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0. Introduction

Loop spaces LM of compact complex manifolds M promise to have rich analytic co-
homology theories, and it is expected that sheaf and Dolbeault cohomology groups of
LM will shed new light on the complex geometry and analysis of M itself. This idea
first occurs in {W], in the context of the infinite-dimensional Dirac operator, and then
in [HBJ] that touches upon Dolbeault groups of loop spaces; but in all this, both works
stay heuristic. Our goal here is rigorously to compute the Dolbeault group H 0.1 of
the first interesting loop space, that of the Riemann sphere Py. The consideration of
H%Y(LP;) was directly motivated by [MZ], that among other things features a curious
line bundle on LP;. More recently, the second author classified in [Z] all holomorphic line
bundles on LP; that are invariant under a certain group of holomorphic automorphisms
of LP,—a problem closely related to describing (a certain subspace of) H*!(LP;). One
noteworthy fact that emerges from the present research is that analytic cohomology of
loop spaces, unlike topological cohomology (cf. [P, Theorem 13.14]), is rather sensitive
to the regularity of loops admitted in the space. Another fact concerns local functionals,
a notion from theoretical physics. Roughly, if M is a manifold, a local functional on a
space of loops z: S'— M is a functional of form

f(a:):/Sl‘b(t,m(t),j:(t),:i(t),...)dt,

where ® is a function on S'x an appropriate jet bundle of M. It turns out that all
cohomology classes in H%!(LP;) are given by local functionals. Nonlocal cohomology
classes exist only perturbatively, i.e., in a neighborhood of constant loops in LP;; but
none of them extends to the whole of LP;.
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We fix a smoothness class C¥ k=1,2,...,00, or Sobolev class W*? k=12, ..,
1<p<oo. If M is a finite-dimensional complex manifold, consider the space LM =L,M,
or Ly pM, of maps S'=R/Z—M of the given regularity. These spaces are complex
manifolds modeled on a Banach space, except for Lo, M, which is modeled on a Fréchet
space. We shall focus on the loop space(s) LP;. As on any complex manifold, one can

o]

consider the space C;5(LP1) of smooth (r, g)-forms, the operators

Orq: C2o(LP1) = CFy 1 (LPy)
and the associated Dolbeault groups
H™(LP,)=Ker8,,,/Imb, 4_1;

for all this, see e.g. [L1] and [L.2]. On the other hand, let § be the space of holomorphic
functions F': Cx LC—C that have the following properties:

(1) F(C/AA%9)=0()\?%) as C3A—0;

(2) F(¢,z+y)=F((,z)+ F(¢,y) if suppzNsuppy=2;

(3) F(¢, y+const)=F(C,y)-
As we shall see, the additivity property (2) implies that F({,y) is local in y.

THEOREM 0.1. HO!'(LP;)~Ca3g.

In the case of L P, examples of FEF are

P(Cy)= <"<<1>, ﬁ y<df>>, (0.1)

=0

where @ is a distribution on S, 4(%) denotes dth derivative, each d; 2dg=1and 0<v<2m.
A general function in § can be approximated by linear combinations of functions of form
(0.1), see Theorem 1.5.

On any, possibly infinite-dimensional, complex manifold X, the space C75(X) can
be given the compact-C> topology as follows. First, the compact-open topology on
C§o(X)=C(X) is generated by C-seminorms || f| x =supg |f| for all compact KCX.
The family of C¥-seminorms is defined inductively: each C¥~!-seminorm || - || on C*(T'X)
induces a C"-seminorm ||f|'=ldf]| on C*{X). The collection of all C*-seminorms,
v=0,1, ..., defines the compact-C*> topology on C*°(X). The compact-C*> topology
on a general C2%(X) is induced by the embedding C75(X )CC®(@ T TX). With this
topology C75,(X) is a separated locally convex vector space, complete if X is first count-
able. The quotient space H™¥(X) inherits a locally convex topology, not necessarily
separated. We note that on the subspace O(X)CC*(X) of holomorphic functions, the
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compact-C'™ topology restricts to the compact-open topology. The isomorphism in The-
orem 0.1 is topological; it is also equivariant with respect to the obvious actions of the
group of C*-diffeomorphisms of S*.

There is another group, the group G=~PSL(2,C) of holomorphic automorphisms
of Py, whose holomorphic action on LP; (by postcomposition) and on H%!(LP;) will be
of greater concern to us. Theorems 0.2-0.4 below will describe the structure of H%!(LP;)
as a G-module. Recall that any irreducible (always holomorphic) G-module is isomorphic,
for some n=0, 1, ..., to the space £, of holomorphic differentials ¥(¢)(d{)~" of order —n
on Py; here ¢ is a polynomial, degy<2n and G acts by pullback. (For this, see [BD,
pp. 84-86], and note that the subgroup ~SO(3) formed by g€ G that preserve the Fubini—
Study metric is a maximally real submanifold; hence the holomorphic representation
theory of G agrees with the representation theory of SO(3).) The nth isotypical subspace
of a G-module V is the sum of all irreducible submodules isomorphic to &,. In particular,
the Oth isotypical subspace is the space V& of fixed vectors.

THEOREM 0.2. If n>1, the n-th isotypical subspace of HO(Lo,P1) is isomorphic
to the space §" spanned by functions of form (0.1), with m=n.

The isomorphism above is that of locally convex spaces, as § or " have not been
endowed with an action of G yet. But in §2 they will be, and we shall see that the
isomorphism in question is a G-morphism.—The fixed subspace of H®!(LP;) can be
described more explicitly, for any loop space:

THEOREM 0.3. The space H®'(LP1)® is isomorphic to the space C*~1(S1)* (resp.
WE=LP(S1)*) if the dual spaces are endowed with the compact-open topology.

The isomorphisms in Theorem 0.3 are not Diff S'-equivariant. To remedy this, one
is led to introduce the spaces CL(S?) (resp. W5P(S')) of differentials y(t)(dt)” of order
r on S, of the corresponding regularity; L2=W9%?, Then H%'(LP;)¢ will be Diff S*-
equivariantly isomorphic to CF~1(S1)* (resp. Wy 1P(S1)*).

For low-regularity loop spaces one can very concretely represent all of H®!(LP,):

THEOREM 0.4. (a) If 1<p<2, all of H"'(Ly ,P1) is fized by G. Hence it is iso-
morphic to LP(SY), with p'=p/(p—1).

(b) If 1<p<oo then HY'(L, ,P1) is isomorphic to

p—1 p—1

P LTV (S) ~ @ Ra®LP(SY), pa=——,

n=0 n=0 p—1-n
and so it is the sum of its first [p] isotypical subspaces. Indeed, the isomorphisms above
are G xDiff S -equivariant, G and Diff S* respectively acting on one of the factors £,
and LI naturally, and trivially on the other.
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Again, the dual spaces are endowed with the compact-open topology.

It follows that the infinite-dimensional space H%!(L; ,P;) can be understood in
finite terms, if it is considered as a representation space of S!. Here S! acts on itself
(by translations), hence also on LP; and on H%!(LP;). One can read off from Theo-
rem 0.4 that each irreducible representation of S* occurs in H%!(L;,,P1) with the same
multiplicity [p]2. On the other hand, for spaces of loops of regularity at least C!, in
HO%(LP;) each irreducible representation of S* occurs with infinite multiplicity, and,
somewhat contrary to earlier expectations, it is not possible to associate with this co-
homology space even a formal character of S!. This indicates that Dolbeault groups of
general loop spaces LM should be studied as representations of Diff S rather than S*.

The structure of this paper is as follows. In §§1 and 2 we study the space § as a
G-module. Theorem 1.1 connects it with a similar but simpler space of functions that
are required to satisfy only the first two of the three conditions defining §. This result
will be needed in proving the isomorphism H%!(LP;)~C&3, and also in concretely
representing elements of §. Further, we shall rely on Theorem 1.1 in identifying isotypical
subspaces of § (Theorems 2.1 and 2.2). This will then prove Theorems 0.2-0.4, modulo
Theorem 0.1.

To prove Theorem 0.1, we shall cover LP; with open sets
LU, ={zeLP;:a¢z(S")}, acPy,

each biholomorphic to LC. Given a cohomology class [f]€ H®!(LP,), represented by
a closed feC§q(LPy), we first solve the equation Ou,=f|rv,, see §3. If an appropri-
ate normalizing condition is imposed on the solution, u, will be unique and depend

holomorphically on a. At this point it is natural to introduce the Cech cocycle
f=(ug—up:a,beP) € ZY({LU,: a€P,},0). (0.2)

It turns out that f depends only on the class [f], and the map [f]—f is an isomorphism
between H*1(LP;) and a certain space $ of cocycles (Theorem 3.3).

In §4 we consider the infinitesimal version of (0.2). The function Ju¢(z)/0¢ is
holomorphic in z and ¢, as long as (¢x(S'). We write it as

3“5—5’”) =F(g, Zi_i) FeO(CxLC),

and prove that F satisfies conditions (1), (2) and (3) above (Theorem 4.1). In §5 we
prove that the map H%!(LP;)>[f]— F<c§ has a right inverse and its kernel is one-
dimensional, whence Theorem 0.1 follows. In the final §6 we tie together loose ends,
and also represent explicitly some Dolbeault classes in H%!(LP;); for W1? loop spaces
with 1<p<2, this amounts to a concrete map LP(S')*—Cg9(LP;) that induces the
isomorphism in Theorem 0.4 (a).
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1. The space §

In this section and the next we shall study the structure of the space ¥, independently of
any cohomological content. It will be convenient to allow k to be any integer (but only
in this section!); when k<0, elements of C*(S') and W*P(S!) are distributions, locally
equal to the —kth derivative of functions in C(S!) and LP(S'), respectively. Let L~ C
denote the space C*¥~1(S1) (resp. WF=12(81)). We shall write L{-)C to mean either
LC or L~C. Consider the space J of those FeO(C x L~C) that have properties (1) and
(2) of the introduction. We shall refer to (2) as additivity. A function FEO(Cx L{-)C)
will be said to be posthomogeneous of degree m if F((,-) is homogeneous of degree m
for all (€C. Posthomogeneous degree endows the spaces § and % with a grading.—All

maps below, unless otherwise mentioned, will be continuous and linear.

THEOREM 1.1. The graded linear map §3F—F€eF given by F(C,y)zﬁ(g,y) has
a graded right inverse, and its kernel consists of functions ﬁ(( ,x)y=const [ .

First we shall consider functions E€F (resp. § ) that are independent of (. We
denote the space of these functions €CO(LC) (resp. ECO(L~C)), graded by degree of
homogeneity. Additivity of E€O(L{(-)C) implies E(0)=0, which in turn implies property
(1) of the introduction. Let

o0 1
E= Z Em, En(y) :/o E(e¥™"y) e ?™™7 dr, (1.1)
m=1

be the homogeneous expansion of a general E€(O(L{~)C) vanishing at 0. Consider tensor
powers (L(-)C)®™ of the vector spaces L(-)C over C. In particular, C*°(5*)®™ is an
algebra, and a general (L{-)C)®™ is a module over it. Each E,, in (1.1) induces a
symmetric linear map
Em: (LC)®™ —C,
called the polarization of E,,. On monomials, &, is defined by
1
Em(1®..8Um) =5 > €1 EmBm(E1y1+ FEmym), (12)

m
2mm| )

see e.g. [He, §2.2], and then extended by linearity. Thus E,,(y)=Em(y®™).—We shall
call wG(L(‘)C)@’m degenerate if it is a linear combination of monomials ¥ ®...QYy,, with

some y;=1.

LEmMA 1.2. (a) E is additive if and only if

Em(1®...Qym) =0 whenever () suppy;=92.

J=1

(b) E(y+const)=E(y) if and only if &y (w)=0 whenever w is degenerate.
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Proof. (a) Clearly F is additive precisely when all the E,, are, whence it suffices to
prove the claim when E itself is homogeneous, of degree m, say. In this case £,=0, n#m.
Denoting &, by &, it is also clear that the condition on £ implies that E is additive.
We show the converse by induction on m, the case m=1 being obvious. Let z, yeL)C
have disjoint supports, so that

E((z+y)®™) =E@E®™)+EWYS™). (1.3)

Write Az for = and separate terms of different degrees in A to find £(z®...®y)=0, which
settles the case m=2. Next, if we already know the claim when m is replaced by m—122,
take a z€ L{-)C with supp yNsupp 2=, and write £+ Az for z in (1.3). Considering the

terms linear in A we obtain
E(z®(z+y)®m ) =£(202™ ) +E(20y™ ), (1.4)

the last term being 0. The same will hold if suppzNsupp2=@. Since any 2zeL)C
can be written z’+z” with the support of 2’ (resp. 2”) disjoint from the support of x
(resp. ), (1.4) in fact holds for all z. By the induction hypothesis applied to £(2®-),

m
E(2Q12Q...Qym) =0, if [ suppy; =92.
i=2
Suppose now that ();_, suppy;=@ and write y1=y'+y" with y'=0 near [, ., suppy;
and y”’=0 near ;35uppy;. Then

EW1®..QYm) =EY'R®...QUYm ) +EY'®...Qym) =0.

(b) Again we assume that E is m-homogeneous, and again one implication is trivial.
So assume that E((y+1)®™)=E(y®™), where £=&,,. Diferentiating both sides in the
directions ys, ..., ym and setting y=0 we obtain £(1Qy2®...QYm )=0, whence the claim
follows.

PROPOSITION 1.3. The graded map €>E— E€€ given by E(y)zE(y) has a graded
right inverse, and its kernel is spanned by E(z)= Jsr .

We shall write [z for [, z.

Proof. (a) To identify the kernel, because of homogeneous expansions, it will suffice
to deal with homogeneous E. So assume that E€€ is homogeneous of degree m and
that E(y):o for all ye LC. Its polarization & satisfies £(#1®...Qm)=0. If m=1, this
implies that E (z)=const [z, so from now on we assume that m>2, and first we prove
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by induction that (z,®...®Zm)=const [] Jz;. Suppose that we already know this for
m—1. Then

g(y®x2®...®a:m) =c(y) H /mj.
=2
With arbitrary z;€ L~ C the function z ——fwl is of form g, so x1:y+fx1 and

E(x1®..Qm) =1(x1) ﬁ/xJ +£(1®x2®...®mm)/x1, (1.5)
j=2

where {(z1)=c(z1— [z1) is linear in z;. If [21=0 and suppz1#S?, then we can choose
2, ... so that (\;_, suppz;=@ but [z;#0, j>2. This makes the left-hand side of (1.5)
vanish by Lemma 1.2 (a), and gives [(z1)=0. Since any z:€L~C with [z1=0 can be
written z1=2'+z" with [2'= [2"”=0 and suppz’, supp " #S", it follows that [(z1)=0
whenever [xz;=0. Hence I(z1)=const [z;. In particular, the first term on the right
of (1.5) is symmetric in x;. Therefore the second term must be symmetric too, which
implies that this term is const []}-; [x;. Thus E(z)=const( [x)™.

Yet for m>2, E(x)=const ( Jz)™ is additive only if it is identically zero; so indeed
E(x)=const [z, as claimed.

(b) To construct the right inverse, consider E €& with homogeneous expansion (1.1).
We shall construct m-homogeneous polynomials E,,€ & such that Em(y):Em (9). Define
Ey(z)=E\ (y), where y is chosen so that y=z— [z. Now assume m>2. Let us say that
an n-tuple of functions g,: S'—C is centered if N._, supp 0, #@. We start by fixing a
C* partition of unity > pcp 0=1on S! such that each supp p is an arc of length less
than ;. This implies that | JJ_, supp o, is an arc of length less than 1 if o1,...,0n€P
are centered. Given z€L~C, for each centered R=(g1,...,0n) in P construct ygr€ LC
so that yr=1x on a neighborhood of |J/'_, supp o,, making sure that yr=yg if @ and R
agree as sets. For noncentered n-tuples R in P let yg€ LC be arbitrary. We shall refer
to the yg as local integrals.

If @ and R are centered tuples in P then

YQ—Yr = Cqor =const on ( |J supp Q)ﬂ( |J supp g). (1.6)
eeQ ¢€ER

When the intersection in (1.6) is empty, or one of @ and R is noncentered, fix cgreC
arbitrarily. Define

QR
”QR:m/ (yr+7)®mVdr e (LC)®mY, (1.7)
0

and with the polarization &,, of E,, from (1.2) consider

Sm( > (@1®..®0m) (y%””rl@

R=(g1,.--10m)

(02®...®am)v33)); (1.8)

S=(02,...,0m)
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we sum over all m-tuples R and (m—1)-tuples S in P. (We will not need it, but here is
an explanation of (1.8). Say that tensors w, w'e€ L{-)C®™ are congruent, w=w', if w—w’
is the sum of a degenerate tensor and of monomials z;®...®zm, with () ,; Supp z; =9J. De-
note by ™ the linear map (LC)®™ — (L~ C)®™ defined by 0™ (11 ®...QYm)=11®...@Ym.-
Then the symmetrization of the argument of &, in (1.8) is a solution w of the congruence
M w=x®™, in fact it is the unique symmetric solution, up to congruence. It follows that
for the Ep, sought, E, (x) must be equal to &, (w), which, in turn, equals (1.8).)

We claim that the value in (1.8) depends only on z (and £x,), but not on the partition
of unity P and the local integrals yg. Indeed, suppose first that the local integrals yg are
changed to Jg, so that the cor change to égr and vgr to 9gr; but we do not change P.
There are cgr € C such that for all centered R,

Yr=yr+cr on (J suppo.
0€R

Let cn
uR:m/ (yr+7)®™ Vdr, (1.9)
0

Clearly é¢gr=cgr+cg—cr if QUR is centered. In this case one computes also

1

CQR
~bon= [ (Gmtr)m N ar
m 0

CQR CR
- / r-ent7)®Var— [ gn-catr)®mVar (110
0 0

cQ
+/ (QR—CR+CQR+T)®(m_1) dr.
0

Because of Lemma 1.2 (a), in (1.8) only centered R, and such S that RUS is centered,

will contribute. When y%m is changed to g)gm, the corresponding contributions change

by
CRr d om
ng (Ql®---®9m)_(yR+T) dt
R 0 d

=St [ 00 00n)mo )

= En((01®--@0m)(18uR)).
R

When vgg is changed to dgg, in view of (1.10), (1.6) and (1.9), the contribution of the
terms in the double sum in (1.8) changes by

cg CR
Em <(m‘91®920’2®'--®9m0m) (/ (ys+7)®mY dT—/ (yp+7)8m~Y dT)>
(1] 0

=En((0100202®...80m0m)(1Qus —1QuR)).
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The net change in (1.8) is therefore

Em (Z (g1®9202®...®Qm0m)(1®uS)) =Em (g (1®02®...®0m)(1®us)> =0

R,S

by Lemma 1.2 (b), as needed.

Now to pass from P to another partition of unity P’, introduce
II={p0:p€P and o€ P'}.

One easily shows that P and II give rise to the same value in (1.8), hence so do P and P’.
Therefore (1.8) indeed depends only on z, and we define E,,(z) to be this value. We
proceed to check that Em has the required properties.

If z=y then all yg can be chosen as y, and (1.8) gives E, (§)=Emn(y). Next suppose
that z’, 2" € L~ C have disjoint supports, and z=x'+z". If the supports of all g€ P are
sufficiently small, then the local integrals y}, and y% of 2’ and z”, respectively, can be
chosen so that for each R one of them is 0. Hence the local integrals yr=yr+y3 of =
will satisfy 5™ =y +yx"", whence Em(x)zﬁm(w’)—kﬁm(x") follows.

To show that Z:Zl Em is convergent and represents a holomorphic function, note
that Ep, () is the sum of terms

Em(01YR® ... Q0mYR),

! (1.11)
/ Em(01csrR®0202(YR+CSRT)®...8 0mOm(Yr+CSRT)) dT
0

(we have substituted cgr7 for 7 in (1.7)). Since ygr€LC and cgr€C can be chosen
to depend on z in a continuous linear way, each Em is a homogeneous polynomial of
degree m. Furthermore, let KC L™ C be compact. For each z€ K, meN and m-tuples
Q@ and R in P, we can choose yr and cgg so that all the functions

ocor and 00 (Yyr+corT),

0,0 €P, 0<7<1, belong to some compact HCLC. By passing to the balanced hull, it
can be assumed that H is balanced. If A>0, (1.1) implies

En|l=2"" <A™ E|=A\"™,
mg,x| m| = A Il;\l?{X|Em| A n}}?{xll

so that by (1.2),
m™ m

—_— T —
|Em(21®...Q2zn )| < A A \A( ) ,
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if each z,€H. Thus each term in (1.11) satisfies this estimate. If |P| denotes the
cardinality of P, we obtain, in view of (1.8),

max Bl < (P +ml PP ) A(S)

Choosing |)\| >e|P|? we conclude that >~ >°_, E,,, uniformly converges on K, and, K being
arbitrary, E= > oo 1 Em is holomorphic. By what we have already proved for Em, Ec¢
and E(y V=E(y). The above estimates also show that the map E— E is continuous and
linear, which completes the proof of Proposition 1.3.

Now consider an FeO(C x L(‘)C) and its posthomogeneous expansion

1
F= Z Fm C y) _/ (<7 e27riry)e—2m1ri‘r dr. (112)

=0

PROPOSITION 1.4. The function F satisfies condition (1) of the introduction if and
only if each F,, is a polynomial in (, of degree <2m—2 (in particular, Fp=0).

Proof. As F satisfies (1) precisely when each Fy,, does, the statement is obvious.

Proof of Theorem 1.1. Apply Proposition 1.3 on each slice {¢} x L{-)C. Accordingly,
an F in the kernel is posthomogeneous of degree 1, hence, by Proposition 1.4, independent
of ¢. Thus indeed ﬁ(( ,z)=const [ z. Further, the slicewise right inverse applied to F€§
produces an additive F , which will be holomorphic on Cx LC, since the map E—E
is continuous and linear. To see that F also verifies condition (1) of the introduction,

expand F in a posthomogeneous series

= Z Fm C y = Z Z CuEmu (1'13)

m=1 m=1 v=0
by Proposition 1.4, so that

oo 2m—2

Fi¢,2)=3" 3 ¢“En(a),

m=1 v=0

with E,,, m-homogeneous. Again by Proposition 1.4, F satisfies condition (1), and so
belongs to § .

Theorem 1.1 can be used effectively to describe elements of the space §. With

ulterior motives we switch notation m=n+1, and consider a homogeneous polynomial
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E €0O(LC) of degree n+121. Its polarization £ defines a distribution D on the torus
(S1)"*1=T. Indeed, denote the coordinates on T by t;ER/Z and set

n
<D, H 62””jtﬂ'> =E(20®...0x,), z;(1) =", v, €. (1.14)
§=0
Since E is continuous,
|E(20®...02,)] <cH llzillce(sry with some ¢>0 and g€ N.

=0

Hence (1.14) can be estimated, in absolute value, by ¢’ H?=0(1+|1/j|)‘1, and it follows
by Fourier expansion that D extends to a unique linear form on C*(T). Clearly, D is
symmetric, i.e., invariant under permutation of the factors S* of T. Also,

E(x0®...02,) = (D, 20®...Q%y), (1.15)

if on the right z¢®...®x,, is identified with the function H?:o z;(t;).
Assume now that F€€. Lemma 1.2 (a) implies that D is supported on the diagonal
of T'. The form of distributions supported on submanifolds is in general well understood;

in the case at hand, e.g. [H6, Theorem 2.3.5], gives that D is a finite sum of distributions
of form
8al ++ang

V, e , ;=0
Lot ot diag> e

where U is a distribution on the diagonal of 7. In view of Theorem 1.1 and (1.12)—(1.13)

we have therefore proved the following result:

C°°(T)9,Qo—><

THEOREM 1.5. The restriction of an (n+1)-posthomogeneous FeF (resp. E) to
CxC®(S1) is a finite sum of functions of form

f(C,y)=4”<<I>,Hy(df)>, v<2n, dj>do=1 (resp.0),
7=0

where ® is a distribution on S'. For a general F€F (resp. §) the restriction F|cxco=(s1)
is the limit, in the topology of O(CxC™>(81)), of finite sums of the above functions.

2. The G-action on §

For geG let J,(¢)=d(g¢)/d¢. By considering the posthomogeneous expansion (1.12)-
(1.13) of FEF (resp. §), one checks that the function gF defined by

(9F) (¢ y) =F(g¢, y/J4(C)) Jo(C) (2.1)
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extends to all of Cx L(~)C, and the extension (also denoted gF) belongs to § (resp. 3).
The action thus defined makes § and 3 holomorphic G-modules. The nth isotypical
subspace §™ (resp. %”) is the subspace of (n+1)-posthomogeneous functions. In this
section we shall describe the space §°, and, for WP loop spaces, the spaces §" as well,
nzl.

THEOREM 2.1. FO~(L~C)*/C, the dual endowed with the compact-open topology.
If L~C is interpreted as the space of one-forms on S* of the corresponding regularity,
then the isomorphism is Diff S'-equivariant.

Proof. Indeed, the map (L~ C)*=F°—F° associating with ®€(L~C)* the function
F(y)=(®,9) (or (®,dy)) has one-dimensional kernel and a right inverse by Theorem 1.1.

THEOREM 2.2. In the case of WP loop spaces, =@ _;§". Furthermore,
Rn®LP/HD(S1) % F™, 1<n<p—1,
as G-modules, G acting on LP/("“)(SI)* trivially. Indeed, the map p@®—F given by

F(Cy)=v(O(@.9™),  ¢(Q)=v(O)(d)™, (2.2)

induces the isomorphism above. (To achieve Diff S'-equivariant isomorphism, replace
Lp/(+1)(S1) by the space Lﬁﬁ?+l)(51) of (n+1)-differentials.)

We shall need a few auxiliary results to prove the theorem.

LEMMA 2.3. Let m>2 be an integer and ¥ a distribution on S*. If the function
C>®(SHYsz— (¥, z™)eC (2.3)

extends to a homogeneous polynomial E on LP(S'), then =0, or m<p and ¥ extends
to a form ® on LP/™(SY). In the latter case the map Er—® is continuous and linear.

Proof. There is a constant C such that
m/p
(wemi=iB@|<o( 1) . sec=(s) (2.4
Let z€C*(S") be real-valued and . =(z+1i¢)/™eC>(S?). By (2.4),

m/p
.21 = i (v, ez <0 [1apm )
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As the same estimate holds for imaginary z, it will hold for a general z€C*(S?) too,
perhaps with a different C. Therefore ¥ extends to a form ® on LP/™(S'). Unless p>m,
®=0 by Day’s theorem [D]. With z€ L?/™(S1), any choice of measurable mth root 2*/™,
and y.€C™(8') converging to z1/™ in LP,

1 my 13 - 1/m

This shows that ® is uniquely determined by E, and depends continuously and linearly
on E.

In the rest of this section we work with WP loop spaces. Write €"C € and ¢nce
for the space of (n+1)-homogeneous functions.

LEMMA 2.4. If m>2 and E€ €™ 1CO(LP(SY)), then E(z)=(®,2™) with a unigque
@eLp/m(Sl)*. In particular, E=0 if m>p. Also, the map E—~® is an isomorphism
between €™~ and LP/™(S1)*.

Proof. We shall prove this by induction, first assuming m=2. By Theorem 1.5 there
are distributions @, so that

d
E(@)=) (®a,22), zeC™(S").

a=0

Now any z(®)z(#) will be a linear combination of expressions (z(V)z())(*)| as one easily
proves by induction on |a—3|. It follows that E can be written with distributions ¥; as

d
E(x)=) (¥;,(a)?), zeC>(S"). (2.5)
7=0
Next we show that d=0.
Indeed, assuming d>0, for fixed z€C>®(S?),

2d—1
E(cos M)+ E(sin Az) = N4 (¥4,3°) + ) ¢;(z) N (2.6)
j=0

is a polynomial in A. For fixed A& C the maps z+>cos Az and z+sin Az map the Banach
algebra W11(S5%) holomorphically into itself, hence into LP(S!). Therefore the left-
hand side of (2.6) extends to W1(S1), and consequently (¥4, 22¢) also extends. The
extension of the latter will be an additive, 2d-homogeneous polynomial E’ on W(S),
satisfying E'(x+const)=E'{(z). By Proposition 1.3 there is therefore a unique additive
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2d-homogeneous polynomial £ on W%1(S1)=L!(S?) such that E'(z)=E(z). Since the
restriction E'Cco(sl y is also unique,

E(z)=(Vy,2%%), zeC>(S%).

In particular, the expression on the right continuously extends to L!(S'). By virtue of
Lemma 2.3, ¥4=0. Thus (2.5) reduces to E(z)=(¥,z%), ze€C*(S'), and by another
application of Lemma 2.3, ¥ extends to a form ® on LP/2(S%).

Now assume that the lemma. is known for degree m—1>2, and consider an E€ é’"‘l,
together with its polarization £. For fixed z;€C(S!) the inductive assumption implies
that there is a distribution © such that £(z1®...9T,)=(0, H;';Q z;); in particular,

E(r19..Q%y, ) = S<x1®H :vj®1®...®1>, z€C°°(Sl).
j=2
The case m=2 now gives a distribution ¥ such that £(z1®...Qzm)=(¥, H;n=1371> We
conclude by Lemma 2.3: ¥ extends to ®cLP/™(S!)*, and ®=0 unless m<p. It is
clear that & is uniquely determined by E, and the map €™ 13 E—®eLP/™(§1)* is an
isomorphism.

Proof of Theorem 2.2. To construct the inverse of the map defined by (2.2), write
an arbitrary Fe§™, n>1, as

2n
F(¢y)=) C¢“Ey), E.€€

v=0

cf. Proposition 1.4, and find the unique E, € €" so that El,(y)——-E,, (9), see Proposition 1.3.
By Lemma 2.4 there are unique ®,€LP/("*1D(81)* such that E,(z)=(®,,z"*). If
p<n+1 then ®,=0, and so §"=(0). Otherwise the map

2n
FTOF— Y (U(d0) " ®®, € R LY/ (T (§1)*

v=0
is the inverse of the map given in (2.2), so (2.2) indeed induces an isomorphism. Finally,

the posthomogeneous expansion of an arbitrary F€F is

p—1]

F:iFn: Z F,,
n=0

n=0

which completes the proof.
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3. Cuspidal cocycles

In this section we shall construct an isomorphism between H%!(LP;) and a space of holo-
morphic Cech cocycles on LP;. We represent P; as CU{oo}. Constant loops constitute
a submanifold of LP;, which we identify with P;. If a,b,...€Py, set Uy, . =Pi\{a,, ...}.
Thus LU,, a&€P,, form an open cover of LP;, with LU, =LC a Fréchet algebra. If geG
then g(LU,)=LUg,.

Suppose that we are given v:P;—C, finitely many a,b,...€P; and a function
u: LUg,  —C. If oo is among a, b, ..., let us say that u is v-cuspidal at co if u(z+X) = v(o0)
as C3A—o0, for all € LU,y ; and in general, that u is v-cuspidal if g*u is g*v-cuspidal
at oo for all geG that maps oo to one of a, b, .... When v=0, we simply speak of cuspidal
functions.

PROPOSITION 3.1. Given a closed feCgS(LP1) and veC®(Py) such that dv=
flp,, for each a€Py there is a unique v-cuspidal u, € C™(LU,) that solves Oua=f|rv, -
Furthermore, uq.|u,=v|v,, and u(a,z)=u.(x) is smooth in (a,z) and holomorphic in a.

Proof. Uniqueness follows since for fixed geG and y€LC, on the line {g{y+A):
A€P;} the d-equation is uniquely solvable up to an additive constant, which constant is
determined by the cuspidal condition. To construct u,, fix a g€ G with goo=a, let

Y={yeLC:y(0)=0}

and
P :PixY 3 (A y)— g(y+A) € LPy,

a biholomorphism between CxY and LU,. Setting f,=P; f, by [L1, Theorem 5.4]
on the Py-bundle P; xY the equation Jug=f, has a unique smooth solution satisfying
ug(00,z)=v(a). It follows that ue=(P;')*(uglcxy) solves dua=f|ry,. Also, g*u, is
g*v-cuspidal at co. On U, both u, and v solve the same J-equation, and have the same
limit at a; hence ug |y, =v|y, -

One can also consider

P:PixGxY 3(\g,y)—gly+ M) € LPy

and f'=P*f. Again by [L1, Theorem 5.4], on the P;-bundle P;xGxY the equation
Ou'=§" has a smooth solution satisfying u'(cc, g, )=v(goc). Uniqueness of u, implies
u'(A, g,x)=ug(A, x), whence uy4(), z) depends smoothly on (A, g,z), and u.(z) on (a,z).
Furthermore, «' is holomorphic on P~!(z) for any x. In particular, if g€ G with goo=a
is chosen to depend holomorphically on a (which can be done locally), then it follows
that u,(z)=u'(¢7'z(0), 9,9 'z —g~'x(0)) is holomorphic in a.
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Since f determines v up to an additive constant, we can uniquely associate with f
the Cech cocycle f=(uq—up:a,b€P;). The components of f are cuspidal holomorphic
functions on LU,p. One easily verifies:

PROPOSITION 3.2. The form f is ezact if and only if §=0. Hence f depends only
on the cohomology class [f)€ HO'(LP1). The components hqo([f],z) of § depend holo-
morphically on a,b€P and x€ LU, and satisfy the transformation formula

hga,gb([f],gl'):hab(g*[f],z)y QGG, -Z‘ELUab‘ (31)

Set
Q={(a,b,z)eP,xPxLP;y:a,b¢x(S")}.

Let $ denote the space of those holomorphic cocycles h=(bhqp)a,ep, of the covering
{LU,} for which ha(z) depends holomorphically on a, b and € LU,p, and each bgp is
cuspidal. Then $HCO(Q), with the compact-open topology, is a complete, separated,
locally convex space. The action of G on € induces a G-module structure on $:

(9°8)ab(z) =bga,gp(9z), gEG. (3.2)

Proposition 3.2 implies that the map [f]—f is a monomorphism H%!(LP1)—$ of G-

modules.
THEOREM 3.3. The map [f]—f is an isomorphism H®'(LP,)—$.

The proof would be routine if the loop space LP; admitted smooth partitions of
unity; but a typical loop space does not, see [K]. The proof that we offer here will work
only when the loops in LP; are of regularity W3 at least, and we shall return to the
case of L1 ,P1, p<3, in §6.

Those g€G that preserve the Fubini-Study metric form a subgroup (isomorphic to)
SO(3). Denote the Haar probability measure on SO(3) by dg.

LEMMA 3.4. Unless LP1=L; ,P1, p<3, there is a x€C(LP1) such that x=0 in
a neighborhood of LP\\LC={z:00€z(S")}, and [s5. 9"x dg=1.

Proof. With ¢o€(0,00) to be specified later, fix a nonnegative o€ C*°(R) such that
o(7)=1 (resp. 0) when |r|<cy (resp. >2¢y). For z€LC let

v =o( [ aria®),

and define ¥ (z)=0 if z€ LP;\LC. We claim that ¢ vanishes in a neighborhood of an
arbitrary € LP1\ LC. This will then also imply that ¢ € C*(LP}).
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Indeed, suppose z(tg)=0c. In a neighborhood of to€ S* the function z=1/z is W13,
hence Hélder continuous with exponent % by the Sobolev embedding theorem [H6, Theo-
rem 4.5.12]. In this neighborhood therefore |z(t)|>c|t—to| =%/ and [, (1+|z|?)¥/* =00,
When y€LC is close to z, [o (1+]y[?)3/4>2co, ie. ¥(y)=

Next we show that for every xz€ LP; there is a g€SO(3) with ¥ (gz)>0. Let d(a,b)
denote the Fubini-Study distance between a, b€P1; then with some ¢>0,

1+|¢P < _d(C,Coo)2 and /Sl(l—l-|x|2)3/4 <C/51d(x’oo)—3/2'
Hence

/ (1+|gx(t)|2)3/4dtdg<c// d(gx(t), 00)"*/? dgdt = I,
SO(3) J st St JS0

where, for any (€Pq,

I= / d(g¢,00) ™32 dg = / d(-,00)"3/2 < oo,
SO(3) Py

the last integral with respect to the Fubini-Study area form. If ¢g is chosen larger than cf,
then indeed [, (14|gz|?)3/*<co and ¥ (gz)=1 for some geSO(3).
It follows that fso(3) ¥ (g9x) dg>0, and we can take X(ac)zd)(x)/fso(s) ¥(gz) dg.

Proof of Theorem 3.3. Given h€H, extend (g*x)Bq,g-100 from LU, g-1o to LU, by
zero, and define the cuspidal functions

ua:/ (g*X)ba,g—loodga acP;.
SO(3)

Then ua—ubszO(B)(g*x)bab dg=Hhay, so that f=0u, on LU, consistently defines a
closed feCgq(LP1). It is immediate that the map h—[f]le H'(LPy) is left inverse
to the monomorphism [f]+f, whence the theorem follows.

4. The map H—F

Consider an h=(hqp)€9H. The cocycle relation implies that d¢hqc(z) is independent of a;
for (€ C we can write it as
1
dgbac(w)=F(C,<T) d¢, wxelLUc, (4.1)
where FeO(Cx LC). Set F=a(h). Since h,,=0,

bos () = / (c, e, (42)

provided a and b are in the same component of P1\z(S!)—which we shall express by
saying that z does not separate a and b—, and we integrate along a path within this
component. The main result of this section is the following theorem.
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THEOREM 4.1. a(h)=F€c§.

The heart of the matter will be the special case when § is in an irreducible submodule
~R,. A vector that corresponds, in this isomorphism, to const(d({)~"€ R, is said to be
of lowest weight —n. Thus, if { is of lowest weight —n<0, then

HI=A""l, when gx(=X¢(, AeC\{0}, (4.3)

gl=1 when g\l =C+A, AeC. (4.4)

Conversely, an [#0 satisfying (4.3) and (4.4) is a lowest-weight vector and spans an
irreducible submodule, isomorphic to &, but we shall not need this fact.

If (€9 satisfies (4.4), then oo () =loo,c+1(z+A) by (3.2), whence d¢lwoc(x) depends

only on (—z, and «a(l) is of form F({,y)=E(y). I, in addition, [ satisfies (4.3), then

similarly it follows that E€O(LC) is homogeneous of degree n+1. We now fix a nonzero

lowest-weight vector [€), the corresponding (n+1)-homogeneous polynomial E and its
polarization &, cf. (1.2).

PROPOSITION 4.2. £(18y1®...Qyy,)=0, and so E{y+const)=FE(y).

Proof. Since loop€O(LUyy) is cuspidal and homogeneous of order —n,

1 1
=1 — =1 4 .
0 ,\an;o[wo()\—#x) /\lglgo)\ °°O(1+ac//\)

Thus [,.¢ vanishes at 1 to order >n-+1. Hence
a 17} 1
[ooO(x"C) [ooC(x):E<—)
¢=0 T

(—92 ¢=0 B B—C
vanishes at =1 to order >n, and the same holds for E(z). Differentiating E in the

directions y1, ..., yn, we obtain at z=1, as needed, that n!E(1Ry1®...Qy,)=0.
Let &, >p—h*ef denote the homomorphism that maps (d¢)™™ to I.

PROPOSITION 4.3.
denze(@) =0 OB (5 ) do. ol0)= (O™ (45)

By homogeneity, the right-hand side can also be written ¢(¢) E(d{/({—x)).

Proof. Denote the form on the left-hand side of (4.5) by w?. In view of (3.2), it
transforms under the action of G on Py x LP; as

gwf=w geqG. (4.6)
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If we show that the right-hand side of (4.5) transforms in the same way, then (4.5)
will follow, since it holds when ¥=1, see (4.1). In fact, it will suffice to check the
transformation formula for g(=A{, g¢{=(+A and g{=1/{, maps that generate G. We
shall do this for the last map, the most challenging of the three types. The pullback of
the right-hand side of (4.5) by g(=1/( is

d(g¢) ) _ (_dé__ﬁé) _ (ﬁ)
@0 ©B (2L ) 0o B( 2 - %) = w0 B( ).
by Proposition 4.2, which is what we need.

The form € defines a symmetric distribution D on the torus T=(S*)"*! as in §1,
cf. (1.14). By (1.15), (4.2) and Proposition 4.3,

b
(@)= [ W0(D e o p=pO@™, @)

provided € Ly, Uy, does not separate a and b. To prove Theorem 4.1, we have to under-
stand supp D. Let

O={zeC>(S"):xi¢x(S")} and O'={z€O:[-i,inz(S') =0},

where [—i,1] stands for the segment joining =-i.

LEMMA 4.4. With A a symmetric distribution on T=(S")"*! and v=0,...,2n—2,

let

1 1\ ., ,
Iy(m):/[_z71]<A,C_———$®®C_—;>C dCa zeO.

If each I, continues analytically to O then A is supported on the diagonal of T.

In preparation for the proof, consider a holomorphic vector field V on O, and ob-
serve that VI, also continues analytically to O. Such vector fields can be thought of as
holomorphic maps V:0—C>(S!). Using the symmetry of A we compute

(VI )(z)= (n—l—l)/

[_i7i]

Viz) 1 1\ ,

Proof of Lemma 4.4, case n=1. Let §,#5,€S". To show that A vanishes near
5=(30, 51), construct a smooth family z. s€O of loops, where £€[0,1] and s€T is in a
neighborhood of 3, so that

Te,s(T) =(—1)(e*+(7—35;)?), when 7€S" is near 5;, j=0,1; (4.9)
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here, perhaps abusively, 7—s; denotes both a point in S1=R/Z and its representative
in R that is closest to 0. Make sure that z. ;€0O’ when £>0. Fix y, y1€C>®(S?) so that
y;=1 near §;, and (4.9) holds when 7 and s; are in a neighborhood of suppy;. This
forces yo and y; to have disjoint support. With constant vector fields V;=y;,

(VlVolo)(x):Q/—ii]<A, (Cf"x) = m)2>d§, ze0, (4.10)

analytically continues to O. In particular, for €>0 and t=(to,¢1)€T, setting

_ yo(to)yr(t1) d¢ near §
Ke(ts) _/ 1) ((=Te,s(t0))2(( —e,5(t1))* ’ ’

it follows that (A, K.(-,s)) stays bounded as e —0. Therefore, if pcC*(T’) is supported
in a sufficiently small neighborhood of 3, then

<A, 64/ K.(- ,s)g(s)ds> -0, £—0. (4.11)
T
On the other hand, we shall show that for such p,
/K o(s)ds—co, €—0, (4.12)

in the topology of C°°(T'); here c¢#0 is a constant.

It will suffice to verify (4.12) on supp yo®uy1, since both sides vanish on the com-
plement. Thus we shall work on small neighborhoods of 5; we can pretend that 3€R?,
and work on R? instead of T. When s,t€R? are close to 3, the left-hand side of (4.12)
becomes

o(s)d¢ds
54y0(to)y1(t1)/ / (S PR T Wi Py )k (4.13)

Substituting s=t+eu and (=¢%¢, we compute that the limit in (4.12) is

) o(t+eu) d€ du
1 t t
eli%yo( O)le( 1)/112_/[ i/e2,i/e2] (5—1—U3)2(§+1+U%)2

(4.14)
o(t) du

2+u0+u1)

= 4miyo(to) ¥1 t1)/ =cp(t),

if yo®y1=1 on suppg. This limit is first seen to hold uniformly. However, since the
integral operator in (4.13) is a convolution, in (4.14) in fact all derivatives converge
uniformly. Now (4.11) and (4.12) imply that (A, ¢)=0, so that A vanishes close to 5.



DOLBEAULT COHOMOLOGY OF A LOOP SPACE 261

Proof of Lemma 4.4, general n. The base case n=1 settled and the statement being
vacuous when n=0, we prove by induction. Assume that the lemma holds on the n-
dimensional torus, and with yeC*(S'), consider the holomorphic vector fields V,,(z)=
yzt, p=0,1,2. (These vector fields continue to all of LP;, and generate the Lie algebra
of the loop group LG.) In view of (4.8), for z€O’,

1
/[ ”]<A y®< .. ®C—_—>Cyd4_ (Vo Io—2ViI, 1 +Vo1,). (4.15)
Therefore the left-hand side continues analytically to O, provided v=0,...,2n—4. If AY
denotes the distribution on (S!)" defined by (AY, 0)=(A,y®pg), the left-hand side of

(4.15) is
y 1 > v
/_i,i)<A TR )

The inductive hypothesis implies that AY is supported on the diagonal of (S')®. This
being true for all y, the symmetric distribution A itself must be supported on the diag-
onal.

COROLLARY 4.5. The distribution D in (4.7) is supported on the diagonal of T.

Proof of Theorem 4.1. First assume that h€$) is in an irreducible submodule =&,
and [5£0 is a lowest-weight vector in this submodule. Thus h=Hh? for some p€R,, ¢({)=
¥(¢)(d¢)~™. With [ we associated an (n+1)-homogeneous polynomial E on LC and a dis-
tribution D on (S')**!. By Proposition 4.3, F(¢,y)=%(¢) E(y), and so F({,y+const)=
F(¢,y) by Proposition 4.2. Since deg ¥ <2n, F(¢/X, A2y)=0(\?) as A—0. Finally, take
z,y€ LC with disjoint supports. If z,yeC®(S?), then

E(z+y) =(D, (z+y)®™) = (D,2®" ) 4 (D,y®" ) = E(z) + E(y),

as supp D is on the diagonal. By approximation, E(z+y)=E(z)+ E(y) follows in general,
whence F' itself is additive. We conclude that Feg if b is in an irreducible submodule.

By linearity it follows that F &§ whenever § is in the span of irreducible submodules.
Since this span is dense in $) (cf. [BD, II1.5.7] and the explanation in the introduction
connecting representations of G with those of the compact group SO(3)), a(h)eF for all
hes.

THEOREM 4.6. The map « is a G-morphism.

Proof. 1t suffices to verify that the restriction of « to an irreducible submodule of
% is a G-morphism, which follows directly from Proposition 4.3.
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5. The structure of $
The main result of this section is the following theorem:

THEOREM 5.1. The G-morphism «: H—F has a right inverse (3. Its kernel is one-
dimensional, spanned by the G-invariant cocycle

Bap(x) =indgp (5.1)

(the winding number of x: S*—Uy).
We shall need the following result:

LEMMA 5.2. With notation as in §1, suppose that zi,...,zxy €L~ C are such that no
point in S is contained in the support of more than two z;. If F€F then

N N
F(QZ%) =Y F(Caitz)—(N=2) ) F(¢ ). (5.2)
j=1 i<j j=1
In particular, if N2>3, and, writing zo=zy, only consecutive supp z;’s intersect each
other, then
_ N N N
F(C’sz) =ZF(C,Z]‘_1+ZJ‘)—ZF(C,Z]‘).
5=1 =1 =1
Proof. Tt will suffice to verify (5.2) when F(¢,z)=E(z) is homogeneous, in which
case it follows by expressing both sides in terms of the polarization of E, and using

Lemma 1.2 (a). The second formula follows from (5.2) by applying additivity to terms

with nonconsecutive 7 and j.

Proof of Theorem 5.1. {a) Consiruction of the right inverse. By Theorem 1.1, for
FeF we can choose F€J, depending linearly on F, so that F((,y)=F((,9). With
€ LP; consider the differential form

holomorphic in C\z(S?!). In fact, it is holomorphic at {=co as well, provided co¢z(S*),
since the coefficient of d{ vanishes to second order at (=oco. This latter is easily verified
when F(C, z)=C”E(z) and E is (n+1)-homogeneous, v<2n; in general it follows from

the posthomogeneous expansion

[ oo 2n

F(¢,2)=) FalC,2)=)_ > CEm(0).

n=0 n=0v=0
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Hence, if z€ LP; does not separate a and b, the integral

bustz) = [ 'F (c, (T—%?) dc (5.4)

is independent of the path joining a and b within P;\z(S'), and defines a holomorphic
function of a, b and z.

We claim that hep can be continued to a cuspidal cocycle h=(hqp) €. First we
prove a variant. Let 0€C>(S1) be supported in a closed arc I#S!. Given finitely many
a,b,...cPy, set

Wap..={z€LP;:a,b,...¢x(I)} D LUgp....

We shall show that the integrals

/ bﬁ <C , 7 ) d¢, x does not separate a and b, (5.5)
a ((—=z)?

can be continued to functions €4;(z) depending holomorphically on a,beP; and z€ W
The main point will be that, unlike LU, . , the sets Wy . are connected.

If £1€W,s, construct a continuous curve [0,1]37—xz,€W,y, with zo being a con-
stant loop. Cover S with open arcs Jy, ..., Jy =Jg, N3, so that only consecutive J;’s
intersect, and no z,(J;UJ;) separates a and b. Choose a C* partition of unity {o;}I\;
subordinate to {J;})_;. For z in a connected neighborhood WC Wy, of {z.:0<7<1}

define

In the first sum we extend (gj_1+0;)0%/(¢~x)? to S*\(J;—1UJ;) by 0, and integrate
along paths in P1\z(J;_1UJ;); we interpret the second sum similarly. The neighbor-
hood W is to be chosen so small that no z(J;UJ;) separates a and b when zeW.

As above, the integrals in (5.6) are independent of the path, and define a holomorphic
function in W. By Lemma 5.2, €,5 agrees with (5.5) when z is near z,. Furthermore, the
germ of &, at z; depends on the curve x, only through the choice of the ;. In fact, it
does not even depend on p;: let £, be the function obtained if in (5.6) the g; are replaced
by another partition of unity g},. It will suffice to show that t,,=%,, under the additional
assumption that each g} is supported in some J;. In this case, €, is holomorphic in W
and agrees with £,; near g, hence on all of W.

Therefore, by varying the partition of unity g;, we can use (5.6) to define £.;(x)
depending holomorphically on a,b€P; and x€W,;,. Also, . +8c =8 on Wy, since
this is so in a neighborhood of constant loops, and W, is connected.
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Now, to obtain a continuation of hg, in (5.4), construct a partition of unity
01,02,03€C>®(S') so that supp(o;+0;)#S! and ﬂj.’:lsupp 0;=8. Setting op=03, in
light of Lemma 5.2 we can rewrite (5.4) as

has(a) Z / (o et ) g - Z / Ao 25 )

and continue each term to LU,,, as above. We obtain a holomorphic cocycle S(F)=
h=(B4p), with hgp depending holomorphically on a and b, and one easily checks that
each B,y is cuspidal. Therefore 8(F)€ . Finally, a8(F) can be computed by considering
d¢Bac(z), with a in the same component of P1\z(S') as (, so that (5.4) gives

dehag(a) = dehag(e) = F (6, 1= ) a0 =F (¢, 25 ) e

Thus af(F)=F as needed.

(b) The kernel of a. Take an irreducible submodule of Ker o, spanned by a vector [
of lowest weight —n<0. Since F=a(l)=0, (4.2) implies that [,,(2)=0 if z does not
separate a and b; hence, by analytic continuation, whenever ind,; z=0. By the cocycle
relation l,.(z)=0(z) if indgpy 2=0, i.e., if ind,ec z=indy, .

Consider the components of LUpq
X, ={x€LUpx :indgec z =1}, reEZ.

Let
z (t) — e2m’rt and y(t) — e47rirt _+_e67rirt—4_ (5’7)

We shall presently show that whenever z€ LUj is in a sufficiently small neighborhood
of z1, and (55, \)€C?\{(0,0)}, then z,,=xz+Ay€X,+C. It follows that with such z
and y we can define h(3, A\)=l,00(2x ), where a is chosen so that indgeo 2,ca=7. Thus he
O(C?\{(0,0)}), and by Hartogs’ theorem it extends to all of C?; also, it is homogeneous
of degree —n. It follows that h is constant, indeed zero when n>0. In all cases, {goo(z)=
h(1,0)=h(0,1) is independent of z. This being true for z in a nonempty open set,
lpeo is constant on X,. It follows that [50 () =lgeo(z—a) is locally constant, and so is
lab=laco — lpoo. Moreover, [,,=0 unless n=0.

Suppose now that n=0, and let loeo|x,=I1€C. We have lyo0(z)=lpoo(z—a)=1 if
indy00 z=1. Choose a homeomorphic z€ LC and a,beC\z(S!) so that ind., z=1; say
that b is in the unbounded component. Then lup(2)=lg00 (%) — oo (z)=I, and the same
will hold if z is slightly perturbed. It follows that [,;(z)=! whenever ind,; z=1, and



DOLBEAULT COHOMOLOGY OF A LOOP SPACE 265

in this case lpo(z)=—1. Finally, with a generic y€ LU, choose ap=a,ai,...,amn=>b in
P1\y(S') so that indg,_,q, y==1. Then

m m
= la10,(¥)=1)inda,_10,y=lindapy.
j=1 j=1
We conclude that any irreducible submodule of Ker o is spanned by § in (5.1}, whence
Ker « itself is spanned by b, as claimed.

We still owe the proof that »z+Aye X, +C unless »=A=0, for = near x; and y
given in (5.7). In fact, the general statement follows once we prove it for r=1 and
x=x, which we henceforward assume. If |s|>2|\| then z,,€X; by Rouché’s theorem.
Otherwise consider the polynomial

P(()=»¢+X(¢*+e74¢%), (eC.

For fixed |¢] <2 the equation P(n)=P(¢) has two solutions with |n|<5, again by Rouché’s
theorem. One of the solutions is n=(. Let n=R({) be the other one, so that R is
holomorphic. There are only finitely many ¢ with |{|=|R({)|=1. Indeed, otherwise
|R({)|=1 would hold for all unimodular ¢, and by the reflection principle R would be
rational. However, P(R({))=P({) cannot hold with rational R({)#¢. We conclude that
2,2(S1) has only finitely many self-intersection points.

Since P(0)=0, indpeo z,-» 1. Drag a point a from 0 to oo along a path that avoids
multiple points of z,,,(S*). Each time we cross z,:x(S?), indgoo 2xx changes by 1. It
follows that ind,eo 2,,a=1 for some a, which completes the proof.

For the space L; ,P1, Theorems 2.1, 2.2 and the construction in Theorem 5.1 lead to
explicit representations of elements of $). First there are the multiples of the cocycle (5.1),
and then there is the complementary subspace 3(F)= @n_o B(F™), see Theorem 2.2.
According to Theorems 2.1 and 2.2 elements of ™ are of form

F(¢y) Zc n ™Y, @, e LP/EN(Shy,

Following the proof of Theorem 5.1, to compute h=0(F) we set

ZC n+l

v=0

The substitution {=£+c shows that

R.{a,b,c) / c Cl;)dz(n+2’ 0<v < 2n, cePi\{a,b},
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are rational functions with poles at ¢=a, b, so that

2n

bas(z) = / F (c, (—4{”5)7) =3 (@, R(a,b,z)a"™*),

v=0
when z does not separate a and b. However, the right-hand side makes sense for any
x&€LUgy and, as one checks, defines h=0(F). For example, if F, and hence §, are of
lowest weight, then ®,=0 for v>1, and

an(z) = <'I’°’ 2361:: ((x—a1)2"+1 B (:z:-bl)2"+1 )> (58)

Letting n=0 and (®o, 2)= f, 2/2mi, formula (5.8) recovers the locally constant cocycle

(5.1) as well. Thus we have proved the following result:

THEOREM 5.3. In the case of WY loop spaces, any lowest-weight cocycle in the
n-th isotypical subspace H™C$H is of form (5.8) with (a unique) ®oeLP/(P+D(S1)*
0<np—1.

6. Synthesis

In this last section we show how the results obtained by now imply the theorems of
the introduction. Theorems 0.1 and 0.2 follow from the isomorphism H®!(LP;)~$ of
G-modules (Theorem 3.3) and from the isomorphism $H~C®3F, a consequence of Theo-
rem 5.1. In particular, H%1(LP;)®~C@3J°. The latter being isomorphic to the dual of
L-C=C*"1(8') (resp. W¥~1:2(§1)) by Theorem 2.1, Theorem 0.3 also follows. Finally,
Theorem 0.4 is a consequence of Theorems 2.2 and 2.1.

Seemingly we are done with all the proofs. However, Theorem 3.3 has not yet
been proved for loop spaces Li ,P;, p<3, and we still have to revisit spaces of loops
of low regularity. This will give us the opportunity to explicitly represent classes in
H%Y(L; ,P1), in fact, for all p€[l, o0).

Generally, given a complex manifold M, 1<p<o0, and a natural number m<p, con-
sider the space C§5,((T*M)®™) of (I*M)®™-valued (0,g)-forms on M. If w is such a
form, ve@*T2*M and weT M, we can pair w(v)€(TrM)®™ with w®™, to obtain
what we shall denote w(v, w™)€C. Write LM for the space of W'P-loops in M, and ob-
serve that the tangent space T9-' LM is naturally isomorphic to the space W1:P(z*T%1 M)
of W¥P_gections of the induced bundle 2*T%'M — S? (see [L2, Proposition 2.2] in the
case of C*-loops).

There is a bilinear map

I=1,:LP/™(S")*x C& ((T*M)®™) — C%,(LM),
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obtained by the following Radon-type transformation. If
(@,w) € LP/™(S)* x C3 ((T*M)®™),

r€LM and £e@ITOLM~@IWLP(2*TOIM), then w(f,i™)eLP/™(S'). Define
I(®,w)=f by

F&)=(®,w(£,2™)).

One verifies that 0I(®,w)=1I(®,dw), whence I, induces a bilinear map
LP/™(SY* x HO9((T*M)®™) — H®9(LM).

Henceforward we take M=P;, ¢=1, m=n+1 and w given on C by

_ 1 *rd¢edomt!
Y= okl (g (e $€O
so that f=1I;(®,w) is a closed form on LP;. Explicitly,
-1 £E2n‘in+l o1
f(g) B 2n+1 <<I)’ (1+|w|4n+2)(2n+2)/(2n+1) ’ éeTz LPl (61>

To compute its image in $ under the map of Theorem 3.3, let

_ 1 ¢! —2n-1 ~2n-1 n+l
ba= 2n+1 ((1+|Cl4”+2)1/(2n+1) —¢ +((—a) (d¢) on Us.

Thus 80, =w|y,, and the cuspidal functions u=1I,(®,8,)€C>(LU,) solve du,= f|Lu, -

Hence the image of f in § is

o) = to(0) ~u6(0) = (9. 7 ot ~ gy )

Comparing this with Theorem 5.3 we see that by associating a lowest weight heH™ with
the functional ®=®&; of (5.8), and then feCgq (LP1) of (6.1), the image of f in $ will
be §. In particular, the class [f]€ H*!(LP,) is also of lowest weight —n. Therefore the
linear map h— [f], defined for H€H™ of lowest weight, can be extended to a G-morphism
§7— HO%1(LP,), and then to a G-morphism @>_; H"=$—H%(LP,), inverse to the
morphism H%!(LP1)—$ of Theorem 3.3. This completes the proof of Theorem 3.3, and
now we are really done.
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