ON MEIJER TRANSFORM

BY

MAHENDRA KUMAR JAIN

in Lucknow

1. The integral equation

(L1) h(p)=p[e?*g(2)de
0

is symbolically denoted as
h(p)==g(x),

and h(p) is known as the Laplace transform of g (x).

The inverse of (1.1) is given by

c+ioo
—-L p:ll__(_g)
(1.2) g(x)—-27”, f e » dp.

Meijer [1] introduced the generalized Laplace transform

(1.3) F ()= [e ¥t (s)~5"t Wil [(6) dt
0

and its inverse
B+Ai

f et sty t M P F(s)ds,

i L LA —kAm)
(14 f0=lim o T A+ 2m)

where M, and W), are the two Whittaker functions. (1.3) and (1.4) are symbol-
ically denoted as [2]
k+1
&) == o),
where @ (s)=sF(s).
For k= —m (1.3) and (1.4) reduce to (1.1) and (1.2), due to the identities

e t=(st) " A WHlPm
and
ett=(st) "t M_, m.
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In this paper, in Section I, we have determined f(f} given @(s); also in some
cases obtained ¢(s) given f(¢). In Section II, we have established a few rules of
Meijer transform and have illustrated them by examples. In Section III, we have
derived some properties of this transform by utilising the generalization of Goldstein’s
Theorem ([2], p. 386; [7], p. 106). In Section IV, we have given some more pro-
perties of this transform involving self-reciprocal functions in the Hankel transform.

We have imposed on our results, in general, stringent conditions. These condi-
tions may be relaxed. For instance, in § 2.1 (i) the condition |a|<|s| can be waived

by making a suitable cut in the s-plane.

Section I

2. In this section we have obtained f(t), the original when ¢(s), the image, is

given. We have determined those which we have used later on. In some cases we
have also obtained ¢(s). given f(f). We have also obtained two recurrence relations
of hypergeometric functions just to indicate that such relations can easily be obtained

by the help of these and other Meijer transforms.

2.1. (i). Let
s yp+)...(v+r=1 (=)Va
- S
) (s+a) = r! g
laf<{s].

Now, interpreting the right hand side, with the help of ([2], p. 387)1

2.1) 'n—-2k+1) ., kE+1 _,
' I',(n—k+1+m) m ’
Rn—k+14+m)>0 and R(s)>0,
we obtain
s k+j 3 v+ ). v+r— DT w—p+r—2k+1)(—a) ¢ """
(sta)y m ;5 P,v—p+r—k+1+m)
vy Tv—p—2k+1) vov—u—2k+1 ]
2.9 —pn . _at
(2.2) ! F*(V—[u—k—i-lim)2 Hly—pu—k+1+m’ N

=),
Ry—u—k+1+tm)>0, R(s)>0 and |a|<|s].

atb cid,

! The symbol I'y(a =) denotes I'(a+ )T (a— B) and mF, [aiﬁ’ oto, ...

7 [a-l—b, a—b, ¢ctd, c—d,...
m a-I—ﬁ,a—ﬂ,y-!—(S,y—(S,...’

3 z] denotes
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(iy). If
g 2 pw+1)... w+r—1)(—) a®"
‘P(5)=(82+a2)u: rgo S2TTZVR i
o la|<[s,
en
, 2v—p—2k+1 2v—pu—-2k+2
T@y—u—2k+1) " ’ 2 ’ 2 i
F@2v—p—k+1tm) > 2v—p—k+1+tm 2v—p—k+2+tm’ 4
‘ - S
(2.3) 2
by
m (S +ad)
R2v—pu—k+1+m)>0, R(s)>0 and |a|<]s]|.
(iii). If
st
¢(8)#(84+a4?},
then

T dv—pu—2k+1)
N@yv—u—k+1=2m)

dy—u—2k+1 4y—pu—2k+2 4y—u—2k+3 4dv—pu—2k+4

T " 4 4 4 4 e
578 dv—p—ktldm dv—p—k+2+m dv—p—k+3+tm dy—p—kt+datm’ 4
4 4 4
(2.4) 4
bip o
m (s +al)y
Rdv—pu—k+1+m)>0, R(s)>0 and |a|<]|s]
(iv). If
__JA—ajs __ < (_)rar
then
rQa-i-2kt* [l—l—2lc . E+3 o
(2.5) Ta—i—ktm 2 |1-a—k+m’ ~% m ¥¢
R(1-A—k+m)>0 and R(s)>0.
(v). It ,
1
s =8—A F [al’--->a17; __:l,
P& =s"uFaly s
then
D(A—2k+1)¢ 7 ay,...ap, A—-2k+1 ]
26 T,A—k+14+m)® "2 |b, .. by, A—k+11tm’

DOl

L+ _a @y sty 1
m »Fe [bl,...,bq’ s|’

!

provided that
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(a). If ¢g=p, then R(A—k+11+m)>0 and R(s)>0,

(b). If g=p—1, then R(A—~k+1+m)>0, R(s)>0 and |s|>1.

(vi). If
_ ay (=) e ,
¢ (s)=5"J, (8)_(20) Z’o T+rtl)r1id*
then
@T—p-2k+ )"
2T, v—pu~k+1Etm)I'(»+1)
v—pu—2k+1 »—pu—2k+2
. I Y
(2.7) 2" 1 v—u—k+l+tm v—pu—k+2+tm’ 42
v+l 2 ’ 2
k+3
—’n_’ 3“"1(“/'9):
Rv—pu—k+1+tm)>0 and R(s)>0.
(vii). X
@(s)=e"*s"J,(a/s)
= S VY e @/,
r=0 I_:

Now, interpreting by the help of (2.7), we obtain

att 2 (=YVT(—p+r—2k+1)¢
2T (+1),Z Io—pu+r—k+1tm)r!

v—pu+r—2k+1 v—pu+r—2k+2

2.8 F 2 2 .o
(28) *alls v—u+r—k+1tm v—u+r—k+2+m’ 4
v+1, R '
2 2
k+é —bys
5 e &J,(a/s),
B(r—u—k+1+tm)>0 and R(s)>0.
(viii). If

_ a3 (=) Ga)*”
pls)=5J, (a/V.;)—? ,Zo Pp+r+ 1)2” grEs

then
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aT(w/2—-p~2k+1) 2" [ v/2—u—2k+1 azt]

@9) T, (0/2—p—k+1tm D+ )2 2 |p+1, »/2—pu—k+1+m’ 4

Bl _
—j—? s”J,,(a/V2),
m
R(w/2—u—k+1+m)>0 and R(s)>0.
From (2.9), we can easily obtain, as in (2.8),

vwz—u o0 _\n _ . n
t 5 (=)'0"T(w/2—pu+n—2k+1)¢ N

2Tw+1) 220 !0, (0/2—p+n—k+1+m)

v/2—u—2k+n+1 azt]
2.10 ~
(2.10) X1F3[v+l, v/2—p—k+tnt+ltm’ 4

kiy b )
22 5, (a)fVs),
m

R(v/2—u—k+1+m)>0 and R(s)>0
(ix). If

p(8) =¥ 5D, (”—;)

LO2T[rp 3Ty yp oy ST dnin i),
L(-inm)T'GE—1in) @) o D@E+r)rlsd? il 2r=0 P@E+r)rls? !
then
L 1-A-2k 2-1-2k
r@2iret  JN(=imla-1-28 , A R i .
M(—in)T(E—1in) F,l—A—ktm) *°| 1-A—ktm 2-A-ktm’ 8
2> 2 ] 4
(2.11) L1 2-A-2k 3-A—2k
@D (-PTE-iml@-2-28 , |° 2 T 2 o
Var )T, 2—A—k+m) = °|; 2-A—ktm 3-A-ktm’ 8
23 2 > 2
kg e:;le (a—),
m n
R(1—k—A+m)>0 and R(s)>0.
(x). Let
g(s)=e* D).

We know (3], p. 211) that

-

s 1 m2ne—;z’

et DY, = ( —d x.
2n 2"—%I‘(n+;)b @+ )"
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Interpreting the right hand side, by (2.3), with ;=0, and »==, we obtain

o Fti 1 5
P w2 T ()

. S2n=2k+l
Xfx“e‘*" ren—2k+1)" ’ 2 ’ A da
: Po@r-k+14m > Hon—krldm 2n—k+2im’ 4
2 ’ 2
_ 2" z I‘(n+r)I‘(2n—2k+l+2r)(_t_z)'fe_“,x“m,dx
2" i) T (n+3) /S T.R@u—k+1+r+tm)r! 4
2n—2k+1
1 = =7 - —
2T (2n—2k+1) ™ty g onTkRl

T, Cn—k+itm* | 2n—k+1dtm 2n—k+2+m’ 2|
2 ’ 2

provided the change of order of integration and summation is justified. Hence

20—2k+1 2n—2Kk+2

n, n+1, , .
(212) tznP(2’ﬂ/—2’C+l) 2 2 2 . _t_z E__% eID(Sz)
' T,2n—k+1tm)* 4| 2n—k+1ltm 2n—k+2+m * 2| m o
2 ’ 2

Rn+})>0, R2n—k+14+m)>0 and R(s)>0.

Regarding the change of order of integration and summation, we note that
(i) the series ,F, is uniformly and absolutely convergent;

(ii) the integral is uniformly and absolutely convergent, if
R(n+})>0, and

(iii) the integrated series is uniformly convergent.

Hence the change of order of integration and summation is justified.

(xi). If

o0 o\t sty o~ @rtpty-A)
¢(8)=8AJ”,,,(3—6)= ( a)a s ,
s e lD(u+r+H L @+r+1)r!

then
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Cu+v—A-2k+1)a" "¢ * y
Pouty—2—k+1xm)N(u+1)T(»+1)
H+v—l—2k+l /ij;vﬁ—ﬂ.—2k~+_2 ;_4+v—/1~2k~’r3
3 ’ 3 ’ 3 ey
3 Fy , a T Tos
ptrv—Ai—k+ltm py+v—A—k+2+tm p+v—-i—k+3+tm 3
u+l, v+1, , R ; *
3 3 3
: 1
m 8
Ru+v—A—k+1+m)>0 and R(s)>0.
(xii). If
2(1/‘ o 20 (_)rsv27a2r+v+l
— J.Hy (___)= A-py—1 s
Pls)=s )% ATe+3/2)Trrrt3/2)
then
T(v—2A-2k+2) a2 5
T.v—A-k+2+m)T(3/2)T (v +3/2)
1 v—A—-2k+2 v—A—-2k+3
’ 2 ’ 2 a*t?
(2.14) % 4P et
—A—k+2+m v—A—k+3+ 1
3/2’v+3/2,v A k+2_m,v A—k+3+tm
2 2
’ffj sigv(gi‘),
m s
Ry—2—k+2+m)>0 and R(s)>0.
(xiii). Let
{ N Xy, Oy vns & x*
(s)=¢" (x"”e’*’W Pm oF [1’ Zrls “*J dz.
4 ) ° Frbm pta ﬁl’ﬂzv---ﬁq 5?

We know that ([4], p. 83),

oo
{x“l e’)”Wka?,z pF‘I [al, o “D; _xza,z] 4z
(2 15) v ﬂl’ﬂZ""ﬂa
_Ld+3Etm) 7 Ops eves Op, gL+ 3FEm 3+ 3 10m _4g
R IR VNN A A R R e 1 2 ’
provided that

(i) R(I+itm)>0,
(ii) (o) for all values of a when p+2<gq,
(B) for |a|<} when p+1=g, and

(v) for p=g, only when ,,,F, . is a terminating series.
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1
Putting a=-, and interpreting with the help of (2.1), we get

F+i+tmyT(—2-2k +1)
Fl—k+H)I . (—A- M~1+mu‘

A-2F+1 A2k +2

Oy Ky, voes Op, 30 +1HIm, LI+ 3+1m, 5 , — 5
F .o
Hoiollare pattpipas A=K FIEm  A-kezimt T
(2.16) B Bos s B 3l — 3k + 53— 3k + 3, - B y = B
K+l 3 11 @ Qs +ves Op z*
- T {m F [y d »
ml 8 J\x € WIH-,. pt q Igpn-)ﬁa 82 z
provided that
(iy RA—2—-k¥=xm)>0, R(I+1+m)>0, and R(s)>0,
(ii) (a) for all values of |s| when p<gq, and
(B) for p=gq, only when ,.,F,,, is a terminating series.
(xiv). If
2z 2z
»=1J(—-J =%
(p(b) $ “ s v 8
ot C{u+v+2r+1)(—) 22744
g Tu+r+ )T w+r+ HT(u+y+r+ Dt oo
then
C(u+v—2—2k+1) 2"+ g2
Pou+v—A- k+l+m)[‘(,u+l)[‘(v+l)
ut+v+1l p+v+2 p+v—-2A-2k+1 ptv—-A-2k+2
’ ’ ¢ ’ 9
(217)  x,F, 2 2 2 ;— 2B

u+v—A—k+ltm p+v—-A-k+2+m
1
u+l,v+l, ptv+l, 2 ) B)

1
()G
m 8

R(p+v—A—k+1Xm)>0 and R(s)>0.

2.2, We will now obtain two recurrence relations by the help of the Meijer

transforms that we have obtained. A number of such relations can be obtained.

(i). We have
s | 1 + 1]
(#—a?) *ls—a s+a
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The original of r.h.s. is

1{;1“(2—21@ P[22kl ], tT@=28) . [2-2k1 t}
2|0, 2—ktm) > 2 [2—ktm’ | T, @ ktm® 22— ktm’ [

and with =1, v=1 and replacing @ by ia in (2.3), the original of the lLh.s. is

| 2-2k 322
I'2—2k)t e T e
FL@2—k+tm) **|[2—k+tm 3—k+m’ 4
2 ’ 2

Hence it follows that

1,1k 3—k a? 2
2'3F4[2~kim 3—kim’T}
(2.18) 2 2

2—-2F, 1 2—-2k 1
= oIy [Q“kim’ at] +,F, [Q—kim’ —a.t:l ,

R(2—k+tm)>0.
(ii). We have
44 1 1 2s
+

- + .
st—a* s—a sta S+d?

As in § 2.2 (i), writing the originals of both the sides with the help of (2.2), (2.3)
and (2.4), we obtain

2-2k 3—-2k 4—4k 54k

1

i p T4 T T T 2 dt

558192 —k+m 3—k+m 4—k+m 5—k+tm’  4°
(2.19) 4 7 4 7 4 7 4
2-2k, 1 2-2k, 1 1,1-k 3—k a*
— 3 .o F 3 . . ’ 2 .22 ,
2F2[2—k-1_-m’ “t]+2 2[2—kim’at]+2 »Fa {2—kim 3_ktm 4
2 2

R(@2—k+m)>0.
23. (i). If f()=1"J,(2aVt), then

=2}

p)=s [t (st)y W Datt I, (22V0) dt.
0

9 — 543809, Acta Mathematica. 93. Imprimé le 10 mai 1955.
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Expanding J,(z) and changing the order of integration and summation, which can
easily be justified as in § 2.1 (x), we have

r 2y _~{j1rpi24%)
vOO (’__) a’ s RHrpict

plo)=a S I‘(v+r5rvi)r!

o
[SJ‘e—}St (st)ll-n-/;}:r LER 2D IVk-,(it,)m dt].
0

On evaluating the integral ([7], p. 114), we get

Po(u+v/2—k+1tmya s#*? +v/2-k+1tm o?
(2.20) (o) etttV +m) ) 2{# / ]

C(u+v/2-2k~ )T (»+1) v+l u+v/2-2k+1 s

R(u+v/2+1-k+tm)>0 and R(s)>0.
If we note that

— by - -
cos (2ult)= (g) uVtg_, (2ul't),

then from (2.20), with =} and v= —1, we obtain
r,a-k+tm 1—k+m W] k] ~
2 e xT tm W) k) ‘ 0.
(2 l) F(l—‘2k) 2 2{%’1_2}0, 3 m COS(Zul/ )

R(l1-k+m)>0 and R(s)>0.

Similarly, from (2.20), with g4 =! and v=} and noting that

- o\ -
sin (2u V)= (g) (Quyt et Jy (2uVe),

we get
2 —kt 3-k+ T k+% . -
(2.22) ~E—/I;”'~(%3———:m—) oF [2;5 3_37]:&; _1"_} ~—-% sin (2ule),
‘SP(Q—QJC) 22 8 m
RE—-k+m)>0 and R(s)>0.
(). If

jiy=e-D, V1),
then ([8], p. 353)

gls)= [t (s) W P e 1D, (V1) dt
0
(2.23) =4 Sfe‘i'“ () WP [f w' e 2% cos (2u V1) du] dt
0 0
=4 j'u e 2w [,sjg“*“ (s8) F P W, 50 cos (2u V/i)dt] du
1} 0

where A =(—)"?2""2(2x)"! for n even positive integer, R(1 —k -m)>0 and R(s)>0.
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Now, evaluating the f-integral by (2.21), we get

(—)"22mH32T (1= & +m) o [l—kim uz]
8)=— u y T du.
7 ) l/nF(l—2k) f 1-2k

Again expanding ,F, and changing the order of integration and summation, which
can be justified as in § 2.1 (x), we have
Lo

__{ _\n/2 on+3/2 ( ) F*(l k+7‘im)8—rf -2ut, n+2r
Pl =(=)"2 Z Ta+nT(A—2k1ns )¢ » o
0

(2.24)

(—)"’22"’2I‘*(1~kim)l‘(n;'l) 1—ktm, "ot
sy sl’

2 _1
T3 (1—-2k) L1-2k 2

R(1-k+m)>0, R(s)>0 and |s|>1.

Regarding the change of order of integration in (2.23), we note that the u-integral
is absolutely convergent, the t-integral is absolutely convergent, if R(1—%+m)>0
and RE(s)>0, and the repeated integral is absolutely convergent under the same condi-
tions. Hence the change of order of integration is justified.

If » is an odd positive integer, then ([8], p. 353)

et D, (V)= J u" e 2% sin (2uVt) du,
0
where

A — ( . )1}(11—71) 2111’2 (275)7&
Now, following the method of § 2.3 (ii), we obtain

n n+2
r, %—kim)F(é»+l) [%—kim, = 1}
3- 2 a1

—(_\}n-Dolm-1
(2.25) @) =(—) )gbn-1 T g

RE—k+m)>0, R(s)>0 and |s|>1.
(). I

J ﬂl,...,ﬁ

then from (2.15), we obtain
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o0
P(s)=s f e (1)} I, 80,
0

1 1 m 1l 3. m
T T R S G B
N(+itm) o A ety 5 LAt 22274y Cae
F(l—k—f—%) p+4L g+2 ﬂ l_]f_i_l i_k_l_ﬁ’
io-sBo g5 570ty
T, (+1+m)T, (1—k +m)
2.26 LS ALl . =
(2.26) T(—k+)D(1-2k)
£+l+ﬁ £+§+7_n 1-k+m 2—k+m
. P M R A Ao L S 2 16
prefard I & 11 k& 31-2K L&l
ﬁl’ ’ﬂq’___—i-_’__—-_’_”’—_i’]'_—k
2 2742 274 2

provided that
(i) RQA-k+tm)>0, R(I+}+tm)>0, R(s)>0,
(ii) for all values of [s|, if p+4<gq and
(i) for |s|>4 if p+5=gq.
(iv). If
fty=t"J,(2at)J, (2at)
R 1+u+y 2+puty

= 1 ’ - —4 2t2 ,
I‘(,ml)l‘(wl)zl'3 2 2 5 —da
1+pu, 1+v, 1+utvw

then
(s) Fy(u+r+A—-k+1LTm)a"” o
P T+ )T+ )T (utv+ A—2k+1) s
(2.27) 1+pu+r 24+pu+y p+v+i—k4+1dtm p+tv+i—-k+2+tm
2 7 2 7 2 ’ 2 a?
. _1 -
*al's prv+A—2k+1 ptyv+A-2k+2° 6zt
1+p, 1+v, 1+u+w, 5 —, 2

RA+u+v—k+11tm)>0, R(s)>0 and |s|>4|al

Section I

3. In this section we have established a few rules of Meijer transform. We have

also illustrated these rules by examples.
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3.1. (i). Rule 1.
If
1) = o)
m
then
(3.1) P > sg),
m

provided e ' W f(t) is zero for t=0 and oo, and the integrals involved are con-
vergent.

We have ([7], p. 110, with k= —1

3.2) (st)y e FEWEY = 1 i{e-:}st WEY.

s dt
Also

o0

f’—’?: fe‘“‘ (st) " WL f(b) de.

0

Integrating by parts, and using (3.2), we get

0
Fo - sl

under the given conditions.

(ii). Rule 2.
If
0
10 g6,
then
t
P AC)
(3.3) f fyas - 20,
) )
provided e~} W f f(x)dx is zero for t=0 and oo, and the integrals involved are
0
convergent.
We have

2l fe-*“ Wi d.
0

Integrating by parts and using (3.2), we have

t 1 ¢(s)
off(x)dw i

8

under the given conditions.
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(iii). Rule 3.
If
k
tr,(t) ;ﬂ,. ‘P?‘.(ks.)rm
then
(3.4) ‘Fn.((';,)m =38 {‘Pn hm+ <PQ.‘3.’m},
provided the Meijer transforms involved exist.
We have
0
tnf(t) ;n’ ‘Pn,((i)m-
Applying (R.2) ([2], p. 386), we get
0 ,

(3.5) nt" f(8)+ " () oy —8@nS m-
Again applying (3.1) on

1

tn+lf(t) ;n’ ‘Pn+(1{)l,my

we get

‘ 0
(3.6) (n+ 1) f(8)+"1 () P 8@Pn Y me
Now, from (3.5) and (3.6) follows

) ) 7 (9
(Pn,o,m“s{(PrHl,l,m + @n,0,my-

(iv). Rule 4.
If

k
i) ;n,. ‘Pr.(kf.)m:
then

(3.7) FnShm=3[ 2 @aPmda,
8

provided the Meijer transforms exist and the integrals converge.
1
If " () pos @253 m, then applying (R.3) ([2], p- 386) we have

|4 ]

1' x
fz”‘lf(x) dx - fx‘l @ Pmda.
0 s

Further, if
0
tn_lf(t) ;n’ ‘Pn—(ls.)o.m’
then, by Rule 2, we have

t
_ 1 ['4 -%m
n—1 it n .0, .
fx f(x) d= s
[
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Hence
o«
) -1
(Pn~(1s,J0.m =$ J. x Wn,(lz,)m dz.
8
3.2. Applications:—

(i). If
ft)=te*", then

,v+itm) y+i+m a
s) _. " * 2 — 2 — 20,
Pr.im SUF(V) ZFI[ " >

Rw+1+m)>0, R(s)>0 and |a|<|s]
Applying (3.1), we get

—at’ ety le ! 9 F*(v_jb%im)ziu v+%im; ek
m s v s
Hence '
v+itm a v+itm a v+i+m a
a(v+%im)2F1[ vi_2 > —;]=SV(”+1){2F1[ vil §_;]_2F1[ : ; _;]}’

B +yim)>0, R(#)>0 and [a|<ls]

(ii). We know the following recurrence relations of J,(z).

(3.8) 2J0(2) = J,_1(2) =011 (2)s
(3.9) T @ =J, 1) =2 I, (2),
(3.10) I @) =", ()~ i3 (2)

Also ([2], p. 389)
y+itm v+3itm

[0
i

1 @r,e+itm) 2 2 1
S0 m s”I‘(v)]."(v%—l)“F3 vy v+1 7 &
v+1, -,
2" 2
Applying Rule 1, we get
v+itm .
— 34
s & Wheiim o |2 TR
om I+ R v v+1 &
Ly

Ry+1+m)>0, R(s)>0 and |s|>1.

Now, with the help of (3.8), we obtain
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2 1
F Lo
s 12 v+1 st
(3.11) YTy Ty
viitm v+itm v+itm v+itm
2 2 1 (p+3tm) (v+itm) 2 7 2
=4 : Lo 0 T 2| T A R L1y oy 48 . ,
v+1 v+2 s 4s5v(v+1)*(v+2) v+3 vi+4
, ey v+2, ,
2 2 2 2
R(»+1+m)>0, R(s)>0 and [s|>1.
Similarly, from (3.9), we get
v+itm v+3itm
2 ’ 2 1
F —
B N e
TR T
(3.12)
+itm v+itm v+itm v+itm
2 2 1 2 2 1
=P T e ~ufs 1+ v+l v+2° S|’
v, 2 b 2 v’ 2 b 2

R(»+1+m)>0, R(s)>0 and |s|>1.
We may obtain another similar relation from (3.10).

(iii). If

fl)= et {Dn VD) - P—‘—‘Qi} :

L@E-in)

(-1

n being positive even integer, then from (2.24)

n—4

T®2E LLGEm [im 1],
' sI'G—14n) 1l o2

R3E+m)>0, R(s)>0 and |s|>}.
Now applying Rule 1, we obtain
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e DY),y y_ L2
e )
n-2
0 (_2)TF*(3im)I‘(n—4'2——§) %im’n;S 1
o " g
n—4
r¢)2:r,Gim itm _i]
T e T
B R@E+m)>0, R(s)>0 and |[s|>}
ut
1e-it!D, (1} — P(%)zin'}
at n I
3 n+1 n+1
01 (—2)2I‘*(%im)I‘(—§—) pim s
G r@ k] I H

(iv). We know
(3.15)

Using (2.24), we get

ne D, , (t})
=

2 _1
3,2 > 2s|)’

—2(n+1)3F2[

R3+m)>0, R(s)>0 and |s|>}.

1,
D@ +1Da (@) =5 Dai (2):

e~ Dy (tt) +1e~ ¥t D, (8})

(3.16)

n+1 +1
+m)T (25 34m, 271
2 P 2 1|
372 1, 2s
3

137
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(—)EQE—II‘*(%i7n)F(n—~——+1) 34, P!
PR 2] 5 2 1
' re o L2 0 28
ingn et
= F -}

T® P 12 0 Tas

n+3
_(n+1)3F2 %’2 ; _2—8 },

RE+m)>0, R(s)>0 and |s|>1.
In the same manner we can obtain a result for » positive odd integer.
(v). We have ({2], p. 389)

th(t I_Cj_.% . __(_%I’F*(nﬁ-v—k_*_li_m) )
v m s"f"F(n‘}-‘V—-2k+l)F(1’+l)/

ntyv—k+lim ntv—k+2+m
2 ’ 2 o1
n+v—2k+1 nt+y—-2k+2 &

2 ’ 2

—_

(3.17) « o Fy

y+1,

=@n,k:i,m
Rntv—k+1+m)>0, B(s)>0 and |s{>1.
Now applying Rule 3, we get

Ld)a 2z 1
ds)s" v 3 1 ntv+2 nt+rv+3’ &
v 2 2 ? 2
ntyv+itm ntv+itm
1 2 ’ 2 1
3.18 = R
(3.18) 3"”4F3 n+v+2 n+rv+3’ &
v+1, ,
. 2 2
ntv+itm ntv+itm
_mrvrl) 5 2 1
sty 473 ) n+v+1 nt+v+2° S|
vEL T T

R(n+v+3+m)>0, R(s)>0 and |s|>1.
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Section III

4. Jaiswal ([2], p. 386) has proved the following:

’L

lNI»—‘

I 4@ @ (8),
k+1
f2 (t) __’,.n_? P2 (8)’
then

{ di [ d
(4.1) f f(8) ga(t) 7t= J f2(t) @ (f)Tt’
H o

If in (4.1), we take k= —m, then we get the result of Goldstein ([7], p. 106):

It fi (@) - (D),

f2 (.’17) $¢2 (p)’
then

(4.2) f f (@) @, (x f f2(x) ¢, (x) -

In this section we shall make use of this result and obtain certain properties
of Meijer and Laplace Transforms, which enables us to find new Meijer and Laplace

transforms and evaluate integrals.

4.1. (i). Result 1. If in (4.1), we take f() and @(s) for f (t) and ¢,(s), and
the right hand side of (2.5) as f,(t) and Lh.s. as ¢,(s), then

o0

(4.3) fﬁ*e””ﬂodh= 1-2-2k
0

TA-A-28 [ ., o
t 1F2[1—1—kim’ at{ p(t)dt

N(l—-i-k+m)
b

provided B(1—A4—ktm)>0, and the integrals converge.
Example 1. If
f(¢)y=e*, then

(- k+m) 1-k+m 1]
ra-2x *'| 1-2%° ’

R(1-k+m)>0 and R(s+1)>0Q.

@(s)=

Substituting in (4.3) and taking A= —v, we get



140 MAHENDRA KUMAR JAIN

7 1+v—-2k 2%t 1-k+m 1
p—1 F .o _— .o t
ft 1 2[1+v—kim’ 4] F1[1—2Ic ’ t]d
(1]
I, (—k+vim)T(1—2k [ _,_
—1‘(1+v—2/c)1‘,(1—kim)0

N

Now, using the integral ([9], p. 183)

(A) K (2 =% ;lJ —m, R(22)>0,

Qﬁs

we obtain

3 1+»~2k 22t 1—k+m 1
y—1 PR - o —
f‘ 1F2 [l+v—kim’ 4] 21 [ 1-2k ° t] at
1}
2P (1 +y—ktm) T (1~2k)
2T (1 +v—28) T, (1 —k+m)

K, (2),

R(1-2k)>0, Rw+1—k+m)>0, R(1—k+m)>0 and R(z%)>0

(ii). Result 2. If (4.1), if we take the two transforms to be

(@) k—;}é P(),
and (2.2), then

e

R vy—pu—2k+1 _l",,,(v—,u—k—klim)J‘ -1
(4.4) ft 2F2[‘V—-Iu—k+lim, at] PO a=—p S | a0
by

provided B(v—pu—k+11m)>0 and the integrals converge.

Example 1. Let f(t)=1 and a=1, then
" I,(—k*tm)
?O="Fai—2n ’

R(l1—-k+m)>0 and R(s)>0,
and (4.4) reduces to

ft,,_,,_l 7 [v,v-—,_u.—2k+l_ N dt_l‘,(v—y—k+li—m)[‘(l~—2lc)f ¢!
] B ly—pu—k+1+m’ Tw—pu—2k+ )T, (1 —k+m) (1+t)"

_I‘,(v—,u—k+li-m)l"(1—2k)l"(,u)l"‘(v—,u),
© Tw—u—-2k+1)T,(1-ktm)T(»)

R(1-2k)>0,R(»)>R(x)>0 and R(1—k+m)>0.
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Example 2. If f(¢)=J,(bt), then
A-k+1+tm A—k+2+m
LT, A—k+1+m) 2 ’ 2 -b?

PO =G Tu—skr A e A-2k+1 A-2k+2° &
L T

R(A—k+1+m)>0 and R(s)>0.

Substituting in (4.4), and evaluating the integral ([9], p. 436), we get

o “A—k+1+m A—-k+2+tm

b ‘( v, v—u—2k+1 2 ? 2 b?
bY* [ p-n-a1 v . .y
(2) J o2 L—,u~k+1+m’ “t] oy A=2k+1 A—2k+2° £ dt

0 - 2-+1, 9 ’

2

D v—p—k+1tm(A-2k+1T /1+1)f o
FLA-Ek+1tm)T(wp—pu—-2k+1) s J,q(bt)dt

ad "D, (v—pu—k+1+tm)P(A-2k+1)T(A-+1)
l"(/l k+1tm)T'(v—p—-2k+1)T (»)sin (u+A—v+1) 7

,u+). pri+l
X{ GabfT(u+d) 2 2 A
FA+DT(u+i-— y+1)2 3 pu+i—v+1 ,u+1—v+2 4
A+1, 3 ) 2 ‘

—(daby* § Gab)" T'(v+m')sinY(u+A—v—m' + 1)
2 meol Gv+3A—fpu+im + )T Ev—LA-Ltu+im)
b>0, |arga|<m, R(A)>0, R(A-2k+1)>0, RByv—pu—k+1tm)>0, R(v)>R(u+1)>

>0 and R(v—pu+§>0.

(iii). Resunlt 3. If we take ¢=1 in (4.4) and interpret with (2.1) after replacing
P A

k and m by &' and m' respectively, we obtain

o0

1os | wopo1 v v—pu—2k+1 ¢t
P ft o Fp [v_'u_,HHm, » p(t)dt
0

(4.5) k+} o T,v—u—k+1+m) F(v+r)F(v 2k'+r)(_f)' at

“w T T—p2k+1) _’" 3 1”‘),20 AT, w—F trem) \ %

%x”'_ll‘*(v-,u—k—i-1im)I‘(v—2k’) vt v, v 2Ic' oz
T Tw—p—2k+1)T, (v—k +m') ftﬂ JURLE [ —k+m”’ ]dt’

provided R(v—u—~k+1+£m)>0, R(v—k'+m')>0, R(p)>0 and the integrals converge.
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Putting ' = —m’ in (4.5), we get

)

1-9 p—pi—1 v, v—,u—2k . _i
P ft 2F’[w~—,u—k+lim’ P ¢ () dt
(]

o T, ( k+1+m) [
ix 'Y V"‘/‘— oTm _Ilttl‘—"—l dt
ST —p—-2k+1) oe f @) dt,

provided R (»)>0, R(v—p+1—~k+m)>0, R(p)>0 and the integrals converge.
Example 1. If we take f(t)=e*, then

CT,0—kim)  [l—ktm 1]
?E)="F 12k ’Fl[ 1-2k ° s]

Substituting these values in (4.5) and using (A), we get

[

1-» y-t—1 v, ‘V—[l‘2k+1‘ _i l—kim. _1

P ft ’F”[V-/rkﬂim’ P 1| oy 1k
0

@, -p—k+1mT (1-2k) “e_:_;t,,_,_ldt
"TOIL,A—ktm)T(r—pu—2k+ ),

2T, (v—p—k+1tm(1-2k) “2*
N F.(l—kim)f‘(l’—,u—2lc+l) z K"“(2V:;)’

R(1-2%>0, R(u)>R(»)>0, R(v—u+1—k+tm)>0 and R(p)>0.

(iv) Result 4. Tf we take one of the Meijer transforms in (4.1) to be (2.3), then

sl m [ E@Y—p—2k+1),32v—pu—-2k+2) _ﬂz] N e
ft 8F4[%(21'—/l~‘k+lim),§(2v—y—k+2im)’ 4 1 (1)
(4.7) 3
_F.(21’~lt—k+li-m)J' 1
“TEr-p-2k+D) FEray it

provided R(2v—u—k+1+m)>0 and the integrals converge.

If in (4.7), we put a®= % and interpret, then
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F 12y~ y— 1 —u— 2
Pl"’f R [v, 52v—pu—2k+1), §2v—u—2k+2) ), t ]%(t)dt
b

12v—pu—k+1+m),i2v—pu—k+2+tm
(4.8)
F+l 2T, 2v—u— k+1+m)F(v—2k') pty 1 [v, 2k x]
m T@v—p_2kt T, 0k F f‘ EROELLY v |4

R2yv—p—k+1+m)>0, R(v—k" +m')>0, R(p)>0 and the integrals converge.
Now, putting ¥'= —m’, we get
1_,,ft2,,_,,_1 ) v, 3@2v~—u—2k+1), §2v—p—-2k+2) 2 dt
p Pty y—k+1+m), §@2v—p—k+2+m)  4p
(4.9) 0

0, (2v—u—k+1+m) F o 2y
+ B
T@Zy—u=-2k+1)T () ] et h#)dt

provided R(2y—yu—k+1+m)>0, R(»})>0, R(p)>0 and the integrals converge.

Example 1. Let f, (t)=1, then

T, (1-ktm)

R(1-k+m)>0, R(s)>0.

Substituting in (4.7) with a=1, we get

ftzp_p_l P [v,%(2v—u—2k+1),-12-(2v—y—2k+2) g,
Ay —pu—k+14m), }2v—p—k+2+m)’ 4

T, @v—pu—k+1+m)T(1- 2k)f -1
2I‘(2v u—2k+1)T, (1 -k+m) (1+t)’

_ P,2v—pu—k+1+tm)T(1-2k) D (u/2)T (v —p/2)
2T (2v—pu—2k+1)I, (1—k+m)T (3) ’

R(1-2k)>0, R(2%)>R(u)>0 and R(1—k+m)>0.

Example 2. We know
A—k+1dtm A—-k+21tm

Ly ¥rd  UL@-k+lim L 2 ' 2z
4 m (2 )11“(/1 2k+1)T(A+1)*3 A-2k+1 A-2k+2° &)
A+1, 3 ’ 3

R(A-k+1+m)>0, R(s)>0.
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Substituting in (4.7) and evaluating one of the integrals ([9], p. 434), we obtain

oo

’ 2v—pu—2k+1 2v—pu—2k+2

9)1 t2v—u—l—1 F ’ 2 2 . _ﬁ X
2, Y U2y~ u~-k+1tm 2y—u—k+2+m’ 4

(1] 2 ’ 2
A—k+1l+tm A-k+2+m
2 ’ 2 b?
X oF Lo Ao2krl A-2ke2 TR dt
e 2
_T@r—p—k+1tmT@A-2k+HYT(A+])
T@2v—p—2k+ DT, (A—k+1+m)
u+a
BT Gu AT 0-dp 1) 2 gt
2T (T (A+1) VHpti-2vi2 T4
o1
I i N1 7 5% VL W ’ L
22v~~/4+1 17 14 2 . s ’
F'i»+3A-iu+1) v+1+l ‘u,v+l——1+'u 4

2 2
R(A-k+1tm)>0, R(1)>0, R(2»)>R(A+u)>0, and R(A—-2k+1)>0;
b is a real positive number.
(v) Result 5. Using (2.7) in (4.1), we get
v~u—~2k+1 v—pu-—-2k+2

a”‘oo 2 ’ 2 e
2 s e t)ydi
(2) ft oF's v-pu—k+ltm v—u—-k+2+m 4 @ (t)

0 »+1, % , >

(4.10) + [
R e L
0

'v—p—-2k-1)
provided R(v—u—k+1+m)>0, R(s)>0 and the integrals converge.
Again, putting a=2Vz in (4.10), we have
v—u—2k+1 v—p—2k+2

oo 2 N 2
v | p-n-1 - xt? ¢
xft L's v-u—k+1tm v—u—k+2+m’ = () dt
0 'V'*‘l, N -
2 2
DLv—p—k+1imT(v+1) o (=)

-v-1
(4.11) FTo—pu—2k+1) ot“ fl(t)zorll‘(wwl)t” f
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E+i T, o~p—k+1+tm)L, (v»—F +1+m)
m’ Fv~p—-2k+1)T'(»—2K+1)p°

-

ol vk +14+m'
xft” lfl(t)‘2F2[v—2k'+1 y+1° ptz]dt
o . . bl

provided f,(f) is continuous for t>0, R(v—u—k+1+tm)>0, R(v—k' +1 +m)>0,
R (p)>0 and the integrals converge absolutely.
Taking ¥'= —m’ in (4.11), we get

v—u—2k+1 v—pu—-2k+2

2| T, (b) ST 2 2 ; —xi?|dt
#1125 v—p—k+l+m y—pu—k+2+m’
0 V‘}'l, 3
2 2
(4.12) ®
L r—p—k+11m)I( v+1J' 5 E vt
T Te-p-2krny )° h®dt,

provided f, (¢) is continuous for ¢>0, R(v—pu—k+1+m)>0, R(»+1)>0, R(p)>0
and the integrals converge absolutely.

Example 1. Let f, (t)=J1(bt), then

A—k+1+m A—k+2+m
‘T, (A—k+14m) 2 2 8
2T (A-2k+1)T(A+1)¥ 3 A—-2k+1 A-2k+2° &|’
A+, 2’ 2

@1 (8)=

R(A+1~k+m)>0, R(s)>0 and |s|>|b|.
Substituting in (4.10) and evaluating the integrals on the r.h.s. ([9], p. 437), we get

A—k+1d+m A-k+2+m

H

a’bz wvﬂl—l—l 2 2 . 13_2
2”+1f‘ oFs o Am2EH1 A-2k+2 T R[S
0 )

2 2

v—y—2k+1,ﬁ—y—2k+2
2 2 ate
F . _Z2h
ol vl v—pu—k+tltm y—u—k+2+tm’ 4 at

2 2

F(v p=k+1tm)I'(»+ )T (A— 2Ic+1)I‘(l+1)
TF'r—p—-2k+1)T, (A—k+1+m)

10— 543809. Acta Mathematica. 93. Imprimé le 11 mai 1955.
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x{ y e T (GA+ip—}v)
2 2 716

v—A-u+2 v+i—pu+2, o
2 D (p+1) T (3A+} —%p+1)°F3[”+1’ ’

B a" Ty —}A-iu

l+,u+v+2)

_}_
221+#+1I\(1+1)F( 5

—_ 272
0F4}+LZ v+u+2 l+u+v+2;g£]}

2 ’ 2 16
provided e and b are positive, R (v—p—k+1+m)>0, ~RA-1<Ru)<R(»+3/2),
R(A—k+1+m)>0 and R(A—-2%+1)>0.

(vi) Result 6. Using (2.9) in (4.1), we get

AN v/2—u—2k+1 ) _a_,z_t
(2) Jt (p’(t)lF3[v+l,v/2—,u—k+lim’ 4 dt
b

T/2-p—kt1tmT o+ Foy (1

(4.13)
P@/2—pu—-2k+1) V’t)fl(t)dt,

provided R (v/2—u—k-+1+m)>0, and the integrals converge.
Putting, a=2 Vz and interpreting, we get

2—p-2k+1

v | pr2-u-1 ¢ v/ “ .

xft ¢N)J3L+1,W2—y~k+lim’ xt|dt
[

(4.14) F+} T, (0/2—p—k+14m D, (=K +1km)p~
' m’ F@/2-u—2k+1)T(v—2k +1)

r -k +1+m 1
p-vi2-1¢ (4 4 = . ¢
xft h(“FzL+qu—2kﬂ+1’ de’
o

provided f, (¢) is continuous for ¢>0,
R(»—¥k +1+m)>0, R(p)>0, R(»/2—p—~k+11tm)>0,

and the integrals converge absolutely.
Taking k'= —m' in (4.14), we get

v | wrz-p-1 ”/2_/‘_2k+1 - d
xft ‘Pl(t)xFa[v+1’,,/2_/,—k+lim’ wt|at
H

T./2-p—kt1imTe+]) [
Tw/2—p—2k+1)p

(4.15)

1
e PER, (1) di
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provided f, () is continuous for t>0, R(»+1)>0, R(p)>0, R(»/2—pu—k+11tm)>0

and the integrals converge absolutely.

Example 1. Let f, (f)=e”%, then

T, (1—ktm) o [l—k-i_ﬂm. 1]
2 b

2= "F =2k 1-2k ° s

R(1-k+m)>0 and R(s)>0.

Substituting in (4.15), we get

Y P v/2—u—2k+1 o 1-ktm_ _1]
xJ‘t 1F3[v+1,v/2—,u—k+1j:m’ zt| ol 1-2k 7 ¢ dt
0
LI (v/2 p—k+1+m)T(»+1)T(1-2k) _t-;g dt
T(/2—pu-2k+1)T,(1—k+m)p’ 2Bl
2T, (w/2—p—k+1tm D+ 1)T (1 —2k) 2
I‘(v/2 p—2k+1)T, (1—k+m)pt@rzm 2t Vp

R(1-2k)>0, RQ1—k+m)>0, R(»/2—u—k+1+tm)>0, R(»+1)>0 and R(p)>0
(vii) Result 7. If in (4.10) we replace a by ng and interpret, then

v—u~2k+1 v—u—-2k+2

3
—» tv—,‘_l . F 2 2 - Lz_ dt
p 91 () K5 v=pu—k+ltm v—p—k+2+tm’ 4 p
0 'V+]., 2 ? 2

F+i T, (v—pu—k+1tm)I(v—2k+1)2"

4.16
(4.16) m D—u-2k+H0, -k +11m")
°° y—2K+1 v—-2k+2
2 2 o?
-v—-1 .o
Xft” fl(t)2F5 v—-k'+li‘m' v_kl+2i_ml’ t2 dt’
0 'V+1, - B) » 3

provided R(r—u—k+11+m)>0, R(v—k +11tm)>0, R(p)>0 and the integrals

converge.
Taking &'= —m/,
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v—pu—~2k+1 v—-pu—2k+2

r 2 2 ©
e p— -1 o
p ft oF's v—u—k+1tm v—u—k+2+m’ 4p° ¢, (1) dt
0 v+1, 2 s 2

(4.17) . L,o—p—k+1tm)a’
"Tr—pu-2k+1)T(@+1)

) 02 2
[eram el 22 pwar
0

o0

2T, v—pu—k+1+m)T(v+1) e Vm
- Cv—p—2k+1)s v 2 T}"(t)dt’

provided R(v+1)>0, R(v—u—k+1+m)>0, R(p)>0 and the integrals converge.

. . 2 . . .
Again, putting a= — in (4.10) and interpreting, we get

Vp
w w2kl v p—2k+2 2
P—Vl2ftV—u—12F5 v—p—2k+lim v—i—k+2im; _;—p @, (t)dt
0 v+ 1, 3 , 5
(4.18) E+1 P*(v—,u—k+1im)I‘(v/2—2k’+1)x'/2x

m'’ Fo-—pu—-2k+1)T (/2K +1+m')

1 v/2—2’c'+1 L
xft” ll.(t)lFs[v+l,v/2—lc’+lim” a4
0

provided B(v—u—k+1+m)>0, R(r/2—k'+1+m'>0, R(p)>0 and the integrals

converge.
Taking k'= —m' in (4.18), we get

0

P_MJ gt @, (1) o F5
0 v+1

v—u—2k+1 v—pu—2k+2

2 ’ 2 . #
v—pu—k+ltm v—pu—k+2+tm’ 49p
’ 2 ’ 2

di

L, v—p—k+1tm)z"?
To—w—2k+ ) (r/251)
¢

(4.19) VAR A [v+l, v/2+1, — ;—:] fidt

Lev—p—k+1+tm)T (v +1)
I'v—pu—2k+1)

f t“ 1 d, 2 {3 (z/8)?} f, (1) dt,
(1]

provided R(»+2)>0, R(v—u—k+1+m)>0 and the integrals converge.
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(viii) Results 8. Using (2.11) in (4.1), we get

Frr(-inra-a-2k
IF'e(l1-2—k+m)

"~ 1-2-2k 2-1-2%k

v 2™ Ty 2 o 2
-2A-1 . N
Xf‘ ol 1-a—ktm 2-A-kim 8 |PO4ET
0

2 2 ’ 2

al'(-PTI'¢-in) I'(2-2- 2Ic)

-+

(4.20) 2IT, (2—A—k +m)
2—-A-2k 3—1—2k
ry s i—im, ) ’ 2 a2
Xft ol 2 a-kim 3-a—kim' 5 |POY
0 2 2 ’ 2

_T(={nT(E-in 1at a
e t‘ 14w, (z)fl(t)dt

provided B(1—%—A+m)>0 and the integrals converge.

1
Putting a®= » in (4.20) and interpreting, we have

PTG (-in) I (1-2- 2k)

T, (1—i—k+m)
_yn 1oA=2E 2-1-2k
r A-1 o 2 ’ 2 2 d
- L b+
XJ’ Fo| 13 kim 2-A-ktm 85|70

b

’ 2 2

DOl

0

" (=D —in) (2 —A- 2k)
2T, (2-2—ktm)

2-1-2k 3-1-2k
s 5—gn 2 ’ 2 2
(4.21) X f t o Fy — |, t)dt
0

22k+m3lk+m8p

2 2

[0
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k+1 r(-ia)lr(-in- 2k') -1
m'2 P(E){ F,(—in—k+m') T

n—2k . z
t‘lng[ AR PN
]

_Tg-inrg §n 2k) V2o int
F (§ n k'+m)

(-]
Ip, 1 2K . x
i-2 in,i—in—
t s
J\t 2F3[§, %—En k’+m 2t2] fl()dt}

0

provided R(1-k—4+m)>0, R(p)>0, R(}n—k +m')>0 and the integrals converge
Taking k'= —m', we get

p"IIT(=1n) T (1—1-2k)
T.(1-i—k<m)

3} L, 1-A-2k 2-A-2k -
2hTTe T #
—-A-1 R f —
Xf‘ F5l 1-d-ktm 2-A-kimip|P%
0 2

2 ’ 2

e N e DN 2k)
I',2-24—-k+m)

. 2-A-2k 3-1-2k
i i 2T 2 ’ 2 U
(4.22) xft o o i kam 5 dkimiEp|BO
0 2 2 ’ 2
n— - x > —in— _ x
e LR (EATNCL TR PN AT A TNOEY
b o
=x_*"_1ftl_1f1(t) cosh (-V_zt—_;) dt—z " lft (V_x) fr(t) d¢
0 ' 0

V2z
=x-*"-1ft‘-1e‘7f1 (t)dt,

[

provided R(1—-k—A+m)>0, R(n)<0 and the integrals converge.
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(ix) Result 9. Using (2.24) in (4.1), we get

w_ 1-k+m, }(n+1) 1
1 tm, 3 . _
0

(4.23) Hra- t
_ F(z)F(l 2k) el ft_le-ZDn (Vi)‘l’l(t)dt:
(—2)"'2F*(1—kiM>F( 2 )

(]

for n positive even integer, R (1 —k+m)>0 and the integrals converge.

Example 1. Let
Ui (v +3—-2k) v+i—-2k v k+3 st
f’(t)_F*(v+é—kim)2 2lyv+i-k+m’ be m (b+s)”_(pl(s)’
Riv—k+itm)>0, b+s+0 and R(s)>0.

Substituting in (4.23), we get

v n+1
Jtv-3/2 F |'1 kLom, 2 . _i:l l:v+%_2k’v. —bt]dt
a2 1L 1-28 0 2P tlvi—kdw’
0
~ H
_ rOra-2KT, »+i—k+m) je" D, (V’t)rédt
(—~2)"’2I‘*(1~kim)I‘(ﬁ;—{)F(H%«zk)0 b+

Evaluating the right hand side ([5], p. 13, with a®=5b and n even positive integer),

we get
v n+1 }

1-ktm, —
tv-—3/2 F 2 . __L
sf2 ) 11-2k T2

0

v+i-2k v
. —bt|d
: 2[v+%—kim’ bt] !

THTA-20) T, (v+—kdm) (=)*" (/2"

(—2)"2 D, (1—k+m) P("—;r—l)r +1—2k) 22T (»)

+r-1

X rsve“b—(T)F(”+T—1)F(n+v—r+1)l) b
r=1 2T_IF(T)F(V—T+1) —(mty-T+1)

R(}b)>0, R(1-2k)>0, R(p—k+L+m)>0 and R(1—k+m)>0.
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In particular when »=1

o0

l—kim,ﬁ—l .
t12F 2 e 2R ya
2l L1-28 0 2P [3-kim’

0

_THra-2nr,g—,ktmlmn+1) n*eMDib(i)H)'
ok (n+D) r,(A—k+m)T (n_;__l) r3G—2k) bt
(x) Result 10. Using (2.25) in (4.1), we get
g g

¢ N S—k+tm, L{(n+2) 1

3/2 2 — "2 o -
[ [T AT - o
0

(4.24) -

F'raé—2k
(—2)te-vr, (g—kim)r(%ﬂ) .

0

tte~¥ D, () ¢, () dt,

provided = is a positive odd integer, R (3 —k+m)>0 and the integrals converge.

Example 1. Let ¢, (s)= then

%
(s+b)y’
T (v—2k) v,v—2k ]
fl(t)_r*(v_kim)2 2|:v__ki_m’ bt ’
Ryv—k+m)>0 and R(s)>0.
Substituting in (4.24), we get

- ~ 3—k+tm, i(n+2) 1 v, v—2k
v—5/2 2 2 . .
ft 3F2|: 33-2k ’ 2t]2F2[v—kim’ bt]dt
0
B reyrég-2er,v—k+m) fe't/‘*pn(t})dt
T2 G—kEtm D (n/2+ )T (v—2k)) G+

0

Evaluating the right hand side ({5], p. 13), we get

r 3—ktm,i(n+2) 1 v, v—2k
v—5/2 F 2 — " 2 . F 4 .
ft 3 2[ 3,832k ’ 2)5]2 2[v—k+m’ bt|dt

b
- FrOTE-20T, p—ktm) (/2
I, @-km T (/2+ )T =28 (-1 -2t 2"

_+r-3)
'i"b 2 (w+r—4N TCr+rv—r+2)
P 2 (r—2) (v —1)

o
D—(n+v—r+2) .
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In particular when »=1

w_ —ktm, §(nt+2) 1 1,1-2k%

32 ’ 2 ’ -
ft F[ 339k ; 2t]2F2[l—k—_t ; bt]dt
]

_T@riE-2T, 01—-k+m)T(n+1)et? _ b

= _ ; b>0.
22T, @—k+m) T (n/2+ 1)L 12k @ >0
(xi) Result 11. Using (2.14) in (4.1), gives
r Ljr=2-2k+2)) bo=-2k+3) a2t2]
v+1 v—A ' 2 ; - — tydt
(4.25) _TPOTO+YT,0-A~k+2+m) | i m, (29) 1w,
Fp—21-2k+2) !
0
provided E(y—1+2—k+tm)>0 and the integrals converge.
Putting o*==z, expanding H, (z), and interpreting, we get
- 1 v—A-2k+2 v—2-2k+3 :
2r+1 ’ 2 ’ 2 £
2 p—1 S e
v f‘ ol L veA—k+42im y—A-—k+34m’ g |POE
0 Hvts 5 ’ 5 ’

E+iT,0—A—k+24+m)T, (w+3—k +m)
m T@—A-2k+2)[ (v+3—2k)p?

+3-k +m’, 1 1
-2 (v+3 m,1 0di
Xft 3+ 3 v+%—~2k',%,v+%’ ptz fl() ’

0

(4.26)

provided R(v—A~k+2£m)>0, R(v+3— k' +m')>0, R(p) >0, the integrals converge
and f, () is continuous funection of ¢ for ¢> 0.
Taking &'= —m', (4.26) reduces to

- 1 v—A-2k+2 vy—4—-2k+3

2t | A F 2 2 , 8 @ () dt
376 L3 v—A—k+24+m v—A—-k+3+tm’ 4 |
0 y VTG, 9 4 2

[0

L T@+YT, 0—A—k+24m) [ ., .1
T T-1-2k+2)p+t ot F L& pie| 1O dt,

provided R(»+§)>0, R(»—1+2—k+m)>0, R(p)>0 and the integrals converge.
11— 543309. Acta Mathematica. 93. Imprimé le 10 mai 1955.
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Again, putting ¢*=1/p and interpreting, we get

- - 1 v+2—-A-2k v—21—-2k+3

pr g 2 2 . _t_2 (t)dt
el g v—A-k+2+m v—A-k+3Em’ 4p LA
0 V9 2 ’ 2
EF+li D, v—A-k+2+tm)T (1—-2k)(, 5.
m Tw-A-2k+2)T*(Q1—k +tm)
)]

1-2%,1 x
F : .~ Il ndt,
2 4[%’ V+%, 1—’6’ im,’ tz] fl(')dt

(4.27)

X
X

provided R{(v—A—k+24+m)>0, R(1-k +m')>0, R(p)>0 and the integrals con-
verge.

Taking k&' = —m’, we get
v—}.—2k+2’v—l—2k+§

20

vip ’ 2 2 . t)dt
sk y—A—k+24m v—A—k+3+m’ 4p|P
0 vt 2 ’ 2

T A—kt2im s o[y L, @
CTeoa—zk iz |0 s p[hOd
0

[ O

toius

= F(%) F(V“l‘%) F* (‘V"“}._krj‘12 im) tlg%—-gJ}, v+i {3 (t_ﬁ)i} fl (t)dty
F'v—2A—-2k+2)x 3

provided R(» —A—k+2+m)>0, R(p)>0 and the integrals converge.
(xii) Result 12. We have ([2], p. 132)
k+3 @' T, (@+A+2-ktm) "
m SPITRHLE+PT(w+A+2-2k)
7 v+2+A—kEm), Y(»+3+A~ktm), 1 _ﬂaj]
S v+ v+ A+2-2k), (v +A+3-2Ek) &
Rv+2+2—k+m)>0 and R(s)>0.

¢ H, (2 at)

Using this in (4.1), we get

ke

yi2+A—k+m v+3+A-ktm
By . 2 ’ 2 . 4a2
vil y 22 . 4af
[£2 t 5F4 ’V+l+2—2k 'V+}.+3—2]C, t2 fl(t)dt
b 2 H 2
P+ fw+i+2-28 .,
I t1H, (2 t
L,v+4+2—k+tm) (2 at)g, (1) dt,

o
[ ]

!
, V1

(4.28) 0

provided R(» -4+ 2—k +m)>0 and the integrals converge.
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Putting a=1/p and interpreting, we get

v+2+A—ktm v+3+i-k+tm

o0

. ’ B 5 s
o S T e t)dt
ft A R 3 v+A+2—-2k v+14+3-2Fk P fL @)
0 E;v'l’é, 2 N 2
4.29 E+3 F'v+i+2-2K)'Q1—-2k)
( . ) m’ F*(V+A+2—kim)r‘*(l—k'i—m’)
o0 1_2210 , l—k,,l x2 tz
tl+v F s tdt’
Xf 3T 6 3,03 l—k'im’,Z—Ic’im" n @, (£)
0 2 2 2 2

provided RB(v+AiA+2—~k+m)>0, R(1-%k +m')>0, R(p)>0 and the integrals con-
verge.

Taking k'= —m', we get

v+2+A—k+tm v+3+i—-k+m

H ’

r 2 2 4
-y -4-2 . o t dt
ft s v+A+2—-2k v+A4+3-2Kk p”zfﬂ)
0 ,'V+ B 2 ’ 2

ok
D0

o0

. Fp+i+2-2k) . R ‘31'———J
T At _ktm )l ofs[BrERE B dl
]

provided R (v+A+2~k+tm)>0, R(p)>0 and the integrals converge.

(xiii) Result 13. Using (2.13) in (4.1), we get

au+v J t,u+v—l~ 1 X
0

u+v—-2-2k+1 p+v-A-2k+2 u+v-2-2k+3

3 ’ 3 ’ 3 . fa? p
] u+v—A-k+ltm prv-A-k+2+m pu+v-A-k+3+m’  3® 1 ()t
’ 3 ’ 3 ’ 3

X 3Fg

u+l, v+

T+ DT+ )T, (tv—A-k+1tm [, | (i‘i‘)
= T(utv—A-2k+1) ST
0

provided R(u+v—A—k-+11m)>0 and the integrals converge.
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» 3 1 . -
Putting a =; and interpreting, we get

-

p—§ -1 fpll+v—l— 1y

0

p+v-A-2k+l u+v-2-2k+2 pu+v-1-2k+3

X oI 3 2 3 . ___ta_ 04
3l's Tl al u+v—-A-k+ltm p+v-A-k+2+m p+v-A-k+3+m’ 3%p N
S 3 ’ 3 3
(4.31)
Eﬁ P.‘(}l+1’-1—k+lim)]"(lz.v+%_2kf)x;(.—1)
m' I‘(ﬂ-i—’ll'—).—zk-l-l)r“(%v_}.%_krim,)

r 1 1_92F z

ftl 1F4 [/‘+1,1’+1’ +%v+%-——klim” t3 fl() ’

0

provided R(}v+1—k +m')>0, R(u+v—A—k+1+tm)>0, R(p)>0 and the integrals
converge.

Taking k'= —m’, we get

o0

p—«}(v—l) [tu+v—l—l %

0

u+v—-2-2k+1 u+v-A-2k+2 u+v-1A-2k+3
3 ’ 2 ’ 3 B
—k+ltm p+v—A-k+2+m, p+v-2-k+3+m’ 3%p

3 3 3

% ¥y @, (t)dt

u+l, v+1,'u'+v_}'

;Ft (M+‘l’—2—k+lim)x}('—l) y
T Tp+ry—2-2k+1)T v +))

3 1
xf A A [u+1, v+l,%; - t—ﬁ] fi(t)dt,
0

provided R(v+1)>0, R(u+v—A~k+1+m)>0 and the integrals converge.
Now, putting u=1», we get
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°°3
Sv-i-1
p—i(vﬂl)Jvt‘z %
1]

Sv-A-2k+1 $v-2-2k+2 2v-1-2k+3
3 3 ’ 3 .8
v+1+v/2-A-k+tm $v-A-k+2+m 3v-A-k+3itm’ 3%p
3 ’ 3 ’ 3

P, (t)dt

V4
—-+1,v+1,

I‘*(?’”-—A k+l+m)I‘(r+1)I‘(v+l)x 3o
. f‘ 1 b{ V““ } () dt.
T T@r A2kt DD (Gri D2V h

(xiv) Result 14. Using (2.4) in (4.1), we get

oo
ft4 v—p—1 X
0

4y-p-2k+1 4v-pu2k+2 4v-pu-2k+3 4v-u-2k+4
” 4 ’ i ’ i ’ 4 Cat

(4.32)

*sFs dv-p-k+ltm 4v—pu-k+2+m dy-p—k+3+m dv-p-k+stm’ 4

4 ’ 4 ’ 4 ’ 4

_F,(4v—,u—k+1-_l—m)f
T Tr—p—2k+1) (t4+zz4)"f1(t)dt’
0

provided R(4v—pu—k+11+m)>0 and the integrals converge.

Example 1. Let f, (¢} =J;(bt), then

’ —k+ —k+24+

(g) T, (-k+1+m) A Zc;lim’)l k—;2_m .

2= arasrrnrarn A—2k+1 A-2k+2’ &
_ A+1,— 5 ; B

R(A+1—k+m)>0, R(s)>0 and |s|>]|al|.

Substituting in (4.32), and evaluating the r.h.s. [(9], p. 434), we get

(e

(1]
4y-u—-2k+1 4y-pu-2k+2 4v-pu-2k+3 4v-u-2k+4
< F ’ 4 ’ 4 ’ 4 ’ 4 et
8l 4y pu-k+lim 4y-p-k+2+m 4v-pu-k+3tm 4dv-pu-k+dxzm’ 4
1 ’ 4 : 4 ’ 1

—i | P (D) dt
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A—k+1tm A—-Fk+2+m
2 ’ 2 b?
X 4Fy _ _ i — 3 |dt
l+l,1 2k+1 A—2k+2 t

2 2

=P*(4v—u~k+1tm)r(z—zku)run)f o ds
T4r—pu—-2k+1)T,(A-k+11m) iy a(bt)

Pov—pu—k+1+m)T(A-2k+1)T(A+1)ima” "

4.
(4.33) 1"(4v p—2k+1)T,(A-k+1+tm)sin (ut+ii- 2v+2)nI‘(v)
T+2y ¥ 1 r
” (ab) P( +4+2) u

X

4 2

. (—y (?)4.%““”7)

+
,gor!F(2v—%p+§l+2r+l)l"(2v—%u—‘%1+2r+1) ,

7 cos (Z+%—v+l+%)n+
™ °21+2'r'1“(2.+r+1)r‘( + 2 —p4+1+ )

BRA-2k+1)>0,4R(»-1)+¥>R(u)>-R(A), R(A+1-k+m)>0 and R(dv-u-k+
+1+m)>0.

Particular cases

(i) If u=4+2, y=2+1, then (4.33) reduces to

L 3A-2k+1 3A- 2Ic+2 3i- 2k+3 3A-2k+4

0 Farn | TP a i g i e
2 578184-k+1+tm 3A-k+2+m 3A-k+3+m 3A-k+4+tm’ 44
o 4 4 ’ 4 ’ 4

A—k+1+tm A—k+2+m
2 ’ 2 b2
Vi .2
* s A—2k+1 a-2k+2° " E# |

2 2

_ D, Ba-k+1zmT(A-2k+ 1T (A+1) (3b) V—J( )K (ab)’
TEA-2k+)T, A-k+1+m) (@V2)*T A+} Ve V2

R(A-2k+1)>0, R(A-k+1+m)>0, R(A)> —1}, >0 and |arg a|<n/4.
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(i) If u=4+4, v=21+1, then (4.33) reduces to

3A-1-2k 32-2k 34-2k+1 31-2k+2

Fas | T T T T e
(é)ft 5813A-1-k+tm 3A-ktm . 3A-k+1+m 3A-k+2+m’ 44
° 4 T 2 ’ 1
A—k+1+m A-k+2+m
2 ’ 3 b?
F. .2 ¢
X3 A—2k+1 A—-2k+2° tz—d
A+1, 3 ) 5

,(84-k-1+m)['(A-2k+1)T (A+1) 36 V= aby  fab

- s i (1) Kaoo(72)
[(34-2k-1)T, (A-k+1+m)T (1+1) 2 (aV2) Ve, V2

R(A-2k+1)>0, RA—k+1+m)>0, R(A)>} b>0and |arg a|<n/4.

Section IV

5. In this section we have obtained some properties of Meijer Transform in-

volving self-reciprocal functions in the Hankel transform.

1
5.1, Theorem 1. If f (¢) I%;—? @, (s) and ¢7*732f (%) is self-reciprocal in the

Hankel Transform of order v, then

ftv_”_les[ Fov-pu-2k+1),3(v-u-2k+2) a® *
v+1,

T t)ydt
%(’V",U—]C+1'_f'_m),%(V—M_k+2im)’ 42 ]99()

(5.1)

_ 20, v—p—k+1+tm)T -+ l)a_""""'gf (1)

F'v—pu—2k+1) a

provided R(v—pyu—k+1+m)>0 and the integrals converge.

Proof. We know, (2.7)

(g) Tw—pu—2k+1)e*

T,0-p—kt1Em T+l

v—-u—2k +1 y—p—2k+2
2 ’ 2 | k+}
s g | §d, )
v—pu—k+ltm v—u—k+2+tm’ 42 m ° (a/s)

2 2

’VTl,

R(v—u—k+1+m)>0 and R (s)>0,
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also

1o 5t o,

Now, applying these in (4.1), we get
- v—u—2k+1 v—u—-2k+2
2 ’ 2 a’ ¢
Jerm ;-2 |ewat
0

—u— + —pu—k+2+m’
v+l,v u I;+l_m’v u : +m

:2VF*(V—”—k+1'_*‘m)F(v+l) t“‘lJ,(%)f(t)dt
0

al(v—u—2k+1)

=2’I‘.(v—ft—k+lim)f‘(1’+1)f g ()
e I0(r—pu—2k11) OLG;J““”“ )2

2D, v—pu—k+1+tm)T (v + 1),(1)
B Fr—p—2k+1)a"*? a

RB(»—p—k+1+m)>0 and the integrals converge.
k+1
5.2. Theorem 2. If f(t) o @ (s), then

n- r rp TTr+HTr2n—-2k+1)p
3 zi e 2
oot [erepar LT B2k ihp,

(5.2)
2n—2k+1 n—2k+2
o nty 3 T3 L
n-3/2 s —— |dt,
xft @ (1) 3F, 2n—k+1+tm 2n—k+2+tm 4
s b
9 2

provided R(2n—k+1+m)>0, R(p)>0 and the integrals converge. Also, if t™" ¥ f (1) is

self-reciprocal in the Hankel Transform of order n, then

TIwzn—2k+1uwn+apx

_1 ‘.,‘.
= f @) a0, 2n—k+1tm)
5.3
5:3) 2n—2k+1
o n+l, TS k1 -
271 g (1) ,F 2 Y AL PP
% P8l o kr14m 2n—k+24m’ 4 |77
0 ]
2 p)

provided R2n—k+1+m)>0, R(2n+1)>0, R(p)>0 and the integrals converge,
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Proof. We know, (4.7),
f i@ _ 'en—2k+1)
(z‘,2—1—0t2)"H I,2n—k+1+m)
2n—2
00 n+%,—~1ﬁ——~2—ﬂ’n~k+l 2P
2n—1 o -
x ft sF 2n—k+1+m 2n—k+24m’ 4 @ (t)dt
0 2 ’ 2
provided R(2n—k+1+m)>0 and the integrals converge
ﬂ
If we put a®=p and interpret, assuming that p~"

b
TTmry VCE

e r e . F(2n—2k+1)P(n+1)pf -

3 £33 = 2 2n-1

® J‘e fde= I@rn—k+11tm) t 9 (0
0

2p—2
n+%’,ﬁ$,n_k+l »
F ; —=—1dt,
%3l oy ktltm 2n—k+2+m’ 4
2 ’ 2

provided R(2n—k+1+m)>0, R(p)>0, R(2n+1)>0 and the integrals converge
Again, if we put a=p and interpret, we get

o n+i 27L—_2k—+—l’n—k+l
pT+)hT @n-2ks1)2" [, >y i
F2n-k+1tm)x? .ft 9 () sFs 2n-k+1+m 2n-k+2+m’ 4
0 2 ’ 2
(5.4) %
>:x"-%fl/§[t J, @)t " f () dt
0
=z f (),

provided R(2n+1)>0, R(2n—k+1+m)>0, R(p)>0 and the integrals converge

Exemple. Let ™" tf(x)=2""te 1%, then

f(.’t) ___x2n+le—}:t=

=T (20+2)pet? D_g,,s (p)

R(2n+1)>0 and R (p)>0.
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Putting k= —m in (5.4) and substituting the values of f(¢) and ¢ (s), we get

2"p(2n+1) w2 . ’ nt+} PP
At £ et D. o 1 Fy nt+l,n+l’ 4 dt
e A AL N

R(n+1)>0 and E(p)>0.

sa m k+}
5.3. Theorem 3. If f(t) i @ (8) then
o n,2n—_§—]—c—+—l»n—k+l,n+% 2
201 . PTYT
f‘ Folon_tr14m 2n—k+2+m 2|70
0 2 ’ 2

(5.5)

I,2n—k+1ltm
T2 T (2n—2k+1)
(1]

e“’D_‘é’n%t)dt

3

provided R(2n—k+1+m)>0 and the integrals converge.

Proof. We know, (2.12),

I LA R R
err@en-2k+1) |02 PTETUTT #lkr ) Lap o
I,Crn—k+1tm)* *|2n-k+ltm 2n-k+2+m’ 2 m e
2 ’ 2

Rn+1)>0, R2n—k+1+tm)>0 and E(s)>0,
k+1
also f(¢) —;n—g @ (s).

Applying these in (4.1), we get

oo ,2—7L;Z’C—+l»n—k+l,n+% 2
-1 ; —Z|ewdt
f’ Filon pr1+tm 2n—kr2+m’  2|P0
0 b
2 2

T,@2n—k+11m)
T "T(2n—2k+1) J

el DY, ﬂ:—) dt,

provided R(n+1)>0, R(2n—k+1+m)>0 and the integrals converge.
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Example. If f(¢)=¢"*'J, (tx), then

2n-k+2+m 2n-k+3+m
(5)= ", 2n—k+2+m) 2 ’ 2 N
P g TN (2 2k+2) T (s ) ¥ 2n-2k+3° &
n+l,n-k+1, R

bl

R2n—k+2+m)>0 and R (s)>0.

Substituting in (5.5) and knowing that t" % e}® D _,, (t) is self-reciprocal in the Hankel
transform of order n, ([6], p. 12), we get

2n—-2k+1
, n ,n—k+1,n~i-% 2
t2,F s ——=|x
4N 20—-k+14tm 20—k+24+tm 2
0 2 ’ 2
2n—k+24+m 22—-k+3+m
2 ’ 2 2>
X ol on—2k+3 & |

1,n—k+1,—
n+l,n + 3

_2'T, @n-k+1+m) T 2n-2k+2) T (n+1)
"D (2n-2k+ )T, (2n-k+2+m)

o0
f Viz J, (tx)t" 2 et® D D, dt
0

_ 2", 2n—k+1+m)D (2n+2—2k)F(n+1)x‘1e“2Dm
T2rn—2k+1)T,2n+2—k +m) e

R2n+1—k+m)>0, and R(n+1)>0.

1
5.4. Theorem 4. If f(1) kg @ (s) and t78C+u2—vD f(4=3) §g self-reciprocal in
m

the Hankel transform of order u, then

3T (u+v—A—2k+1)28Gtu—vi3R g
Fp+DIT e+, (u+v—2—k+1+tm)
0

tﬂ+v’l——1 ® (t) %

u+v—A-2k+1 p+v-A-2k+2 pu+v-1-2k+3

3 3 3 et
p+v—A-k+l+m p+v-A-k+2+m pu+v-A-k+3tm’ 3®

2

3 3 3

== p% (A+2pu—4 v+3)f (p1/3/22/3),

X 3Fyg dt

u+l, v+1,
(5.7)

provided R(u+v—A—k+1+m)>0, R(u+1)>0, R(p)>0 and the integrals converge.
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Proof. We have, (2.13),

T(u+v—A—2k+1)t*" g .
PN+l (u+rv—2—k+11m)

u+v—2A-2k+1 p+v-2-2k+2 pu+v-A-2k+3
3 ’ 3 ’ 3 . &
pv—A-k+ltm p+v-A-k+2+m u+v-A-k+3+m’ 3

n+l, v+, 3 ’ 3 3

1
Lht SAJM"(:}E) ,
m 8

X 3Fg

Ru+v—-A—k+1+m)>0 and R(s)>0,
1
also f(t) k—;—g @ (s).

Using these in (4.1), we get

F'(u+v—212-2k+1)a"*"
P+ '+, (u+v—21—k+1+m)

ftll'fv—l-—l ¢ (t) x
0

p+v-A-2k+1 p+v-1-2 k+2, w+v-4-2k+3

X 3F 3 3 3 ;oL dt
s prv-A-k+ltm p+v-A-k+2+m p+v-2A-k+3+m’ 3
[1,+1, ’V+1, ’ ’
3 3 3
- [e 0. (%) 0 as,
0
provided R(u+v—A—k+1+m)>0 and the integrals converge.
Putting a®*=2 and interpreting, assuming that z"=-p ™ "n!, we get
IMu+v—A-2k+1)2 fo i
A g () x
MNu+1)LEe+)C, (u+v—2A—k+11m) J )
_ nrv—A-2k+1 u+v-4-2k+2 pu+v-4-2k+3
X oFy 3 3 3 NN PP

prv-A-k+lim. pu+v-A-k+2+m u+v-A-k+3+tm’  3°
p+l,v+1, 3 ; 3 3

=p’ f PR (1) T {2 () H) (p)R dit
[1}
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J?Ep“”"’** f V2up Tt J, (2 ptv)p tB@Hmr O f (57208 gy
1}

]
— QU AIMRYEUD -1 4} A2u—dvt9) § (72’_5),

165

provided R(u+v—A~k+11xm)>0, R(u+1)>0, R(p)>0 and the integrals converge.

5.5. Theerem 5. If f(x)==¢(p) and l/g e q%x) 18 self-reciprocal in the Sine-

transform, then

3—-2k
AL
r'@-—2k) 1=k ==, £ (z + a)?
=y s | @) dx
I,@2-k+m) J**|2-kdm 3-ktm’ 4
¥ 2 2

(5.8) -

k+3 Vﬂ ~as P(8)

—_—— —e —
m 2 s

provided R (a)>0, R(s)>0, R(2—-k+m)>0 and the integrals converge.

Proof. We know ([10], p. 19)

~an g py PO
e Smbx?(p+a)2+b2’ R(a+p)>0 and R (p) >0,
and
f (@)= (p).
Now, applying (4.2), we get
car g ) S b
fe sin bx - dw—f(x+a)2+b2f(x)dx,
1] 1]

provided R (a)>0 and the integrals converge.

Putting b=s and interpreting (using (2.3) with u=1, »=1), we get
3-2k

* 1,1—-% ——
r(@2-2k e R
I,C—ktm) ] ¥ ¢|2-ktm 3—k+tm’ 4(x+a) flx)d
0 2 3 2

o0

E+d [ —an, , _‘/z s ®(8)

poy fe 7 @ (x) sin sxdx= 3¢ p
]

provided R(a)>0, R(s)>0, R(2—%k+m)>0 and the integrals converge.
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5.6. Theorem 6. If [(x)-:-¢(p) and ‘/ge"” qi;—g—c) ts self-reciprocal in the Cosine-

transform, then

3-2k
® 1, —> 2k
r3-2k¢ T g e,
F*(3-kim)f(x+a)3p‘ 3_k+m 4—’0'_*‘_’)‘”’ —4(17'1"(1) f(x)dx
0 ’
2 2

k+} ‘/; as® (9)
—_—f —e —
m 2 s

provided R (a)>0, R(s)>0, R(3—k1tm)>0 and the integrals converge.
Proof. We know ([10], p. 19)

—ar . p(pta)

e %% cos be(—_—p+a)2+b2' R(p+a)>0,
and

f(@)=-¢ (p)-

Applying (4.2), we get

—az P&, rta

fe cos bz x dx @+ a)t + bt (x)dzx.
0

Putting b=s and interpreting (using (2.3) with x=0 and »=1), we get

r3-2k)2 [ | LiG-2k),2-k £ 2]
F*(3-kim) (x+a)F, é(3—kiﬂ1),%(4—ki’m)’ - 2(x+a) f(x)dx
0
L _
Ifi‘.} e"”‘p—(z) cos sxdx= Vyje“”M,
m z 2 s

0
provided R (a)>0, R(s)>0, R(3—k+tm)>0 and the integrals converge.
5.7. Theorem 7. If f(x)-=¢(p) and * %% @ (x) is self-reciprocal transform of order

v, then
Fg+v+HTv—-2k+1)¢ vty
2T+ 1), (v—k+1+tm
0
(5.10) u+v+l o p+v+2 v+2k+1 v-2k+2
2 T2 T2 T £ kg !
x ,F -5 dz—-=F gt (—)
4 v-k+l+m v-k+2+m 2 flz)dz m P\s
v+1, 3 ) 3

provided R(v—k+1+m)>0, R(s)>0 and the integrals converge.
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Proof. We know ([10], p. 28)

I'( 1 utv+l puty+2 5
e At ) ue 2 ’ 2 . _&
J (ax) 2#1’1( +1) a p 2F1 ,,+1 ’ p2 ’

R(u+v+1)>0, R(p)>0 and |p|>|a],

and
() == @ ().

Applying (4.2), we get

f - lJ (ax (p(x)dx_;_J\ o a2 IZ

r=0

D(u+v+2r+1)(-) a®"
rIT (w+r+1)2%7 4% fx)dx.

0

1 . .
Putting a= P and interpreting, we get

Cu+v+)Cp=2k+ )
22w+, (v—k+1+m)

p+v+l p+v+2 y-2k+1 v—2k+2

e 2 2 ' 2 2 e
X |z () JF5 v—k+1+tm v—k+2+m ’ 42°
P v+1, ’
2 2
1
ot fV 7. (%)# ¢ @ ax
1
82 -
()
provided R (v—k+11m)>0, R(s)>0 and the integrals converge.
Putting k= +m, we get
u uwrr+1l pty+2
1w 2 2 t*
F(M+V+ )t x—/,t—yfles 3 PR f(x)dx

PT e+ )T (0 +1) v+l v+2°  dx
: vl o, TS

2
o 1
- 2 -

R(»+1)>0, R(s)>0 and the integrals converge.

In the end I wish to thank Dr. S. K. Bose for having suggested this problem

to me and for his guidence.
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