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We show that the pairs of countable ordinals can be colored with uncountably many
colors so that every uncountable set contains pairs of evelry color. This gives a
definitive limitation on any form of a Ramsey Theorem for the uncountable which
reduces the set of colors on some uncountable square. The first such limitation was
given by Sierpiniski [21] for only two colors. This was later improved by Laver (see
[13]) to three colors and then by Galvin and Shelah [4] to four colors (see also Blass
[1]). Our method is not based on the existence of certain uncountable linear orderings
(an approach still of interest) as was the case with [21], [13], [4] and [1], but on a fine
analysis of the concept of a special Aronszajn tree. This analysis will give us also a new
proof of the existence of an uncountable linear ordering whose square is the union of
countably many chains and many other facts about the uncountable.

All sections of this paper can be read independently from each other, but for a fuller
understanding of our methods and definitions, a reading of the first three sections might
be necessary. The last section contains a list of most of the recent applications of our
methods as well as various other remarks concerning the previous uses of the Continu-
um Hypothesis in coloring pairs of countable ordinals. It should be pointed out that the
main purpose of this paper is to be an exposition of our method of minimal walks in the
realm of all countable ordinals because it is this case which is most often relevant to the
Ramsey Problem for the uncountable. This is one of the reasons why many of the
results, especially those concerning larger squares, are not stated in their full general-
ity. Interested readers should not have any problems in formulating them in any
generality they might wish to consider.
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§ 1. Minimal walks

For an ordinal € (usually regular and uncountable) put

[0 = {{a, B): a<B<8}.
In this article we shall quite often recursively define certain functions
a: [0P—X

where X is either an ordinal or a set of certain (finite) sequences of ordinals. For
technical reasons we shall always need to implicitly assume that

a(a,a)=0 or a(a, @)= )

in the first case or in the second case, respectively. For a partially ordered set P, by oP
we shall denote the set
" {s:a—>P: a€0rd and s is strictly increasing}

and consider oP as a tree under the ordering —. A mapping s with domain an ordinal,
denoted by s}, will be called a sequence. Thus for sequences s and ¢, scf means s is an
initial part of #. For sequences s and ¢ put

A(s, 1) = min {0: s(8) #1(0)},

where we assume that A(s, )=I(s) if sct. If X is a set of sequences with ranges in a
linearly ordered set A, <, by <, and <, we denote the right and left lexicographical

ordering on X, respectively, defined by
s<gt iff sot or s(A(s, D) <, HA(s, 1),
and
s< tiff sct or s(A(s, D) <,HA(s, ).
For an ordinal 0, set
Q,=%60,<,.

The linearly ordered set Q, has been quite often used in standard recursive
constructions of Aronszajn trees of height 0*. A tree T constructed in such a way
would usually consist of sequences from 0Q, which have maximal elements. This is
done in order to ensure T to be special. In this section we shall present a new and more
canonical construction of such trees T, but let us first mention a resuit which says that
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for certain cardinals @ there is no need in taking special care about the elements of T
since the whole tree 0Q, will be special, anyway.

(1.1) 0Qy is the union of 0 antichains iff cf 0+w.

Proof. Assume first that cf6=w and let A, (5<6) be given antichains of 0Q,. Fix a
sequence 6,1 0, (i<w). For t in Qg let t* denote the Dedekind cut of Q, determined by

the decreasing sequence
£Lt70,t700,...

Note that the cofinality of the maximal term of ¢ is equal to the cofinality of the cut r*.
Thus if i<w and if cf(max(¢))=6;, then any u in 0Q, with sup <t* can be extended to a

v with sup <#* with the property that no extension of v with sup <t* is in

B,= U 4,.
£<6;

So recursively on i<w we can build a sequence 7, in Q, and an c-increasing sequence v;
in 0Q, such that:

(D) 1, <tt

(2) cf(max(z))=6,

(3) supv<t¥,

(4) no extension of v, with sup <r*is in B,.
Let v=U,v;. Then

vE U A,
<@

Assume now cf8>w. By Theorem 14 of [24] it suffices to show that
0Q,[ {6 <§":cfd=cfG}

is the union of 6 antichains. Let A=cf 6, and let v be a given member of 0Q, of length &
with cfé=A. Fix a sequence d, 1 d, (a<1). For a<4, set

5, =v(d,).

Let n(v) be the minimal n<w such that

{a<i:|s,|=n}
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has size 1. By refining the sequence s,, we may assume that for some s(v) of length

i<n(v), we have
(5) s(v)cs, for all a<A,
(6) s,()<s4(0) for a<f<A4.

Let

0(v) = sup {s,(i): a <4}

It is now easily checked that if ucv are members of 0Q, with lengths of cofinality 4,
then

(n(), s(v), 6()) * (n(w), s(u), 6(u)).

Since there exist only 8 such triples, we finish.
We shall say that (C,: a<@) is a c-sequence on 0 iff C, is a closed and unbounded

subset of a for all a<@. We shall always implicitly assume that C,,,={a} although

many of our definitions will be valid without this assumption. To every c-sequence
(C,: a<0) we associate

0o = 0,(C,: a<6): (61— Q,
defined as follows |
0o(a, ) = {tp(C;Na)) "eya, min (Cy\a)).
Note that gy(-,a): a—Q, is strictly increasing for all a, whence
Teg) = {o(-, A a: a<p <6}
is a subtree of 0Qy, =. For t€Q, and a<#, set
F(a)={E<aiof& ) ct}.

Note that since (&, @) is a sequence with domain some integer, the inclusion gy(&, a)ct
just means that g,(&, @) is an initial part of ¢. Note also that by our convention, a € F(a),
and that F, 5B is just the trace of the minimal walk from § to a along the sequence
(C,:a<@). If & is an ordinal <a then we shall use F,(a) as another way of denoting

F(a) where t=0(&, a). In case we consider F, generated by some other function rather



PARTITIONING PAIRS OF COUNTABLE ORDINALS 265

than g, we shall always add an upper index to F to make the distinction. So the present
F(a) will later be denoted by F%a).

The following is a list of straightforward but useful facts about the function g,.

(1.2) Let a<pB, y<6 and t=g(a, B)=gy(a, y). Suppose that C,na=C¢Na for all §
and n with o|(n, B)=0y&, v)<t. Then o(-,B) and o,(-,y) agree below a.

(1.3) |T(ey) N*Qyl<|{Cy Na: a<P<O}|+R, for all a<8.

(1.4) Suppose a<y<@ and t is an initial part of gy, v). Then t<oyB,y) for all B
with a<p<minF (y).

(1.5) Assume 0<a=VUa<p,y<6 and gy-,B) and o -,y) agree below a. Then
0@, B)=0,(a, ).

(1.6) oot~ , B) | a—>04(U a, B) is a strictly increasing mapping from T(gg)\{( )} into
Q,. )

(1.7) T(g,) has a O-branch iff there exist club C<8 and £<0 such that for all E<a<8
there is B=a such that CN a=CgN [E, a).

Proof. We are assuming here (and everywhere) that 0 is regular and uncountable
although we actually need only c¢f >w. Clearly, only the direct implication needs a
proof. Let bcT(p,) be a O-branch. Fix a limit nonzero a<6 and let y,=a be such that

0>y a€b.

Lett,=gy(a, v,). Let B, EF, . (Vo) be maximal with the property that G Na is unbounded
in a. Then C;na is bounded in « for all € F, (y,) above B,, so let h(a)<a be an upper

bound for all of them. By the pressing down lemma fix a & such that A"Ac& for some
unbounded AclimN . Let

C= U{Cﬂa nig a):a€A}.

Then & and C are as required.
The following is an immediate corollary of (1.7).

(1.8) The following are equivalent for an inaccessible 6>w:
(@) 6 is weakly compact.

18—878283 Acta Mathematica 159. Imprimé le 23 octobre 1987
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(b) For any c-sequence {C,: a<8) on 0 there is a club C<0 such that for all a<6
there is fza with CNa=CzNa.

Notice that this gives a rather short combinatorial proof of many properties of a
weakly compact cardinal such as: 0 reflects stationary sets, 8 is not first inaccessible, 6
is not first Mahlo, ..., etc.

Let T be a tree of height # and let f: T—T. Then f is regressive iff f(f)<;t for all

nonminimal ¢ in 7. The tree T is special iff there is a regressive map f: T—T such that
£~ Y@ is the union of <@ antichains for all # in T. By [24; Theorem 14] for 6=x",atree T
of height 6 is special iff T is the union of x antichains. Thus in this case our definition
reduces to the standard one, but the point is that our definition makes sense even if 6 is
a limit cardinal while the standard one does not.

(1.9) The following are equivalent for inaccessible 6>w.
(a) 0 is Mahlo.
(b) There are no special 6-Aronszajn trees.

Proof. Only the implication from (b) to (a) needs a proof. So, assume 6 is not
Mahlo and let C<6 be a club consisting of singular cardinals. Fix a c-sequence
(C,:a<8) such that:

(1) Copi={a},
(2) C,=(max(Cna),a) if cfa=a,
(3) tpC,<min C,, if cfa<a.

Let gy=0,(C,: a<0) and T=T(g,). We shall show that T is special, and to end this it

suffices to define a regressive f: T|C—T so that f ~1(¢) is the union of <@ antichains for
all tin T.

Solet g,(-,7)[ @ inT| C be given.Let t=g,(a, y) and let B € F,(y) be maximal with
property

sup (Cﬂ Na)=a.

Then C; Na is bounded in a for all £ € F(y) above 8, so let 6 be an upper bound for all of
them. By (3) the type of Cs Na is <a so the ordinal code ¢ of {9, tp(Cy Na)) is <a.
Finally, put

foo T =0y(,7) e
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This defines regressive f: T|C—T. It is now easily seen that if ¢ in T has height ¢, then
fY(9) contains no chain of type £+2, so it must be the union of < antichains.
Assume now that (C,:a<@) satisfies the following condition reminiscent of the

O-pringiple of Jensen [8].
(i) If a is a limit point of C4, then C,=CgNa.

Then an easy pressing down argument shows that T(p,) has the following property:

(*) For any regular »<6 and AcT(g,) of size x there is a BcA of size x such that

sNt and uNv are comparable for all s+¢ and u=+v in B.

This property of trees is of independent interest and has already been considered in
the literature (see, for example, {25]). Note that under (i) the condition of (1.7) reduces
to

(ii) There is no club C<@ such that C,=Cna whenever a is a limit point of C.

A c-sequence satisfying (i) and (ii) is called a [J(8)-sequence. A well-known result of
Jensen [8] says that, in L, [J(#)-sequences exist on any regular non-weakly compact
cardinal. The following fact, apparently first noticed by Jensen himself, is an immediate
consequence of the proof of this result.

(1.10) If 6 is regular and not weakly compact in L, then there is a constructible
L1(@)-sequence.

Proof. We assume the reader is familiar with [8; §6] and prove that the [J(6)-
sequence (C,: a<6) constructed in the proof of Theorem 6.1 of [8] remains such in the

real world. This sequence is constructed by first fixing a set Bc6 and a first order
formula ¢ (with predicates &, B, D) such that J, satisfies ¢[D, B] for all Dc6 but for all

a<@0 there is a Dca such that J, satisfies =@[D, BNa]. The limit ordinals <6 are split
into two sets Q and its complement Q in such a way that if a is a limit point of Cj, then

o and B are in the same set. So, if in the real world we have a club C in 6 such that
C,=Cna for all a in lim (C), then either lim (C) is a subset of O, or else it is a subset of

Q. The second case is impossible since tp C,<a for all a in O\ {w} (see Cases 14 of

§6 and Case 4 of §5 in [8]). Thus, lim(C) is a subset of Q. By pp. 288-290 of (8], for
each a in Q there exist fixed f>a and Dca such that D and BNa are in Jand J,

satisfies —g[D, BNa). Moreover, if d is a limit point of C,, then there is a (uniquely
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determined) elementary embedding 7=, of J; into J; such that xla=id, n(a)=a,
a(D)=D and n(BN@)=Bna. Thus, 74, s for a<a in lim(C) form a directed system
with well-founded direct limit since cf 6>w. The transitive collapse of this limit is equal
to some J; which contains a set Dc6 for which J,, satisfies —g¢[D, B], contradicting the
choice of B and ¢.

Thus we have the following corollary.

‘(1:11) If 0 is regular and not weakly compact in L, then there is a constructible
0-Aronszajn tree with the property (*).

(1.12) If 0 is regular and not Mahlo in L, then there is a constructible special
0-Aronszajn tree with the property (*).

Proof. Work in L. By [8], we can pick a [0(f)-sequence (C,: a<#) such that for
some closed and unbounded Cc6, tpC,<a for all a in C. Let T=T(gy) for
00=04(C,:a<0). Then working as in (1.9) one shows that there is regressive

fiT|C—T. So, T is special. But being special is upward absolute, so we are done.

‘Note that if we drop the requirement for the property (*) from (1.12), then we do
not need the O-result of (8] since we could simply choose a constructible c-sequence
with properties (1), (2) and (3) of (1.9).

Let us now restrict to the case §=x* for some infinite ». In this case we can choose
a c-sequence {C,: a<x") so that tp C,<x for all a<x*. Then by (1.6) there is a strictly

increasing mapping from T(g,) into Q, whence T(g,) is special. So if, moreover, we can

choose such (C,: a<x*) with the additional property
HCsna:a<f<x*}<x forall a<ux’,

the tree T(g,) is a very canonical special x*-Aronszajn tree. However, the main
advantage of the case §=x" is that we could assume (C,:a<x"') to be a O, -sequence

([8]) in which case g,: [x]z—>Q,¢ has many useful and interesting properties such as (see
[25; Theorem 5]):

(iii) Joj[AT*|=|A| for every infinite Acx* of size <x.

Moreover, in this case we can also use g, to step up many combinatorial properties

from x to x*. To illustrate this let us choose one of the principles considered in [5].
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Exactly the same argument will show that we can also step up many other properties
such as the principle H, (x) of [5], to reprove the Theorem 7 of [25], or to get a uniform

counterexample to CC,(Ord) of [5], ..., etc.

(1.13) Assume O,.. Suppose that for some regular A>w and finite n=2 there is a

c: [x)"—x such that for all Acx of size A there exist X € [A]" and a €AN\X with c(X)=a.
Then »* and A satisfy the same property with n replaced by n+1.

Proof. Fix a [ -sequence {(C,:a<x*) and let gy=04(C,: a<x"). Without loss of
generality we may assume that ¢ maps [Q,]" into Q, since clearly Q, has size x.

Fix an X€[»']""! and let a<f<y be the last three elements of X. Let
1=0,(a, ) N@,(B, ) and let 5 €[B, ] be determined by 0,(d, y)=t. If f<I set

d(X) = gy, 0) (c{ey(& 0): EEXNSY),

when this is defined; otherwise set d(X)=0. A simple pressing down argument shows
that d: [»*]""'—»* is as required.
We finish this section with an interesting variation of g,. So, let {C,: a<8) be a c-

sequence and define
0,=0,(C,:0<0): [V > w

as follows

0,(a, B) = 0,(a, min(Cy\a))+1.

Thus, g,(a, B)=|oy(a, B)|, i-e., o,(a, B) is the number of steps of the minimal walk from 8
to a. To state an interesting property of g,, let the distance between two sequences of

integers s and ¢ be equal to the supremum of absolute values of s(§)—#(§) for & in
I(s)nl().

(1.14) If {(C,:a<8) is a O(F)-sequence, then 0,=0,C,: a<8) has the following
properties:

(@) The distances between o,(-,a) and g,(-, p) is finite for all a<f<e.

(b) For any G-sequence t of integers there is a <0 such that the distance between
t and o,(-,0) is infinite.

(c) T(o,) is a 6-Aronszajn tree.
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Proof. (a) is proved inductively on a and 8, and it is an immediate consequence of
the property (i) of (C,: a<6) which gives that g,(-,a)cg,(-, ) whenever a is a limit
point of Cj.

To show (b) pick an integer n such that the set § of all £<8 for which #(&)=n is
unbounded. Now find a closed enough ordinal 6<6 such that there is an arbitrarily long
walk from J to an element of Snd. This will use the property (ii) of (C,: a<6).

(c) is an immediate consequence of (a), (b) and (1.3).

§ 2. The functions g, and ¢

In this section we shall assume #=x" and we shall define two new closely related
functions o, and . Again we shall start with a c-sequence (C,: a<x") but with some

additional properties.
For an ordinal v let v* denote the minimal infinite cardinal above v. Let » be an
infinite cardinal and let {(C,: a<x") be a fixed c-sequence such that

tpC,<x foral a<x".
Deﬁne 0,=0,(C,: a<x™): [x*]*>x by
0,(a, B) = max {tp(C; Na), ¢,(a, min Cz\a)}.
Thus, ¢,(a, f)=max (range gy(a, 3)).

(2.1 If a<f<x* and v<x, then

(@) {é=<a:0,¢&, a)=v}|<v™,

(b) [{E<a: 0,(&, @)*0,(E, B)}|<ey(@. B

Proof. The proof is by induction on a and §, respectively. Since the proofs of (a)

and (b) are very similar let us prove only (a). So let Aca be a set of type v*. We have to
find a £€ A such that g,(&, a)>v. This will certainly be true if tp(C, N§)>v for some

EEA. So assume
tp(C,NE)<v forall EEA.

Then there exist 7 € C,and Bc A of size v* such that n=min (C,\§) for all £€ B. Hence

0,(&, a) =max {tp(C, nn),0,(&n)}
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for all £€ B. By induction hypothesis pick a £€ B such that
(& n)>v=tp(C, ) =tp(C, N&).
Then ¢,(&, a)=0,(&, n)>v. This finishes the proof.

Note that go,(-, a) is not necessarily 1—1. This can be corrected as follows, where

the operations in question are ordinal multiplication and exponentiation.
0(c, )= 2P 2-tp {E< a:0,(& B) = 0/(, B)} + 1.
The following is an easy consequence of (2.1).

2.2) If a<fB<x™ and v<u, then
(@ o,(-,a) is 1-1,

b) {§<a:0,& a)+0,& B} <6,(a, ).

Assume now (C,:a<x") is a 0, -sequence, i.e. that (C,:a<x") moreover satis-

fies the property (i) of § 1. For a<f<x* let
7 = maximal limit point of CgN(a+1),
if any exists; otherwise let 77,,=0. Now we are ready to define .
0=0(C,: a<u™):[x" P —x
by
o(a, #) = max{tp(CgNa), o(a, min Cz\a), 0(&, @), (EE€ CyN[1,4,2))}.

(2.3) If a<fB<y<x™, v<u, and 0<6 = Ud<e<sx*, then

(@) Hé=sa: o(§, a)ysv}i<yv®,

(b) o(a, y)<max {o(a. §), 08, )},

(¢) o(a, py<max {o(a, y),0(B, M},

(d) there is a {<0 such that o(§, e)=0(&, d) for all {<E<4.

Proof. The proof of (a) is almost identical to the proof of (2.1) (a). Let us prove (b)
and (c) simultaneously by induction on y. First of all note that the condition (i) of §1
implies

(iv) If a is a limit point of Cs, then o(-, a)co(-, ).
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Let v=max {o(a, B),0(83,y)}, and let
§,=min(C,\a) and &;=min (C,\B).

We have to show g(a, y)<v.
Case 1. a<nj,. Then by (iv)

Q(a’ y) = Q(a’ nﬁy)'

On the other hand, Q(a,ﬂ),g(nﬂy, B)<v so by (c), e(a, 75,)<v and we are done.

Case 2. a=ny,. Then n,,=n,, so if §,=&, ola, y)<v follows easily from o(8, y)=<v.
If §,<&;, then o(&,, B)<v, and so by (c),o(a, &,)<v. Similarly one checks o(&, a)=<v for
all £€ c,n (74, a). Thus, g(a, y)<v. This proves (b).

Assume now v=max {¢(a,y),0(8, )} and let §, and &; be as above.

Case 1.a<ng,. Then again by (iv),

ola, ng) = ola, y)sv.

But Q(nﬂy,ﬂ)sv so by (b), o(a, B)=v.

Case 2. a=n,. If Ea=§ﬂ=lj, then o(a, &), o(B, £)<v, so by (c), o(a, f)=<v. If §a<.§ﬂ
then o(&,, B)<v and o(a, £,)<v so by (b), o(a, f)<v. This proves (c).

To prove (d) let t=g(9, ). Let u € F(¢) be maximal with the property that C,Nn dis
unbounded in u and let <6 be an upper bound of

C:no, EEF(e)\(ut1).
Then gy(u, £)coy(é, €) for all & in [{, #), whence

o e)=o,u) forall EE[L,u).

But this finishes the proof since g(-,d)co(-,u) by (iv).
Again o(-, a) is not necessarily 1—1 and we can correct this by putting

0@, p) = 20@h).(2-tp {E< a: o, a) S pla, B)} +1).

(2.4) The function §: [x*1*—x also satisfies (2.3) (a)~(d) and, moreover, ¢(-,a) is
1-1 for all a<x™.

(2.5) Assume E<a<f<x* and o(&, a)>0(a, B). Then o(&, &)=0p(&, B).
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Proof. By (2.3) (b) and (c),

o(&, B) <=max {o(&, @), 0(a, B)} = 0§, @),
o(&, a) = max {o(§, B),0(a, B)}.

But the last maximum must be equal to o(&, f) because (&, @) is bigger than g(a, f).

Note that we have actually shown that any a: [x*]*—x satisfying (2.3) (a), (b) and
(c) also satisfies (2.1) (a) and (b). The next result shows that, at least in the cases of a
successor of a regular cardinal, some sort of a converse to this is true. We do not give
the proof since it is very similar (and easier) than the proof of (2.3).

(2.6) Suppose x is regular and a: [x*)*—ux satisfies
(@) |{&=<a:a(§, a)sv}|<x for all a<x™ and v<x,
() {E=<a:a(g, a)y*Fa(&, B)}<x for all a<f<sx*.

Define g,: [x*]*—x by

o.(a, B)=min {v: a(a, f) <v and YE<a(a(, a) * a(&, B)—a(&, a), a(E, B) <v)}.

Then for all a<f<y<x™ and v<x,

(©) {é<a:p & a)<v)|<x,

(d) o(a,y) <max {g,(a,B),0,8.7)},

(e) o,(a, Bysmax {o(a,7),0,8, )}

We shall now see that the restriction to » regular in (2.6) is essential. For
+]2 ’

7: [#")*—x by T(r) we denote the tree

{z(-.Ala:a<B<x*}, c.

(2.7) If ©: [« P —x satisfies (2.6) (c), (d) and (e) (with T in place of 0,), and if 2¥=x,

then T() is a »*-Aronszajn tree.

Proof. 1t suffices to show that levels of 7(r) have size <x. So let a<x™ and let
t=1(-,f)[a be a given element of the ath level of T(r). By (2.5), ¢ is uniquely
determined by its restriction on

(<aitE a)=sta,f)} = {E<a: i B <ta,p)}.

But there exist only % such restrictions.
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(2.8) Suppose now cfx=w and there exists 1: [x*1*—x satisfying (2.6) (c), (d) and
(). Then there is an order type @ of size »* and density » so that every YW<@ of size » is
the union of X, wellorderings.

Proof. Fix an increasing sequence (x,: n<w) converging to ». For a<x* define
£,€%% by

fm=tp{é<a: 1 a)<x,},
and set @=tp ({f,: a<x"}, <,). We claim that ¢ is as required. To see this first note that

fm< fﬁ(n) for all n with x,=1(a, B).
Thus, if
Fa={§é<ata)s=s xn},

then f,(n)*f.(n) for all y=*¢ in F,(a). So {fg: EEF (a)}, <, is a well-ordering. But this
clearly finishes the proof.

It is well-known that an order type as in (2.8) does not exist if we collapse a
supercompact cardinal to @,. This shows that our use of a (J,-sequence in the definition
of g is in some sense necessary.

The definition of ¢ can also be given in the following form (resulting to the same
function).

o(a, B) = sup {tp(CzNa), o(, min (C4\a)), 0(§, @), (EECyNa)}. |

In this case a proof that the supremum is always <x (even if x is singular) must be given.
This is done by a straight-forward induction on B using the property (i) of the
0O,-sequence (C,:a<x*) (which gives the property (iv) of g). The advantage of the

present definition is that for regular » it makes sense even if (C,:a<x") is not
necessarily a [J,-sequence but only a c-sequence with the property tp C,<x for all a. In

this case the proof of (2.3) shows that ¢ has the properties (a), (b) and (c).
Finally, we note that the function ¢ has also a very strong stepping-up potential
which has been already used in several recent applications (see [29]).

§3. Aronszajn trees and Countryman types

We shall say that a linearly ordered set A, < has a Countryman type if A is uncountable
and A” with the product ordering is the union of X, chains. It is easily seen that if A is
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Countryman then, in fact, any finite power A" is the union of X, chains. In this section
we shall see that both g, and g, (and hence g) give us a Countryman type.
From now on in this section we fix a c-sequence (Cq:a<w1) on w, such that

tpC,€{0,1,w} foralla<w,. Let 0y=0,(C,: a<w,) and ¢,=0,(C,: a<w)), i.e.,

0@, B) = (tp(C4gNa)) "o(a, min Cp\a),
0,(a, B) = max {tp(CzNa), ¢,(a, min Cy\a)}.
The following two facts have already been proved in §§1 and 2.

(3.1) T(gy) and T(p,) are Aronszajn trees.

(3.2) T(gy) is special since o\, B)| arspy(Ua,B) is a strictly increasing map from
Te)\{( )} into Q,,.

(3.3) T(gy), <, and T(p,), <, are both Countryman types.

The proof of (3.3) will be given below in a slightly more general form. When
considering a: [w,]>—>w we shall as always assume a(a, a)=0 for all a<w, and write

a, for a(-,a). By a,=*az{ a we denote the fact

{E<a:al§, a)*a(, B} Iis finite.
Thus (2.1) is saying that (g,), is finite-to-one and that (0,),=*(e,)s[ a for a<f<w,.
Suppose u and v are two functions with domains sets of ordinals. Then we write
u=v

iff there is a strictly increasing map 4 from dom («) onto dom (v) such that u(a)=v(h(a))
for all  €dom (x). Note that there exist only countably many isomorphism types of
finite functions from ordinals into w.

Suppose a: [w,]"——mu satisfies (2.1) (a) and (b) and let A={a,: a<w,}. Assume that
we have a chain-decomposition #: A>— o of A with the product ordering. Then a chain
decomposition of (T(a))’ is defined as follows. Let (aﬂ [ a, as[ y) be a given member of
(T(a))®. Then we set

(agl a, asly) €K = K(iy, iy, iy, u,v) iff
h(aa’ ay) = i(), Qa(aJ ﬁ) = i]a Qa('}’; 5) = iz (See (2'6))v

gl {f<a:a a)<i}=u and qsl{Esy:a v)<i}=v.



276 S. TODORCEVIC

It is straightforward to check that K is a chain in (T(a))’. Since there are only X,

parameters this gives a chain-decomposition of (T(a))? into R, chains.

(3.4) Suppose a, is finite-to-one and aa=*aﬁ[a Sfor all a<f<w,. Then T(a), <, is
a Countryman type.

Proof. By the above remark, it suffices to decompose {(a,,az): a<f<w,} into
Ry chains. For a<f<w, set n4=g,(a, B) (see (2.6)) and

Fz= {é<aal a)s naﬂ} (={é<saa§p)= naﬂ}).

Clearly, to get the decomposition it suffices to assume that for some a<g and y<9, we
have a,<;a, and

na3=ny6=n, aarFaﬂanrFy, aﬂrFaﬂEaarF},,

and then prove that a;<, a,. To end this set

§ay = A(aa, ay) and Eﬂé = A(aﬂ, ad).

Claim. &,,= &5, = E.

To see this note that F=F_4n&,, is an initial part of both F and F,;, whence
ag| F=a,| F. Then a4 £, =a,l &,,, and so &,;=¢, . Similarly one shows £,,=&s,.
If EEFmﬂ\Fy(s then

a,(8) = &) > n= a,®)

which means a; <, a;.
If € F,y\F,; then

a,&)>n=za,d)
contradicting a, <, a,.
If £ F,4UF,;, then
ay®) = a (&) < a8 = ay&),

which gives a; <, a,. This completes the proof.
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In the proof that T(g,), <, is Countryman the role of the finite sets Fug will be
played by the sets F(a, f)ca+1 defined as follows:

EE€EF(a,B) if EEFmMinCy\§,a) and minCy\E<a, or
E€F(a, minCy\§) and min C,\§= a,

where we agree that always F(a, @)={a}. An easy induction on 8 shows that for all
E<a<f<w,,

0o(&, @) = g,(min F(a, B)N\E, a)" o4&, min F(a, B)\5),
0o(&, B) = go(min F(a, BY\E, B)"0,(&, min F(a, B)\8).

It should now be clear that the finite sets F(a, ) can indeed take the role of the sets F,
in the proof of (3.4) and give us a decomposition of (T(go))2 into X, chains.

§ 4. Coloring pairs of countable ordinals

In this section we give several proofs of the main result of this article. Our partitions
will have one of the following forms:

(D) a: [w,]z—m), such that a<a(a, B)<p and a"[A}* contains a club for all uncount-
able Acw,.

(2) b: [cul]z—nu1 such that a<b(a, f)<f and b"[B}* is cobounded for all uncountable
Bcw,.

?3) c: [wl]2—>w and ¢"[CP*=w for all uncountable Cco,.

(4) d: [0,]*>w, such that d(a, B)<a for nonzero a and d'[D*=w, for all uncount-
able Dcw,.

Any of the forms will be sufficient for the main result of this paper. For example,
to get d from a one simply composes a with a decomposition of w, into X, stationary

sets. So it remains to see how to get b and d from the existence of ¢. For this fix an
e: [0,]’—w such that ¢, is 1—1 for all a and define

ba, f) = max {a, €5 "(c(a, B}
d(a, B) = e;'(c(a, B)),
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where we put b(a, f)=a and d(a, §)=0 when the corresponding term on the right hand
side is undefined. Then it is straightforward to check that b and d have the desired
properties.

From now on we fix a c-sequence (C,:a<w,) on w, such that tpC,€{0, 1, w}

for all a<w,. Let g, and g, be the corresponding functions. For {<a<f<w, and n<w
set

oy(a, B) = max {n < a: o(n, @) = 041, B},
Ala, By = Alg,(+, a), 0,(-,B)),
oy(a, B) = 0,(Aa, B), ),
Fla)={n<a:o\n, a) coy(&, o)},
Fa)={§<a:0,& a)<n}.
(Note that o, is well-defined by (1.5).) Finally, define our first two partitions
ay [0,]P>w, and a;: [0,)*—>w, by
ay(a, B) = min (F) , 5(B)\0),
a,(a, B) = min (F; , 5(B)\a)-
(4.1) aj[AY contains a club for all uncountable Acw,.

(4.2) AT contains a club for all uncountable Acw,.

Proof. The proofs of (4.1) and (4.2) are very similar so we prove only (4.1). So let
Acw, be uncountable, let 4 be a large enough regular cardinal and let M<H; be

countable such that A,(C,: a<w,) € M. It suffices to find a<p in A such that
afa,f)=Mnw,=90.

Fix a B€A above 0 and let 1=g,(d, 8). Then for all £ € F?(ﬂ) above 8, C,Ndis bounded in
0 so we fix a bound y</ for all of them. Then tcg,(n, B) for all 5 in [y, 5). Let

By={a€A:0(-,B) [y =0y, )}.

Then ByEN and BE€ B, so B, is uncountable. Since T(g,) is Aronszajn there must be a
vET(o,) [ such that

QO("/S)rVCv¢Qo("/3)
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and
C={a€B,vcpy,a)}
is uncountable. Let
e =max {n: v(n) + 0,1, B}
Then for all @ in CNN,
o,(a, B)=¢ and FB)< FXp)

So.if @ in CNN is above F¥(B)nd then
ag(a, B) = min (F()\@) = min F)(8) = 4.
This completes the proof.

Let T be a special Aronszajn tree and let a: T—w be an antichain-decomposition.
Let < be a fixed well ordering of T such that ht(s)<ht(s) implies s<t, and let

[T]?= {(s,t):s5<t and s, tET}.

We also assume that for all s,7€T,
sat=max {u€T: u<;s and u<;t}

exists. For n<w and ¢ in T set

F,()={s<;t:s=1t ora(s)<n}.
Then F,(¢) is a finite chain in 7. Finally, define b: [T]*-T by

b(s,t)=min {u€F ., (t): s <u}.
Then the proof of (4.1) also gives the following.

(4.3) b"[A)? intersects club many levels of T for any uncountable AcT.

For Acw, set

K,={(a,B) €[w ] aya B)EA}.

Let 4, denote the graph (w,,K,). Then an easy adjustment of the proof of (4.1) gives
the following.
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(4.4) If AAB is stationary in w,, then §, and 9, contain no isomorphic uncount-
able subgraphs.
For two sets of ordinals E and F we define a relation R=R(E, F)cF* as follows:
aRf iff [a,BINEcF and [B,alnEcF.
Then R is an equivalence relation on F with convex equivalence classes. Set
osc(E, F) = |FIR(E, F)|,

that is, osc (E, F) is the cardinality of the set of all equivalence classes of R on F. Now,
we are ready to define two new partitions c;: [w,]*—>® and c;: [w,]’> as follows:

c(a, B) = the exponent of 2 in osc (Fy, 4(@), Fo .. 58))

¢,(a, B) = the exponent of 2 in osc (Fy o, 5(@), Fy,0,5®B))-
(4.5) cifA) = w for all uncountable Acw,.
(4.6) c’l’[A]2 = w for all uncountable Acw,.

Proof. The proofs of (4.5) and (4.6) are very similar, so we prove only (4.6). For
E,FE[w,]™ put
E<-F iff Eis an initial part of F.

Then {w,]*, <- is a tree and we shall consider any T¢ [w,.]<‘” as a tree under this
ordering. Let n denote a positive integer. Then we say that Tc [w1]<“’ is an n-tree iff

(a) T has a root,

(b) height(T)=n+1,

(c) if E has height <n in T then the set succ (E) of all immediate successors of Ein T
has size R, and {F\\E: F€succ (E)} is a disjoint family.

If T is an n-tree then by T* we denote the last (nth level) of T.

(4.7) Suppose S and T are n-trees with roots E; and F,, respectively.
Let I=0sc(E,, F,). Then for each k€(l, l+n] there exist uncountable X=S* and YcT*
such that osc (E, F)=k for all EEX and FE€ Y with max E<maxF.

Proof. The proof is by induction on n. The case n=1 follows immediately from the
definition of an n-tree. So assume the result is true for n=m and prove it for n=m+1.
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To end this pick an E, in the first level of S and an F, in the first level of T so that

max F, <min (E,\\Ey) < max (E,\\Ey) <min (F \F).
Set
U={E€ES:E,<-E} and V={F€ET:F <F}.

Then U and V are m-trees with roots E, and F,, respectively such that
osc(E,,F)=1+1.

By the induction hypothesis for each k€(l+1,l+1+m] we can find uncountable
XcU*cS* and Y V*<T* such that

osc(E,F)=k forall E€X and FEY with max E<maxF.
The same conclusion for k=I/+1 follows from the case n=1. This finishes the proof.

'We are now ready to finish the prof of (4.6). So let Acw, be uncountable and let
i<w. We have to find a<f in A such that ¢,(a, B)=i.
Let n=5-2"and let {M,: k<n} be an €-chain of countable elementary submodels of

H, containing everything relevant. Let
O=MNw,, (k<n).

Fix a €A above J, and m<o such that

(6 k<n) cF.(B).
Fix a y<d, above FL(B)nJ,, and let t=g,(-,B)[y. Define

By={a€A:tco(-,a)}.
Then B,€ M, and B € B, so B, is uncountable. Using
FLB)Nn[0,-1,0)

(6_,=0,9,,,=w,) as parameters and elementarity of the M,’s, by downward induction

one shows the existence of an (n+1)-tree S, in M, such that
S¥c {F'.(a): a€By}.

19—878283 Acta Mathematica 159. Imprimé le 23 octobre 1987
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Since T(p,) is Aronszajn, by shrinking S,, we may assume that there exist € T(g,}| d,
and uncountable CcB, so that:

(@) tcuce,(-,a) for all a €C,
(b) Si={F.(a): a €C},
(C) u¢91(' 95)

Let v=0,(-,/ [ lw). Then again for the same reasons we can find an (n+1)-tree

T, in M, and uncountable Dc B, such that:

(d) veg,(-, p) for all BED,
(e) T§={F,(8): BED}.

Let e=A(u, v) and let m=v(¢). Then m<m and o,(a, f)=m for all a €C and SE€ D with
a<f. So we can find (n+1)-trees S and T such that

S*c {F,(0):a€C) "and T*c{F,(f): BED}.
Let E; and F, be roots of S and T, respectively and let /=0sc (Eob, Fy). Pick a j such tﬁat
2Qj+DE I+n+1].
By (4.7) we can find F}n(a) in $* and F!(B) in T* such that a<g and
osc (F! (a), FL(B) = 2'2j+1).
Since m=0,(a, f) this means that c¢,(a, 8)=i: This completes the proof.

We conclude this section with a corollary to the proof of (4.6). Let ¢=¢(C,: a<w,)

be the function from (2.4). For n<w and a<w, we set
P(a)={§<a:9( a)<n}.
To the function ¢ we now associate a sequence
d:[of—o0, (<o)
of partitions as follows. First of all we put d,(a, 8)=0 iff .

the ith member of P,(a) < the ith member of P,(f)
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for all i for which such members exist. Otherwise, let

d (a, B) = max {1, 05¢ (P.(a), P.())~1}.

By the properties (b) and (c) of g, it follows easily that d,(a, 8)=0 for all n=¢(a, B).
Thus since the (0),’s are one-to-one, OGd,,[A]2 for any set A of size >n. On the other

hand, we have the following

(4.8) For all i>0 and uncountable A, Bcw, there is an m such that for all n=m
there exist a €A and € B with a<f so that d,(a,f)=i.

§5. Coloring larger squares

In this section we make slight modifications of partitions ‘ao and ¢, of §4 which will

work on some higher cardinals as well. Roughly speaking, we have only to redefine
op(a, B) in such a way that we no longer make the implicit assumption that the clubs

relevant to oy(a, B) agree below the maximum of their intersections.
So let 4 be a fixed regular cardinal and let (C,: a<0) be a c-sequence on 6. We

shall need a slight modification o: [#]*~Card' of the function osc of §4 defined as
follows: . ,

o(a, B) = osc(C,\(max(C,n Cﬂ),+ 1), Cg\(max (C,NCP+1).

Now we make the following assumption about 8 and the C,’s.

(5.1) 6=x" for some regular x and fp C,<x for all a<#.
The first partition a: [x*]*—x of this section is defined by

a(a, B) = max {E€ Fgo(a,ﬂ)(ﬂ): o(n, &) =2 for the n < a with gy(n7, &)=gy(&, B)},
if this set is nonempty; otherwise a(a, §)=8. Let
S, ={0<xt:cfd=ux}.
(5.2) a"[AF contains a club relative to S, for all Acx™ of size x*.

Proof. Let Acx™ have size »* and let M be an elementary submodel of H,

containing everything relevant such that

o=Mnx*€S,.
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Furthermore, we assume M is the union of an €-chain of submodels with the same
property. It suffices to find a<g in A such that a(a, 8)=0. Fix a f€A above 6 and let
t=04(d, f). Then

max(C,Nd)<d forall EEFBN\(O+D).

For sct put
¥, = max(C,NJ), where gy(&, 8) = s.

We can now choose submodels M, € M, € M of H; containing {(c,:a<x"), A, {y,;:sct}
such that

8;=Mnx*€S,, (i<2) and C,N[d,,0,)+2.

For a €A, let 6(a, 1) be the unique & such that g (&, a)=¢, if it exists. Let B,be the set of
all a €A for which d(a, 1) exists, and let

B={a€B,: y,=max (C;Nd(a, 1) for all sct and {<a with g\, a)=s}.

Then B€ M, and B € B. The elementarity of M, now gives us that for all large enough
y<x* there is an a € B such that 6(a, £)>y and '

max(Csq nNY) =7,
where y,=max(C;ndJ,). Applying this in M, for
y=max(CsN0J,)
fix an a € BN M, such that é(a, £)>7 and

7, =max (Cyq ,NP).

Then
tcya, B), o(a,1),0)=2,
and
o, &) =1 forall EEF, sB)\©O+1)=F(@B\(©+1)
and

n<a with g\, a)=gy&. B).
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Hence a(a, 8)=0. This finishes the proof.

It should be clear that in the above proof of (5.2) we can replace »* by any regular
uncountable 6 and S, by any stationary S<6 with property C,nS=& for all limita<6.

It is also clear that the exact analogue of (4.4) holds in this situation as well.
In order to consider an analogue of ¢, of §4 in the present situation we now make

the following assumption.

(5.3) 9 is regular and uncountable and there is no club C<@ such that for all a<<6
there is a B=a so that CN agCﬂna.

Clearly, any successor cardinal §=x" and (C,: a<6) with the property tp C,<x for all
a<@ satisfy the condition of (5.3). The function

0,: [0 - Q,

is defined by
o,(a, B) = min {tc gy(a, B): o(n, &) =2 if o\(n, a) = 0y(&,B) =1},

where the min is taken in Q, with respect to <, and where we set o,(a, 8)=( ) if the set
on the right hand side is empty. Finally define c: [8]>—>Card by

c(a, B) = o(min ng(a, p(@, min Fo ., 5(B)).
(5.4) "[AP2w\2 for all Ac0 of size 6.

Proof. Fix an Ac# of size 0 and an integer n=2. We have to find a<g in A such
that c(a, f)=n. Pick an M<H, containing everything relevant such that

6=MnGES-.
Fix a f€EA above J and let f=g(5, ). Let

SEFP)

t

be maximal with the property

sup(Csnd) =34,
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and let t=0y(9, §) (cf). Then for each sct, if £<p is determined by g,(&, f)=s, then
¥, =max(C;NJ)

is an ordinal <§. We may assume M contains a large enough regular cardinal 4 and an
€-increasing continuous 6-chain / of elementary submodels of H, containing {y:s<t},

(C,:a<0) and A such that MNO€EQ for all ME M. Let
C={Mn@: MEM).

Then C is a club in 6 and by the assumption (5.3) no endsection of Cn4 is contained in
C;. So we can find an €-subchain {M;:i<n} of #nM such that if 6=M;n6 then

CyN[6,-1,0)+ D

and C;n ¢, is bounded in ¢, for i<n, (6_,;=0).
For a€A, let d(a, ) be the unique £<a determined by gy(&, a)=t, if it exists.
Let B, be the set of all @ in A for which d(a, #) exists, and let

B={a€B, y,=max(C,Nd(a,?) for all sct and& =< a with g,(&, a)=s}.

Then BE M, and BEB.

Let us now extend the ‘notion of an n-tree of §4 to the present context by simply
replacing the requirement of uncountable splitting by the requirement of 6-splitting. Let

&= max(C;Nd)

for i<n. Using the §;’s and ¢;’s as parameters, by downward induction along the models
M,, one can show the existence of an (n+1)-tree S in M, with root {g,} such that

(a) If F is an immediate successor of E in S then |[F\ E|=2.
(b) For all F* in S* there is an a €B such that if

F* = {g,, 0%, €}, 0%, ..., %, 0%,6(a, 1)}
is the increasing enumeration of F*, then
gf=max(Cyy »N 69

for all i<n.
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Since S in M, €... € M, is a @-splitting tree we can inductively find a top node F of
S in M, and an @ in BNM,, as in’(b) such that if

F={g),0,£,,0,,...,£,9,,6(a N},
then
<9, =< é,.< 0;
for all 0<i<n. Then it follows immediately that
o(d(a, 1),6(8, 1) = n.
On the other hand, by the definition of B (and y,, scf), we have that o(, §)=1 for all »
and & for which oy, @)=g,(&, ) is a proper initial part of ¢. Thus
az(a-, ﬂ-) = t:

and so c(d, f)=n. This completes the proof.

§ 6. Concluding remarks

The key idea of our coloring can roughly be stated as follows: If the set of interesting
places is stationary then in any unbounded set we can find a<g such that walking from
B to a along the C;’s we pass through at least one interesting place. The functions o, 0,

(and o,) are ‘designed in such a way in order to pick one interesting place from our

(ﬁnite) trace. We should note, however, that in most cases the exact kind of our walk is
not so important as it may seem at first. For example, the partitions of §4 could also
be defined as follows.

b(a, B) = min(F ,, g8\ @),
c(a, ) =the exponént of 2 in 0S¢ (F 4(@), F 5B,
where
F @)= {{sa:ef, a)<n},
and

o(a, f) =min {n:r,(n) ¥ ry(n)},
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for any e: [w,)*—>w with e,’s 1~1, and any 1—1 sequence {r,: a<w,}c“w. We have
chosen the most canonical forms in §§4 and 5 because these are the forms which are
likely to have further applications and modifications.

The work of the present paper started in May 1984 by a discovery of a new proof of
the existence of a Countryman type. (The Countryman problem was originally solved
by Shelah [14] using an Aronszajn-type construction ([11]).) The main result was
obtained in September 1984 and the whole work was completed by the Fall of 1984 and
circulated as [26]. Since then several papers appeared using the method of [26] to some
other related problems concerning the uncountable ([16], [17], [19], [20], [18], [6].)
Since more applications are to be expected, we have decided to present [26] in the
present more explicit form.

It is readily seen that any of our partitions
p:0PP>1
(when reduced in one of the forms (3) and (4) of §4) has the following property.

(6.1) For any finite n and disjoint {F,: a<0}c[0]" there exist i: n*—I and unbound-
ed AcO such that for (a,B) € A? and (k,1) En*\ A,

P(F,(k), Fg(1)) = ik, ).

In [19], Shelah and Steprans give an interesting application of (6.1) to Group Theory
removing the assumption of CH from previous works. Incidentally, the same proprety
of p has been also used in [28) for a quite different purpose. The property (6.1) is telling
us that we have not much freedom in getting different colors on (F,(k), F 5(1)) for k=+l.
This was also the case with the partitions from [21] and [4]. The first example of a set of
reals X of regular cardinality 6 and a partition

p:XP- o,

with a complete freedom in calculating p(F ,(k), Fg()) for different k and / was given by
the author in [23]. Using the methods of [26], Shelah [18] constructs partitions with
similar properties for many cardinals 8 above the continuum.

The main result of Shelah [16] shows that certain extensions of a whole group of
results including ours are impossible. But [16] also contains « different-style presenta-
tion of our partition a, from §4 with certain generalizations. In particular, [16] gives
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attempts of extending (5.2) to successors of singular cardinals. Concerning this let us
note tha: the partition of [27] can be used in stepping-up the partitions of the present
paper in order to get an analogue of (5.2) for any » which is the wth successor of a
countable product of cardinals =2.

Our partitions p have also the following interesting property.

(6.2) For any finite n and unbounded Ac@ there is a disjoint {F,: a<0}<[A]" such

that for all i in I and unbounded B<@ there is an arbitrarily large finite C<B such that
P'F xFg={i} for all a<p in C.

This is probably most easily seen for the partition b of (4.4). In this case we first find an
antichain {z,: a<w,} of T and for each a an F,in [A]" such that ¢,<,tforall tin F,. It is

now clear that b on {F,: a<w,} behaves the same way as b on {¢,: a<w,}, so we finish

as in the proof of (4.4). In [17] Shelah shows that by identifying certain colors of such a
p the resulting partition

q: [0 —1

has the following property.

(6.3) For any finite n, unbounded Ac®, and h:[n]*— I there is an increasing
fin—A such that p(fi), (j)=h(,)) for all i<j<n.

Namely, fix an one-to-one {r,: a<6}<“2 and let {h;:i€I} enumerate all
R [m)P->1,
where n<w. Let n<w correspond toh,. For a<f<6 set

q(a) ﬁ) = hp(a,ﬂ){ra f Ny, p), T8 r np(a,ﬂ)} '

Then it is easily seen that g satisfies (6.3) when p has the property (6.2). The paper [20]
gives an interesting application of (6.3) to the Banach Space Theory removing the use
of diamond from previous constructions.

An interesting application of the methods of [26] also appeared in [6] where Hajnal,
Kanamori and Shelah gave a new characterization of Mahlo cardinals in terms of the
existence of infinite min-homogeneous sets for certain regressive partitions. We note
that the characterization of [6] can also be achieved more directly by an application of
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the more natural characterization (1.9) (=Theorem 7 of [26]). For this one has to
consider the following partitions :

pTP->w and q[TP->T
associated with a special 6-Aronszajn tree T and the regressive map f: T—T:
~ p(s, t) = min {m: height f™(s A 1) =0},
and
q(s, t, w)=f"(tru),

where 7 is the minimal m such that f™(t Au) has height less than the height of s, if such
an m exists; otherwise g(s, ¢, #) is the minimal point of T below tAu. (Here, J7 denotes
the mth iterate of the regressive map f and f’=id.)

After the first limitation to the Ramsey Theorem for the uncountable given by
Sierpinski [21] (and rediscovered by Kurepa [12]) several other much stronger limita-
tions appeared using mainly the Continuum Hypothesis or the negation of the Souslin
Hypothesis. One of the strongest is the following CH-result of Erdés, Hajnal and
Milner [2].

(6.4) There is a p: [w1]2—>w, such that for every infinite Acw, and uncountable
Bcw, there is an a €A so that {p(a,B):BEB}=w,.

It turns out that (6.4) is just a reformulation of an earlier CH-proposition
P, of Sierpiniski [22] which we state in the following form.

(6.5) There is a sequence f,: w,—w,, (n<w) such that for any uncountable Acw,

there is an m so that f, A=w, for all n=m.
To deduce (6.5) from (6.4) define f,: o, \w—w, by
£B =pn,B).
To deduce (6.4) from (6.5) fix an e: [w,]’*>» such that
(6.6) e, is finite-to-one and e,=*¢;| a for a<p<w,, -

and ‘deﬁnéb

p(@, ) =1, B
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The proposition (6.5) does not change if we assume that the f,’s map w, into @
rather than into w,. To see this suppose g,:w,—w (n<w) satisfy (6.5) and define

fio—>w,, (n<w) by

fla)=é;'(g,(a))

(see (2.2) for the definition of & from e) when this makes sense; otherwise f,(a)=0. Then
the f,’s also satisfy (6.5) which is easily checked. This reformulation of (6.5) is of some

interest since in this form it is an easy consequence of the existence of an uncountable
Luzin set [22]. To see this fix an 1—1 sequence {r,: a<w,}<=“w with no uncountable

nowhere dense set and define f,: w,—»w, (n<w) by

fla)=r(n).

Then it is easily checked that the f,’s satisfy (6.5).
In the above stepping-up we don’t really need to assume ea=*eﬂ[a fora<f<w,

but just the weaker condition that 7(e) is Aronszajn. But we have seen in §§ 3 and 4 that
(6.6) is of independent interest, so let us give a brief historical remark concerning this
proposition. This proposition is implicit in many constructions of Aronszajn trees [11]
but the closest implicit forms of (6.6) we are aware of are those of Galvin [3] and
Warren [30], while the first explicit construction of (6.6) is in Kunen [9], [10]. So let us
explain this in more detail. Warren [30] essentially proves the following proposition.

(6.7) For all a<w, there is a disjoint partition axw=A,UB, such that:
(@) If a=U a and n<w then for some n<a, {(&, n):n<é<a}cA,.

(b) For all E<a there is an m<w such that {(§, n): m<n<w}cB,.

(©) A, AN (axw)) is finite for all a<f<w,.

To get the e_’s from the A ’s set
e (&)=min {m: {{§,n):m<n<w}cB,}.
To get the A,’s from the e’s set
A,={(&n):E<a andn<e 8)}.

Galvin [3] ([7]) proves the following.
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(6.8) €| w, can be represented as a union of an increasing sequence {<;i<w} of
tree orderings of heights <w.

To get the e ’s from the <;'s set
e, (&) = min {i: §<;a}.
To get the <;s from the e,’s set

a<;B iff efa)<i and VE<ale 8)*ey)—e,(8), e5(8) <D).

Thus (6.6), (6.7) and (6.8) are all ‘‘equivalent’’. But we should not ignore the fact
that they are telling us quite different things about the uncountable. It should be noted,
however, that these connections have not been realized before. For example, it has not
been noticed before (cf. [3] and [7]) that (6.8) doesn’t really change if we strengthen its
conclusion to: height (w,, <)) is finite for all i. Namely, if we define <;'s from e¢.’s as

above and assume e,’s are, in fact, one-to-one (which we can by the obvious stretching-
up procedure of (2.2)), then (w,, <) has height <i+2 for all i. Finally, we note that the

proofs of [30], [3] and [9] all work only for successors of regular cardinals, so our (2.1)
seems to be new.

In the final remark of this section we show (once again) the usefulness of the ideas
of §§1 and 2 by defining a name for a Souslin tree in the standard poset

Yw, 2

for adding one Cohen real. The first such name was given in Shelah [15] using an
involved ‘‘morass-type” construction. To commence, fix an e: [w;]*—w as in (6.6) and

by stretching-up (as in (2.2)) assume that the e,’s are, in fact, one-to-one. Now for each

real r€“w we define another e,: [w,]>— @ by

e(a, B) = r(e(a, B)).
Clearly,
Te)={e(-.pla:a<f<w}
is still a tree of height w, with countable levels. Note that

T(e,) =T(e) and T(ey,,) =w, €.



PARTITIONING PAIRS OF COUNTABLE ORDINALS 293

Our point is that
(6.9) T(e,) is Souslin if r is Cohen.

The proof of (6.9) is straight-forward. For example, to show that every antichain is
countable fix an uncountable Acw, and p €"w. Assume that

F)={i=<a:el§, a)<n}, (a€A).

form an increasing A-system with root F and that the e ’s agree on F. Fix now a<fin A
and extend p to a g which corrects the finite disagreement of e, and ;.
Identifying a with (e,), we may consider the induced tree ordering <, on , and get

the same conclusion. That is, we may define <, on w, by

a<,f iff VE<a(r(el,a)=reé, p)
and get
(6.10) w,, <, is Souslin if r is Cohen.

To have a nicer forcing relation let us now assume that e also satisfies (2.3) (b) and (c).
For example, we can put e=¢ (see (2.4)). Now for p €E%w anda<f<w, we set

a<,B iff e(@P)€Elp|] and VE< ale(, a) € |p|—>p(e, @) = ple(€, B
Clearly, the properties (2.3) (b) and (c) of e give us the following facts about <.

(6.11) (@) wy, <, is a tree of height <|p|+1.
(b) pcq implies <,=<,
(©) <,=U{<,),: n<w} for r in “o.
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