that a+0, since otherwise v(¥, J; P)=1. If =0, blowing-up repeatedly (y=z=0)
we obtain a dicritical component. Hence af+0. We may assume that f=1 by a
coordinate change y—3""y. We have thus the normal form (viii)*.

(I) A=0, u=—p/q€Q_, g.c.d.(p,q)=1. By (4.24), there are two formal series
a(t), B € C[[]], with v(a(?), B(D)=1, such that

d 3 d 3
4.40 D =x2 9, %. p=y2 _ 7y,
(4.40) =X a(y’72%) z > D y 5 Bz 2

Reasoning as in (F), we may assume that % is generated by

- (a0 X g4y 1\ (4 ﬂ))
(4.41) Q = xyz(y°29) (a . +8 . +<£+ (y”z")s)(p y +q 7))

Note that a=+0, otherwise v(¥%, D; P)=1. Now, dividing Q by a and making the coordi-
nate change yca(l/a)"”‘y, we obtain the normal form (vi).
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(3) A=u=0. Then, there are two formal series a(z), 5(t) € C[[¢]], with ¥(a(?), 8(t))=1,
such that

3 2] 5] 2]
4.42 D.=x= — L. p=y2- <
(4.42) I a(z)z P » =Y 3 Bz p
Then, reasoning as in (F), (I), we obtain the normal form (v). 0

Remark 4.5. In the cases (viii)* and (ix)*, we have that
(4.43) Jg,p=xy0x p.

In particular e(E, P)=2. This follows since both D, and D, are not tangent to (z=0), and
hence (z=0) is not a component of E.

COROLLARY 4.6. Let P be a pre-simple singularity for (¥,E) such that
WY, D, P)=2. Then there is a regular system of parameters (x,y, z) of Ox,p such that:

(a) (xy=0)cEc(xyz=0), locally at P.

(b) The singular locus Sing(%, ) is locally given at P by

(4.44) Sing(4,2)=(x=y=0)U(x=2z=0U(y=2=0)
if we have one of the normal forms (iv), (v), (vii), or (ix)*, and by
4.45) Sing(4, ) =(x=y=0U(y=2=0)
if they have the normal form (viii)*.
Proof. Let us fix a regular system of parameters (x',y’,z’) of Oy p. Assume that
(4.46) Q=qadx'+bdy' +cd?

is a generator of 9. Let Jo Oy, p be the ideal defining Sing(%¥, @) locally at P. Then we
have that

4.47) J@X,p =rad{((a, b, ¢) 6X,P)’

where rad(-) means the radical of the ideal. Assume now that (x’,y’, z') are given like in
Proposition 4.4. Then we have (a) and (b) for (x',y’, z’) (up to irrelevant reordering).
Hence Sing(%, @) is locally given at P by three (or two) irreducible curves I'y, >, T (or
I';,I3). Moreover, if e(E, P)=3, then the T, i=1,2,3, are the intersections of two
irreducible components of E at P. If e(E, P)=2, then I, is the intersection of the two
irreducible components of E at P; the other ones I', (and eventually) I's, are contained



48 F. CANO AND D. CERVEAU

each one in a different component of E and they are transversal to the other one. The
corollary follows straigthforward. a

ProrosiTiON 4.7. Let P be a pre-simple singularity for (¥,E) such that
W(,; P)=2. Then the following statements are equivalent:

(A) There is an open set UcX, PE U, such that if Q€ UNSing(¥%, D), with Q+P,
then Q is a simple singularity for (¥,E) and v(%,3; Q)=1.

(B) In the situation of the Proposition 4.4 we have one of the normal forms (iv),
(v), (vi), or (vii).

Proof. (A)=>(B). Assume that (B) is not true. Then we have either the normal form
(viii)* or (ix)*. In both cases we have that

(4.48) e(E,P)=2 and w(%E;P)=0.

Moreover, we can take a regular system of parameters (x,y, z) of Oy p satisfying the

conditions in Lemma 4.2 and in Corollary 4.6 (see Remark 4.3). In particular, we have
that

(4.49) 7 E=(xy=0), locally at P.
(4.50) w=a® L p b dz generates Fp, vpla,b)=1.
x y
4.51) (y=2z=0) < Sing(%, D).
4.52) ~2a 9,0,00=peN; —22(0,0,0)=qEN,.
3z oz

Now, put A(e)=(x=¢), for ¢ “‘near’’ 0€ C. Then Z| A 18 locally generated at (¢, 0, 0) by
(4.53) 0|pe = ble,0,0)(dy/y)+dz.

In view of Remark 3.4 (b), the value

9b(,0,0)

(4.54) 32

does not depend on ¢. Hence, by continuity

(4.55) db(e,0,0) _ 8b(0,0,0) _ _
3z 3z

gEN

and we have not a simple singularity. This is the desired contradiction.
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(B)=-(A). Assume first that e(E, P)=3. We can take a regular system of parameters
(x,y,2) of Oy p such that

(4.56) E=(xyz=0), locally at P.
(4.57) 0=a b P 4 cZ generates %,
X y Z

The vector fields D, D, of Lemma 4.2 are

o d 8 3
“.58) 1T %% T % 2=V % T PP

and the corresponding eigenvalues 4, u of (4.20) are given by
4.59) A=-a(0,0,0); u=-5(0,0,0).

Since neither (viii)* nor (ix)* appear, looking at the proof of Proposition 4.4, we have
that

(4.60) /1¢Q+ and /4¢Q+-

Note that Sing(¥, @)=(x=y=0)U(x=z=0)U(y=z=0). Take a point P.=(¢,0,0) of
(y=z=0). Put A(e)=(x=¢), as above, then Z| A 1S generated by

4.61) 0|5 = ble, 0,0)%+ %.

By the Remark 3.4(b), the value b(e, 0, 0) does not depend on ¢ and thus
(4.62) —b(e,0,0)= —5(0,0,0) = u ¢ Q..

This implies that P, is a simple singularity. We do analogously for the points in
(x=z=0). It remains to look at the points in (x=y=0). Note that the integrability
condition w Adw=0 implies that

4.63) 5(0,0,2)2%(0,0,2) = a(0,0,2) 22 0,0, 2).
dz oz

Let us distinguish the following cases:

(1) Au#0. Then, by the proof of Proposition 4.4 we have that
(4.64) -Au€Q,.

4-928285 Acta Mathematica 169. Imprimé le 20 aodt 1992
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By (4.63) we have that
(4.65) —a(0,0,¢)/b(0,0,6) = —A/ué Q.

for all £ near 0EC. Now, cutting by A(e)=(z=¢) as above, we obtain a simple
singularity.

(2) A=0,u+0. By (4.63) we have a(0,0,¢)=0 for all e&. We obtain a simple singularity
as above.

(3) A=u=0. Note that

(4.66) (a(0,0,2), 5(0,0,2)) +(0,0).

Otherwise, blowing-up the center (x=y=0) we have a dicritical component. By (4.63),
there is a series ¥(z), with ¥(0)%0 such that

4.67) a(0,0,2)=v()-z°; b0,0,2)=B-y() -7, BEC; s=1.

Cutting by A(e)=(z=¢), we have that

d
(4.68) 0lae = alx,y, e)ixx~ +b(x,y, e)Ty
and
(4.69) 5(0,0,¢)/a(0,0,8) =F.

Necessarily —$€¢Q,. Otherwise, blowing-up o| A Of (4.68) we obtain a dicritical
component after finitely many steps. Hence we have a simple singularity. (Remark: the
invariant 8 in (4.69) is the same one as in the normal form (v); in particular 8+0.)

Assume now that e(E, P)=2 and (%, E; P)=0. Take a regular system of parameters
(x,y,2) of Oxp satisfying the conditions in Lemma 4.2 and in Corollary 4.6. In
particular (4.49) and (4.50) hold and

(4.70) Sing(4,0)=x=y=0Ux=z=0U(y=z=0), locally at P.

@.71) —%80,0,0=2 -220,0,0=p; AuéQ,.
oz oz

(For the proof of the property (4.71), we do like in (4.60).) Now, reasoning like in the
preceding cases we see that all the points in Sing(¥,&)—{P}, near P, are simple
singularities.

It remains to study the case e(E, P)=2 and v(%, E; P)=1. Take a regular system of
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parameters (x, y, z) of Oy p and a generator w of %p such that the following conditions
hold:

4.72) E=(xy=0), locally at P.

4.73) Sing(4,)=(x=y=0U(x=z=0U(y=2z=0), locally at P.

4.74) w=a£+bﬂ+cdz, v(a,b,c)=1.
x y

4.75) In'(a) = In'().

(4.76) a=z+¢'(x,y), v@'(x,y)=2.

(Note that (4.76) follows from the Implicit Function Theorem.) By the property (4.73)
we deduce that

4.77) a€(x,z)c Oxp; b€(y,2) < Oxp.

Consider a point (0,0, &) € (x=y=0). Cutting by (z=¢) we have that

(4.78) ol =alx,y,¢) ﬁx{. +b(x,y,¢€) d—;

The quotient

4.79) b(0,0,¢) _ 50,0,¢)
a(0,0,¢) €

does not depend on the value ¢ ‘‘near’’ 0 € C. Reasoning like in (4.69), then

4.80) —”(0—;‘)"2¢Q+.

Hence we have a simple singularity. By the way, note that

4.81) _50.0,¢) _ . 50,08 _ _ ‘Z_b(o,o, 0).
z

& £t—0 £
Consider now a point (0, ¢, 0) €(x=z=0). Then
(4.82) w|y=E =al(x,e¢, Z)% +clx, ¢, 2)dz.

The quotient

(4.83) ac(O,s, 0 _ c(O,le,O)
£4.(0,¢,0)
dz




52 F. CANO AND D. CERVEAU

does not depend on ¢ near 0€C. Hence

(4.84) c(O, €,0)= lim c(0,¢,0)=c(0,0,0)=0¢Q_.

-0

Thus we have a simple singularity.
Finally, let us look at the points (¢,0,0) €(y=2z=0). We have that

4.85) ol = b(e, . z)iiyl +c(¢,0,0) dz.

By Corollary 3.3(b) and since being a pre-simple singularity is an open condition (see
Proposition 1.2.6), we have that

(4.86) (g—g(s,o, 0), (e, 0, 0)) +(0,0), for e=+0.

Now, the only ‘‘bad case’ in which (¢,0,0) is not a simple singularity is

db
—(x,0,0
a2 (x,0,0)

2 = _ TP
(4.87) R €Q_.

Let us reason by contradiction assuming that (4.87) holds. Then

(4.88) z—lz’(x, 0,0)=px‘a(x); c(x,0,0)=—gx’a(x); a(0)*0, s=1.

Making y=z=0 in the integrability condition w Adw=0:

(4.89) (bg—‘zl—a%lz’—>+(a%yx——c~g—;—>y+(c%g-—bg—;>x=0
and since b€ (y, z), we find that

(4.90) @'(x,0)=0.

Thus, we can write

4.91) a=z+xyp(x,y).

Now, by the proof of Lemma 4.1 and by the condition (4.91), we have a formal
coordinate change

(4.92) 2" =z2+xy¥(x,y)
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and a unit u” € @ p such that the following properties hold:

(4.93) 0" = o= 1o D g,
X y

(4.94) u™0) =1.

4.95) @) ' (2"b") =b.

(4.96) @) et =c.

We shall end the proof by showing that the following condition holds:

b . o _
4.97) b0 _—p,
M. NP
y=z"=

Actually, if (4.97) is true, then writting down

(4.98) o = 7" <£+b"ﬂ+c"£—)
x y "

and blowing-up the center (y=z"=0)=(y=z=0) we find a dicritical component after
finitely many steps. Contradiction. Now put

4.99) fx,y,2)= Z—lz’(x, ¥, 2)€C{x,y,2} = Oy p.

By (4.95) we have that
(4. 100) f(x’ 0’ 0) =f|y=z=0 = (uA_1|y=z=0) : bAly=z=0'

(Note that we have (4.92).) Then

@.101) bA|y=zA=o — bA,y=z=0 _ MA|y=z=0 . f(x,0,0) =—_p'
lyoprng lymmo #'yeimg €000 g
Thus the property (4.97) holds. a

DeriNiTION 4.8. Let P be a pre-simple singularity for (¥,E) such that
W%, D;P)=2. We say that P is a simple singularity for (#,E) iff the equivalent
conditions (A) and (B) of Proposition 4.7 hold.

Remark 4.9. The normal forms (i), (ii) and (iii) of Proposition 2.5 and the normal
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forms (iv), (v), (vi) and (vii) of Proposition 4.7 describe exactly the simple singularities
in the case dim X=3. The converse is also true: a singularity which can be written in
one of the formal normal forms (i}—(vii) is a simple singularity (with evident conditions
about the divisor E).

Prorosition 4.10. Assume that each point in Sing(¥%, @) is a simple singularity for
(#,E). Let YcX be a permissible center for (¥,E); let m:X’'—X be the blowing-up
with center Y and let (¥',E’) be the adapted strict transform of (¥,E) by x. Put
(4,9)=hol((%,E)). Then each point in Sing(§’',D) is also a simple singularity for
(%',E).

Proof. In view of the non-dicriticalness, after blowing-up one of the normal forms
(i)—~(vii) with center either the origin, or one of the axis in the singular locus, we only get
singular points which admit either (i), (ii), (iii), (iv), (v), (vi), or (vii) as normal forms. [0

§ 5. Separatrices for simple singularities

Assume that dimX=3. Take a non-dicritical singular foliation (%, E)E&(X, E). Put
(9, 2)=hol((%,E)). Let us fix a point P € Sing(%, D) which is a simple singularity for
(%,E).

This paragraph is devoted to the description of the convergent and formal separa-
trices of (4,J) at P.

ProPOSITION 5.1. There is a regular system of parameters (x,y,z) of @X,p such
that the following properties hold:

(@) If v(%,0;P)=1, then xy€fE, p and the formal separatrices of (4,9) at P are
exactly x@x, p and y@’x, P

b) If v(%4,T; P)=2, then xyzEfE, p and the formal separatrices of (4,0) at P are
exactly x@x, P y@x, pand z@x, pe

Proof. Consider (x,y, z) giving the corresponding normal form (i)—(vii). We have
obviously (a) and (b), except may be for the fact that the ‘‘coordinate’’ separatrices are
the only ones. Let Q be a generator of % like in Proposition 2.5 or in Proposition 4.4.
Let us distinguish two cases:

(1) W(%, J; P)=1 (i.e., we have one of the normal forms (i), (ii) or (iii)). It is a two-
dimensional result which follows from Remark 2.3 (d).

2) (%, T; P)=2 (i.e., we have one of the normal forms (iv), (v), (vi) or (vii)).
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Looking at the normal forms, the differential forms
5.1 Qysyeor AF0,

(52) gly-ﬁaz:O’ #4:0’

define simple singularities (in dimension two). The only separatrices of (5.1), resp.
(5.2), are the intersections of x+Ay=0, resp. y+uz=0, with the irreducible components
(x=0), (y=0) and (z=0) of E. If f@X, p is a formal separatrix of ¢ at P, other than the
coordinate ones, then it must define a ‘‘non-coordinate’” separatrix either for (5.1) or
(5.2). Contradiction. O

Remark 5.2. The irreducible components of E are convergent separatrices. We
have at most one remaining separatrix S which is may be a formal one. The following
pictures illustrate the possible cases.

(a) v(9,9; P)=1. We have two cases: Figure 13 and Figure 14,

S

E e(E,P)=1.
(5.3)

Fig. 13

/ E e(E,P)=2.
(5.4) /

Sing
Fig. 14
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(b) v(¥%,; P)=2. We have two cases: Figure 15 and Figure 16.

Sing

E

e(E,P)=2.
(5.5)
Sing
Fig. 15
Sing E
/] e
E e(E,P)=3.
(5.6)
P Sing
Sing
Fig. 16

The rest of this paragraph is devoted to describe some properties about the
convergency of the separatrix S in the most complicated case (5.5) that »(9,J; P)=2
and e(E, P)=2.

PROPOSITION 5.3. Assume that v(%,D; P)=2 and moreover (%, E; P)=0. Then the
three formal separatrices of (4,D) at P are in fact convergent ones.

Proof. There is a regular system of parameters (x,y,z) of Ox p such that % is
generated by
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G.7 Q=xy<aix—+b% +dz); v(a,b)=1
X

and E=(xy=0) locally at P. By Proposition 5.1, there is a formal separatrix of the form
(5.8) f=z—¢x,y), @€CIlx,yll.

It is enough to prove that ¢ actually converges. Without loss of generality we can
assume that v(p)=2. Thus, the initial part of Q is given by

(5.9) xyz</1ﬁ+ﬂ£‘l+ﬂ>; where 4=-2%2(0,0,0) and x=22(0,0,0).
x y z 9z oz

Let 7: X' —X be the blowing-up with center P. Take a point P’ €1~ '(P) given by the
equations

(5.10) x=x"; y=x'(y'+1); z=x'7.
Let (¥%',E") be the adapted strict transform of (%, E) by 7. Then %' is generated by

(.11) o' = (1+A+0) 2/ +x'p) Z +b'dy' +dz.
X

Because of the non-dicriticalness of (%, E) we have that
(5.12) 1+A+u*0.

By Proposition 4.10, then P’ is also a simple singularity for (¥',E’). Put (¥',@)=
hol((#',E")). Since »(9',3;P')=1 (note that e(E’, P")=1), then (¥’,9Q) is locally a
product along the singular locus

(5.13) Sing(¥',@)=('=2z'=0), locally at P’.

Moreover, we also have that

(5.14) 1+A+u¢Q_.
Consider
(5.15) @',y )=, x"(y' +1)/x".

We know that ¢(x, y) converges iff @'(x’,y’) do so. Moreover

(5.16) fl=7—-¢'(x',y")
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is a formal separatrix for (¢',Q) at P'. Since (¥',J) is analytically trivial along
(x'=z"=0), then f’ converges (and hence @) iff

(5.17) flyo0=2"+9'(x',0)ECIx", 2']]
converges. But z'—¢'(x’, 0) is a separatrix for the differential form
(5.18) (0 Nyop=[A+A+1) 2’ +x'yp’, 0,2")] dx'+x'dz".

Now, by (5.12) and (5.14) we can apply Briot-Bouquet’s Theorem (cf. [14], p. 295;
§12.6) and hence f' converges. |

Now, let us consider the case (¥4, J; P)=2, e(E, P)=2 and W(%,E; P)=1. We know
that there is a regular system of parameters (x, y, z) of Oy p such that

(5.19) E=(xy=0), locally at P.

(5.20) Sing(4,2)=(x=y=0)U(x=z=0u(y=2=0).
Moreover, there is a formal separatrix at P given by

(5.21) f=z+@lx,y); where g@lx,y)€C[x, yl}

(Note that actually ¢ € xy-C[[x, ¥]] in view of (5.20).) Let us write

(5.22) Py =D a,(x= D B,®y

izl j=1
where o;(y) € C[[y]] and 8;(x) € C[[x]].

ProPOSITION 5.4. Assume that we are in the above situation, then a;(y)€C{y},
for all i=1, and B ;(x) EC{x}, for all j=1. Moreover, there is a value >0 such that a;(y)
converges for |y|<e and for all i=1 and such that B ;(x) converges for |x|<e and for all
j=1.

Proof. Up to a reordering of x,y we can take a generator

(5.23) w= aﬁ +b—dl +cdz, where v,(a, b,co)=1,
X y

of %, such that In'(a)=In'(z). By (4.10) and (4.11) in the proof of the Lemma 4.1, then f
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is a separatrix of (¥, @) at P iff
L. dg
(5.24) f divides a+x—a——-c= a,.
X

Actually, we can write

(5.25) w=a, E 1 Y ycqr
x Uy

and if f divides q, then it also divides b, and it is a separatrix; the converse is true by the
uniqueness property in Proposition 5.1(b). Now, let us write

(5.26) a=Y A y)xZ.
ik

(5.27) c= > Caly) ¥,
ik

Note that Ay (0)=1. Then there is a common ray of convergence >0 for 1/An(y), Au(y)
and Cy(y) for all i, k. Denote by C.{y} the series having a ray of convergence bigger or
equal than ¢. The condition (5.24) is equivalent to the following equality

(5.28)

k k
> A ¥ (—2 a,,,(y)x’") +<Z ma,,,(y)x"’) > & (-2 a,(y) xm) =0,
ik

mz=1 mz) ik mz1

The explicit computation of the coefficient of x in (5.28) gives to the following equation

(5.29) Ay () a(y)+A,(»)=0.
Hence
(5.30) a1(}’) = A]o()’)/A()]()’) € Ce{y}‘

Computing the coefficient of x' in (5.28), we find that
(5.3 —An(y) a,(M+ R (0 (y), ..., a,_ () =0

where R,€C.{y}[t1,...,4_1] is a polynomial. Hence, from (5.31) we find inductively
that '

(5.32) o;,(y)EC{y}, forall i=1.
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This ends the part of the proof concerning the a;(y). Now, let us write

(5.33) a= E A" (x)y'Zk.
J.k

(5.34) c= D Cu®y'z.
ik

Note that A’((0)=1. Then, there is a common ray of convergence &'>0 for
1/A'0(x), A'j(x) and C’y(x), for all j, k. We can assume without loss of generality that
¢'=¢. The condition (5.24) is equivalent to

(5.335)
k k
> ALY (—Z B.®) y'") + (2 XB' () y'") > €0y (— > B0 y'") =0
ik m=1 m=1 ik m=1

where 8',(x) is the derivative of B,,(x). Reasoning as above, we find that
(5.36) —A' () B;()+ R (By(x), ..., B (X), XB'1(X), ..., ¥B';_1(x)) =0

where R';€C.{x} [, ..., Lo Uy, U ]is a polynomial. Hence we find inductively
that

(5.37) B, (x)EC{x}, forall j=1.
This ends the proof of the proposition. a

Assume that we are in the preceding situation. Call S=(f=0) the separatrix at the
point P given by (5.21). Put

(538) Y1=(x=z=0); Y2=(y=z=0).

Note that a point Q€Y,UY,,Q+P,Q near P, is a simple point for (%, E) with
e(E, Q)=1, and hence with »(%,J; Q)=1. Thus there is exactly one formal separatrix Sy
of G at Q which is different from E. We shall say that Y, (respectively Y,) supports a
convergent separatrix if Sy converges for all Q€ Y, (respectively Q€ Y,), Q+P, Q near
P. By analytic triviality it is enough to test a single point Q€Y (resp. Q€ Y,), OFP, O
near P. (See Figure 17.)

ProPOSITION 5.5. In the above situation, if Y, (resp. Y») supports a convergent
separatrix then S is convergent and hence Y, (resp. Y)) supports a convergent separa-
trix.
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Y, E

Fig. 17

Proof. Take notations as in the proof of Proposition 5.4. Let 0=(0,y,,0)€EY, be a
fixed point of Y; with |yo|<e. Then

(5.39) fom ¥y, D=2+ D, a(y +y ¥

=1

is a formal separatrix of % at Q. Hence it is a convergent one. In particular

(5.40) P(x, ¥ = . a;(y) x'€ C{x}.

izl

Now, fix 0<p<e. Then for |yo=p there is a common ray of convergence >0 such that
@(x, yo) converges for |x|<7. Hence we obtain uniform estimates

(5.41) lo; (vl <K-(1/2)', for |y =op.
By the Maximum Modulus Principle, we have that

(5.42) Iai(y0)|$K-(1/t)i, for [y, <eo.
This implies that @(x, y) converges in the polycylinder

(5.43) K<z, |yl<e.



62 F. CANO AND D. CERVEAU

Thus S is convergent. Now, given a point Q=(x,0,0) in ¥, with |xo|<<1, then

(5.44) folx',y,2) = 2+@" +x0,¥)

is a convergent separatrix of ¢ at Q. This ends the proof. O

Part I11. Reduction of the singularities
§0. Statement of the results

Let X be a nonsingular connected analytic space over C of dimX=3. Let EcX be a
normal crossings divisor of X and let ZcE be a compact analytic subspace of E such
that each irreducible component of Z is also an irreducible component of E. Let us
consider a non-dicritical (%, E) €& (X, E). Put (¥4, D)=hol((%#, E)). Let us assume that
the following two properties hold

0.1) Sing(%,@) < E.
0.2) WF, E;{P})<1, forall PEX.
Our goal in this Part III is to give a proof of the following result:

THEOREM 0.1. In the above situation, there is an open set X(0)cX, with ZcX(0),
and a finite sequence of permissible blowing-ups

0.3) x02xn2 ... Lxw,

such that each point in Sing(49(N );@) is a simple singularity for (¥(N), E(N)), where
(F(N),E(N))EF(X(N),E(N)) is the adapted strict transform of (¥|xe), ENX(0)) by
a(l)o...on(N) and (4(N), D)=hol((F(N), E(N))).

Let us consider the set of singular points over Z which are not pre-simple
singularities

0.4) Sing*(#,E;Z) = ZnSing*(#,E).
(Recall 1, (2.18)). Given a sequence like (0.3), let us denote
(0.5) Z(N) = [(1)o...on(N)]"(2Z).

We shall do the proof of the Theorem 0.1 in two steps:
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Step A. The Theorem 0.1 is true under the additional assumption
(0.6) Sing®(#,E; Z)=0.
(That is, all the points in Sing(%, D) are in fact pre-simple singularities.)
Step B. We can get the property (0.6) after finitely many permissible blowing-ups.

The proof of Step A will be given by a computation of ‘‘killing resonancies’’ along
the irreducible components of Sing(%, @). For the proof of Step B, most of the technics
in [7] will remain valid. Hence we shall only give in detail those parts which are either
different or may be simplified with respect to the general technics in [7]. The rest will
only be sketched.

By Theorem 1.1.12, we can get the properties (0.1) and (0.2) after finitely many
permissible blowing-ups. This result, jointly with Theorem 0.1 above, allows us to state
the following result of desingularization:

THEOREM 0.2 (Desingularization Theorem). Let X be a nonsingular connected
analytic space over C of dim X=3, consider a non-dicritical (¥,2)€EF(X,2) and fix a
point P€X. Then there is an open set X(0)cX, with PEX(0), and a finite sequence of
permissible blowing-ups

(1) 7(2) (N)

0.7) X(0) < X(1) « ... <« X(N)

such that each point in Sing(94(N),?) is a simple singularity for (¥(N), E(N)),
where (F(N),E(N))EF(X(N),E(N)) is the adapted transform of (F|xw,<D) by
a(l)o... ox(N) and (49(N),D)=hol((%(N), E(N))).

§ 1. Proof of Step A

Assume that Sing*(%, E; Z)=<. Up to consider an open set X(0)cX, we can assume
without loss of generality that Sing*(%, E)=@ and that Sing(¥%,J) has only a finite
number of irreducible components.

LemMMma 1.1. In the above situation, let Y be an irreducible component of
Sing(9, D). Then Y has dimension one and it is a permissible center for (%,E).

Proof. Take a point PEY. If Y is analytically irreducible at P, then the result
comes from Corollary I1.3.3 and Corollary 11.4.6 by a case by case computation in
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terms of the normal forms. Now, given two anaiytic branches Y, and Y, of Sing(¥, &) at
P, there is an irreducible component F of E such that Y,cF and Y,¢F. Since F is a
global irreducible component of E, we deduce that Y must be analytically irreducible
at P, 0O

Given an irreducible component Y of Sing(%, ), define an invariant Inv(%, E; Y)
as follows:

Inv(F,E; Y)=0, if AFE;F;Y)§Qu;

(1.1
Inv(#,E;Y)=p+q, if AFEF;Y)=p/q€Q,,

where F is an irreducible component of E, Yo F, and the rational number p/q is written
in an irreducible way. The above definition is independent of the component F, with
FoY. Now, put

(1.2) Inv(%, E) = max{Inv(%, E; Y); Y is an irreducible component of Sing(¥,2)}.

(1.3) S(F,E) =#{Y;Inv(%,E; Y) = Inv(%, E)}.

Note that Inv(%, E)<. We shall prove Step A by induction on the lexicographical
invariant (Inv(%, E), s(%, E)).

If Inv(%,E)=0, we are done, since all the points in Sing(%, @) are necessarily
simple singularities (see I1.(3.31)~(3.32) and Definition 11.4.8). Hence the following
result completes the proof of Step A.

ProrositioN 1.1. Let Y be an irreducible component of Sing(%, D) such that
Inv(%,E; Y)=Inv(%,E)>0. Let n:X'—X be the blowing-up with center Y and let
(#',E’) be the adapted strict transform of (%,E) by n. Then

(1.4) (Inv(F', E"), s(F',E")) <(Inv(F, E), s(¥, E))
(strictly), for the lexicographical ordering.

Proof. 1t is enough to show that if Y’ is an irreducible component of Sing(%’,J)
with Y'cz”!(Y), then

(1.5) Inv(#',E';Y)<Inv(&%,E; Y).

Assume that Inv(%',E’; Y')=p+q>0. This implies that e(E; Y)=1 (more precisely, by
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Proposition 11.2.5, the only possible normal form is (iv)* at a generic point of Y). We
can distinguish two cases:

(1) m(Y')=Y. Taking a generic point PEY, and working eventually with formal
coordinates, we have the normal form (iv)* of Proposition II.2.5. Hence Y=
(x=y=0), E=(x=0) and %; is generated by

(1.6) w=(my+x'”)ﬂ—dy; m=1and m=Inv(%,E;Y).
x

After the blowing-up, at the only point P’ € Sing(%’,Q), with n(P')=P, then F'p is
generated by

(1.7) w=(m=1y +x" Y _ gy,
X

Hence Inv(¥',E"; Y)sm—1<m=Inv(%,E; Y).

(2) M(Y')={P}<Y. Then %%, E)p does not contain a non-singular germ of vector
field. Otherwise, computing as above, we contradict the fact 7(Y’)={P}. In particular,
necessarily e(E, P)=2 (e(E,P)=3 cannot occur since e(E, Y)=1). If E,E, are the
irreducible components of E through P and Y<E,, then necessarily

(1.8) Y’ =a"(P)=a"(Y)n(strict transform of E,).

Hence e(E’, Y')=2 and thus Inv(%',E’; Y")=0. O

§2. Global strategy in the proof of Step B

In this paragraph we shall particularize the ideas and results in [5] and [7] for determin-
ing a global algorithm of reduction. In our case, the role of the Samuel stratum
Sam(Z, E; Z) in [5] and [7] is played by the set Sing*(%, E;Z) defined in (0.4).

General remark 2.1. In the sequel we shall not consider the kind of properties that
can be avoided by taking a small enough open set X(0)cX, with ZcX(0). Also note that
this remains valid even in an intermediary step X(m) of the sequence (0.3), since if
U=X(m) is an open set with Z(m)cU, by compactness we find an open set
WcX(0),Z<W such that

2.1 (m(Do...on(m)) (W) c u.

Hence, we shall in fact work in terms of germs around Z, but without saying it
explicitly.

5-928285 Acta Mathematica 169. Imprimé le 20 ao0t 1992
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DErFINITION 2.2. Let Y be an irreducible component of Sing(%, D). We say that Y
is appropriate for (¥, E) relatively to Z iff the following two properties hold:

(@) YnSing*(%,E;Z)*D.

(b) W(F,E; Y)=1.
Moreover, if dim Y=1 we shall say that Y is an appropriate curve. We shall denote by
S*(#,E;Z) the union of all the appropriate curves. (Hence an appropriate curve is
exactly an irreducible component of S*(%,E;Z).)

Remark 2.3. If YcX is a permissible center for (%, E) such that YnSing*
(%,E;Z)+0, then Y is appropriate for (%, E) relatively to Z. To see this, pick a point
PEYnSing*(#,E;Z). Then, we have

2.2) 1=wWF E,P)<oF,E:Y,P)=u(F E Y)<u(F E;{P})=1

and we are done.

LEMMA 2.4. Let Y be a permissible center for (¥,E). Let n: X' =X be the blowing-
up with center Y. Let (¥',E’) be the adapted strict transform of (¥,E) by n and put
Z'=n"YZ). Then

(2.3 S¥(F',E';Z")Y e S¥F,E;ZYUY’

where S*(%,E;Z) is the strict transform of the adherence of S*(¥,E;Z)—Y by n and
Y' is a non singular curve which is contained in the exceptional divisor n~'(Y).

Proof. [7], Theorem II.1.9. g

DEFINITION 2.5. We say that S*(%,E; Z) has weak normal crossings with E iff the
following properties hold:

(a) Each irreducible component of S*(%,E;Z) is nonsingular.

(b) SYF,E;Z)E (this always holds).

(c) Given a point PEZ, there are at most two irreducible components of
S*(%,E;Z) through P.

(d) Assume that Y, and Y, are two irreducible components of S*(¥,E;Z) and
PEYINY,NZ. Then TpY #+TpY, and there are two irreducible components E, and E, of
E such that Y,cE,; i=1,2, but Y,¢E,.

The pictures in Figure 18 illustrate some situations of weak normal crossings.

THEOREM 2.6. (a) The property that S*(%,E;Z) has weak normal crossings is
stable under permissible blowing-up.
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o
)

g

(b) After finitely many permissible blowing-ups centered a¥f points we can assume
that S*(%,E;Z) has weak normal crossings with E.

Fig. 18

Proof. (a) Follows from Lemma 2.4.
(b} It is a consequence of the standard results on desingularization of curves and of
Lemma 2.4. (For more details, see [7], Theorem 11.2.5.) a

Hence, in the sequel we shall assume that the property
2.4) **S*(%, E; Z) has weak normal crossings with E”’

is satisfied, jointly with the properties (0.1} and (0.2).
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DEFINITION 2.7. Let k=2 be an integer. A cycle o of order k for (¥,E) is an
application

0:Z/(k)— {appropriate curves}xSing*(%, E; Z)

Q.5 isa()=(Y;,P)

satisfying the following properties:

(@) Y;=+Y,, if i%j.

(b) P,.EY,NY,,,, for all iEZ/(k).
Denote by Cycl{(&, E; Z) the set of cycles of order k. The set of cycles Cyc%, E; Z) is
defined by

(2.6) Cycl(%,E;Z) = ku CyclX%,E;Z).
=2

Remark 2.8. The set of cycles Cycl( %, E; Z) is a finite set.

PrOPOSITION 2.9. Let Y be a permissible center for (¥,E). Let n: X' —>X be the
blowing-up with center Y. Let (¥',E") be the adapted strict transform of (¥,E) by &
and put Z'=n"Y(Z). Then there is an injective application

2.7 ¢:Cyc(F',E';Z")— Cyc(F,E; Z).
Hence #Cyc(%',E’; Z")<s#Cycl(%,E; Z).

Proof. Any cycle in Cycl(¥',E';Z') comes from a cycle in Cycl(#,E;Z) by
adding eventually the curve Y’ of (2.3) instead of the center of zz. (For more details, see
[7], Proposition 11.3.3.) o

As in [7], we shall state an additional assumption, called Hypothesis of Local
Control, which will allow us to end the proof of Step B. The Hypothesis of Local
Control is the key of the proof of Step B and we shall devote §3 to show in a detailed
way that it always holds.

HyproTHESIS OF LocaL CoNTROL. It does not exist an infinite sequence
2.8) {X(@), 2(), EG), (), UG, Y(), P(), 2(i+1)}iz0

such that (X(0), Z(0), E(0), F(0)=(X, Z, E, ¥) and the following properties hold for all
i=0:

(@) UG) is an open set of X(i), Y(i) is a permissible center for (F(i)|ay, E@) N UWD))
and P(i) € Y({) 0D UG) n Sing*(F (D), E(), Z(i)).
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(b) #(i+1): X(i+1)—>U@) is centered at Y(i) and (F(i+1), E(i+1)) is the adapted
strict transform of (F()|ag), EG@) N UG)) by n(i+1).

(©) a(i+1) PG+ 1))=P@); ZG+ D=n"Y(Z() n U@)).

(d) If Y()={P())}, then there is no appropriate curve of (¥(i), E(i)) being permissi-
ble at P().

(e) If Y(i)={P(i)}, then Y(i) is an appropriate and permissible curve for
(F Do, E@ N UD).

Remarks 2.10. (a) Recall that the above statement is made under the assumptions
0.1), (0.2) and (2.4).

(b) The properties (d) and (e) determine what kind of strategy has been followed in
order to do the local blowing-up n(i+1). '

(c) The property (e) is redundant in our context, since if Y(i)#{P(i)}, then ¥Y(i) must
to be a curve, Y(i)3 P(i), which is permissible and hence appropriate by Remark 2.2.
We do not eliminate this property (e) in order to keep the parallelism with the
corresponding statement in [7], I1.(2).

THEOREM 2.11. Assume that the Hypothesis of Local Control holds. Then, after
finitely many permissible blowing-ups we may assume that

2.9 Cyc(#F E;Z)=0.

Proof. By Proposition 2.9, it is enough to destroy a single cycle o. Put
o(1)=(Y, P),0(2)=(T, Q). Now, blow-up repeatedly with the priorities:

(I) If Y is permissible, blow-up Y.

(II) If T is permissible, blow-up T.

(IIT) If Y is permissible at P, but not at another point, blow-up this point.

(IV) If T is permissible at P, but not at another point, blow-up this point.

(V) Blow-up P.
Then, looking over P, in the direction pointed by Y, we see that if ¢ is not destroyed, we
can produce a sequence like (2.8). This contradicts the Hypothesis of Local Control.
(For more details, see [7], Theorem 11.3.5.) O

Hence, let us assume in the sequel that (2.9) holds.

DEeFrINITION 2.12 (Global criteria of blowing-up). Let Y be a permissible center for
(%,E). Let m: X' —X be the blowing-up with center Y. We say that x follows the global
criteria of blowing-up for (%, E) relatively to Z iff the choice of the center Y satisfies the
Sfollowing priorities:
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(D) If there is a point Q € Z—Sing*(F, E; Z) and an appropriate curve I which is not
permissible at Q, then Y={Q} for one of such points Q.

(I} The case (1) does not occur and there is an appropriate curve U which is
globally permissible. Then Y=T for one of suchT.

(111) The cases (1), (I1) do not occur. There is a point P € Sing*(%, E;Z) such that
there is exactly one appropriate curve T passing through P. Moreover, T is not
permissible at P. Then Y={P} for one of such P.

(IV) The cases (1), (1), (A1) do not occur. There is a point P € Sing*(¥,E; Z) such
that there are exactly two appropriate curves T'y and T, passing through P. Moreover,
neither 'y nor T, are permissible at P. Then Y={P} for one of such points P.

(V) The cases (I), (II), (1) and (IV) do not occur. There is a point PE
Sing*(¥, E; Z) such that no appropriate curve passes through P. Then Y={P} for one
such point P,

ProrosITION 2.13. In the above situation (i.e. under the assumptions (0.1), (0.2),
(2.4) and (2.9)), if Sing*(F, E; Z)*=D, then one of the cases (1), (1), (IID), AV) or (V) of
the Definition 2.12 occurs. Hence we can always find a blowing-up which follows the
global criteria of blowing-up.

Proof. Assuming that (I), (II), (III), (IV) and (V) do not occur, we are allowed to
find a cycle. Contradiction. (For more details, see [7], Proposition 11.4.2.) O

Remark 2.14. Note that the blowing-up 7 of the Definition 2.12. always respects the
local strategy described in the conditions (d) and (e) of the Hypothesis of Local
Control.

Now, let us end the proof of Step B under the Hypothesis of Local Control. The
arguments are the same ones that in {7], I1.(4.2)~(4.5). Thus we shall only sketch them.

We reason by contradiction, assuming that Step B is not true. Hence we can
construct an infinite sequence of permissible blowing-ups

@10 7 x0 Cx) Cx 2.,

such that each m(i) respects the global strategy of blowing-up. Note also that the
properties (0.1), (0.2), (2.4), (2.9) and the fact Sing*(%, E; Z)+@ are satisfied in each
intermediary step of the sequence ¥.

Now, looking at the centers in & which are points in Sing*(%,E;Z), we can
construct a tree, called ‘‘tree of bad points’’, see [7], Definition 11.4.3, Remark 11.4.4.
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Fig. 19

This tree has an ordering induced by the blowing-ups (i) and moreover, the horizontal
levels are finite sets. (See Figure 19.)

Note that it is not possible to blow-up curves in £ for all the indexes i>>0. In fact,
if this is possible, we contradict the Hypothesis of Local Control by looking at a point
in a curve which has been modified infinitely many times. Hence we always blow-up a
point in Sing*(%, E; Z) after finitely many steps (the situation (I) in Definition 2.12 only
repeats finitely many times). This implies that the tree of ‘‘bad points’’ above is in fact
an infinite tree. Since the horizontal levels are finite sets, we can find in it an infinite
“branch”. This branch provides an infinite sequence of points which satisfies the
conditions of the Hypothesis of Local Control (see Remark 2.14). This is the desired
contradiction.

§3. Local control

This paragraph is devoted to prove the Hypothesis of Local Control stated in the
preceding §2. Hence to the end of the proof of Step B.

Like in the preceding paragraph, we shall follow the ideas in [7]. But in this case we
shall find sligth differences and big simplications with respect to the cases treated in [7],
III. The main difference is that we cannot replace the set Sing*(%, E; Z) by the sligthly
bigger set

3.1 Sam(%,E; Z2)={PEZ; (%, E;{P}))=1, W F,E;P)= 1}

as in [7] for the case ‘‘adapted multiplicity bigger or equal than two’’. Note that there
are simple singularities with w(%, E; {P})=1, (%, E; P)=1, e(E, P)=1,2, which cannot
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be destroyed by permissible blowing-ups. In fact the Local Control is achieved in [7] by
means of a characteristic polygon (inspired in Hironaka’s characteristic polyhedra)
which appears to be empty for the points of Sam(%,E;Z) which are pre-simple
singularities. Hence we lose the Local Control. But for the points in Sing*(%, E; Z) we
still have a characteristic polygon which permits the Local Control. In this case our
argument is contained in the general argument of [7], III, but it is a simpler one. That is
why we do it in a detailed way.

We shall reason by contradiction, assuming that the Hypothesis of Local Control
does not hold. Thus, let us fix a sequence

(3.2) {X(), ZG), ED), F @), UG), YD), PO), 2li+ 1)}z

satisfying the properties (a), (b), (c), (d) and (e) of the Hypothesis of Local Control
stated in the previous paragraph. Also recall that we assume the properties (0.1), (0.2)
and (2.4) in the step i=0 of (3.2) and hence in all the steps. In order to simplify notation,
put

(3.3) e(i) = e(E@), P(0)), for all i=0.

THEOREM 3.1. The Hypothesis of Local Control holds except eventually in the
case:

dimDir(%,E;P)=2 and Dir(#,E;P)=TpF
3.4
for a certain irreducible component F of E.

Proof. If ¢(0)=1, then dim Dir(%, E; P)=2 and if (3.4) does not hold then P is a pre-
simple singularity. Hence e(0)=2. Consider the following cases:

Case 1. e(0)=3 and Dir(%, E; P) does not contain the tangent space of the intersec-
tion of two irreducible components of E, for any two irreducible components of E. If we
draw F and the directrix, this case corresponds to one of the schematic situations of
Figure 20.

The fact that Y(0) is permissible and appropriate implies that
3.5) T Y(0) = Dir(%, E; P)

(see [5], Theorem 4 (i)). Since ¥(0) has normal crossings with E and e(0)=3 then Y(0) is
contained in the intersection of two irreducible components of E. Hence Y(0)={P}.
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...... ...::_'. .'....... ) /

d=2 d=1 d= d=0; d=dimDir(#, E; P)
Fig. 20

Also by [5], Theorem 4 (ii), we may assume that
(3.6) dimDir(%,E;P)=1.

Take a regular system of parameters (x,y, z) of Oy p such that E=(xyz=0) locally at P.
Consider a generator w of %p,

3.7) w=aB bW L B, b =1
Z

x y

Put A=In'(a), B=In'(b), C=In'(c). Assume without loss of generality that a regular
system of parameters (x',y’,2') in Oy, pq is given by

(3.8) x=x'; y=0'4+0x"; z=('+HHx".
Now, consider first the case dimDir(%, E; P)=1. Then
(3.9) DiN% E;P)=(Y-tX=Z-£X=0) (X=In'(x), Y=In'(»),Z=1In'(2)).
In particular (g, £)%(0,0). Assume that £4-0. Note that
A=(Y-CX,Z-EX), B=Y¥(Y-(X,Z-EX) and C=n(Y-LX,Z-§5X).
By the non-dicriticalness, we have that
(3.10) A+B+C=D(Y-(X,Z-EX)+0.
If £+0, then F(1)p( is generated by
(3.11) o = (@(y',z')+x'(...))%’f—' +b'dy' +c'dz

Thus P(1) is a pre-simple point since the directrix (®(Y’, Z')+X'(...)=0) is transversal
to the exceptional divisor x'=0, only component of E(1) at P(1). If {=0, then F(1)p, is
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generated by

(G.12) o' =(®(y, z’)+x'(...))ix’fi +(zp(y',z')+x'(...))dy—y,' +e'dz.

First of all, let us show that the following condition does not occur
(3.13) O(y',2)=24y", A%£0; (', )=’
Assume that (3.13) occurs. Then

(3.14) A=aq,Y+B(Y-EX); B=a,Y; C=a,Y-B(Y-EX), where a,+a,+a,+0.

The integrability condition w Adw=0 implies that

3B ., 8C aC 34 3A 0B
15)  Al-zZZ4+vS- x4 7%8 o -y +x ) =0.
G.19 ( 2oz YSY)+B< Xox Zaz) ( ay ax)

Looking at the coefficient of XY in (3.15), we find that

(3.16) (a+a+az)§=0.

Contradiction. Hence (3.13) does not occur. This implies that

(3.17) Dir(F(1), E(1); P(1)) D Tp(x’ =y’ =0) = (In'(x") = In'(y") = 0).

Thus, we can write

(3.18) w=a s D odrs vp@, b =1, vp(e) =1,
X y

where
(3.19) A'=In'a)=Z'+¢'X",Y) (X'=In'("), Y' =In'(y"), Z' =In'(2")).

Put B’=In'(y’'). Then the integrability condition ®’ Adw’=0 implies that B'=1A’. Thus
P(1) is a pre-simple singularity. Contradiction.
Assume now that dimDir(%, E; P) =2. Then

(3.20) Dir(%,E; P) = (Z+AX+uY=0)

where A+0+u. Note that A+B+C=&(Z+iX+uY)*0. If e(1)=1, we can reason as in
(3.12) and if e(1)=2 we find directly the condition (3.17) and we reason as above. The
case ¢(1)=3 does not occur since by [5], Theorem 4 (ii), we have



SEPARATRICES AND DESINGULARIZATION OF FOLIATIONS 75

v

(3.21) E+A+ut=0,
which has not the solution (¢, £)=(0,0). This ends the proof of Case 1.

Case 11. e(0)=3 and Dir(%, E; P) contains the tangent space of the intersection of
two irreducible components of E. If we draw E and the directrix, this case corresponds
to one of the schematic situations of Figure 21.

Consider first the case dim Y(0)=1. By [5], Theorem 4 (ii), necessarily

(3.22) dimDir(%,E; P) =2.
Thus, put
(3.23) Dir(#,E;P)=(Z-EX=0), £+0.

Then Y(0)=(x=z=0) by [5], Theorem 4(i). By [5], Theorem 4(ii), a regular system of
parameters (x’,y’, z') of Oy, p is given by

(3.24) x=x"y; y=y'; z=(@'+&x'.

We have that A=A(Z—&X), B=u(Z—&X), C = o(Z—EX), with A+u+0=+0. Then F(1)pq)
is generated by

(3.25) o =((/‘L+u)z’+¢’)a;—)f +(ﬂz'+¢')éy>—f- +e'dz,

where @', 9’ €(y’, x') Oy pgy- Thus we have (3.17) and P(1) is a pre-simple point.
Consider the case Y(0)={P}. Assume first that dim Dir(#, E; P)=1. Put

(3.26) Dir(%,E;P)=(Y=Z=0).

We have that A=¢@(Y, Z), B=y(Y,Z), C=n(Y,Z). A regular system of parameters
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(&',¥',2') of Oy, py, is given by
3.27) x=x's y=y'x'; z=2'x'".
Then F(1)p, is generated by

o' =@, )2 (. N E (', )+ ) iy, 2+

(3.28) o y ¢

=a’di,+b’iy,—+c’d—z,—
X y Z

where =@+ +7. Assume first that
(3.29) @Y, Z),9p(Y',Z"),n(Y',Z") *(A",B",C’)

where A'=In'(a’), etc. In this case we are in one of the situations of the case I above,
hence we are done. Otherwise, we repeat the same situation. But this situation cannot
be repeated indefinitely, since this would imply that the curve (y=z=0) is appropriate
and permissible at the point P (see the stationary sequences in Proposition 1.1.10) in
contradiction with the condition (d) of the Hypothesis of Local Control.

Now, consider the case Y(0)={P} and dim Dir(%, E; P)=2. Thus, put

(3.30) Din(%,E;P)=(Z-tY=0), {+0.

If e(1)=2, we find the condition (3.17) and hence P(1) is a pre-simple point. Thus,
necessarily e(1)=3 and hence we have equations like (3.27). Then F(1)p(, is generated
by

I} r ! 14 ! ! ’ ! ' 1 ! ! d !
(33D 0'= (@ =8+ () D+ (ulr ~ 8y ) +x (...))4y’i— ol =8y +x ()
with (4, 4, 0)=+(0,0,0). We see thus that either we repeat the situation or we are in one

of the previous cases. But an argument as above says that the situation cannot be
repeated indefinitely. This ends the proof of Case II.

Note that there are no more possibilities with e(0)=3.

Case I11. e(0)=2. If we draw E and the directrix, this case corresponds to one of
the schematic situations of Figure 22.

Choose a regular system of parameters (x, y, z) of Oy p such that E=(xy=0) locally
at P, If dim Dir(%, E; P)=2, then

(3.32) Din(#, E;P)=(Y-{X=0), (#0.
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With computations as above, we see that if e(1)=3, then the condition (3.4) does not
hold. Hence we are done. If e(1)=1 (only possibility), we find a pre-simple point. If
dim Dir(&%, E; P)=1 and (3.17) holds, then we are done. Hence the only possibility is

(3.33) Dir(#,E;P)=(X=Y=0).

Now, necessarily Y(0)={P} and e(1)=3. Moreover dim Dir(¥(1), E(1); P(1))<1 and thus
the condition (3.4) does not hold, hence we are done. This ends the proof of the
theorem. d

Thus, in view of the theorem above, we shall assume in the sequel that the
condition (3.4) holds at each step of the sequence (3.2).

LemMA 3.2. e())=2 for each i=1.

Proof. It is enough to prove that e(1)=2. By the condition (3.4) and by [5],
Theorem 4 (ii), we see that P(1) is both in the exceptional divisor of 7z(1) and in the strict
transform of the irreducible component F of E. Hence e(1)=2. O

Hence, in the sequel we shall assume that e(i)=2, for all i=0, without loss of
generality.

DEFINITION 3.3. A regular system of parameters (x,y,27) of Ox p is said to be
“prepared’’ iff the following properties hold:

(3.34) (xz=0cEc(xyz=0), locally at P.
(3.39) Din(%,E; P) = (In'(2) = 0).

(A prepared regular system of parameters always exists.)
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Given an element f€ Oy p such that vp(f)=1 and a regular system of parameters
(x,y,2) of O p, let us define the characteristic polygon A'(f;x,y;z) (see [S5) and [7]).
Let us write

(3.36) F= D YD = D fuox™y + 2.
hi

i
We define the characteristic polygon A'(f;x,y;z) by
(3.37) ANfix,y;2) = [[{(h, D; fio+ O}1 = R?,

where [[...]] means the positive convex hull. That is, if TR, (where Ry={t€ER;=0})
then

(3.38) [[T1] = convex hull of T+Ry* = Ry’

Fix a prepared regular system of parameters (x,y,z) of Ox p and consider a
generator w of %p

(3.39) o=a® sbdy+cB if e0)=2.
X Z

(3.40) w=aP b D 1.9 it 0)=3.
x y z

DEeFINITION 3.4, In the above situation, the characteristic polygon
AFE;P;x,y;2)=A
is defined to be
(3.41) A =[[A"a;x, y; DU A (yb; x, ;) UA (c;x, ¥ 1), if e(0) =2,
(3.42) A=[[AYa;x,y; D UAYb;x, y; 211, if e(0)=3.

Remarks 3.5. (a) A=A(%,E;P;x,y:z) does not depend on the particular choice
of w.

(b) A+d. Since otherwise z divides a, b, c.

(c) The vertices of A have entire coordinates.

(d) If (v, v,) EA, then v,+v,>1. Otherwise we contradict either (3.35) or the fact
vp(b)=1.

(e) Ac{(u, v); u=1) iff (y=z=0) is appropriate and permissible at P,

(f) Ac{(u, v);v=1} iff (y=2=0) is appropriate and permissible at P.
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Let (a, §) be the vertex of A which has lowest abcisse a. We shall call it the main
vertex of A. Our argument will be based upon the controll of (a, §).

THEOREM 3.6. Fix a prepared regular system of parameters (x,y,z) of Ox p. Let
(a, B) be the main vertex of the characteristic polygon

(3.43) A= A%, E;P;x,v;2).
Assume also that the following situation does not occur
(3.44) e©=3 and e(l)=2.

Then, there is a prepared regular system of parameters (x',y',2') of Oy, pqy SUCh that if
(a', B') is the main vertex of the characteristic polygon ‘

(3.45) A'=A(F(1),EQ1); P(1);x',y";2")
then we have that
(3.46) B <p.

Moreover, we have strict inequality in (3.46) unless eventually in the following cases:
(A) Y(0)=(x=2z=0).
(B) Y(0)={P(0)}, P(1) & strict transform of (x=0) and (x'=0) is a local equation of
(1)~ (P(0)).

Proof. Assume first that Y(0)={P(0)}. Then, by (3.35), a regular system of parame-
ters (x',y", 2) of Oy pgy, is given by one of the following equations:

(3.47) T-1,8: x=x"; y='+Dx'; z=z7'x".
(3.48) T-2: x=x'y'; y=y'; z=27y'.

Note that if {=+0, then e(0)=2, since (3.44) does not occur. In this case, a coordinate
change

(3.49) yi=y—&x

does not modify the main vertex (a,8) of A and hence we can assume that {=0 without
loss of generality.

Note that the condition (3.34) of Definition 3.3 holds trivially for (x’,y’,z').
Moreover, if (3.35) does not hold for (x',y’, z'), then we are in the cases studied in
Theorem 3.1, i.e. the condition (3.4) does not hold. Hence (x',y’, z’) is prepared.
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Now, we see that
(3.50) A'=[[oy(M)]], if T-1,0.
(3.51) A" =[[o(M)]], if T-2
where 0;,i=1,2, are the affine mappings given by
(3.52) o(u,v)=(u+v—-1,v)
(3.53) oy(u, v) = (u, u+v-—1).

Note that a<1 (actually a=0) since otherwise (x=z=0) would be an appropriate and
permissible curve at P, in contradiction with condition (d) of the Hypothesis of Local
Control. Thus, in the case T—2, we have that

(3.54) B =a+p-1<p.
If T-1,0, since the polygon moves horizontally, we have that
(3.5%) B <8.

Note that this case corresponds to the case (B) in the statement.
Assume now that Y(0) has dimension one. By [S], Theorem 4 (i), we have that

(3.56) TpY(0) = Dir(%, E; P) = (In'(z) = 0).

Since Y(0) has normal crossings with E and (z=0) is an irreducible component of E,
then

(3.57) Y(0)c(z=0).

We have two possibilities:

(3.58) Y0)=(x=2z=0).
(3.59) Y(0) is transversal to (x =0).

Assume first that Y(0)=(x=z=0). Then, by (3.35) and [5], Theorem 4(ii), a regular
system of parameters (x',y’, z') of Oy, p is given by the equation

(3.60) T-3: x=x'; y=y'; z=x'7.

The condition (3.34) of Definition 3.3 holds trivially for (x',y’, z’). Also (3.35) holds as
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above. Hence (x',y’,z') is prepared. Also, we have that

(3.61) A" ={[ox(A)]]
where
(3.62) o(u, v) = (—1,v).

In particular, we have that

(3.63) (@', p)=(a—1,PB).

Note that we are in the case (A) of the statement. Note also that this situation does not
occur indefinitely, since a cannot drop indefinitely. Assume now that Y(0) is transversal
to (x=0). If e(0)=3, then Y(0)=(y=z=0), since Y(0) has normal crossings with E. In the
case e(0)=2, then

(3.64) Y(0) = (z =y+ > Lx'= 0).
iz]

But the coordinate change

(3.65) yi=y+ > &

izl

does not modify neither the fact that (x, y;,z) is prepared nor the main vertex of the
characteristic polygon. Hence, we may assume that

(3.66) Y(0)=(y=2=0).
Then, a regular system of parameters (x',y’, z') of Oy, pq is given by
(3.67) T-4: x=x'; y=y'; z=y'7.

We see as above that (x’,y’,z’) is prepared and

(3.68) A" = [[odM)]),

where

(3.69) o4, v) = (u,v—-1).

Hence

(3.70) g =p-1<p.

This ends the proof. a

6—928285 Acta Mathematica 169. Imprimé le 20 ao0t 1992
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CoRrOLLARY 3.7. If the situation
(3.71) e()=3, e(i+1)=2
occurs only for finitely many indexes i=0, then the Hypothesis of Local Control holds.

Proof. We can assume without loss of generality that (3.71) does not occur at all.
In this case, the preceding proof shows us how to choose a prepared regular system of
parameters (x(i), y(i), z(9)) at each step i=0, and hence an invariant (i), for each i=0.
Also we can assume without loss of generality that

(3.72) B =p0) for all i=0.
(3.73) e()=e(0) for all i=0.

Now, up to an eventual coordinate change

3.74) YO) 5 YO+ X, &, x(O)

izl

which does not modify our argument, and in view of the conditions (A) and (B) of the
preceding theorem we can assume without loss of generality that

3.7% P(i) € strict transform of (y(0) = z(0) = 0).

This implies, in particular, that we never do the coordinate change of (3.49). Hence, for
the characteristic polygons A(i), i=0, we have that

(3.76) AG) = [[0,4© - © O, AOD]]

where £(1)=1 or 3 (notations as in the previous proof). Assume that A(0) has a vertex
(7(0), 6(0)) with

3.77) 0(0)<1 (hence 6(0)=0).
Then, the corresponding vertex (y (i), 3(i)) in A() is given by
(3.78) r®,00) = ¥0)—i,0), i=0

in view of (3.76). This is a contradiction, since ¥(0) cannot drop indefinitely. Thus, we
have

(3.79) AQ) = {(u,v);v=1)
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and this implies that (y(0)=z(0)=0) is appropriate and permissible at 'P(O). Now, since
the transformation 7—3 does not repeat indefinitely, we may assume without loss of
generality that Y(0)={P(0)}. But this contradicts the property (d) of the Hypothesis of
Local Control. O

Now, in order to end the proof of the Hypothesis of Local Control, we shall prove
that the situation (3.7.1) occurs in fact only finitely many times.

Take a prepared regular system of parameters (x,y, z) of Oy p. Let (a, 8) be the
main vertex of A=A(%, E;P;x,y;z) and let w be a generator of %p

(3.80) wza% +hdy+c3Eif e0)=2.
Z
(3.81) w=a® 1 p D L 9 i 0)=3.
X y Z
Let us write
(3.82) a=@x,y)+z(...).

(3.83) yb=W(x,y)+z(...), if e(@)=2; b=W(x,y)+2z(...), if e0)=3.
(3.84) c=p(x, y)+z(...).

Thus, we have that

(3.85) <p=/llx“y’3+¢'; lIJ=/12,\6"‘y’3+lI"; Q=/13x"yﬁ+g'
where:

(3.86) @', W', 0 €Y x** ) Cllx, yl1.

(3.87) (A1,42,43) % (0,0,0).

DerinNiTION 3.8. In the above situation, we say that the main vertex (a,3) of A is
non-resonant iff one of the following conditions is satisfied:

(a) A;3=0.

(b) A3=0, pA1+qA,+0 for all p,gEN,.

LEMMA 3.9. Assume that the condition (3.44) does not hold and that we are in the
situation of Theorem 3.6. Let (x',y',z') be obtained from (x,y,z) as in the proof of
Theorem 3.6, Assume also that we have
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(3.88) (a',f)=0i(a,p), i=1,2,30r4

if 7(1) is given respectively by (T—1,§), T—2, T—3 or T—4. Then the main vertex (a', B')
of A is non resonant if the main vertex (a,B) of A is non-resonant.

Proof. The coordinate changes y<y; in the proof of Theorem 3.6 do not modify the
values (4;,4,,4;). Hence we can assume without loss of generality that n(1) is given
either by (T—1,0), or by T—-2, or by T—3, or by T—4. In particular monomials are
transformed into monomials. The condition in (3.88) implies that the monomials who
contribute to (a’, B’) are exactly the transformed monomials of the ones who contribut-
ed to (a, B). Hence, the corresponding values (1';,4',4';) are given exactly by:

A, A A1) = (A A+ Apy Ay Ag),  if T—1,0.
(1,1’1'2’)"3)=(AI’AI+A’2+}'3’A’3)’ if T_2.

(3.89) ', A5, A0 = (A 445, Ay As), if 7-3.
A, A A ) = (A4, 4,445, 49), if T-4.
Now the proof is straigthforward. O

THEOREM 3.10. The situation
(3.90) e(=3, e(i+1)=2

occurs only for finitely many indexes i=0. Hence the Hypothesis of Local Control
always holds.

Proof. Assume that e(0)=3, e(1)=2. Fix a prepared regular system of parameters
(x,y,2) of Oyxp. Since e(1)=2, necessarily Y(0)={P} (actually if (3.4) holds and
dim Y(0)=1, then e(1)=3 by {5], Theorem 4 (ii); now, looking at the proof of Theorem
3.1, we see that Y(0)={P}). A regular system of parameters (x',y’,z") of Oy, pg, is
given by

(3.91) T-1,& x=x', y=O'+0)x", z=2'x"; {+0.

Moreover, the non-dicriticalness of (%,E) shows easily that (x',y’,z') is prepared
(recall that (3.4) always holds). Hence, we have (in view of Theorem 3.6 and the
above argument) a procedure to choose a prepared regular system of parameters
(x(@), y(i), z(i)) at each step i=0, even if (3.90) holds. Hence, we have an invariant (i) for
each i=0, where (a(i),(i)) is the main vertex of the corresponding characteristic
polygon A(i).
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Now, let us reason by contradiction, assuming that (3.90) holds infinitely many
times. Also, in order to simplify notations, assume now that ¢(0)=2 and e(1)=3.
Given an index i=0, put

(3.92) i=max{j=0;j<i,e(j)=2}.
(3.93) iy =min{j=0;j>i,e(j)=2}.
Both i_ and i, are well-defined and they are finite numbers. Also note that
(3.94) i<iy and (iy)-=i,.

Assume that the following statements are true:
(3.95) Bli.—1D)+1=4(,), forall i=0.
(3.96) If B(i,—1)+1= (i), then the vertex (a(i,), B(i+)) is non-resonant.
(3.97) If (a(i;—1), B(i,—1)) is non-resonant, then B8(i.—1) = B(3.).
Let us show that we find then a contradiction. If i, =i_+1, then
(3.98) BlG_)Y=p3,)
by Theorem 3.6. If i,>i_+1, then-
(3.99 By =BG_+D)+1=283G, —1D)+1=8G,)
by Theorem 3.6, Remark 3.5 (¢) and (3.95). In any case, we have that
(3.100) BG-) = BG.).

Now, by (3.94) it is enough to show that given M=0 there is i=M such that in (3.100) we
have strict inequality. Fix an index i=0, and assume without loss of generality that
e()=3, e(i+1)=2. Assume also that

(3.101) pG-) = BG.).
This implies that

(3.102) BG-) =BG+ D+1= B, —D+1=B(i,) =BG_).

Hence, by (3.96) the vertex (a(i,),B(i,)) is non-resonant. Now, let j=max{h=i,;
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e(h) =2}. We have that

(3.103) Bl =B+ D=...28().

If one of the inequalities in (3.103) is strict, we are done. Hence, we can assume that
(3.104) Bl =BG +D=...=5()).

In particular, the condition (3.88) of Lemma 3.9 holds. This implies that (a(j), 8())) is
non-resonant. Note that j=j_. We have that

(3.105) BG) =BG+ D)+1=4(j_+2)+1=...2(j.— 1)+1.

If one of the inequalities in (3.105) is strict, we are done by (3.95). Otherwise, the
condition (3.88) of Lemma 3.9 holds and thus (a(j,—1),B8(j+—1)) is non-resonant.
Hence, by (3.97) we have that

(3.106) BU-)ZB(j)+1

and we are done.
Now it suffices to prove the statements (3.95), (3.96) and (3.97). Let us simplify
notations as in the beginning of this proof. Assume now that

(3.107) e(0)=3, e(l)=2

and put (x,y,2)=(x(0),¥(0),z(0)), ',y",z")=(x(1),y(1),z(1)), A=(0), A'=A(1), (a,B)=
(a(0), B(0)), (a',B")=(a(1), B(1)). Note that (x’,y’,z’) is given by (T—1, &), £=+0, like in
(3.91). Consider a generator w of %

(3.108) w=aFE p D 4 92
x y z
Put
(3.109) a=@x,y)+z(...); b=y, y)+z(...); c=olx,y+z(...).

Note that (a, §)=(0, 8) (otherwise (x=z=0) is appropriate and permissible at P). Hence
G.110) @=4,y"+¢"s p=Ay*+y"; o=iyl+e; where ¢,y 0'€(y**, 1)

and (4,, 42,43)%(0,0,0). Now put
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Y =y=8x oY) = o(x, )+, )+ y) = D, ¢y’

O*(x, y*) = ¢(x, y*+ix) = E ¢* XY )= 2 VXY
(3.111) . .
P, y*) = 9lx, y*+8x) = 2 YR, 00ny) =D, 0,V

0*(x, y%) = o(x, y*+Ex) = >, 0%, (7).
An easy computation shows that
(3.112) A =[[{(h, D;(Pni Yui» 01) *(0,0,0)}1]
G.113) A =[[{(h+1-1,D;(p*u, 0*) * (0, 0)} U {(h+i—1,i+1);9*u + 0}]].
Now, put
(3.114) 0 = min{h+i; (Ppi, Yni» 01) ¥0,0,0)}.
We obviously have that
(3.115) 0 = min{h+i; (¢*;;, Y*n, 0*n) +(0,0,0)}.
From (3.111) and (3.113), we deduce that
(3.116) a' =06-1.
Note that 0<pf. Assume first that 6<f. Hence, for a certain =1 we have that
G.117) @, -0 ¥¥1, 6= @%1,6-0) ¥ (0,0,0)
(note that if t=0, we contradict (3.110)). But (3.113), jointly with (3.117) implies that
(3.118) (6—1,0—t+1DEA".

Hence f'<d—t+1<6<p and (3.97) (and a fortiori (3.95), (3.96)) holds.
Hence, let us assume that 6=p8. If 1;%0 or 1;+4,+1;%0, we find that

(3 1 19) (¢*0/3, Q*oﬁ) * (0, 0)
and hence
(3.120) (B—1,B)EA'.

This implies, jointly with (3.91), that 8'<f. But the above holds if (a, ) is non-
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resonant, hence (3.97) (and a fortiori (3.95) and (3.96)) holds. Assume that A1;=0 and
that 4,+4,=0 (this is a resonant case, hence (3.97) always holds). Then, in particular
A>#0 and by (3.113) we see that

(3.121) (B—-1,B+1EA’".

This implies that §’<f8+1. Hence (3.95) holds. Assume now that §’'=+1 (only case for
(3.96)). By (3.113), this implies that

(3.122) (@*1, 0*) =(0,0), h+i=p implies that i=f+1.
(3.123) Y¥*+0,h+i=f implies that i=g.
Hence, the only possibility is that
¢* = 0-xF1yP*1 4 (p*)
(3.124) yy* = Ay xP Ty 4 (pry
o*= O-xﬂ”yﬂ+'+(g*)',
where
(3.125) @%)', (W*)", (%) E(xFyP*2, xF),
Note that %(1)p(, is generated by
(3.126)

@= (¢*(x"y')+z'(---))% +(E+y) 7 (e, YN+ (L)) dy (oM, y')+z’(...))%—.

Now, (3.126) jointly with (3.124) show that the corresponding values (1’|, 4';,4'3) in this
case are

(3.127) (A", A',4'3)=(0,1,0).

Hence the main vertex (8—1,8+1) is non-resonant. This proves (3.96) and the proof is

ended. O
Part IV. Existence of separatrices

§1. Existence of a convergent separatrix

Let X be a nonsingular connected analytic space over C of dimX=3. Fix a point PEX
and a non-dicritical (%, Q)€ F(X, D). This paragraph is devoted to the proof of the
following result:



SEPARATRICES AND DESINGULARIZATION OF FOLIATIONS 89

THEOREM 1.1. The singular foliation (%,D) has a convergent separatrix S at the
point P.

First of all, let us fix a sequence of desingularization

a.1 X0 2x1) 2 .Y xN)

as given in the Desingularization Theorem of Part III. In particular, let us recall that:
(a) X(0)=X is an open set with P € X(0).
(b) For each i,0<i<N:
(b1) Let (#(), E()) € F(X(), E(i)) be the adapted strict transform of (F|xq), D)
under the composition z(1)o...ox(i).
(b2) Put (9(), D) = hol((F (D), E(i))).
(b3) Z(@)=(x(Do...ox@) " (P).
(Note that Z(i))cE(i) and each irreducible component of Z(i) is also an irreducible
component of E(i).)
(c) Each point Q € Sing(9(N), Q) is a simple singularity for (¥(N), E(N)).

Note that if we replace X(0) by any open set X'(0) with P € X'(0)cX(0), we obtain
also a sequence of desingularization like (1.1).

LemMa 1.2 (Up to make X(0) smaller). There is a closed analytic curve T'=X(0)
with PET which is irreducible at P such that:

(a) C'¢Sing(%, ).

(b) T is an invariant analytic space for (¥,).

Proof. By the Transversality Theorem in [18], VI.2, there is a germ AcX(0) of a
non-singular analytic surface at P, such that the restriction %|, has an isolated
singularity at P. Hence (¥|,, @) € (A, D). In particular no curve in A is contained in
Sing(#, ). The main theorem in [4] implies that there is an invariant curve T of %|s
passing through P. Obviously T is also an invariant curve for (%, D). 0

Now, fix a curve I' as in the preceding Lemma 1.2. Denote by I'(}) the strict
transform of T by #(1)o...oxn(i), for 0<i<N. Let P(i) be the only point in E@) NT().
(Note that P(j) €Z(i).) Moreover P(i) € Sing(%(i), D), since otherwise the only leaf of
(%4(), D) locally at P(i) is the divisor E(i) and this contradicts the fact that T'())¢E() is
contained in a leaf.

LEMMA 1.3. We can assume without loss of generality that the two following
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[

I'(N)

E(N)
P(N)

Fig. 23

properties are satisfied:
(a) I'(N) is non-singular and has normal crossing with E(N).
(b) e(E(N), P(N))=1.

Proof. By standard results on desingularization of curves we may blow-up the
point P(N) finitely many times in order to have the property (a). Note that
P(N) € Sing(4(N), D) permissible center for (¥(N), E(N)). Now, (b) is a consequence
of (a) and the fact that e(I'(N), E(N))=0. O

Let us consider the analytic subset of X(N) defined by
(1.2)  ¥'= U{irreducible components Y of Sing(4(N), D) with e(E(N), Y)=1}.

Recall that each irreducible component Y of Sing(%(N), Q) is a non-singular curve and
e(E(N), Y)=1 and moreover it has normal crossings with E(N) (Part II).
Let us show that ¥=+J. Looking at the point P(IN) we have that

(1.3) e(E(N),P(N))=1.

This implies that there is a unique irreducible component Y, of Sing($9(N), <) such that
P(N)€Y, and necessarily e(E(N), Yo)=1. (See Figure 23.)
Now, let us consider the decomposition of ¥ into connected components

(1.6) V=YU¥ U...U¥
and let us assume that ¥, is the connected component of ¥ which contains Y.

LLEMMA 1.4. For each point Q€ ¥V, there is an open set UcX(N),Q€ U, and an
element fET(U, Oy such that the following properties hold:

(@) (f=0)=is an irreductible hypersurface of U.

®) (fFONENINU=V,NU.
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(c) For each Q'€ VyN U, then the germ of f at Q' gives the only separatrix of
(9(N), D) ar Q' which is not an irreducible component of E(N).

(d) For each point RE€ Z(N)— Y, then there is an open set WcX(N), WIR, such
that Wn(f=0)=0.

Proof. Let us consider the set
(1.7) H={QEY,; we can find f and U satisfying (a)-(d)}.

Obviously #< ¥ is an open set of ¥}. Let us show now that ¥ is a closed set of 75. Let
<V, be the closure of #. Pick a point Q € H— ¥. We have two possibilities:

(@) e(E(N), Q)=1.

(b) e(E(N), Q)=2.

In the first case, there is exactly one irreducible component Y of Sing(%(N), ) such
that Q€Y. In fact Y= %;. (See Figure 24.)

If there is no convergent separatrix at Q, it is the same for the points Q' €Y, Q'
near Q, in view of the local analytic triviality along Y proved in Part II. This contradicts
the fact Q€ 9. Hence, there is a convergent separatrix at Q. The local triviality allows
us to find easily %, f with the properties (a)-(d). Hence Q€ #. Contradiction.

Assume now that e(E(N), 0)=2. Then there are exactly two irreducible compo-
nents Y; and Y, of ¥ such that Q€ Y,nY,. In fact Y;, Y, ¥,. (See Figure 25.)

I,

Fig. 25
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Up to change the order, for Q' € Y, arbitrarily near of Q, we have Q' € . Hence,
by Proposition 11.5.5, we know that the only formal separatrix at Q is in fact a
convergent one. This allows us to find without difficulty %, f with the properties
(a)—(d). Contradiction.

Hence $=3%. Moreover, consider the analytic local triviality at P(N) along Y.
Since I'(N) is contained in a separatrix, we deduce that this separatrix is in fact a
convergent one. This implies that P(N) € . By connectedness we find that #=%,. O

COROLLARY 1.5. There is an irreductible hypersurface S(N)cX(N), S(N)¢E(N),
which is an invariant variety for (4(N), D).

Proof. Given Q€ Y, let (U, fp) be the data of Lemma 1.4. Up to make X(0)
smaller, there is a finite number of points Q,, ..., @, such that

(1.8) Vyc U,

cers

Given RE Z(N)— ¥, denote by Wy ; the corresponding data in Lemma 1.4 to the point
0;,i=1,....,k. Put
(1.9 We=0N,_,

.....

By compactness of Z(N), we can cover Z(N) by a finite number of open sets Wg and
Ug. In particular, up to make X(0) smaller, we may assume that

(1.10) X(N) < (UgWRIU(U,y ¢ Ug).
Now, let us define S(N) by

(1.11) S(IN)N Ug; = (fgi=0)
(1.12) SIN)NWr=0.

Note that (1.12) does not contradict (1.11). Also, by the uniqueness of the separatrices
we see that

(1.13) (for=0)N Uy N Uy = (fr = 0V Uy N Uy

and hence S(NV) is a well defined closed hypersurface of X(V). Obviously S(N) is non-
singular. Since ¥} is connected and

(1.14) S(N)NEWN)=Y,
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Fig. 26

then S(&) is connected. Hence S(N) is irreducible. Moreover since S(V) is an invariant
variety at P(N), then S(N) is invariant at each point. ]

Now, in the above situation, let us put
(1.15) S =(@()o...ox(N))(S(N)) = X(0).

By the Proper Mapping Theorem and the fact S(N)£E(N), we see that S is an
irreducible hypersurface of X(0), with PE€ S. Looking at a point Q in S—Sing(%, D), we
see that S is an invariant variety. This ends the proof of the Theorem 1.1.

§2. Formal separatrices

Let us fix a sequence of desingularization (1.1) like in the previous paragraph. Now,
consider a point Q € %, where U is defined as in (1.2). We know that there is exactly
one (formal or convergent) separatrix Sy of (4(N),Q) at Q, such that Sy is not an
irreducible component of E(N). We have two possibilities:

(D (E(N),Q)=1, and hence % is given locally at Q by a non singular curve
contained in E(N).

(ID (E(N), @)=2, and hence U is given locally at Q by two non singular curves
having normal crossings with E(N).

Moreover

2.1 SoNEN)= %, formally at Q.

(See Figure 26.) ‘
The arguments in the preceding paragraph show that if S, is convergent, then the
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connected component %; of % which contains Q determines a convergent separatrix S;
of (%,J) at the point P € X(0).

Conversely, let S be a convergent separatrix of (%,J) at the point P€X(0) and
consider the strict transform S(N)cX(N). Note that

2.2) S(N)NE(N)
is connected. Pick a point Q€ S(N)NnE(N). Then Q€ U and
(2.3) S(N)= Sy, locally at Q.

Thus S(N) is the invariant variety of (4(N), @) which has been constructed from the
component U=S(N)NE(N) of %. Hence we have a bijection:

connected components

2.4) [wnverfgeg} ;epatra;rices] o | % of % such that S, is
&+,
of ( )a convergent for a Q€ 4,

In this paragraph we shall extend the above bijection to the formal separatrices. More
precisely, we shall prove the following result:

THEOREM 2.1. There is a bijection

formal or convergent rod ot
(2.5) separatrices of (%,Q) [connec €¢ components ]
at P of U

such that each separatrix S of (¥,D) at P corresponds to S(NYNE(N), where S(N) is
the strict transform of S under n(1)o...on(N).

Note that, with our definition of simple singularities, the formal separatrices are
““disjoint’” after desingularization, in the sense that two of them never have a common
formal curve. Note also that if S is a formal separatrix of (¥,J), then we can do the
correspondence

(2.6) S S(N)NE(N)

exactly as in the convergent case. Hence, the only remaining problem is to show that
the map of (2.5) is a surjective map. In other words, we have to show that the formal
separatrices Sy ‘‘glue’” along a connected component of % in such a way that they
project to a formal separatrix at P € X(0). The nature of the formal coordinates defining
So, which was investigated in Part II, will make us able to do that.
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Let us.express our results in terms of the theory of formal analytic spaces (cf. [2]).
At each step =0 of the sequence (1.1), put

2.7 X()) = formal completion of X(i) along Z().

This means that X() is a locally ringed space (Z(i), Oy,), whose structural sheaf is

0
2.8 Oy = lim —22
T (I

where $,, is the sheaf of ideals defining Z(i)cX(i). The sequence of morphisms in (1.1)
gives rise to a sequence of morphisms of formal analytic spaces

2.9) 202202 ... Lxmw.

DEFINITION 2.2. Given an index i=0, an irreducible hypersurface ¥ of X(i) is a
coherent sheaf of ideals #c Oy, such that:

(a) # is locally free of rank one.

(b) For each point PEZ(i) then #p= fOz).p and f is an irreducible element of the
formal completion @X(f), p Of Oz, p along its maximal ideal.

(¢) The support Supp(Oy,/#) is connected.

Remarks 2.3. (a) The above definition is not a standard one. Actually, for this
special sequence (1.1), the conditions (b) and (c) of the above definition are equivalent
to say that there is no decomposition =%, #,.

(b) In the case i=0, we have Z(0)={P}. Hence

(2.10) X(0) = ({P}, Og)

and Oy, p is the formal completion of 0y, » along its maximal ideal. In particular, if
(x,y,2) is a regular system of parameters of Oy, p, then

(2.11) @X’(O),P= Cllx, y, z]1.

Hence, any irreducible hypersurface of X(0) is given by an irreducible formal power
series fEC[[x, y, z]I.
(c) For each point Q € Z(i), we have that

2.12) Oxi.0 < O o & @Xm.g = @xm.Q'

(d) Each irreducible hypersurface S(i) of X(j) produces in an evident way an
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irreducible hypersurface S(i) of X(i). To see this, note that
(2.13) S0)=n(1)o...on(@) (S@E)

is an irreducible hypersurface of X(0) (except if S() is an irreducible component of
E(), hence it is given by an irreducible convergent series f€ Oy, p, and then f€ Oy, »
is also an irreducible formal power series. Now, S(i) is the strict transform of S(0); this
allows us to verify the properties (b) and (c) of Definition 2.2. In the case that S(i) is an
irreducible component of E(i), we see directly that S(i) is an irreducible hypersurface of
XG).

LEMMA 2.4. Fix anindex i, 0<i<N—1, and let us consider an irreducible hypersur-
face ¥ of X(@) which is not an irreducible component of E(i). Let FcE(i+1) be the
exceptional divisor of 7(i+1) and let $¢ be the corresponding irreducible hypersurface
in X(i+1). Then, there is a unique irreducible hypersurface %' of X(i+1) and an integer
v=0 such that

2.14) HOgir1) = (9" %) Okivry-
Moreover ' is not an irreducible component of E(i+1).

Proof. The hypersurface ¥’ is locally given by the strict transform of the formal
power series generating locally . The details are straightforward. ]

DEFINITION 2.5. In the above situation ¥’ will be called the strict transform of #
by A(i+1).

PRrROPOSITION 2.6. Fix an index i,0<i<N-—1, and let us consider an irreducible
hypersurface ¥ of X(i) which is not an irreducible component of E(i). Let %' be the
strict transform of ¥ by #(i+1). Then, the following conditions are equivalent:

(i) There is a point Q € Supp(Oy,/ ) such that #y=f0g, o» where f gives a formal
separatrix of (4(), D)=hol(ZF(i), E(i)) at the point Q.

(i) For each point Q€ Supp(Oy,/H) then Hy=fOy; o, where f gives a formal
separatrix of (4(i), D)=hol(%(i), E(i)) at the point Q.

(iii) There is a point Q' € Supp(Oy, /') such that ' y=f'Ogisry, o> Where f’
gives a formal separatrix of (4(i+1),2) at the point Q'.

Proof. (i)<>(ii). One sees that (i) gives an open and closed property.
(i)e>(iii). Take Q' € 77 (Q). Now, we can compute in terms of formal equations and
formal strict transforms. a
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LemMa 2.7, Let Uc=C, be a Stein open set and consider
(2.15) z=<]_[x,.=o>n0u
ieC

where x,, ..., x, are the coordinates in C". Let U be the formal completion of U along Z
and let 3 be an irreducible hypersurface in . Then U is generated by a single global
section.

Proof. Let ¥ be the ideal defining Z. Consider

(2.16) g™ = %J’(fz)mc Ou __Oa X
()" (F)" (I

Now, standard arguments over Stein spaces show that %™ is generated by a single
global section ™. If m’>m, then ¢ induces in #™ a generating global section
(6™)'. Now, up to multiply ™’ by a unit in the global sections of 0, we can assume
that

(2.17) (0™)" = g™,
Thus, ¢ —0, where o is a generating global section of %. O

The following result is analogous to Chow’s Theorem in Analytic Geometry. In the
Appendix we shall give a direct proof of it.

THEOREM 2.8. Let us fix an index i,0<i<N-—1, and an irreducible hypersurface
H(i+1) of X(i+1) which is not an irreducible component of E(i+1). Then there is a
unique irreducible hypersurface (i) of X(i) such that ¥(i+1) is the strict transform of
(@) by A(i+1).

Now, we can end the proof of Theorem 2.1 as follows. In Part IT we have seen that
the formal separatrices are given at the simple singularities by elements in the local
rings of X(N) (see Proposition I1.5.4 and the description in the proof above of the local
sections). Chose a connected component ¥; of ¥. Thus, repeating the arguments of
Lemma 1.4 and Corollary 1.5 in this context we have an irreducible hypersurface
S(N)cX(N) whose support is Zn;, such that S(N) is a formal separatrix at each
point. By Theorem 2.8, then S(N) is the strict transform of an irreducible hypersurface
S$(0)=X(0) which, by the Proposition 2.6, gives the desired formal separatrix at the
point P. 0O

7-928285 Acta Mathematica 169. Imprimé le 20 aolit 1992
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Appendix: Proof of Theorem IV.(2.8)
In order to simplify notation, let us put
X=X(), X=X(), Z=2Z(), Y=Y(), E=E®), n=a(), #=340).
X'=X(i+1), X=X(i+1), Z'=Z@i+1), E'=E(+1), ¥ =H(+1).

A standard argument allows us to glue together the local solutions in X and hence we
can restrict ourselves to the following case:

X={(x,...,x,)ECY; x| <1} = C".
E= (Hx,.=0>; Z= (Hx,:O), for some Cc A
i€A i€C
Y=(x;=0;i€B), forsome Bc{l,...,n}.

We can give a description of the blowing-up 7: X'— X as follows

X'=U .

i€B
Gui= {(yl(i)9 ---)yn(n)EC"; ‘yj(0l< 1 lfj=l OI'JQB}'
0 =x;, if j€B—{i}; ¥ =xlx, if jEB—{i}.

In particular, the U, are Stein spaces. Note that

UNZ' = (H yj<"=0) c
i€C’,

J

where
C';=Cu{i}, if either BAC+QD or C=0; C';=C,if BnC=C and C+J.

(The case C=@ corresponds to the first step in the sequence (1.1); note that in this case
B={1,...,n})

On the other hand, we know that for a fixed a, b € B, a%b, the following morphisms
are bijective

X, 0,)-»IX’, 0y)— (U U U, Oy)

and also

(A.1) [(Z, 0)—[(Z', Og)— T(UU U,, Og).
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Now, since the %; are Stein spaces, by the preceding lemma, there is a section
FET(UNZ', Of)

which generates #' in U;NZ’, In view of (A.1), it is enough to show that we can choose
aunit 4, €ET(U,NZ’, Op)* and an integer 7=0 such that

() u Sy
extends to a section in T((%,UU,)NZ’, Og)*. But note that
So=Fitg, Ul EC(UNUNZ', Of)*.
Assume that the following property is true:

There is an integer ¢ =0 and two elements u,ET(U,NZ’, O¢)* and
4.2 u, €ET(U,NZ’, Og)* such that u,, = (y,) " u(u,)".
Then, we are done, since (A.2) implies that
(A.3) ) u,f,= ) u,f,

and thus (x,) u_f, extends to a section in I'(%,UU)INZ’, O).
It remains to prove (A.2). First of all, let us give a description of the rings of
sections that we need. Given i€B and jJEC';, put

VVj(D= {(yl(D’ m’y"(ﬂe oai; yj(t) =0} =C"

and consider it as a set in C*~' with coordinates y,?, s%j. Let us denote by 0(W,?) the
ring of holomorphic functions defined in W,”. Then, we have that

(A4 T(UNZ', 0p)= N @(u/j(o) [[yj(D]]
J€C;

where the intersection is taken inside the formal power series ring

Ccl[y2-....9]]

Let us consider the two indices a, . Then

UNUNZ' = U W,
JECT,~ ()



100 F. CANO AND D. CERVEAU

where W, =W —{y,9=0}cW/. Let us denote by O(W,,”) the ring of holomorphic
functions defined in W, Note that each element in O(W,@) is defined by a Laurent
series and thus

O(Mb(a)) < C[[)’](a), ceey yj—l(a), yj+](a)1 seey yn(a); (yb(a))_I]] .

Then, we have that

A.5) TUNUNZ', 0= 0 OW, ) [[3]],
e

J€

where the intersection is taken inside the ring
LI, 7% 0]

Moreover, the units in (A.4) and (A.5) are given by

L(UNZ', 04)* = _efg, [(OWD [[y21D*]
Jely
1] * — ] (a) .(a) *7
TUNGIZ, ) = 0 [O0F,)[[51)]

Now, given an index jEC',—{b), let us write

Uy = z ﬂs(abj)( yj(a))s; ﬂs(abj) € O(VVJ b(a))‘

s=0
Moreover, since u,;, is a unit, necessarily
ﬂo(abl) € O(VVj b(a))*_
In particular, it defines a function

(A.6) 1o @2: W, @ — C* = C—{0}.

Note that the fundamental group of W,,® is Z. Hence (1.6) defines a map Z—Z. Let —¢
be the image of 1 under this map. Then

#O(abj)( yb(a))!

defines the zero map between fundamental groups. Thus, we have a lifting
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e C

vyash) e

_- - exp
@~
Wi © *
‘uo(abj)(yb(a))r

i.e., there is an element v,“*’ € O(W,®) such that

(A7) luo(abj)(yb(ﬂ))f = exp(vo(“bf)).

Now, let us write

— b,
Vo = Z vs(a D( yj(a))s

520
and let us consider the equation
(A.8) U (75 @) = exp(v ).

In view of (A.7), by identifying indeterminate coefficients in (yj("))‘ we see that (A.8)
has a unique solution v,,; and

(A.9) Vo € OW, ) [[/]]-
Now, put

Rb(a) = N vvjb(a)
Jjec,—{6}

and denote by p,“ the restriction of 4,“* to R,. Note that
w' Y = n ", for all j,j'€C’,~{b}.
Put ™ =p,*) for some j€ C’',—{b}. Then, we have that
1Ny, @) = exp(v,a®?),

where v,*”’ means the restriction of v,** to R,. Thus, up to modify in a trivial way
4%, we may assume that

v 40 = v (@) = y @) for all j,j'€C',~{b}.
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Hence
(A.10) llO(ﬂb)( yb(a))! - exp(vo(“”)) )

But (A.8) is also obtained in a unique way from (A.10) by identifying coefficients. This
shows that

(A.11) Voo = Ve Tor all j,j' €C’,—{b}.

Put Vab=Va then by (A.9) and (A.11) we have that
v, ET(UNUNZ, Op)
and hence
exp(v,,) ET(U,NU,NZ’, Op)*.
Now, writing v, as a Laurent series in y,” and since y,”=(y,))™!, we can decompose
Vap = O~ Wy,

where
w,€ET(UNZ’',0%); w,€ET(UNZ’, Oy).

u,=exp(w) EN(UNZ’',0p)*; u,=exp(w,) ET(U,NZ’, Op)*.
Thus, we have that
uab(yb(a))t = ua(ub)-1 N

The fact that r=0 follows easily from the identification (A.3). This ends the proof.

References

[1] Aroca, J. M., HiroNAKA, H. & VICENTE, J. L., Introduction to the theory of infinitely near
singular points. The theory of the maximal contact. Desingularization theorems. Mem.
Mat. Inst. Jorge Juan, 28, 29, 30. Madrid CSIC, 1977.

[2] Banika, E., Algebraic Methods in the Global Theory of Complex Spaces. John Wiley &
Sons, 1976.

[3]1 Baugr, M., Feuilletage singulier définie par une distribution presque réguliere. Thése,
Université Louis Pasteur, Strasbourg, 1985.



SEPARATRICES AND DESINGULARIZATION OF FOLIATIONS 103

[4] CamacHo, C. & Sap, P., Invariant varieties through singularities of holomorphic vector
fields. Ann. of Math., 115 (1982), 579-595.

[5] Cano, F., Réduction des singularités des feuilletages holomorphes. C. R. Acad. Sci. Paris
Sér. I Math., 307 (1988), 795-798.

[6] — Dicriticalness of a singular foliation, in Holomorphic Dynamics. Proceedings, 1986,
X. Gomez-Mont, J. Seade, A. Verjovski (eds.). Lecture Notes in Mathematics, 1345
(1988), 73-95. Springer-Verlag.

[7]1 — Reduction of the singularities of non-dicritical singular foliations, dimension three.
Preprint Universidad Valladolid, 61 p., 1988.

(8] Cano, F. & Cerveau, D., Le probléme de la séparatrice, une conséquence de la réduction
des singularités des feuilletages holomorphes. C. R. Acad. Sci. Paris Sér. I Math., 307
(1988), 387-390.

[9] Cerveau, D. & Ecalik, J., Preprint, Rennes-Orsay.

[10] Cerveau, D. & Lins, A., Formes tangentes 4 des actions commutatives. Ann. Fac. Sci.
Toulouse, 6 ( 1984), 51-85.

[11] CervEau, D. & Marre, J. F., Formes intégrables holomorphes singuliéres. Asterisque, 97
(1982).

[12] EcaLLE, J., Les fonctions résurgentes I, I, III. Publ. Math. Orsay.

[13] HiroNaka, H., Resolution of the singularities of an algebraic variety over a field of
characteristic zero, I, II. Ann. of Math., 79 (1964), 109-326.

[14] Inck, E. L., Ordinary Differential Equations. Dover Publications, New York, 1956.

[15] JouaNorou, J. P., Equations de Pfaff algébriques. Lecture Notes in Mathematics, 708.
Springer-Verlag, 1979.

(16] MarTINET, J., Normalisation des champs holomorphes (d’apres Brujno). Séminaire Bour-
baki, 1980, exp. 564. Lecture Notes in Mathematics, 901. Springer-Verlag, 1982.

[17] MaRrTINET, J. & RaMs, J. P., (1) Problémes de modules pour les équations différentielles du
premier ordre. Publ. Math. . H.E.S., 55 (1982), 63-164. (2) Classification analytique des
équations différentielles de premier ordre. Ann. Sci. Ecole Norm. Sup. (4), 16 (1982),
571-621.

[18] Martel, J. F. & Moussu, R., Holonomie et intégrales premitres. Ann. Sci. Ecole Norm.
Sup. (4), 13 (1980), 469-523.

[19] Paui, E., Etude topologique des formes logarithmiques fermées. Invent. Math., 95 (1989),
395-420.

[20] SeDENBERG, A., Reduction of the singularities of the differential equation A dy=B dx. Amer.
J. Math., 90 (1968), 248-269.

[21] SiEGEL, C. L., Uber die Normalform analytischer Differentialgleichungen in der Néhe einer
Gleichgewichtslosung. Nachr. Akad. Wiss. Gottingen Math.-Phys. Kl. II, 1952, pp.
21-30.

Received November 21, 1989
Received in revised form September 21, 1990



