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Chapter 1. The Navier-Stokes equations and the scalar viscosity potential
1. Introduction

The mathematical theory of the Navier—Stokes equations has centered upon basic
questions of the existence, uniqueness, and regularity of solutions of the initial value
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146 G. F. D. DUFF

problem for fluid motions in all of space or in a subdomain of finite or infinite extent.
Such solutions, when they can be constructed or shown to exist, represent flows of a
viscous incompressible fluid. In two space dimensions the theorem of existence,
uniqueness and regularity was essentially completed thirty years ago by the work of
Leray [21], Lions {22] and Ladyzhenskaya [18] who showed that a smooth solution of
the inital value problem exists for arbitrary square-integrable initial data.

For viscous, incompressible fluid motions in three space dimensions, to be consid-
ered in this paper, the theorem of existence uniqueness and regularity has been proved
only for sufficiently small initial data or in special cases such as cylindrical symmetry
that essentially reduce the problem to two space dimensions in some sense. In his 1934
paper [21] Leray considered the possibility of singular solutions in which momentum
locally and temporarily overpowers the smoothing effects of viscosity. Subsequently
the problem of the existence of singular solutions has been widely studied [3, 6, 7, 10,
11, 12, 15, 16, 18, 27, 28, 30, 32, 34, 35, 36, 37, 39, 40] and many results obtained, but
no conclusive resolution of the question has yet been achieved.

The evidence favouring the existence of singular solutions, apart from the possible
implications of repeated failure to disprove their existence, is substantial and has
continued to mount. On the purely physical and observational side, the phenomena of
atmospheric dust devils, tornadoes and other vortices tend to support the conjecture
that singular solutions do occur and to lend a certain significance to the bettter
understanding of them in both their pure and applied mathematical contexts [34].
Ladyzhenskaya [20] has given an example which falls short of being a full singular
solution only in a specific limitation of its spatial domain at the singular instant.
Scheffer {27, 28] and Caffarelli, Kohn and Nirenberg [3] have studied the singular point
set in space time and have shown that it has one-dimensional Hausdorff measure equal
to zero. Scheffer [29] has recently demonstrated a ‘Navier-Stokes inequality’ which
indicates that the magnitudes and solenoidal vectorial properties of a possible singular-
ity are compatible with the equations as well. Foias, Guillopé and Temam [10] have
shown for flows on a three-dimensional torus T* that certain new estimates must hold
for the space derivatives of solutions of the Navier—Stokes equations. These estimates
involve fractional power integrability over the time variable of a space norm, and are a
seemingly natural extension to the higher derivative level of the well known energy
estimates for the Navier-Stokes solutions.

The main result of this paper is to establish such fractional estimates in the case of
a domain with boundary upon which the solution components vanish—the appropriate
fixed-boundary condition for viscous flows. It will be seen that the key to this
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extension is the consideration of time derivatives as well, so that a combined and
extended set of estimates is obtained. The presence of a boundary brings in complica-
tions associated with the pressure variable, and in this paper the related scalar potential
of the viscosity term is analyzed and estimated. Our estimates make possible a limited
characterization of the pointwise behaviour of singular solutions, and also of the initial
behaviour of solutions related to water hammer effects.

Because our estimates apply to Navier-Stokes solutions generally, with minimal
regularity assumptions such as continuity off the singular set, it will follow that the
behaviour of solutions generally will be restricted within a certain range of integrability
and algebraic singular béhaviour. Hopefully the more specific problems of character-
ization thus indicated will be found capable of still more precise resolution.

2. The Navier-Stokes equations

Let x; (i=1,2,3) denote Cartesian coordinates in R® and let ¢ be time. Let uix, 9
(i=1,2,3) be the vector field of velocity components of a fluid flow, and let p(x, )
denote the pressure variable. The constant viscosity coefficient is denoted by v. Then
the equations of Navier—Stokes take the form [21]

u—=—-L L yAu, Q2.1

where i=1,2,3 and k is summed over k=1, 2,3 by the Einstein convention for repeated
indices.

The differential dx denotes the volume element dx;dx,dx; and the Laplacian
operator in R’ is denoted by A=I} 3%3x2. Together with the three momentum
equations there holds the incompressibility equation

divu= ), —=—=0. 2.2)
i=1 i i
The four equations together form a semi-linear elliptic-parabolic system.
Three initial conditions are appropriate:

u(x,0) = ug(x). 2.3)

We consider initial values of integrable square on the spatial domain:

3
lugle =D | luglx, Dfdx < oo 2.4)

i=1 JQ
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Here and below integration will be taken over a suitable domain QcR®. The boundary
02 will when necessary be restricted as to smoothness, and three boundary conditions
are also appropriate for viscous flow:

u(x,)=0, x€oQ. 2.5)

The pressure p=p(x, 1) satisfies a Poisson type equation deduced from (2.1) by
taking the divergence and applying (2.2):

= —u~kuk’,~ (2.6)

where subscript commas denote derivatives with respect to x; (i=1,2,3). In view of
(2.5) a boundary condition for p can be deduced from (2.1) by simply taking limits on
approach to the boundary:

P _yAu, x€3Q. @.7)
dx;
The normal component
8_g_=pi . =vAu;n, (2.8)
on ’

alone provides a Neumann type boundary condition sufficient together with (2.6) to
determine p up to a constant when wu,(x, ) are known at any instant of time.

The Lebesgue space LP(Q) is the set of vector valued functions on Q with finite
norm ||u|,, where

3
lellp = | 2 lutx, DPdx. 2.9)
Q i=1
We shall also use the corresponding Lebesgue space of scalar functions. Throughout,

these norms are all functions of time ¢. The inner product of two vector functions u;, v;
is

)= | > uy,dx. 2.10)

By Holder’s inequality, where p and g are dual indices: 1/p+1/g=1, p=1, g=1, we have
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G, v)| < [lull,llvll,- .11

Frequent use will be made of Young’s inequality [14, Theorem 37]:

P q
ab<Z+ Y @.12)
p g
where a>0, b>0, 1/p+1/g=1, and of a version with a replaced by ae, b by ble.
If >0, j=1,...,n and a; has weight or degree w;, then by a homogeneous
extension of Young’s inequality,

a0, <>~ 2.13)
Jj=1 p;
where p=W/w,, W=L_, w;. Every term on the right has weight p,w,=W.
We also use the inequality

2 al < n(Z a}”")q (2.14)
i=1 j=1
where a;>0, j=1,...,n and p>0, g>1. It is easily seen that n(max; a;)” lies between the
left and right sides.

Inequalities of the Sobolev type in three space dimensions will be used, the most
frequently employed being the first derivative inequality for a vector function of
compact support or vanishing on 32 [1, 19]:

eell, =< Cl[ V5 711—=%—%>0. @2.15)

Here V denotes the gradient so that Vi is a 9 component dyadic, with the norm
including all such component derivatives. The constant C in (2.15) is independent of Q
(1, 19, 25]. For g=« we use an inequality of Nirenberg [1, 9, 25]:

ess.max, eq Ju| = [ull.. < C(lulle® |V llg” +llully)- 2.16)

For a domain extending to infinity the second term can be omitted.

In the Hilbert space LX) a vector field wix) can be expressed as a sum of
gradient and solenoidal components. Suppose v; is the component of w; orthogonal to
all gradient vectors V¢ in the scalar product (u, v)=/ u;v;dx:

(vi) Vi ¢) = 0
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where

v,=w,—V;¢,

and ¢ is an arbitrary smooth scalar function. We have

(Uiyvi¢)=f v, V.9 dx
Ja
=j ¢v,.n,.ds—j #(V;v)dx=0.
T Q

Since ¢ is arbitrary within Q and on 5Q we conclude [19]
divy,=V,v,=0,

and

v,=v;n;=0

where {n;} is the unit normal vector to the boundary surface 9Q. Therefore
w;=v+V, 0, 2.17)

expresses w; as a solenoidal vector field with vanishing normal component on 3Q, plus
a gradient field [19, p. 27].

The Stokes operator A is defined by the solenoidal part of the Laplacian, as
applied to a general vector field wi(x, #), or to a Navier-Stokes flow ufx, 1):

Au,= Aui+Vif. (2.18)

We reserve the symbol f for the scalar potential of the viscosity term, to be studied
below. Since Au; lies in the subspace ¥ of LX) solenoidal vector fields with vanishing
normal component on 8Q, we have div Au,E([&u;),FO, at least in a weak or generalized
sense, and similarly Aw,=0 on 3Q. If now u; €CAQ), u;=0 on 3Q and u; ;=0 in Q, then

(Auyy u) = (AuAV.fou)=(Au;, u)
=—(Vu, V;u) 2.19
=~ Vul}

Hence if Au=0 it follows that |[Vu|[3=0 so that u = constant=0 since =0 on 3Q.
Consequently ||Au||; acts as a norm on the set of solenoidal vector fields ; that vanish
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on 3Q. Hence we can define [35] the completion H? of C* solenoidal vector fields
vanishing on 3Q, in the ||Au||2 norm. A Sobolev inequality of the special form

[Vulle < Cl|Aull, 2.20)
holds in the space H?; for a proof see [35, p. 194]. Then (2.16) becomes
€ss.max, ¢ q |u| = ||u|. < C(|Vully? | Aully?+|Vull,), «€H. (2.21)

Throughout our calculations the flow field # will satisfy an energy inequality
||lul-<K; (see (3.1a) below) and a rate of dissipation inequality ||Vu|,=K3 (see (3.12)
below). Under these conditions the second term in (2.21) can be dropped, for by (2.19)
and (3.1a),

Va3 < [l Al < K, 1Al
Thus
ess.max|u| = Jull. < C|Vul{2(1Aull? +|Vull})
< C(|Vull® H/Sulli’2+K%HVu|li’2)
(2.22)

K1/2 .
<1+ 55wl
2

< C'l[Vull || Aull;.
A similar result holds if Q satisfies a Poincaré inequality ||u||;<C}|Vu||, whence

[IVaelfy < [l | Ael
< C||Vull, [|Aull,

and the result also follows from (2.21).
The mixed Lebesgue spaces L*"7%(Q)=L"(0, T; L’(Q)) are defined with norms

T ’ 1ip,
||u||php2=< L e ,z)||pfdt> . 2.23)

In effect our result will imply that u and its derivatives lie in certain mixed spaces of
this type, usually with fractional values for p,. When p,<1 (2.23) is not a metric, as the
triangle inequality does not hold for the mixed norm. We therefore study the space
norms in LX) of u(x, f) and its various space and time derivatives as functions of time ¢.



152 G. F. D. DUFF

That the ||u||» norm in (2.16), (2.21) and (2.22) is actually a maximum for almost all
tin (0, 7) can be shown for unbounded € with the aid of the following auxiliary

ProPosITION. Let Q<R and let v€ C(Q) be defined on Q with v=0 on 3Q. Also
let ||v]l2, ||Vv|l, and ||Av||, be finite. Then v—0 as x— in Q.

Proof. Let {¢;} be a periodic, C*, non-negative, locally finite partition of unity in
R’ Z;¢=1. Such a partition of unity can be constructed by periodic extension of a
similar partition of unity on a three-dimensional torus or periodic parallelepiped 7°,
every function ¢; having support within some translate of the parallelepiped. Let v;=v¢;
so that v=X;¢pv=L,;v; where at any point the sum is finite. Then

SUp, eq [ = v/l < ClIVul (v >+ Vv 2?).

/ 34 12 12 2.24)
< C(lull"* |av]R"+llvill llAv;?)
since
IVuli} = f (Vv)’dx
Q
=— f v;Av,dx
Q
< |, lAvyl,.
But

ljo|2 = f vdx=, | vv;dx
Q ij JQ
=2fvfdx+2 v, v;dx.
i Q

i
Since [qv,v,dx=[q ¢,¢,0°dx=0, we have Z,||v|;<|[v|}<= and consequently [|v}l,—0 as
i—o, But

v, < max |Ag | ||v||,+2 max Ve ||Vu||,+ max |p || Avfl, < K

where max|A¢), max|V¢| and max|p|<1, and therefore also K, are all bounded
independently of i. It now follows from (2.24) that sup|v|—0 as i—. Thus the
uniformly finite sum v=_ZX,v,—0 as x— o« which proves the proposition. Hence finally by
Sobolev’s theorem |v| is a continuous function that takes its maximum value at a finite
point x.
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Vu
\ (1,1
u

Fig. 1

3. Energy estimates

Multiplying the Navier—Stokes equations by «;, contracting over i=1, 2,3, and integrat-
ing over Q, we obtain an identity which after use of the divergence and orthogonality
relations reduces to

d
E||u||§+2v||\7u||§ =0. (3.1)

The decrease of kinetic energy is equal to the rate of dissipation of energy by viscosity.
If u is a weak solution, the relation may be an inequality with dominant right hand side
[32]. Integrating over (0, T), we find

T
ufi+2 j IVulRdr <, 0<T<o G.12)
0

and so deduce u € L>*(0, T), Vu € L>2(0, T) and by Sobolev’s inequality, u € L52(0, T).
The inclusion of u# and Vu in these spaces can be schematized by means of an index
diagram, Figure 1. The reciprocals (1/p;, 1/p,) are plotted as Cartesian coordinates so
the points (1/2,0) and (1/6, 1/2) are marked as u-points and (1/2, 1/2) as a Vu-point in the
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diagram. By the standard interpolation theorems the set of points for which u belongs
to the indicated space is convex, so u belongs to the spaces indicated by the line
segment 3/p,+2/p,=3/2, p,=2. Another property of the index diagram is that the space
to which a product uv belongs, say L'"", is given by vector addition on the diagram:
lr=1/p+1/q; where u€L""", vEL™ %, These properties of convexity and vector
addition remain valid if 0<p,<1, for which the diagram extends to a semi-infinite
vertical strip 0<1/p,<1, 0<1/p,<. Leray, Serrin and others have shown that if
u€ LP"P? where 3/p,+2/p,<1 then u is a regular solution without singularities, at least
for 0<t<T [33].

A second integral estimate or inequality, as is well known, {4, 15, 21, 33] can be
derived by multiplying the Navier-Stokes equations by Aux; and integrating over Q. As
the calculation is typical of others to follow below, we present it in detail. Since u; , is
also solenoidal and vanishes on 9Q, we find

f&uiui’,dV=f Ay, dV
o Q

=—j Vu,Vu, dv
:’ . (.2)

=_La | wpyav
2 dtfg( “

1d 4
= —7EHVuilz-

Also [, Au,.p. ;dV=0 by the orthogonality of the solenoidal and gradient subspaces,
while

f Au Au,dV = f Au, AudV = |Aulf.
Q Q

The nonlinear convective terms will be estimated by means of the inequalities of
Holder, Sobolev, and Young:

f Bttty 4V < Bl e[Vl
Q

< CYBull, [Vl 1Tl [ Vul? 3.3)

< Cl|Aull” |Vull3®

Y ux -
<2 Aull+Cyvu.
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After a cancellation of terms in ||Au(f3, the resulting inequality becomes
d )
= IVulla+v|Au; < K[|Vl G.4

This inequality has yielded much of the known behavour of singular solutions and
asymptotic behaviour for long times.
Since (2.19) implies

1Vl |5 < flull, || Al (.5)
we can deduce from (3.4) that
d o, IVull 6
—||Vul|5+» < K||VulfS. (3.6)
2 Vellz e [Vl

This self-contained inequality for ||Vu||, in terms of [lu||; can be linearized by an
exchange of independent and dependent variables [5, 6]. With |ju|,=z and use of (3.1)
we find

2
ELANY P 3.7)
dz

From this inequality two successive integrations with respect to z show that

ezt =C@), c=— 3.8)
12v
is a convex function of z. Also the expression
A a2 =C@) (3.9)
dz

is an increasing function of z. From (3.1) we have

a2

dz  v||Vul}

with equality at singular values z; where ||Vu||,— so that C’(z)=4cz}>0. For z>z;(or
t<T) we have [6]

Vuzz———-z—, > (3.10)
V>t 2>
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This is 2 modified form of an inequality first derived by Leray [21].
From (3.6) it follows that if

K|Vl |[ulf; < v (3.11)

then ||Vul|, will be monotonic decreasing in ¢. Since {|u|), is also monotonic decreasing in
t, by (3.1), it is apparent that (3.11) will continue to hold thereafter, so that no singular
instants can occur subsequently. Consequently, during the time interval in which

singular instants may occur, before (3.11) takes effect say at 7|, we have the lower
bound

Vuli = —2—>—F—, 0<i<T,. (3.12)
Kl Kilull;

Observe that

lulfa =2 f T‘uv I3 dt > T,
U = LY U
o o 27T Kl
so that [21]
T, < gl (3.13)
2v

Behaviour as time tends to infinity has been studied in [13].

4. The main theorem

While three dimensional viscous incompressible flows apparently do not enjoy a
complete boundedness and regularity property, we will show in the following sections
that the space and time derivatives of a solution do satisfy estimates similar to the
energy estimates discussed above for ||uf|; and |[Vu|},. In consequence it can be shown
that these derivatives do lie in mixed Lebesgue spaces in which the space index p; is 2
and the time index p, is in general a positive fraction. The Sobolev inequalities and
interpolation then imply similar results for p,>2. Let D,=3/3t, D,=3/8x;, D:=D{'DyD?’,
and let ||Dju|}> denote the pth power sum over all derivative norms of order s.

THEOREM. Let ufx,t) be a Navier-Stokes flow with finite energy in a suitable
three-dimensional domain QcR®. Let u{x, t) be smooth except on a singular set. Qver
any time interval (0, T) where 0<T<o we have, for r,s;=0,1,2,...; s=5,+5,+s;,
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D' DS ul}, € LX4 %970, T) @.1)

for r or an 5>0, and
max, ¢ |0 D% u| €LY +*V7(0, T). 4.2)

The corresponding integrals are bounded by constants depending only on r, s;
(=1,2,3), v, T, Q and ||uy|,-

Note that when r=0 and the multi-index s=(s,, s, 5;)=0 the pattern of (4.1) does
not hold precisely. When r=s=0 in (4.2) we obtain the known result max |u|€ L'(0, T).
This was obtained with the aid of (2.12), (2.15) and (2.21) from the estimate
l|Aull, € L**©, T) derived in [4]. For r=0 and arbitrary s=(s,,s,,s;) the result was
established by Foias, Guillopé and Temam [10] for the three-dimensional torus 7°.

Since T the time interval is arbitrary, these estimates will hold through any singular
instant, since by (3.13) all singular instants lie in a bounded time interval.

As t—0+ the various norms considered are in general unbounded. Thus
lim,_,||Vu||, can not be finite if u, is nondifferentiable on an open subset of Q. Our
estimates nonetheless apply near the lower limit r=0. The physical counterpart is
known as ‘‘water hammer’’: when the tap is turned on the entire plumbing system
vibrates to pressure shocks of unlimited speed. Compatibility conditions are also
involved and have been studied by Heywood [15] and Rautmann [26].

The conditions to be imposed on our finitely connected domain Q shall be as
follows. The boundary 8Q shall be piecewise C* with a finite number of edges and
corners in any bounded subregion, and shall satisfy a weak cone condition [1]. If 8Q
extends to infinity the order condition

j dS <KR? 4.3)
AN S(R)

is also imposed with a fixed constant K, where S(R) denotes the ball |x|<R. This
condition is required for Lemma 2 and prevents the boundary surface from being too
tightly coiled at large distances. It is not satisfied, for example, by the region enclosed
by rotating the curve x=e%2+sin %) about the z-axis.

5. The scalar viscosity potential

As will be seen below, it is possible to obtain estimates for the Stokes term Au; on a
region Q with boundary. However to find estimates of second order space derivatives,
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and higher order derivatives, knowledge of the Laplacian term Au; is required. From

(2.18) we see that estimates will be necessary for the gradient Vf of the scalar viscosity

potential function f. In this section we begin the investigation of properties of f and Vf.
Since Au;=Au+V,fand (Au) =0, (Au) ;=0 we find by taking divergences that

Af=VV.f)=0. (.1)

Hence f'is a harmonic function that depends on time ¢ as a parameter. Since the normal
component of Au; on 3Q is zero, by the basic property of the solenoidal Stokes term as
orthogonal to all gradients, it follows that on 9€2,

_a£=a_f= Auini' (5.2)
on Ox;
By the divergence theorem
f Au;n;dS =f (Au) ;dV=0 (5.3)
Q Q

so the boundary datum Au;n; satisfies the necessary integral condition for the Neu-
mann problem of classical potential theory [17]. Thus f=f(x;,t) may be regarded as
defined by (5.1) and (5.2) up to an additive constant. For simplicity we choose this
constant so that

ff(x,.,t)dx=0, 0st<w. (5.4)
Q

LEMMA 1. For Vf there holds the estimate
V£ 1 < CliVull, (|Aull+C,[[Vull,) (5.5)

where C and C, are independent of u and f. Also ||Vf|l,€E L', T).

Proof. Let N=N(x, y) be the harmonic Neumann function for Q: thus dN/dn,=0 on
9Q while

—A,N=d(x, y)—% (5.6)

with V=[q 1dx [2, 8]. Likewise let G(x, y) be the harmonic Green’s function for Q so
that G(x, y)=0 for y €3Q, — A, G(x, y)=0(x, y) and G(x, y) like N(x, y) is symmetric in x
and y. The Bergman kernel for Q is defined as [2]
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K(x,y) = N(x,y)-G(x,y) 5.7
so that

8K = (5.8)

The solution of a Neumann problem for Au=0 is given by a surface integral
representation with N(x, y) as kernel. Thus

fx,n= L ) N(x,y) Auly, ) n(y)ds,. (5.9
Since G(x,y) vanishes for y € 3Q, we may write
f,n= L . K(x,y) Auly, ) n(y)dS,
= L (K(x,y) Aufy, 1) ;dy (5.10)
= J; K (x,y) Auly, t)dy

by the divergence theorem and (2.2). Here the subscript comma and index i refer to the
y variable. Applying Green’s second theorem to (5.10) we find two terms vanish and
du,
f(x,t)=f K ,—ds. (5.11)
@  On

From (2.2) and (2.5) we see that if coordinates x, (a=1,2) tangential to dQ are chosen,
and the normal coordinate is denoted by n, then on 8Q

du, du,, —0
on ox,
Hence
du,
fx, t)=f K(x,y) ,—dS. 5.12)
20 % On

Here a runs through tangential indices 1,2 only, with respect to the y variable.

We now consider values of x on the boundary 8Q. While K(x, y) unlike N(x,y) or
G(x,y) is regular in the interior of Q, this is no longer true if x and y both lic on the
boundary.
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LEMMA 2. The kernels

3K(x,y) 3K(x,y)

, 5.13
3y, on, oy, ( )

are Calderon-Zygmund kernels on the boundary manifold, and hence define bounded
integral operators on LY39Q).

Proof. For x sufficiently close to 3€2, x falls within a boundary neighbourhood
fibred by normals. Draw the tangent plane to 3Q touching at the foot of the normal
through x; and let x’ be the mirror image of x in this plane. Similarly, given
rx, y)=|x—y|, let r'=r(x,y")=|x-y'|.

Set
1 1
Nx,y)=——+-—+n(x,y)
4nr 4dnr
11 (5.14)
Glx,y)=———+gx, ).
dnr 4nr
Here
Axn(x,y)=—‘17, A gx,y)=0 (5.15)
and
2%("’—y)=0, G(x,y)=0, x€E3Q. (5.16)
n

X

Applying the standard representation formulas to n(x, y) and g(x, y) we find that

3 1 1
n(x,y) =4—1IJ' N(x, Z)'87<"7—-r—,> ds,
aQ

z

(5.17)
g(x,y)=Lf 902 (1_1) g
9Q

4 on, r r

where r=r(z,y), r'=r'(z,y) in the integrands.

We now consider y as lying on the boundary near x, so r'=r, and invoke a lemma of
classical potential theory: as z—x on 99,
9 (i) —Bx3 g (5.18)

on, \r r
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where B(x, z) is smooth and uniformly bounded [17].
It follows that the functions

on(x,y) 9glx,y)
én, ~  om, ’

X

n(x,y), 8&(x,y),

where x, y €9Q, can all be represented by integrals of the form

F
f &) Flzy) o
3

5.19
o "x,2) rzy) ¢ 19

where Fi(x,z) and F,(z,y) are smooth bounded functions on 8Q. By dimensional
considerations, and by direct estimation, it can be shown that such an integral has the
form

Inr(x, y) Fi(x, y)+F (x, y)

where again F3(x, y) and F4(x, y) are smooth bounded functions on 3Q [17].
Consequently it now follows that the derivatives (5.13) of K(x,y) have the local
behaviour as x—y, r=r(x,y),

SKx.y) _ L_a_(_l_)+0<i)
3y, 2w Ay \ r r

PK(x,y) _ 1 3 (B(y,x)>+0<—1_> (5.20)

r

on dy, 2mdy,\ r

where B(y, x) is as in (5.18). The lemma then follows, since dQ is a two-dimensional

manifold, piecewise smoothly embedded in R® so that small distances in 9Q are

asymptotic to those in R, almost everywhere in 8Q. By (4.3) the usual order conditions

implicit in the Calderon-Zygmund theorem for R? will apply [9, p. 1072; 23, Chapter 9].
To complete the proof of Lemma 1 we note that A f=0 and hence

713 = f wfyav=| rLas
Q s On (5.21)
o ‘

<liflls an

2,8

by the Schwarz inequality, where the subscript 3 on the norm indicates integration over
9Q. By Lemma 2, and (5.12), both f and 8f/3n are represented by integral operators
with kernels bounded in L%(5Q). Hence

11-908289 Acta Mathematica 164. Imprimé le 27 avril 1990
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wre<c|[ 2l
2= on ||2,8

2 3 2
=cf 2( "") ds.
saam1 \ On

By a well-known technique, we find the last integral is majorized by

(5.22)

C [ 1Dl 10, Dy 1D, av.
Q

By Schwarz’ inequality, and an estimate of Ladyzhenskaya [19, p. 21], we now have

IV 115 < ClIVull,{llAull,+(|Vull,} (5.23)

< C|Vull{l|Aull, +IVS [l +[Vello}

This last step follows from (2.18) and the triangle inequality.
But now

1
ClVulllIVF 1l < SAIVF 15+ K[ Vuf;

so we obtain finally the inequality stated in Lemma 1.

Since ||Vul|, € L*0, «), and ||Aul], € L**(0, T) has been established [4], it follows
that the right hand side of the inequality of Lemma 1 is in L"%0, T). Hence we have
shown

IVfIl,€EL'O, T). (5.24)

Chapter II. The gradient and Stokes operators and their time derivatives
6. An integrability lemma

The main stage of our proof will consist of a sequence of estimates, each requiring the
use of an appropriate integrability lemma to contribute its single step to an induction
process. In preparation, the necessary lemma, which in its original application is due to
Foias, Guillopé and Temam [10], will be proved next.

LemMA 3. Let a>1, F()=0, F(t) € LP(0, T) where p>0, G()=0 and for 0<(<T let

F'()+G() < KF(1))***. 6.1)
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Then G(t) € LP“*P7(0, T).

Proof. Introducing an additional positive unit factor or term on the right side, we
have

—%(1+F(t))+G(t) < KFP(t)(1+F())".

Divide by (1+F(£))* and incorporate this factor within the derivative:

=L 444 Fyy-os —G0

-‘—\KFP .
a—1dt (1+F@®)°* < @

Integrating from 0 to T, we have

-a T T —a
(L+FO)'™ f Godt _ f FG) di L A+F@)'™
a-1 o (HFOF o a-1

Note that if F(z)— as t—0 then the first term on the left will be zero. The second term
on the right is majorized by (a—1)"! independently of F(T) while the first term is finite
by hypothesis. Consequently the integral on the left is convergent. Now

- ! pres G(t);%’;dt
f G()**dt = f (1+Fy -2
0 0 P

(1+F@)y*

T a:p T G(t) dt atp
< 1+ F(1))°d —_—
(J; (+FOY t) (J:) (1+F(t))a>

by Hoélder’s inequality. Both integrals on the right being convergent, the integral on the
left converges, and the lemma is proved.

This result in effect shows that the integrability of G(?) is the same as that of the
right hand side, over finite time intervals.

7. A triple squence of estimates

The presence of a boundary, and of boundary conditions on the u{x, 1), introduces two
types of difficulties that stand in the way of a direct estimate such as the one used by
Foias, Guillopé and Temam for T? [10]. The first of these is the distinction between Au;
and Au; together with the presence of a scalar viscosity potential f, which has necessi-
tated the preceding lemmas. The second is the failure of non-tangential space deriva-
tives to satisfy boundary conditions (2.5), which we shall circumvent by an indirect
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method commencing with the use of time derivatives, which do inherit the boundary
conditions and subspace properties. In this section we construct three sequences of
estimates formed by differentiating the Navier-Stokes equations r times with respect to
time ¢, and multiplying by Du,, D;Au, and D;*'u, respectively, where r=0,1,2,...
[15]. We present these as a single interleaved sequence in an order determined by
increasing integrability indices—that is, by decreasing integrability over the time vari-
able. An induction over r is then established. We shall present the first two groups, that
is, six inequalities, and then the typical rth stage group of three inequalities. Each of the
inequalities will be numbered by its reciprocal time exponent or index, which specifies
the position in the time index diagram of every term in the estimate. A pair of the same
index are marked (a) and (b) in a convenient order. Constants such as C appearing on
the right hand side of these estimates may be different at different occurrences.

The first two such estimates are (3.1) and (3.4), which we repeat here labelled for
later reference:

d
2 ulB+24Vul} =0 1

d -
E||Vu||§+v||Au||§sK||Vu||g. 3(a)

To obtain the third inequality, multiply (2.1) by »; =D, u; and integrate, obtaining

jui,,ui,,dx+f u,.,,uku,.,,(dx=—f p,,.u,.’,dx+vfu,.’,Au,-dx
Q Q Q Q

=0—vf Vu, ,Vu,dx 7.1
Q

1 d 2
=——yp= | (V .
v tf( u)-dt

Thus
d
v SVl 2= 2 f g g

Q (7.2)
< 2 {Ju I [luell ||V 4]l5-

Since the right hand side is less than or equal to |ju,|j3+||u|]? ||Vu|/; we obtain
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d
v Vel < Neelg (192
< C|Vull; Vel ||V el 3(b)
< C||Vully | Aull,

where we have used (2.12) and (2.20).

To derive the second group of three inequalities, we differentiate (2.1) once with
respect to time ¢:

U ot Uy W T U Uy = =P HVAY; . (7.3)

Multiplying by «; , and integrating, we have

Iui,tui,rtdx+f "i,r“k,:“i,kdx"'j U; Uyl dx
o Q Q

(7.4)
= —f ui,,p,,.,dx+vf u,.,,Au,.,,dx.
Q Q
The first of these terms is a time derivative, while the third is
1 3 1
> L u, 5;(14,, Ydx=— ) L u ((u; Vdx=0 (7.5)

by (2.2). The first term on the right is zero by orthogonality while we can integrate by
parts in the last term. The result is

1d, o 2
= Al +liVa ;= — f W Uy Uy dX
2 dt 12 117 o t %kt

< [lea Vel
< o137 e g 119l

< Cllu fl2? [V [ |Vl

(7.6)

Employing Young’s inequality with exponents % and 4, and cancelling a term %v”Vu,“% on
either side, then multiplying by 2, we find

d
B+ IIVuls < Cllu 5 [ Vall

/. 10 S(b)
< C{llu )l +9ull’).
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Here Young's inequality has been used again with exponents § and 3.
Next multiply (7.3) by Au,;, and integrate finding

j&u,-,,u,-,,,dx+f Au,-,,uk_,u,.,kdx+J Au; uu; , dx
Q Q

Q
7.7
= —f Au,-,,p',., dx+vf Au,-,,Au,.,,dx.
Q Q
Since V,f; is orthogonal to u; ,, the first integral on the left becomes
J-Au,-’,u,-,,,dx= —f Vu, ,Vu, ,dx
Q Q
1d
=z Vu )dx (7.8)
1d
=S [Vt 3-

The first integral on the right is zero by the usual orthogonality property, while the
second, for a similar reason, becomes

vf Au; Au; dx= V|| A3
Q
We thus have

1 d x %
72; Hvut”%"_v“Aut”% = f Aui,t{uk,t ui,k+uk ui, kr} dx
Q

< || Aul,{max,¢q D, ul |Vull,+lulls Ve ls}
< | Aufl A ClIVae B || A [ [Val o+ ClVully [ Ve * |Awe 12} (7-9)
< Cl|Au 7 [V [1;* [Vl

Vv -
< 18ulf+ClIVu||Vul}

by Young’s inequality with exponents 4 and 4. Cancelling the ||Aw,|}} term, we find

d 3 0%
2Vl 5 vIAul < ClIVu | [Vull < € {1V fl2* +1Vully’} 7(a)

the last step by Young’s inequality with exponents } and 7.
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Multiply (7.3) by u; ,, and integrate, obtaining

v d
?Z ”V”rllg'i'”“n”% == f u; n{uk,t ui,k+uk ui,kt} dx
Q
< |y |l {max |D, u] ||Vl | +[{ual}g [V, ||} -
By Young’s inequality (2.12) and the interpolation inequalities, we find

d -
v VBt s < ClVal; Vel Are -

167

(7.10)

7(b)

These first two groups of inequalities display many major features of the higher
order calculations, and serve to initiate the induction on r the order of time derivatives.
We now give the inequalities for the typical rth stage, found by differentiating (2.1) r
times with respect to ¢. Henceforth we shall also use D, to indicate a time derivative.
With the help of Leibniz’ formula for a higher derivative of a product, we now obtain

.

r ; :

Dy u, + 2 (J) D}u.D;"u; , = —Dip +vD;Au,
j=0

Multiplying by D} u; and integrating, we find after some routine steps,

1 r r \ r v j r—j
2 DAL D;lh= -3 () | DD
Q

j=0

The term with j=0 on the right is
f Diu;u,Diu, , dx =—1—f u (D u) dx = —f U (Diu)dx=0
o ' 2 Jg ' Q
by (2.2). For the terms with 0<j<r we estimate as follows:
f D; ”iD{ ukD;_jui,kdxs D7 ulls ”D{““3 ||D:—jV“”2
Q

< CIID; Vull, 1D |, 1D ull g 1DVl
< ClID; Vul, 1D wlly 1D Vuelly” ||D; Vel

v : . i
< ID; Vullz+ D] ull, D Vil 1DVl

Finally the term with j=r becomes

(7.11)

(7.12)

(7.13)

(7.14)
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J’ Diu;Djuu; dx< 1D, w3 |Vl
Q

< CI|D} ully” | D; ullg* 1Vl
< C||D; Vul 1D} el |Vl

(7.15)
v ' T
<>, 1D Vull3+C\D; ully [ Vuly

by Young’s inequality with p=4, g=4. Combining all terms, multiplying by 2, and
noting certain cancellations involving ||D’ Vu||; terms, we find

r—~1
D||D;u3+v|\D} Vull; < C{IIDIMIB IValfs+ 2 11D) ull, 1D Vadl, IIDI"VMIE}

Jj=1
r 8r+2 -1 ) 8r+2
< C{Z D7 ul| 71+ D Vull+! } (4r+1)
j=t j=0

Here we have used the homogeneous version (2.13) of Young’s inequality.
Multiplying (7.11) by D/ Au; and integrating, we find

Lojoyvigeo;utg= | 01du 3 () ol or s
Q j=0

r2)
. r . i
<|Ip; Aullz{E ( j) 1D ulls D Vully
j=0
+ > (’) max |D{u|uD;-fVuu2} (7.16)
j=tr+1 M
- [r/2] s . s -
<(||D; Aullz{Z (1D} V|, 1DVl |y 107~ Au |y
j=0

-SRI AE Dl
j=r2]+1

By Young’s inequality, and treating the terms for j=0 in the first sum and j=r in the

second sum separately, we find that, for any real y with 0<y<2,

DD, Vulf+ 251D Aull < Q=) ID] Aul
. 7.17)
+C) {nD:Vun% IValit+ X, 1Dl D7 uo:-fAunz}.

J=1
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Again, multiplying (7.11) by D;*'u and integrating, we find

v r r r N r f r—j
2Dy =~ | 073, (7) D, D
o =0

[r2] r
, r . i r . i
< nD.“unz{E () iptulior o+ >, () maxioiul I fVunz}
=0 M j=trm+1 M
['/2] . . o~
<D ullyy X, 1D] Vul, D) 9ully? |D; 7 Aully (7.18)
j=0

+ >, D} Vull? D} Aull HDT"'Vunz}

j=Ir21+1
1 L2 . .
<5 2=y D} ulB+C D 17 VulE 1D; 7Vl 1D 7 Al

j=0
Cancelling the ||D;*'u| term on the right, we find after multiplying by 2 that

[r2)
vD|D; Vul3+|ID;* ulB < € ) |1D] Vul 1D}Vl || D 7 A, a.19)
J=0 .

[r2]
v ,x , : e i %
<5 @-nlID; Aul+C@) {IlDt Vul(Vulls+C Y, 1D} Vul D} Vull, || ’Aullz}-
j=1
Adding the resulting forms of the two preceding inequalities, and cancelling terms
on the right containing ||D; Aulf3, we obtain

(1+) D||D; Vul [+ D] Auif3+1D;* ulfp)
w2 4r+3)
<C() {IIDI VulB[[Vulli+ > 1ID! Yl D]Vl I|DI"A'4II2}-

j=1

8. Deduction of the estimates for ||D; Vu|,, ||D] Aul|, and ||D}*"ul|,

By putting the preceding inequalities into a form to which Lemma 3 applies we can
deduce in succession, and by induction on r, the requisite estimates for u, Vu and Au
and their time derivatives of order r. Further combinations and calculations are re-
quired for this.

The estimate ||Vu||, € L*(0, ®) has been made from 1 in Section 7. In view of 3(a),
F,()=||Vu|[2€ LY(0, T) satisfies Lemma 3 with a=2 and G,(f)=v||Au|f}. Hence Gx(t) has
the same integrability as F,(¢)°, that is, G,(f) € L'*(0, T) so that ||Au|},€ L**(0, T).
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But this method will not work directly for 3(b) which must be combined with 3(a)
to gain the result for ||u,|},- Adding 3(a) and 3(b) we have

d ; B,
(1+9)- SVl B+ B+ < TSIVl |- )

By Young's inequality again,

~ v -
Cl[Vull; HAu, sjllAull?rKlqullg

so we find

d -
(U+9) 2 [[Vul+—- | Auff+ 3 < €IVl 8.

With Fy())=(1+v)||Vu|3 and Gy(/)={||Au|3+|ju |3 the lemma applies with p=1 and a=2
so we conclude G,(f)€ L'?(0, T). Hence ||Au|; and |ju/||; are both in L**(0, T).

To estimate ||Vu/|,, We start with 5(b) which however also has a ||Vu||;’ term on the
right side. We therefore add 3(a) multiplied by 3||Vu(j; which raises its singular index
from 3 to S and makes possible the introduction of Fy(f)=||u,|[*+||Vu|3. We obtain using
2.14)

d -
= a1Vl w11+ 30195 | Aae ] < Ol +1 92l

2 6753 8.2)
< Clfae |2 +1Vall]™

Now Lemma 3 applies with p=}, a=4, and Gy(1)=|Vu,|3+3||Verll3 ||Aul3. 1t follows
that G(f) € L"(0, T) and therefore that ||Vu,||, € L¥(0, T).

At the next level ||Au,||, and ||u,||, are to be estimated, and we must combine 7(a),
7(b), and 3(a) (or (8.1)) multiplied by 5||Vu||3 thus forming an inequality homogeneous of
singular index 7:

d 3 ;
2 LD Va B+ V] + 7VHAqu%Hl“nlliJr5V||Vu||§ 1Al
< ClIVu I Vulls+ 1Vl Aol [ Tuell3+ 1Vl ®8.3)
< C[IIVu |3 +1IVully] +evllAu -

Choosing eé=1 and canceling the term in ||Au/[3 on the right side against part of the
corresponding term on the left, we find
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& L[+ 0 I+ o B+ B+ SV Bl

< C[||[Va )15+ V) 3¢ 8.4)
< CI(1+v) ||V |3+ Val)™.
With
Fy()=(1+v)||Vu )3+|| V||’ € L0, T)

and
GAO=v| A+ e, |3+ 5| Vaell3 || Al

Lemma 3 applies with p=}, 4=} and we conclude that G,n)€ LY7(0, T). Hence
|Au,||, and ||u,||, are both in L¥'(0, T) as required.

This completes the first two stages of an induction on r; we have shown the result
for ||V, I1Aull and [juj at the initial stage and ||V, ||Au/l, and [l at the stage
with r=1. We now assume the result holds for r—1, that is for ||D}Vu|),, |\D} Au||, and
\D7*14l|, for j<r—1, and prove that the result holds for r, that is, for ||D’ Vull,, |\D; Au||
and |ID;*u].

To establish the result for ||D} Vu||, we must rely primarily on estimate (4r+1) but
the presence of various terms on the right hand side means that multiples of lower order
estimates must be combined with this one. By building up the necessary combinations
recursively it is possible to keep the number of such operations at each stage to a
maximum of two. The ensuing definitions for F,, (1) and G,,,(?) also involve F,_,(#)
and G,,_,(#) for which the L” classes are already established by the earlier stages of the
induction.

Thus, for r=2,3, ..., let

4r 7 41 4r—1
Fy (0= ||IDjul}+ Fyu (0¥ 4F, (0" 8.5)
2 4
Gyt = V|D; VUl +Fy 3 (1) Gy (D +F 23 (0 G, _(0) (8.6)
and let
4r+1
Foy ()= A+ ||D; Vul}+F,,_ (0" 3.7
4r+1

G s = VD, Aul3+|\D |3+ 3 F:::S(‘) Gy D). (8.8)
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Here, initially,
Fy(0) = |Vulf,  Gy(0) = vi|Aulf+ (el

Fy(0) = lu|GHIVadll§ = lle 3+ F5(0)
Go(0) = v||VuJG+3v|Vull3 |Aul} or v||[Vu)f+3F3(t) Gy(t)
Fo(0) = (1+9) ||[Vu |2+ Va2 = (A1 +9) ||Vae [+ F3(0)
Go(0) = VI|Aug |3 +{[ee | B+ S|Vl BVI| Asel 3+l | D) = vl A 3+l +5F5 G

The index of F,(¢) is g—2 and of G,(¢) is g, for every odd positive integer g, while all

F,(1) and G(1) are positive quantities, unless ||Vu||,=0 in which case u=0.
The basic inequality for the previous stage of the induction is
4r-3

F, s0+G, s <CF, )"

8.9

Assuming as the induction hypothesis that (8.9) holds, we multiply it by

4
4r=1 o5
a5 a0

and add to (4r+1). Likewise, we multiply the second inequality (assumed by hypothesis

as established at the second part of the preceding stage of induction on r):
4r-1

F,0+¥ 26, <cF,_ 0" ’ (8.10)
4r-7
by
4r—17 o
_ F t 4r-3
ar—3 L@
and add to the preceding relation. Thus we obtain
4r—1 4r-1
Dtl:”D:u”§+3:—:‘IF4r—-1(t)4r_3 +F4r—3(t)4r_5:|
2 4r—1] =
+v||D} Vu||§+F4,_,(t)4"3G4,_,(t)+F_?FZ,’__; (1) G, _5(1) 8.11)

8r+2 -1 8r+2

% 4r+1 4r+1
) C[z DUl + 3 DI VUl +F @ +F,, (0" ]
Jj=1

i=0
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However

fre2 4r+1
D] ully ™" < Fyp (™!

4r+1

< Fy.5(0 AA
Co4r+l

< Fy,00) v+

4r+1

<F, 0%, j=1,..,r-1

8r+2 4r+1
4j+1 4j+1
\D;] Vul| * < Fy,()¥*

ar+1

4j+5

<F,;,0"
4r+1
= F4j+11(t)41+9

4r+1

<F,_(0*3, j=0,...,r-1.

Hence by (2.14) the right hand side of our inequality (8.11) is bounded by

8r+2 4r+1 4r 7 4r+1
I:||D’u“4’_1+F4,_3(t =3 4 ] F, (0" ]

4r— 4r 7 4r=174r+1
= Cl:”D’uII2+F4’_3(t)4r—5 LA ym— 4r_1(t)4r—3] 4r—1

4r+1

=CF,, 0"

This establishes the basic inequality (8.9) for F,,, (¢) in the form

4r+1

F‘;r+](t)+G4,+l(t) < CF4r+1(t)4’—] .

173

8.12)

8.13)

(8.14)

(8.15)

In Lemma 3, assuming as induction hypothesis F,,,,(®) € LV ~D(0, T), we have
p=1/(4r-1), a+p=>4r+1)/(4r—1)=1+2/(4r—1) so that a=1+1/(4r—1). Hence G, ()€

L"®*D0, T) by Lemma 3. It follows that ||D’ Vu||,€ L¥**1(0, T).

For the second stage of the induction proof, we therefore have as hypotheses the
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integrability results up to ||D)~'Aul|,, ||D}u||, and ||D; Vu||, and wish to establish the
result for |[D} Aul|, and ||D}* 'u(|,.
The basic inequality for the previous stage of the induction is taken to be

ar-1
-3

Fé,_l(t)+ 7G4,_,(t) <CF,_ (0" (8.16)

for r=2.
Assuming (8.16) as a part of the induction hypothesis, multiply it by

4r+1

4
4 3 F4r— 1 (t) 4r_

and add to (4r+3), wherein also y is set equal to (4r+1)/(4r—3). Then

4r+1
Dt[(l""’) ||D;Vu||§+F4,_l(t)4'_3]

4r+1
—7

4r+1

{ (D7 Au “2+”D’H““2}+ Fyy (t)4r—3G4r— @ 8.17)

2 443
<C [IIDI Vull;||Vall3+ >, 1D Vudll; \DFVull, IID?"Au||z+F4,-1(t)"'3] :
j=1

To apply Young’s inequality to the product terms on the right hand side, particularly
those containing ||D; Au||,, we write the right hand side of (8.17) in the form

8r+6 4r+3

<C [IIDI Vully ™+ Vul 36+ Fyy

ri2) 4r—-8j+1 ) 4 ._
|\Df Vul 2 \D V] |+ \Dy V]| DY Al
j=1
8r+6 4r+3
sC[HDI Yl + (Va3 4+ F,,_ () (8.18)
[ri2} 8r+6 3r+6
+ 2, (D] Vul 1+ DVl 1) ]
Jj=1
{ri2] 8
+ev D, [1D;Vul| |10y A}
Jj=1

where ¢ is a positive number not exceeding 1/4r’. We also note that 2j<r in the sums
above so all exponents used are positive.
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Again, by the definition given in (8.7),

86 4r+3

1D} Vullf*! < Fyppy( ¥
4r+3

< Fy, (09
4r+3
<F;,() M

8.19)

443
<F,_,(0®*3, j=0,...,r-1.

Also, using the definition of G,,.(¢) successively with r replaced by r—j+1,
r—j+2,...,r—1 and r, we find by (8.7) and (8.13)

&

8¢j—1) 4
VIIDT’VuIIz“ =t IIDI"Aulli <||D[¥Vu ||24( Ay 5 sr—p+3(D) =i G4(r—j)+3(t)

8(j-2) 4
—je, 11 4r—)+1 4—))+5
S [IDyVul| S5 F o0 Gy a0
8(j—3) 4
~jng 1 A+ 1 49
<|\Df Vull,” MLF, 4(r—j)+11(t)4(’ ! G4(r—j)+ll(t)

(8.20)
8 4
< ||\Dy V|| P EEI0) -G, _s(0)

4
<F,_ ,0*G,_,0.

The terms containing ||D;7Aul|, on the right hand side of the inequality (8.18) can
now be replaced by small multiples of F,,_,()**~YG,,_,(+) and thus cancelled against a

small part of the corresponding term on the left side in (8.17). Assuming that the sum of
all such multiples for j=1, ..., [r/2] does not exceed

( 4 )2(4r+1)=4r+1_<4r+1)2
4r-3 4r-17 4r—7 \4r-3

we find

A1
Dt[(l+v) ”D; V“”§+F4r—l(t 4r—3]

4r+1

. (8.21)
X 4r+l 355
+ 4r—3 YD} Aul3+(|D;* ul 3+ Fy 700Gy (O

4r-3
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8ri6 43
=C [IIDI Vull;*! +F4,-1(t)4’_3]

dre1]4rs3
<@yl Fo v [,

This establishes the basic inequality for the next induction step in the form

4r+3

Fp 0+ ——::“: ; Gyar) SCFy 0¥+, 8.22)

Since F, (1) € LY**(0, T) by the induction hypothesis, we have p=1/(4r+1) and
a+p=1+2/(4r+1) in Lemma 3. Hence a=1+1/(4r+1)>1 and it now follows that
G, (0 ELY**3(0, T). From this we now easily obtain both

2
D Aull, and ||D}"'u|l, € L***©, T).

This completes the induction proof for || V|, |ID; Aull,, ||D;*'ull, for r=0,1,2, ... .

9. Deduction of the estimates for s=0,1,2

The results of the preceding section show directly that for D} u; and VD; y, the estimates
(4.1) stated in the theorem are established. For the second order space derivatives we
must also use Lemma 1 and its analogue for higher time derivatives.

Differentiating (5.12) r times with respect to time 7, which is a parameter in the
above representation, we obtain

oD’
Df=| kK Ztegs. ©.1)
! % 3n
aQ

Repeating the calculations of Lemma 1, we find
IID; V£ |2 < CIUD; Vull (1D, A, C,||D; Valy). ©.2)
The first factor on the right lies in L¥“*+9(0, T) and the second in L¥**3X0, T).
LemMa 1r. |D;Vf||, lies in LY#*D(0, T).
By the estimate of Ladyzhenskaya [19, p. 21], we have
ID; D, D, ul < C(ID; AulB+ID; Vul) (D= 8/, j=1,2,3)

- 9.3)
< C(ID; Aulf+)D; VF |+ V)
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and the right side expression lies in LY®+3(0, T). This establishes the result (4.1) of the
theorem for the second order space derivatives and their time derivatives of every
order: now (4.1) of the theorem is established for s=0,1,2 and r=0,1,2,... .

From (2.20) now follow

2
D} Vullg< CID; Aul, € L0, T)

and

2
ID; ulls < C||D; Val, € L**1(0, T).

Hence by (2.16), max |D;u|€ LY *(0, T). This establishes the result (4.2) of the
theorem for s=0.

Chapter 111. Estimates for tangential derivatives
10. Tangential coordinate systems

To estimate higher order space derivatives, we shall work with tangential derivatives
that vanish on the boundary. Thus we introduce tangential coordinate systems in which
the equation of the boundary has the form x,=x;=0. We shall work locally and do not
enter explicitly into any aspects of the theory of integration on manifolds that may be
required to define the integrals used.

To construct a tangential coordinate system, choose an interior point P, € Q—0Q
and an e-sphere S(Py, £)cQ—8Q with centre Py. Let w(P) be the harmonic function
with boundary values zero on 3Q and unity on 3S(P,¢). Then the level surfaces
w=constant and the sphere r=constant <¢ where r=r(P, Po)=|P—Py| form a family of
surfaces filling Q. By a smooth deformation in an outer neighbourhood of r=¢ we can
ensure that the modified family of surfaces is C* embedded in R® throughout the
interior of Q. Now let x3;=w in Q—S(P,, ¢) and x3=1+¢~r in S(Py, €) so that the new
family of surfaces become coordinate surfaces x3=constant.

On each surface x;=c let isothermic coordinates x, and x, be introduced, with line
element

ds® = k3 (dx3+dx3)+h3 dx] (10.1)

where h; and h; are smooth functions. Within S(P,y, ), we choose stereographic
coordinates x;=§&;, x,=&,, x;=r where [38, p. 6]

12-908289 Acta Mathematica 164. Imprimé le 27 avril 1990
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Fig. 2

ds? 4r?

=— " —(dE*+dED)+dr. 10.2
T Grgegy R (102

By considering two hemispheres we may restrict to bounded values of £, and &; but this
is not strictly necessary.

In curvilinear coordinates the gradient operator has components V,=h;'D, where
D=3/3x;; thus [24, p. 32]

3 3
V= Vaup=> L (10.3)
i=1

u n
el
In particular, within the sphere S(Py, €)

1+&+ &
V'u=—i—§—2D u

. 10.4
a 2r a ( )

For our isothermal coordinates h,=h, and these factors are non-zero except at r=0.
Thus V;u and D;u are locally equivalent, in the sense of integral norms, except at
Py:r=0. In the sequel we shall estimate norms of D,u, a=1,2, and higher derivatives
Dju, s=1,2,3,.... By our next two lemmas it will be shown that V: u is majorized by a
sum of D; u norms based on three tangential coordinate systems with distinct poles P,
P,, P;, situated at the vertices of an equilateral triangle as shown in Figure 2, where all
tangential coordinate surfaces shown can be chosen as three families of concentric
spheres.
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LEMMA 4, There is a constant K depending only on Py, P;, Ps, € and Q such that

3
IVOulR< K, IDYul2. (10.5)

j=1

Here the parenthesized superscripts refer to one of the three selected tangential
coordinate systems. A similar result holds for Vx4, i=1,2,3.

Proof. We have

[V ulff = f IVOul® dx+ f IVOudx
Q-S(P;,¢) 5P, €)

<K, f |Dul* dx+ j \Vul* dx
Q-5 ¢) S(Py,€)

where K, is determined by the minima of the k; outside S(P;,¢), and |Vuf® is the
Euclidean squared gradient.

(10.6)

Since the tangential coordinate systems centred on P, and P; create a nonsingular
three dimensional coordinate system in S(P;, €) with one redundant coordinate among
the four available tangential coordinates, we may express the Cartesian derivatives of u
as smooth bounded linear combinations of the available tangentialrderivativeé in these
two coordinate systems:

Su _ ou u u

ax; iaxgl” Hi axg) i ang) (109
and hence we may write
(Vu)* < K,(DPuy* +(DPu)). (10.8)
Integrating this inequality over S(P;, ) we finally obtain
Ve ully < K 1D elf3-+ K (ID P+ IO ) (10.9)

whence the lemma follows with K=max(K,, K;).

When Q is not simply connected, a tangential coordinate system will have other
singular points. The above reasoning can still be applied to such systems if it is assumed
that, of the three tangential coordinate systems employed, no point is singular for more
than one, while at such a point the surfaces x;=constant for the remaining two systems
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are not tangent. Assuming finite connectivity and smoothness, such conditions can be
satisfied through C~ deformations.
For higher tangential derivatives we shall use a tangential multi-index j, so that

IDiulE= ", |DjDiu|} (10.10)

j1+j2=j
and similarly for the higher gradients.

LEMMA 5. There is a constant K, depending only on Q, Py, P, P3, ¢ amd s such
that
IVOuR<K, >, IDPulf. (10.11)
1sji<
1<i<3
We shall demonstrate the result by induction on s=1,2, 3, ..., and at each stage will
also show that a similar inequality holds for the norms of all the mixed gradient-
derivative quantities V, Dy...uof s factors, any number of them being V or D in any
order.
For s=2 we may suppose D,u and D,Dgzu given of finite norm. By Lemma 4,
VaDﬁu and V,« have finite norm. Now

hi _
VﬂDau—h—lzDﬁu in Q-S(P, e

D, Vou= :
VsD,u+

(10.12)
L——V u in SP;,¢)

1+8+8 ° "

The first of these clearly has finite norm while the second is bounded by the norms of
Vs;D,u and Vzu. Finally, boundedness for V, Vsu now follows from that of D, Vﬂu by
Lemma 4.

Proceeding by induction we suppose that the lemma and all boundedness results
for mixed products hold for j=s—1. As additional hypothesis at the level s we have the
boundedness of D, Dy ... D, u with s D factors. By Lemma 4 we find V, D, ... D uis also
bounded. Now in S(P,, ¢),

& .
DyV,...Diu= VaDﬁ---D1“+—r’Da «.Du;

the first term is bounded and the second term with s—1 D factors is majorized by
V.D, ... D,u which having also s—1 factors is bounded by hypothesis. We continue to
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move the V, factor to the right by permuting it with successive D factors. At a typical
step we have

Dﬂ...DyVaD,,...Dlu=Dﬂ...VaDyD,‘...Dlu+Dﬂ...§r1DaD,‘...Dlu.
Boundedness of the first factor has been established at the previous step while the
second gives rise to

3
~LDy...D,D, ... D;u

which as above is majorized by the bounded s—1 factor term V, D,... D, D, ... D, u, and
to several further differentiated terms of the form (1/r) 5, D, D, ... D, u with s—2 factors
including the factor D,. Such a term is majorized by the bounded s—2 factor term
04, VoD, ...D;u. When V, has been shifted to the rightmost position of a V factor in
our general term, we introduce another V; factor replacing D on the left, by Lemma 4,
and shift it step by step to the right as far as necessary, by the same process.
Proceeding in this way we can, using only terms bounded by hypothesis or previous
calculation, arrive at the conclusion of boundedness for any desired product of s V or D
factors in S(P;,¢). The corresponding calculation for the complementary region
Q-S8(Py, ¢) is even more straightforward and will be left to the reader.

Thus we have reached the necessary conclusion for stage s of the induction:
boundedness of all mixed VD products with s factors. In view of the given data and the
induction process, which must be carried through for all components in all three
tangential coordinate systems, Lemma 5 follows.

In our estimates of D? u to follow, we shall establish that these quantities have L’
norms that lie in LP(0, T) where p is a decreasing function of the order of derivatives.
Since these estimates hold for an arbitrary choice of the pole P, it will follow that the
tangential gradients V;, u have L? norms in the same L”(0, T), as is desired to prove for
the main theorem. That is, it will suffice from now on to consider only estimates for the
Dy u to obtain those for V u.

Because P, is arbitrary, and in view of the proof of Lemma 4 of this section, these
results actually show that locally, in the interior of Q, all space derivatives of ¥ can be
thus estimated. Since however all tangential coordinate surfaces must become parallel
as 9Q is approached, such a result does not yield global LYQ) estimates for the normal
derivatives. These will be found in Section 15 below by another method.

Certain formulas and commutation relations will be needed for the estimates in
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tangential coordinates. In the metric (10.1) the Laplacian operator is given by [24, p. 51]
with h,=h,

1 | o aw\. 8 (, av\, & (i av
Av=—3 2 (h, )+ h, |+ —— | 222
v hfh3{8x1< 38x1> 8x2< 38x2) 3x,4 <h3 ox,

= a(x) (D2+D2) v+b'(x) D, v+b*(x) D, v+c(x) Div+e(x) Dyv

(10.13)

the coefficients a, b;, b, ¢ and e being thus defined. We note that c(x)=h; 2=1in
S(Py,¢) and c(x)#0 in Q. Also a(x)=h;’=h;’=(1+E+E)"4r*, b'(x)=b(x)=0 and
e(x)=2r"" in S(Py, ). For brevity their dependence on coordinates will not be shown
explicitly, and we shall denote their derivatives with respect to x; or x, with subscripts.
Differentiating and using (10.13) to eliminate the term in D§ u, we find

G G 2 2
D,Av= AD,v+—Av+|a,——a | (Djv+D3v)
c c
c c c
+<b}——1—b'> D, v+(bf——1b2> D, v+<e1——le> D;v.
c c c

Differentiating repeatedly, eliminating Diu at each stage using (10.13), and replacing
terms such as D, Av, ..., D',‘ Av using (10.14) and its successors, we find a commutation
relation of the form

(10.14)

D:Av=AD%v+ Y, A ADkv+ Y, BiD; Dsv
B<a B<a
(10.15)
+>, CiDsv+ Y, EsDYD*+DY)v

B<a B<a

where the A;, Bg, C; and Ej are smooth coefficients but with singularities at Py, as
described below. The two component multi-index g with 8,+8,=k has non-negative
components and A<a means B is subordinate to a, i.e. fB,<a,, B,<a, and
B\+B,<a,+a,=n. Here B<a should be interpreted as equivalence of order:
Bi+B,<a,+a, only. The behaviour of these coefficients in S(P, €) is

(1+§%+§§)2)
—).

= a_of 1 a_ a_

(10.16)

We shall also use a second commutation formula obtained in a similar way but
replacing terms AD, v, ..., AD/’gv at intermediate stages using the intermediate preced-
ing results. This has the form
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AD?v= D! Av+ >, A2DsAv+ Y, B4Dy Dv

B<a B<a
(10.17)
+> CsDkv+ Y, EsDYDH+DYv
f<a B<a
with smooth coefficients that satisfy conditions (10.16) also.
Similarly, we may establish the commutation formula
n
DiVu= >, G5V, Diu (10.18)

|81=0

where G}, =1, G,_,=nD(logh), ... and G} is bounded, smooth and independent of r in
S(Py, €). The dual formula
V.Dlu= Y, G5D%V,u (10.19)
|Bl=0
with G&=1, and similar properties, shows that D’ u; is solenoidal when u; is solenoidal.
We conclude this section with a lemma that enables us to improve the order of
estimates arising from the highest order terms in the last sum on the right in (10.15) or
(10.17). If B<a and ||=k=|a|—1=s—1 then two equivalent cases can arise: a=+(1,0)
or a=83+(0, 1). In the lemma, we choose the first case for definiteness; the second case
is exactly similar.

LEMMA 6. Let E be a smooth function on Q— Py satisfying the fourth condition of
(10.16) and let a=y+(1,0). Then there is a constant C independent of v such that

f Div-E-DXD}+D})vdx| < C||VD; "v|;. (10.20)
Q

Proof. Consider the portion of the given integral taken over S(Po,¢) the central
‘sphere of the tangential coordinates defining D,. We note that

4dE, d.
dx = Pdrdg = Pdr—251% gzz
(1+E+E)
and write
1+8+£H? AdradE, d
Iszf Df,v-E,( 51 52) Dl;(Df+D§)v' r 251 2‘522
5Py €) 47 (1+&1+8)

= J’ dr f f E,Div-DXD}+D) v dE, d,.
0 -0 J —00
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Here E; denotes a bounded smooth function for i=1,2, ... . Integrating by parts over the
closed sphere surface we have

I = f dr f f Ey(D, D,vD,D\v+D, D}, vD,D\v) d&, d&,
0 —0 J—~0o

_ f dr J’ (E(D:, vD,D¥v+E, D}, uD,D}v) d§, dE,

(10.21)
. 4rdE, dt
f erL 2V, Div-V, D5v+V, Div-V, Dk ) TErEy ;:2;.;:2
- i L ArdE dE
—‘J(; er-_wJ;wEs(VlDa 10)2+E4(V1Dy ]U'VZD’, lv))_(l-}——gfig;

in view of (10.4) and the condition a=y+(1,0). The second integral is clearly of the
desired type and so need not be further considered. In the first integrand we use the
relation

1+E24+82

D,V,v=D, 5
-

D,v=V_ D, v+%Dav

where a=1 or 2. The second term is majorized by V, v, in view of (10.4). Writing

V,D,v=V,D,D;'v=D,V,D{ ‘v——g—lD D

we find the first integral in (10.20) becomes
4r°dE, d&,
(1+&1+8)
4rdE, d&,
(1+E+8)"

- f dr f f E,D,(V,D:"'v-V,D{'v+D, V, D5 'v-V, D5~ 'v)
0 —a0 J—00

+ f dr f f Ezé(l)l(D;—‘v)~v,D;—‘v+DZ(D;-'u)-VZD;“u)
0 — J—o r

Again the second integral is seen to be dominated by an integral of the desired form and
can thus be dropped from further consideration. The new first term can be expressed as

fodrf_wf_szle {(V,D; vy’ +(V, D, U)}(1+§f+§§)2'

and then integrated by parts with respect to &, around the closed sphere, yielding

_1_ ) - ° S—1.32 s—1.42 4’2d§1d§2 10.22
zj;drf_mj_mEs{(V,Dy O+ s (10.22)
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where

E,=DE,~—='_[

5 12 1 + S% + E% 2
is also a smooth bounded function. This last integral having the desired form, we see
that

I|<C f (VD; 'v)’ dx. (10.23)
S(Py, £)

The remaining portion of the integral over Q—S(Py, ), can be treated similarly
since D,=h,V, is bounded by a multiple of V, at all ordinary points. Also the
integration by parts with respect to tangential coordinates is taken over closed (or
infinite) level surfaces of the normal coordinate, and so does not introduce integrated
terms. Details are left to the reader. This completes the proof of Lemma 6.

11. Derivative estimates for the pressure

Since the tangential coordinate systems are curvilinear, and not in general Cartesian,

the pressure term does not disappear from the estimates and inequalities for higher

order tangential derivatives. We therefore set down here the necessary estimates for

the pressure terms which, as in Lemma 1, will be given in terms of « derivative norms.
From (2.6) and (2.7) it follows that

p=b+vf (11.1)

where f is the harmonic scalar viscosity potential (5.9) satisfying boundary condition
(5.2). The ‘‘volume pressure’’ term b(x, 1) satisfies in view of (2.2)

Ab= —Uy iy = ()
(11.2)
= —(u;uy)
with
b _o onae. (11.3)
on

In terms of the Neumann function we have
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b(x, )= f NG,y u, (v, Duy (v, ) dy
Q

. f ONEY) yy(y, Dyuy (. O dy (11.4)
@ '

3*N(x,y)
= | —=u(y,)uly,dy.
L 9y; 0y, ¢

Since 8°N/3y, 3y, has the singularity of a Calderon-Zygmund operator in R, [9, 23], we

may expect the singular or integrability behaviour of b(x, f) to be equivalent to that of
2

u(x, 0.

Turning first to the viscosity potential f, we have by (5.12)

du,(y,n
fx, =] K, x,y)———4ds, (11.5)
o on,
where by (5.7) and (5.14),
1
S S 11.
K(x,y) 2y +k(x,y) (11.6)

with k(x, y)=n(x, y)—g(x, y) regular nonsingular on the boundary. Hence, for a tangen-
tial derivative Dg,

u

82
+
k(x, y)] n

1
00 agﬁ 3y, [ 2r'(x,y)
2 2 F2)

=f [_ 9 { ! ,}+ 0 k("’”] “a s, (11.7)

s 0yg9y, 2nr 9840y, | On,

n & 2 3

_ I [8(1/2:") Uy S(x,Y) ua] s,

s 9y, 08ygdn, 38y, Oon,

Dyf= ® (y,1)dS,
y

We note that & is a tangential coordinate with =1 or 2 and ys the corresponding
tangential y coordinate. Since 8% is a closed manifold, the integration by parts brings in
no integrated terms. As the singularity of 3(+'~')/dy, is Calderon-Zygmund on 89, we

find
du,, )
28]

on

D du,
b on

||Dﬂf||2,asc(

2,8

Iterating this calculation for j=2,3,... we find
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. J du
D} < ci Dj—= 11.8)
LU s (
and by (5.18) a similar estimate is obtained for ||Dj8f/anl}, -
By Green’s formula
oD;
IVD5 £1 = f D; f——‘ids— f D;, fAD; fdx. (11.9)
20 on Q
The first of these integrals is bounded above by
of \ » O ||?
D D= <C D . 11.10)
” ﬁf”z,a 5 an Hz,a ; 5 an 2,8 (

As in the proof of Lemma 1 we may estimate the right hand side in (11.10) by the
volume norm expression

E,=C . |VDhull, {|AD}ull,+||VD}ull,}. (11.11)
h=0

The second integral on the right side of (11.9) can be estimated by means of the
commutator expression (10.17) for AD; f, and we obtain

—f D;f(pg, Af+ AEDEAf+, BED,DEf
Q

r<B r<8 (11.12)
+Zﬂ ¢4 D f+§; EfDKD+DY f) dx.
Ys <

The first term, and the first sum, vanish in view of (5.1). A typical term of the second
sum is

L D;f-BD, Dk fdx= L D; f- B2V, D! fdx

in view of (10.4) and (10.16), where B=f is bounded over Q including S(P,, €). The second
sum in (11.12) is therefore bounded by

D5 £, 2, \VDE £l (11.13)

r<B

A typical term of the third sum is
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f D, f-C8D\ fdx= f D; fCEVD: fdx
Q Q

where we may note from (10.16) that C‘ﬁ vanishes in S(Py, ). Since k—1<s it follows
that the third sum in (11.12) is also bounded by an expression of the form (11.13).

To analyze the last sum in (11.12) we note that Lemma 6 provides a bound
C||VD;'1 f ||§ for the highest order terms. A similar calculation but ending at a point
corresponding to (10.21) will yield the same order of estimate for the second highest
terms, and so on for lower terms, so that a bound

s—1
C> VD! £ (11.14)
h=0

is obtained for the whole sum. Noting ||D; f|,<C||V, D;"' ]|, where B=y+(1,0), we
obtain from (11.13) and (11.14) the inequality based on (11.9) in the form

s—1

VD3£I < 2E,+C||VDy™ fll, >, VD4 £,
h=0

1 (11.15)
<2E,+C D, |VD4 f|I5
h=0

Thus we have again used the property that the gradient operator dominates a first order
tangential derivative operator. The case s=0 of this inequality (11.15) is equivalent to
Lemma 1. We may substitute this result on the right hand side, and so obtain the result
for s=1. Upon substitution successively for s=2,3,... the result now follows by
induction on s.

LemmMmA 7. For s=0,1,2,...,

IVD; FIB < € > [IVD}ull,{||ADS ull,+|[VDj ull,} (11.16)
h=0

where the constant C depends on s and on the choice of tangential coordinates but not
on u.

A similar estimate, which we need not state explicitly here, holds for time deriva-
tives of f in terms of the time derivatives of « of the same order.

The necessary estimate for b can also be found by means of the commutator
formula (10.17). Since D;, is tangential it will commute on 8Q with 3/0n. Thus
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oD,
||VDf1b||§=f Db "de fD;b~AD;bdx.
o Q

Since the normal derivative term vanishes on 3Q, the first integral is zero. The second
integral on the right hand side becomes, in view of (11.2),

_f D;b[z ASDjAb+Y, BD,Dsb+ Y, CiDib+, E;D,';(wag)b] dx
Q Jj=0 B<a B=<a B<a

s s—1
<C||D;,bllg >, ID%,(Vu||gs+C . [IVD% b

Jj=0 h=0

j12]
<cvpsbl, S, S IDLul,IvDi 'u||3+c2 VDL

j=0 I=0
s [JR]
1 s _
<5 IVDLbIE+C 3 X VDL ulB VD] ull, |ADY ’u||2+c2 VD, bE.
j=0 I=0

To estimate the B¢, C“ and E; type terms here, we have proceeded exactly as in the
proof of Lemma 7. Note that in the estimation of the nonlinear term, the L? norm is
applied to the factor with the lower singularity.

1t now follows that

s Ljf21 s—1
VD blp<C Y, S VDLl IVDL ull, IADE ull,+C X 9D, .

j=0 I=0 =0
For s=0 this relation is

V61 < CliVull | Aull,,

which can easily be obtained directly. Substituting this result on the right hand side we

obtain the result for s=1, and so on by successive substitution. Thus we have estab-
lished

LEMMA 8. For s=0,1,2, ... we have

s 2]
VD3 bE<CS S VDL U VD ull JAD ul,

j=0 1=0
where C depends on s and on the tangential coordinate system, but not on u.

For completeness we state here the modified form of this lemma needed to
estimate time derivatives D, VD’ b.
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LLemMA 8r. For r,s=0,1,2, ... we have

s [jR+r-2h) . -
1D DsBE<C Y S > IDEVDLulE D VDL ul, D) ADL ul,
h=0 j=0 [=0,Iss

where C depends on r and s but not on u.

The demonstration is similar using Leibniz’ formula for the time derivatives of
(Vu)? and again applying the L? norm to the factor with lowest overall singularity.

12, Tangential derivative inequalities

To establish estimates of the tangential derivatives of #, Vu, Au and their time
derivatives, we differentiate the Navier—Stokes equations with respect to tangential
variables and then conduct calculations similar to those of Sections 7 and 8 above. For
each value of r=0, 1, 2, ..., an induction on the order s=s,+s, of tangential derivatives is
necessary, so the details of the induction are now somewhat different. Moreover the
normal coordinate derivatives are not included in our summations at this stage, so that
full tensorial invariance is not preserved [31, p. 36]. Thus the divergence property (2.2)
cannot be used, as it was earlier, to annihilate the pressure terms; instead the estimates
of the preceding Section 11 will be employed.

We denote by D’ u=D;' D, u a typical tangential derivative of order s;+s,=s and
denote by ||D%u|f3 the sum of squares of the L¥(Q) norms of all such tangential
derivatives of order s. For reasons of homogeneity in the orders of integrability, we
consider at the same time the space derivatives VD!« and AD; 'u, the latter being
replaced in inequalities by AD? 'u. Thus we will obtain estimates of D' u, D} D;u and
Di'D2u simultaneously at a given stage of induction on s; and this structure also
applies to all orders r of time derivatives.

Applying the operator D} D;, to (2.1) we find, using Leibniz’ formula and (10.15),

DD, +2 Z ( ) ( )D"D’ u,D;™"DS Iy, ,
h=0 j =0

=—D]Di(b +vf )+vD,D;, Au; (12.1)

=D} Di(b ,+vf )+vD; AD} u;+v E A3D;ADhu,

+2 B3 D;D, Dy, +2 C;D;Dhu; +Z E} D, Dy(D}+D})u;.

=0 1=0 f<a
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Multiplying by D) D¢, u, and integrating by parts in the leading viscosity term on the right
hand side, we find

L b0} D ulf+vlD; VD5l = f oo 3 (1) (£) 1D D0
h,j=0

f D, D% u{D,D: b +vD]D: f } dx
Q

ik

D, Du, ZAﬂD’ADﬂu dx
f D, Du, EBﬂD’D Dlu;dx
Q

(12.2)

f DDy, EcﬂD'Dﬂu dx

r s ay nl 2 2
fD,Da ,-zEgD,Dﬂ(DﬁDz)uidx.
Q =0

Let us denote the integrals on the right side by 1,, I,+1,,1,, I, I and I; respectively. By
(10.18) we have

11‘=—f DIDLu, > (2)( )D"D’ u Dl "EGGV D.u,dx.
Q

h,j=0

We observe that the term in the sum with 2=0, j=0, I=s gives an integral similar to (7.5)
that vanishes after integration by parts and use of the divergence condition (2.2).

Indicating omission of this term from the sum by a prime, we integrate by parts
with respect to V; and use (10.19), obtaining

r,s,5~j
I,=JD;V,(D; 2’( )( )D"D’ u, G4 D" D! udx
Q

h,j,1=0

I,S,S—j
—f D;Dsu, ) (2)( )D"D u, (V, G2) D" DL dx.
Q

h,j,1=0

Hence

rs,s—jf
<2 ||D’VD’ u|P+C|\D; D3 ul}+C 2’ D! DY, w, D" D u,|.
h,j,1=0

In this last sum the opposite corner term with A=r, j=s, [=0 may be estimated by
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C|\D; D} uy- ulf; <C||D; D u 5 ||l §
<C|\D; VD ull, ||D; D} ull, || Vull3

LT
<=¢ 10/ VD, ullz+ CUD; DL ull [Vl

Further terms of the triple sum with 2h+j/22r+1/2 will be estimated by

D} D, u, D™ DL u; |}} < |\D} D, ul3 ||D; ™" Dq ully
< C||D} DY, ull, ||D} VDY, ull, |D; ™" VD, ul;
while if 2h+j2<r+1/2 we write
D} DY, u, D™ DL, w; |} < ||D} D, ulf¢||D;™" Do ulfy
<C||D; VD’ ull3||D;™" D, ull, D" VDL ull,.
The involution exchanging & with r—h, and j with [, shows that the latter set are
included among the former, so that only the sum with 2A+j=r+1/2 need be included if

the constant C is adjusted.
Now by integration by parts,

IL|= f D[ D%u,D; Db dx

r $ a ny Nl
|J’DVD uEG,,DD bdx‘ 126

<C||D; VD3 u|, 2 \D; DL, |l
=0

1
<—IID'VD‘ ul3+C (2 1272 b||z+IID'bIIz)

1=0

while

|13|=

f D,Diu,D;D.f dx'

=‘—ID’VDS “ Z GSD,DIfdx' (12.7)
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S
<C||D; VD3 ull, >, [|D; D £,
=0

s—1
<3517 VD ||§+c(2 (2 VDfaf||§+||D:f||§)-

=0

We may integrate by parts in I, since D} #=0 on 9Q:

II,|=v

s—1
f D,VDu;, >, A3 D, VD}u,dx
Q =0

s—1
<C||D; VD% ull, >, ||D; VD ull, (12.8)
=0

s—1
v ' 5 s
<= 1D} VD, ulfi+C 3 IID;VDj ulf

=0

In I5 we integrate by parts with respect to D, noting that the surface integral vanishes:

IIs| = v

s—1
f D,D;D}u; Y, B3 D, Dyu;dx
Q I=1
s—2
<C||D; VD5 ull, >, ||D; VD ull, (12.9)
I=0
v s=2
<D VD, ulp+C > 1D VD ulf
=0

where we have taken account of (10.4) and (10.16) to convert one D, factor to a
gradient. Then in Iy we obtain

Ij<v j D,Dju Y, C3D;Dyudx
Q 1=0

<C|\D; D5 ull, D, |D; D} ull, (12.10)

=0
<C . |\D,Dyulls.
1=0
For the integral I; we can proceed exactly as in (11.12) - (11.14) with D}, in place of f,
and so obtain the estimate

s—1
L<C) D, VDhu)?. (12.11)

=0

13-908289 Acta Mathematica 164. Imprimé le 27 avril 1990
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The foregoing results will be combined with a second inequality obtained by
changing s into s—1 in (12.1), multiplying by D} AD: 'y, and integrating over Q. This
process yields, after an integration by parts similar to (3.2), and noting that D' u; is
solenoidal, by (10.19),

1 v S~ rApDS—
’?D,”D, VDa lu||§+v||D, ADa 1“”%

r,s—1
- 3 -1 -
=+ f D&, 3, (1)(*7") Dt Dhuc by D
i |

h, =0

+ f D, ADS ' u{D; D5 b +vD;D\f Y dx
Q

s—2
+f D,ADS 'u, Y, ASD) AD)u,dx (12.12)
Q =0
_ 5=2
+f D;AD; " u; >, B3 D; D, Dyu;dx
Q 1=0
_ s—1
+ f D,AD{ ', Y. CyD; Dy u,dx
Q I=1
_ s=2
+ f D, AD;"uiE E; D, Dy(D}+D}) u,dx.
Q 1=0
We shall denote the integrals on the right side of this second relation by J;,J,+J;,
J Js, J and J; respectively.

In the estimation of J, by Holder’s inequality it is necessary to use an L¥(Q) norm
for the first factor, so that an L) and an L*(Q) norm or an L™(Q) and an LXQ) norm,
could be available for the remaining two factors.

We apply the L%(Q) norm to the factor D! D!, u when it has the lesser total order of
singularity. Otherwise we apply the L*(Q) norm to this factor. We have

|J1|=

r,s—1 _ s~i—1 )
j D;AD My, 2 (2) (S ] 1)Df'sz Uy G.D "V, DSV u,dx
o B 1=0 j=0
_ r,s—1,s—1-1 .
<CIDAD [ D, |IDEDLull )P VDl
h,1,j=0
2h+1/2<rl+(j-1)/2

r,s~1,s—[-1
+ > |ID!D.ull. D} VD ull,
h, 1 j=0
2h+t/22rj+(j—1)/2 (12.13)
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r,s~1,s—1~1
<C||D}AD; " ull, > IDVDLull,|ID; VD ulf}? (D) AD ully?
h,1,j=0
2h+l/2<rj+( j=nr

r,s—1,5=1-1

+ D |ID'VDLu|i? D! AD, ull?|\D; " VDY, ul),
’ A1 j=0
2h+ l/2>rj+( j=nr

where (2.16), (2.20) and (2.21) have been invoked as appropriate. There is an involutory
correspondence h—r—h, [—j between the terms of the two sums which therefore can
be combined into one such sum. Employing Young’s inequality at the same time we
now find the estimate

r,s—1,s—1-1
v . _ - _ .
i <10 Ay D% DL 1D} ADL uly 197 9Dl
h,Lj=0
2h+1/22r"+(j—1)/2

(12.14)

The term with h=r and /=s—1,j=0 in this sum also contains ||D; AD% ||, so that we
apply Young’s inequality once more and obtain

v AT r s—
Vil<- |; AD; ‘u||%+c{||D,VDa A

e (12.15)
’ ~ , ;
+ |D} VD, ul, D} AD, ull, |D;™* VDY, ul;

h,1,j=0
2h+U22r+(j-1)12

r,s—1,s

where the prime on the summation sign denotes omission of the term A=r, I=s5—1, j=0.

Noting the lemmas of the preceding section we write the expressions for J, and J; in the
form

s—1
Vol +15l < ClID; ADS |, >, {|D;, VD, b||, +v||D; VDL £ ||}
1=0

. (12.16)
sl_a; 1D, ADS ulB+C . {ID; VD), b|3+|{D; VDLf |12}

=0

For the integral J, we use the orthogonal decomposition Av,=Av+V, f,, where
v=D;D. u, and so write, noting (Aw,, V,£,)=0,
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s=2
W< C||D; ADS 'ull, ., |ID; ADY ull,
=0
s—2 (12.17)
14 r A NS— r A
<< ID;ADT ulp+C 2, 1D} AD; ulf
=0

by Young’s inequality.
In Js5, we see from the second condition of (10.16) that one D, factor should be
converted to a V, to absorb the r~! factor. Since D, corresponds to V; we obtain

s—2
Vs < C||D; ADS ull, . 1DV, V, Dy u,.
1=0

The latter factor may be estimated as in [19, p. 21] by the formula
|, vV D} ull, < C(|D; ADj ull,+||D; VDg ull)

so that we obtain by Young’s formula

§—2
Wy sl—”6||D;AD;-'u||§+c(2 ||D;AD,’3u||§+||D[VDI'3u||§). (12.18)
=0

By the third condition of (10.16), we see that D, and V,, are equivalent in Jg, and so
obtain

s—1
Vel < C||D; ADS ull, >, ||D; Dy u,
=0

=0

s—2
<C||D; AD ul (Z D VDgu||2+||D:u1|2) (12.19)

s=2
v AT r r
< |ID;AD; 'un§+c(2 ||D,VD;u||§+||D,unz).
1=0
From the fourth condition of (10.16) it is evident that two D, factors in J; should be
converted to V, operators, and these are best chosen as the factors D3+ D3. The integral
over S(Py, £) has the form

f (1+E+£)
w——
S

e (D}+DY)vdx= fo dr f J’ w(D}+D3)v-dE, dE,

(12.20)
= —f drj f (D,w-D,v+D,w-D,v)d§, d§,
0 —~w J—o
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where w and v are smooth functions. Supplying the factors (1+&2+£3)%/4r* in numerator
and denominator we find the expression

—f drf(Vlw-Vlv+V2w-V2v)r2dw
0 @

where w denotes solid angle.

We may now regard V, as the gradient operator with respect to arc length s, along
the appropriate parametric curve on §,, and, since the isothermic curves form an
orthogonal net, write

dS = r*dw = ds, ds,.

Integrating by parts in the reverse direction we now find

f dr f w(V,(V,0)+V,(V,v)) ds, ds,= f dr f w(V2v+Viv)ds,
¢ % o s (12.21)

= j w(V2v+V3v) dx.
5Py, o)

The corresponding integral over Q—S(P,, €) can be shown to have a similar form.
Consequently in view of [19, p. 21], and Young’s inequality,

5s=2
V.| = l_ I D;AD;“‘u,.E Ej} D; Dy(D}+D}) u;dx
Q 0

s=2

<C||D;ADS ull, >, (1D, ADS ull,+|\D; VD ully) (12.22)
=0

5=2
< 1D AD% ulf 3, (107 AD} D, %D} )
=0

Combining all the foregoing inequalities and multiplying by 2, we find after certain
cancellations '

r NS r s— 3v r S A
D{||D; D} u|;+||\D; VD, 'u||§}+—i~{I|D, VD, u|;+|\D; AD; " ulz}

<C ( (1D} D ull+{1D; VD ull) |Vl
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r,s,s—1

+ > DEDiull,||D! VD ull, |D; VD, ul
h,1,j=0,2h+j2 = r+12

rs—1,5s—1-1 _ )
+ >/ D:VDLul,||D! AD. ull, |0, VD!, ul}
h, 1, j=0,2h+122r+j2

r s—=1 [j24+r—-2hH] ] . )
+> > > |DEVDLulE D VD ull, Dy AD Y
h=0 j=0 I=0,l<s

-

(12.23)

1
+ > ||D; VD ull, {|ID; AD, ull,+|D; VDY, ul|,}
=0

s—2 s—1 3
+ > |ID; ADL ulp+ >, ID; VD, ulp+ >, nD:Df,un%)-
=0 =0 1=0

Denote the seven summations on the right hand side of (12.23) by Z,, ..., Z; in the order
that they appear there.

We shall cancel off against the left hand side any terms containing |[D} AD: '4||,, in
the following way: In the triple sum I; such a term appears for #=0, [=0, j=5-1,
namely

(IVall; 107 VD ull, D7 AD; e,

8r+4s+2 (1224)
<5 1D &zt Dy 7Dz ).
The first term with j=s—1 in X, can be majorized by
55 IDAD! uli+CIID; 9D ull (12.25)

and the first of these terms will cancel against part of a term on the left hand side. The
gradient products in I, are identical with those in X5 and ¢, so that I, reduces in effect
to

s—=2 5—~2 5—-2
ZHD:VD{;unzHD:ADf;unzs—;—ZHD:ADzuu%%Envrvnf;uu%- (12.26)
j=0 ji=0 i=0

As these sums are included in Is and I it is clear that, adjusting C (as necessary), we
can drop L, altogether.



DERIVATIVE ESTIMATES FOR THE NAVIER-STOKES EQUATIONS 199

13. Tangential derivative estimates

We now apply Young’s inequality to the product terms on the right hand side of (12.23),
noting that the maximum singular index is 4r+2s+1. As in Section 8, certain gradient
and Stokesian terms must be kept together, so that the necessary lower order estimates
can later be adjoined consistently with the integrability lemma. These terms will also be
given a sufficiently small coefficient to make possible cancellation against left hand side
terms. The result of these calculations is the inequality

D, {||D; D}, ull3+|\D; VD 1ullz}+ {ID; VD ulf+\D; AD; ulf3}

2 4r+2s+1 2 4r+2s5+1 2 4r4+2s+1
{HD’DS u”24r+2s 1+“Dr Dx— u”24r+2s 1+||Vu”i21r+4s+2+ 2 ”Dh ”24h+21—]
hi1=0
r,s—1 4r+2s+1 rs—1 (131)
+ E’”DhVDI u“24h+21+1 +1’2 ”Dh ADI u”2}
h,1=0 hI=0
V ry5—1 KA )3 2As—1-1) .
L SIIDEVDLul, (D ADL ul}
hl=0

Here the prime on the first two summations over r, s indicates that the ‘‘upper right
corner”’ h=r and I=s is omitted. On the last sums the prime indicates omission of h=r,
[=5—1. In view of (3.12), we have supposed that the singular degree of every term
except those in X5 has been raised to the maximum 4r+2s+1 by multiplying by a term
K||Vul{?=1. This means that when we apply (2.13) with appropriate exponents, only
terms with singular index 4r+2s+1 will appear, including terms in {[Vu|[y+4*2 T is
exempted from this process because terms containing the Stokes operator A will occur
only in G, f#) so that a different disposition must be made for these terms.

The constant C on the right hand side of (13.1) will be definitively denoted by C, ;
and will not be increased hereafter.

We now define, first for =0, s=0, 1, 2, ... then for r, =0, 1, 2, ... and so on for all
positive integers (7, s):

r 4r+25-1 r,s—1
F, (0) = ||D! D%, u|f2+||D; VD3 ul 2+ 522”1? (2T S ~Co 2 F,(0+1 (13.2)

h 0j= h1=0

G, (1) = v(|D, VD3ull3+||DIADS " ull5)
4r=m)+2s= ) rs~1 (13.3)
Il4r+2s 1 ah+2j—1
+ At G, (0+C,, >, G, (.
22 prpe L0 fO+Cos 2, G
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Again the double prime denotes omission of the terms h=r, j=s and h=r, j=s+1.
Terms with 4r+25—1<0 or 4h+2 j—1<0 are also omitted from the sums. The terms on

the right side of (13.1) evidently satisfy

4r+2s+1 4r+2s5+1
]]D?D:‘za“zﬂﬂ-z{'vl sF;"I(f)4k+2;—l
24r+2.r+) 4r+25+1
"D:IVD; unz 4h42+1 th,H-l (t)4h+2(l+l)—l

V“D?ADL “”% <G, 5,0

and
24(r-—h)+2(.v ~{~1) Ar—h)+2s-1-1)

VIID?VDf,qu a2l HDfZ\DiulliﬁFh,m(t) k20 Gy 1(D).

We also note the inequalities, where h<r, I<s:

1 N
Fh,l(t) 4h+2]~1 SF,,S(I‘) 4r4+25-1 ,

4r+2s+1 r,5+1 Ar+25+1 Ar+2s+1
ZI F, (0 h2-1 < 2"F (**U-1 < CF (t)4r+23—
h1=0 h,I=0
, 4r+2s5+1 4r+2s+1 r.s 4r+2s+1
4h+2+1 dre2s— " 4h+2U+1
z w1 (D) <F, ,@0"" "'2 Fy ()
h,1=0 &,1=0
4r4+2s5+1
(t)4r+2.s—l
: ]

dr+2s5+1
”Vu”gr+4s+2 SFO,](I 4r+25+1 <Fr,.s‘(t) 4r+2s5~1 ,

Mr=R+2As—))

(13.49)

(13.5)

rs dr—-h)+2(s~I~1) r, s+t dr+2s—1 :
z’ Fh, 1 (t) dh+2(1+1)~1 Gh, I+l(t)$ G,,_‘.(t)"‘ 2”_4_5__-___ Fh,j (t) 4h+2j—1 Gh,j(l)
e 4ht2j-1
<26, ),
dr+2s+1 4r+2s+1
" 4r+2s5—1 pTrCTRY 4r+25—1
—F, . (t <@r+2s+Dr+ D) E+H2)F (¢
’; s P @r+2s+Dr+DG+DF, ()
and
4h+21+1 4r+2s+1

E’ C}; }Fk (t) 4h+2{-1 < CF(,_; ({) 4r+2s—1 .
h,i=0
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The general inequality with which we shall work has the form

4r+2s5+1

F, (0+G, (§<C, F, (> (13.6)

rsors

d
dt

We shall proceed by induction with F, ()€L"Y**71(0,T) and thus prove that
G, () ELY4*2*D(0 T), However we must first show that (13.1) can be transformed

into the form (13.6). For this purpose we multiply (13.6) (where r, s are replaced by &, j)
by

Ar—-h)+2(s—Jj)
5 4r+2s-1 o ,(,)—17.:’%7_1“
4 4h+2j-1" "M

and add the resulting inequalities for #=0,1,...,r, j=0,1,...,s+1, but omitting h=r,
j=s and j=s+1. Also for h=0,1,...,r and /=0, ..., s but omitting h=r, /=s we multiply
(13.6), with r, s replaced by 4, 1, by C, ; and add on.

As induction hypothesis we assume that these preceding inequalities are valid. We
now obtain from (13.1)

5 7S
D,F, 0+ G, (0+C,, MG,
h,1=0
24r+2.s‘+1 24r+2s+1
s 1 1D D ull, 7" +||D; VDY ), 2!

r,s+1 4r+2s+1  r,5-1 4r+2s+1

+C 2” Fh'l(t)4h+21—1 + E Fh’l+1(t)4h+2(l+l)—l (13.7)
h =0 hi=0

r,s—1 } 4r—h)+2(s—1-1)

(3
+y 2’ 'DhADl ”2 +__ 2’ Fh [+1(t) 4h+2(1+ -1 Gh [+1(t)
hi=0 hl 0
4r+2s+1 5 4h+21+1
Fh I(t)4h+21 11 + C” ZI Ch IFh l(t)4h+21 1
hi1=0

5 7 4r+2s+1
“20 4h+21-1

We note that the Stokes operator terms are together majorized by the sum of G
function terms on the left hand side.

Also the sum containing the products of F and G terms is less, term by term, than
the corresponding sum in (13.3) plus G, (). Hence this term cancels against G, (1) on
the left side. Inequality (13.6) now implies, by (13.5),



202 G. F. D. DUFF

4r+2s+1 r,s—1 4r+2s+1
D,F, (0+G, (H< C{F,_ N() M) 2 F, (p#+!
mi=0
9 r,s 4r+25+1 r,s—1 4r+2s+1
+7 2’ Fh,[+1(t) 4h+2(14+1)-1 + E Fh,l(t) 4h+21-1 } (13.8)
hil=0 h, =0
4r+2s+1
< CF, s(t) 4r+2s-1 .
It now follows from Lemma 3 that
1
G, (HELY>* (0, T) (13.9)
and hence
2
ID;VDull, and ||D;ADS 'ull, € L****1 (0, T). (13.10)

14. Deduction of the estimates for s;=0,1,2 and r, s,, 5, arbitrary

At a given stage in the induction proof of the preeding section we establish (13.10) and
at that stage corresponding results for all lower order tangential and time derivatives are
also known. By Lemma 7 and its analogues for general values of r, we can then
conclude ||D; VDS f]|, € LY?*9 (0, T). Noting that the tangential derivatives of u vanish
on 3Q, we may again apply the estimate [19, p. 21} and obtain

1D, D; DD 'ulfy < C{ID;ADY 'ullp+ 1Dy VD ullz)

< C{|ID;ADS " ul+ D, VDL FIRHID, VD ullgy  (14.1)
1
EL4r+25+l (0, T).

We are now in a postition to undertake the main proof by mathematical induction
on s, and then on r. The results of Section 7, 8 and 9 assure us that Fy o(f), Fy, () and
Fy,2(9) satisfy the induction hypothesis on s. Consequently Gy o(¢), Go,1(f) and Gy (1)
satisfy the conclusion of these induction steps. At any step s of the sequence with r=0,
the new induction hypothesis requires ||Df u||, and |[VD: ™" u|j, € L¥®~1(0, T). But the
result of the preceding induction step s—1 assures us that ||[VD{'u||, (and also
|AD:%u||, and ||AD%%u||,) satisfy precisely this same condition, which since
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\D%, u||,<C||VD% " u||, ensures the necessary induction hypothesis for the next step. This
proves the induction for r=0,5=0,1,2,...,n, ...

Considering now the induction over r, we assume the results proved for all s and for
values of r up to and including r— 1. Then, by (13.2), the new hypothesis at any s step is
\D; D;, u|, and ||D; VD% u)|, € L¥“**~V. But the result of the preceding (s—I)st step of
the s-induction is that ||D; VDS ' u||, and also ||DjAD: %u||, and ||D;AD% 2 u||, satisfy
exactly this same condition. Since again ||D;D; ul|,< C||D;VD: 'ul|, the induction
hypothesis for each step from s—1 to s does hold. Now by our earlier results the
induction hypothesis can be seen to hold for F, (1), F, (1) and F, ,(). By (13.2) this
requires the results of the earlier induction steps up to r—1, as well as the results of
Sections 7, 8 and 9, but these results are all available at the rth stage of the induction.
Hence the induction over s=0,1,2,3,...,n,... holds at the rth stage, and this estab-
lishes the general step of the induction over r. Letting r=0,1,2,...,m,... We now
easily complete the induction over r and with it the proof that (14.1) holds in general for
r,s=0,1,2,...,nm,....

A further conclusion we can now draw is that, by (2.22)

max, cq |D; D} u| =||D; D ul|.,
< C||D; VD:ul|y? || D} AD: u||¥* (14.2)
I
€L2r+s+1 (0’ T)

Note that the s; component is still necessarily zero in (14.2) at this stage of proof.

15. Normal derivatives of third and higher order

Remaining to be estimated are the partial derivatives containing three or more normal
derivations. These we shall estimate inductively on the normal order, by considering
each component separately and by introducing the incompressibility and vorticity
relations.

The continuity equation div u=u; ;=0 yields in tangential cordinates

Dyuy=-D,u,+gu, a=1,2 (15.1)
so that

DDy DD uy=—D,Dy"' D} D} D, u,+ lower order. (15.2)
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The right side contains only derivatives of lower normal order so suggesting an
induction on s3. In fact by iterating (15.2) we can express the derivative on the left side
as a finite linear combination of derivatives of normal order two or less, each of which
has L? norm with the appropriate property of integrability by the preceding section,
namely inclusion in L¥“**1*%2*2%57V ¢ Ty,

For the tangential components u; and ¥, we make use of the corresponding
tangential components of the vorticity equation

w; FUu ;= o U VA, (15.3)
with i, k=1,2,3 and
1 il Oy
= curl u;=—"| —————= 15.4
;= curl u;=—-¢ <axj ox, (15.4)
where €% is the permutation symbol. Solving (15.3) for the Laplacian term we have,
with a=1,2

VAw, =0, tuw, 0 U, i (15.5)
Hence, with bounded coefficients a,, a,
D} u, = a,AD, u,—a,(D}+D3 D,u,+lower order
= a,A(w,—D, u;)—a,(D}+D3) D, u,+ lower order (15.6)
a,

= — (@, F U0y 0y, J—a,AD,u,—a,(D*+D)D, u,+lower order

is now expressed by third and lower space derivatives of components of u; containing at
most two normal derivatives, together with a time derivative and products of the form

3 (du; O
SR dar Wided A 15.7
e a ""axk<ax, 8x3> -7
and
_ (Ou,, Ou,\du, (15.8)
P2\ x, " ox,, ) xy '

As in all our preceding calculations with the hypoelliptic heat flow operator, we see
that the time derivative takes the place of two space derivatives, and that the L* norms
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of the time derivative term and all the third order derivative terms on the right side of
(15.6) lie in L?*(0, T). The same is true of terms such as (15.7), for

[l @3, ll, < max lukl'linqu (15.9)

and these two factors are known to be in L'(0, T) and L¥*(0, T), respectively. Likewise
for (15.8) we have '

ooy 1z /I, < [l ||Vl
<[|Vutllg || Vaall§? || Vel |3
<C||Aull? ([Vul)}?

and this product has singular index ()’+()’=§. Hence ||D,u,||, and also |D;u,|,€
L*[0, 1.

Consider now a typical derivative of (15.6) with respect to time and tangential
derivatives. We may neglect all lower derivative terms arising from variability of the
coefficients a; and a, which will have bounded tangential derivatives at every order.
Thus

a
D.D.D3u, = fD;D;(wZ,,—ADI Uy U0, y—w Uy )—a, D) D(D3+DY) Dyuy+ ... (15.10)

Evidently each of the four linear terms in w or u will have the singularity index
1(4r+2s+5), by the results of Section 14. To calculate the product terms we again use
Leibniz’ rule:

DD, )= D, (’) <;) DiD\u,-D; D, ,. (15.11)

Ji=0

Again we may use the results of Section 14, namely that the product in the (j,1) term
has singular index determined by

ID! Dguy- D} Dy wy |, < maxg | D] D ul- |y D oy |- (15.12)
The factors of this expression have singular indices

2j+1+1 and -;—(4(r—j)+2(s—l)+3)

by (14.2) and (14.1) respectively. Thus the product, and hence (15.11), has singular
index 1(4r+2s+35) also. Similarly, the derivative
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DDy )= . (;) (;) DiD\w, D D u, (15.13)

ji=0
is a sum of terms with typical L(Q) norm
. . . i
D! D), @, D D5 w, |Jl, < |IDID) ol |ID;™ D wy il

s—=1
<C|\DI VD, wll, >, 10,7 VDr WD, VD ul?  (15.14)

m=0

s—1
<C|\DiAD, ull, Y, D} /ADg ully?- D} VD7 ull;”.

m=0
By (14.1) the singularity indices of these factors do not exceed
%(4]’-{—21-&-3), —‘1—(4(r—j)+2(s—l)+3) and %(4(r—j)+2(s—l)+1)

the sum again being at most }(4r+2s+5) in every case.

An entirely similar proof works for the other tangential component u,, and the
result is known to be true for u;. This proves the desired result for the partial derivatives
of the form (15.10) and sets the stage for an induction on the normal order s;. However
we should note at this point that (14.2) can now be extended to first normal derivatives
as follows (see also [1, p. 718)).

max|D; D} D, u| = ||D; D, Dy ul|,,
x€Q

<C||D; VDS, D, u||Y*(|D; VVD: Dy uy?*+(ID; VD Dyul);?)  (15.15)
1
€L2r+x+2 (0, T)

Suppose, therefore, as induction hypothesis that the first or LX) result of the
main theorem has been established for all partial derivatives with respect to x; of order
less than or equal to s;—1, where s;=4. Suppose also that the second, or maximum
norm, result of the main theorem has been shown for all partial derivatives with respect
to x; of order less than or equal to s;—3. We wish to establish the first result to order s;
and the second to order s;—2.

Observe in view of (15.10) that

5 a - s sum
DD:DYu, = —v—'DfozD; (0, ~ AD iy + i, 0, =0yt )~ DL DDA+ DY DY u+ ..
(15.16)
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where now the omitted lower order derivative terms may contain terms with coeffi-
cients differentiated with respect to x; which near a singular point is the radial
coordinate,

To estimate such lower order terms with coefficients singular at the centre Py of a
tangential coordinate system, we first omit the sphere S(Py,¢) from the domain of
integration. By the induction hypothesis on s;, the integrability property for this
reduced domain is easily established. By means of a second tangential coordinate
system and corresponding domain covering S(Py, &), and by recalling that all lower
order derivatives in this second system have already been estimated, we can however
obtain the result for S(Py, €). This establishes the integrability of D} D! D3u, as required
for the next stage of the induction on s;.

The terms on the right in (15.16) have normal order at most s;—1. The linear terms
among them have therefore been estimated as required, by the induction hypothesis.
The product terms can be calculated exactly as in (15.11)—~(15.14); indeed we need only
read the two-dimensional derivative symbol D}, as including a third component D;’_3
with appropriate Leibniz rule factors. Thus the calculation based on (15.12) goes
through as before since the highest index for the D; factor in the maximum norm is
53—3, and the maxima up to this order inclusive have been estimated and are a part of
the induction hypothesis. Likewise the calculation based on (15.14) goes through since
the highest order normal term is the Stokes operator term with normal order at most
$3—3+2=s53—1; and these terms have been estimated and are included in the induction
hypothesis. Therefore the first estimate of the main theorem holds for the derivative on
the left side in (15.16). Finally, since all LX) norms of derivatives of normal order s;
have been estimated as in the main theorem, the estimate for the maximum or L7(Q)
norms of all derivatives of normal order s;—2 now follows from the known imbedding
inequalities [1, p. 718]. This completes the proof of the induction with respect to ss.
Therefore all derivatives of all normal orders, and consequently, all partial derivatives
of all orders in the tangential or Cartesian coordinates, satisfy the conclusions of the
theorem. This completes the proof of the main theorem.

16. Concluding comments

The main theorem and the Integrability lemma will be extended in another paper to
cover the presence on the right hand side of the Navier-Stokes equations of a forcing
term. If however such a forcing term were only finitely differentiable, then the
estimates may be valid only up to the corresponding finite stage.
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Consider solutions of the form

X

u(x, )= (T—t)’ﬂU,.( : ) H(T-1) +uy(x, 1), (16.1)
(T-0°

where T, a, § are positive numbers, H(T—t) denotes the Heaviside unit function, U{(X))

is C* and u;(x, 1) is C* at least near (0, T). Then for t<T,

< —ﬂ—r—as+37a>
|\D; Dy ull,= O\(T-1) (16.2)
while

Max,q |D; D} u| = O(T—H)777""%). (16.3)
From the main theorem we may now conclude using (16.2) that

/3+r+as—3—2a—<2r+s—-;—

holds for all permitted sets of values of r and s. Thus a<1 follows if r=0, s is large,
while from the case r=0, s=1 we conclude S<i(1+a)<l1. Equivalent results can be
deduced from (16.3). From the 1/p, intercept of Serrin’s critical line [33] we may infer
B=4. The condition ||Vu|,€L*®O, T) is known to be sufficient for regularity [21, p. 227],
and this can also be seen from our estimates of every order in succession, if the last
terms on the left are dropped and the estimates are treated as first order linear
differential inequalities. This condition implies Ja+4<p. Thus finally,

1 a, l a 1
max (_2.,7+7) <p<Zil<l (16.4)
Perhaps the most natural parameter values in the range thus indicated are a=g=} which
were considered by Leray [21, p. 225].

While the asymptotic expansion of a solution with a point singularity need not, in
general, have a form as simple as (16.1), it is evident from our results that the singular
behaviour must fall within a well defined and non-trivial range of algebraic behaviour.
One point singularities with a=£=1 might occur in sequences or condensations leading
to a more complicated higher order asymptotic behaviour. Our estimates are a conse-
quence of the underlying algebraic and differential structure in R* of the nonlinear
convective terms, which seem to permit exceptions to smoothness but only with well-
defined limitations. In higher dimensions of space any such limitations would necessar-
ily be very much weaker, as comparable integrability estimates are not available.
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