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1. Introduction

The existence of an infinite-dimensional module for the Monster group {the largest fi-
nite simple sporadic group), satisfying a number of remarkable properties known collec-
tively as “moonshine”, was conjectured by McKay, Thompson, Conway and Norton (e.g.,
see [6]). Frenkel, Lepowsky and Meurman [13], {14] constructed an example of such a
representation—the so-called “moonshine module”—as a certain special type of vertex
operator algebra on which the Monster acts, and proved that the Monster is in fact the
full automorphism group for this algebra.

One of key steps in the construction of the moonshine module is the construction of
what Frenkel, Lepowsky and Meurman called “triality”, which essentially consists of cer-
tain modules for a vertex operator algebra associated with an integral lattice constructed
by gluing finite copies of the root lattice of type A;. The main technique in the triality
work involves using four kinds of vertex operator realizations of type A(ll).

We ask whether there exist other vertex operator algebras whose automorphism
groups are finite. From the finite group point of view, we try to find more finite groups
which have a moonshine representation analogous to that of the Monster. One of the
initial steps in this direction is that we need to study self-dual lattices related to a finite
number of any root lattices of type A.

In terms of the classification of simple vertex operator algebras (or related confor-
mal field theories), one has to know more simple vertex operator algebras. One of the
important ways to construct vertex operator algebras is the technique used by Frenkel,
Lepowsky and Meurman [13], [14] in constructing the moonshine module, which could
be called the “Zj-orbit fold technique” (also cf. [10}). A natural generalization of this
technique is the “Z,-orbit fold technique” for any natural number n>2. One of the best

(}) The results in this paper are extracted from the author’s Ph.D. dissertation at Rutgers Univer-
sity, 1992.
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ways of realizing this generalization is to invoke vertex operator algebras constructed
from lattices related to finite copies of a root lattice of type A, _;.

In this paper, we obtain two gluing techniques for constructing self-dual lattices by
analyzing the constructions of self-dual lattices in [7], [8], [22] and refining the well-known
gluing theory of Conway and Sloane (cf. §3, Chapter 4 of [9]). Using these techniques, we
construct two families of self-dual lattices related to a finite number of any root lattices
of type A, based on the ring structure of a root lattice of type A induced by the Coxeter
element.

Let us recall some basic definitions. We denote the field of rational numbers by Q
and the ring of integers by Z. A (rational) lattice L is a free Abelian group (or free
Z-module) of finite rank with a Q-valued symmetric Z-bilinear form (-,-). The rank is
sometimes called the dimension of the lattice. Let Lq=Q®zL and extend (-,-) to Lq
canonically. The integral dual L° of L is defined by

L°={yeLq|(y,z)€Z for all z€ L}. (1.1)

The dual L° is also a lattice if (-,-) is nondegenerate. If L is a root lattice of type 4,
D or E, then L° is the weight lattice. A lattice L is called integral (self-dual) if LCL®
(L=L").

Many of the known constructions of self-dual lattices involve “linear codes”. In
this paper, we need the following concepts of codes. Let n be a positive integer and let
Z,=Z/(n). A linear code of length k over Z, is a Z,-submodule of ZX. Let f be a
symmetric Z,-bilinear form on ZX. The dual code of C is defined by

C ={a€Zt| f(a,B)=0 for all B€C}. (1.2)

A code C is called self-orthogonal (self-dual) relative to f if C CC'fL (c =Cfl). If fis a
symmetric bilinear form associated with a matrix of the form

dy

da
3 (103)

dn

then we also say that C is self-orthogonal (self-dual) relative to d=(d;,...,d,). When
d=(1,...,1), we simply say that C is self-orthogonal (self-dual). A code over Z, (Z3)
is called a binary (ternary) code. An element of a code is called a codeword. The
(Hamming) weight of a codeword is the number of its nonzero coordinates. A binary
code is a doubly even code if the weights of its codewords are divisible by 4.
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Next, let us use the following known examples to explain the development of our
idea in this paper.

Construction 1 (cf. [14], [16], [22]). Let k be a positive even integer and let V=QF,
L=ZF. Define the symmetric Z-bilinear form (-,-) on V by

1 k
(a,ﬂ>=52015j, a=(a;),8=(8;)€V. (1.4)
i=1
Set ‘
2;=(0,..,0,1,0,...,0) for i=1,...,k. (1.5)

Then each Z2z; is a copy of the root lattice of type A; with respect to {-,-). Define a
section map 7: Zz—Z by 7(0)=0, n(1)=1. For c=(c;)€Z%, let

@c=(71(01),~-»77(0k))- (16)

Let C be a doubly even self-dual binary code of length & (k must be divisible by 8 (e.g.,
cf. [9], [22])). Set
Ly,alC]=)_ ZO.+2L. (1.7)
ceC
Then the lattice Ly 4[C] is a self-dual lattice, where 2 means the dual Coxeter number
of Ay. Let
LAlC)=Z(3(1-4¢,1,..,1))+) 26,

ceC
+ {2a

k
a=(a;)€L, Zaj =0 (mod 2)},
j=1
where ¢=0,1. Then Ly 4[C] is also a self-dual lattice. We can see that the lattice Ly 4[C)
is obtained by gluing k copies of the root lattice of type A; with C as a “glue code”.

(1.8)

Moreover, the lattice I~,2, 4[C] can be interpreted to be obtained by twisting the lattice
L 4[C).

Construction 2 (cf. [22]). Let k be a positive even integer again. Let Q4 =Q(ws)
and R4 =2Z[w;) with w3=e*"/3. The ring R{ is called the ring of Eisenstein integers.
Set V=(Q#)*, L=(R4)* and define the positive definite Hermitian form (-,-)3 4 and
symmetric form (-,-)3 4 by

k
(a,ﬂ)s,A =Zaj,8_j, a= (aj),ﬁ= (,Bj) evV; (','>3,A = %Re( N )3,A- (1-9)

i=1
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Then each R{(1—w3)z; is a copy of the root lattice of type As for i=1, ..., k. In the above
notations, the subindex “3” means the dual Coxeter number of A;. Again we define a
section map 7: Z3 —Z by n(0)=0, n(1)=1, n(2)=2. For c=(c;)€ZE, set

Oc = (n(c1), ..., n(ck))- (1.10)

Let C be a self-dual ternary code of length k. Set

Ls,alC]=) 26 +(1-ws)L. (1.11)
ceC
Then L3 4[C] is a self-dual lattice with respect to (-,-)s 4. The lattice L3 4[C] can be
viewed as being obtained by gluing k copies of the root lattice of type A; with C as a
glue code.

The following construction seems only known for the ternary Golay code G2 (of
length 12) (e.g., cf. [9], [22]). Let k=12. Any a€L can be written uniquely as a=
(A1,0+A1,1ws, ..o, A12,0+ A12,1w3), where A;; €Z. We define

12
T(a)=Y_(Ajo+Xja)- (1.12)

Jj=1

Then

= 1
L =Z -3,ws, ..., + ZO,
3,A[g12] <l—w3 (wa 3 ws)) cg}:ﬂ (1.13)

+{(l-w3)a|a€ L, T(a)=0 (mod 3)}

is a copy of the Leech lattice with respect to (-,-)3 4. The lattice I.zg, A[Gi2] can be
interpreted as being obtained by twisting L3 4[G12].

We first analyze these constructions and the constructions of self-dual lattices in
[7], [8], and find certain common characteristics. Then we generalize the above construc-
tions of Ly 4[C] and L3 4[C] to a construction technique which we call an “untwisted
gluing technique”. By this technique, we construct a large family of self-dual lattices by
gluing a finite number of root lattices (not necessarily the same) of type A with certain
relatively self-dual codes over Z,, (n not necessarily prime) as glue codes. We call these
lattices untwisted self-dual lattices of type A. Similarly, we generalize the constructions
of L, 4[C]) and L3 4[G12] to a construction technique which we call a “twisted gluing tech-
nique”. This technique results from modifying the untwisted technique in the same way
that one twists Ly 4[C] and L 4[G12] into L2 4[C] and L3 4[G12]. By this technique, we
get another large family of self-dual lattices, which we call “twisted self-dual lattices of
type A”, by twisting the untwisted ones. Our techniques can be viewed as refinements
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of the gluing theory of Conway and Sloane (cf. §3, Chapter 4 of [9]). Certain lattices in
our two families of type-A lattices are known (e.g., see [2], [7], [§]).

By [19], the lattices L3 4[C] and L3 4[Gi2] are “complex self-dual lattices”. We prove
that the untwisted self-dual lattices of type A obtained by gluing finite copies of the
same root lattice and the corresponding twisted lattices with (1,...,1) in the glue codes
possess certain properties of complex self-dual lattices (see Theorems 5.12 and 5.14).
The Coxeter element of the root lattice acts on these lattices as a fixed-point-free lattice
automorphism. In fact, if the root lattice is of type A,_; with p prime, then these lattices
are complex self-dual lattices (cf. {12], [22]). In general cases of the root lattice, we call
these lattices self-dual complex lattices of type A.

The self-dual type-A complex lattices that we construct in this paper are proved, in
another work [26], to have very nice properties with respect to their central extensions.
In [27], we find more twisted vertex operator realizations of the basic representations
of Asll) by means of the ring structure of a root lattice of type A used in this paper.
We construct in [28] an analogue of “vertex operator triality” for each self-orthogonal
ternary code containing (1,...,1). This would be a key step in constructing what we
will call “ternary moonshine vertex operator algebras”, which will be analogues of the
moonshine module (cf. [13], {14]) in terms of the vertex operator structures.

The structure of this paper is as follows:

In §2, we present the untwisted technique for self-dual lattices and a decomposability
theorem. In §3, the twisted gluing technique is given. We present the construction of
untwisted type-A lattices in §4. In §5, the twisted construction of type-A lattices is
given. Finally, in §6, we find out all the “basic homogeneous twist parameters of type A”
appearing in the twisted construction.

2. The untwisted gluing technique

The definition of a (rational) lattice and some related definitions are the same as in the
introduction. Now we give the other definitions that we will use.

Definition 2.1. The lattice L is said to be decomposable if L=L,@® L2 as a Z-module
and (-,-)=(-, - )11®(-," )2, where (-,-); is a symmetric Z-bilinear form of L;.

Let L, and L, be lattices with associated Z-bilinear forms (-,-); and (-,- )2, re-
spectively. The lattices L, and L, are said to be isomorphic if there exists a Z-module
isomorphism 7: L; — Lo such that

(r(€), m(€N2=(£,€)1 forall {,¢'€Ly. (2.1)
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Such a 7 is called a lattice isomorphism, and it is called a lattice automorphism if Ly =L,.
We use the notation Aut(L) to denote the group of all (lattice) automorphisms of a
lattice L.

Remark 2.2. In the rest of our paper, the extension of (-,-) to Lq for a lattice L is
always taken for granted.

Let m, n be integers. We use g.c.d.{m,n} to denote the “greatest common divisor
of m and n” and l.c;m.{m, n} to denote the “least common multiple of m and n”. The
same notations are also used for more integers. Throughout this paper, we use the index
notation Q(k)={1, ..., k} for any positive integer k. We also take 2(0)=2.

Our untwisted gluing technique is based on the following concept.

Definition 2.3. Let L be an integral lattice with associated Z-bilinear form (-,-).
Suppose that there exist a set {z;,{;,§;|i1€Q(s), j€Q(t)} of vectors of L° such that:

(1

t

L/L=D e+ L) oDPI(G+1) o€ +L)] (22)

j=1
as Abelian groups, where each (x;+ L) is a cyclic group of order n;, and ({;+L), ({;+L)
are cyclic groups of order m; for each j;

(2)
@oa) =2, (&)= (modZ), i€Ns), je0D,  (23)
i j
where 3,€Z, g.c.d.{8;,n;}=1, and
(¢,¢"Y€Z for any other pair {, ('€ {z;,(;, &5} (2.4)

Then we call S=(L; (-, );zi;{;;&,;1€0(s), 7€N(t)) a U-shell of self-dual lattices.
A shell § is called type I (type II) if t=0 (3=0). Moreover, z; are called untwisted glue
vectors of type I, and (;,§; are called untwisted glue vectors of type II. Two shells are
called equivalent if the underlying lattices are isomorphic.

Remark 2.4. (a) If m; is odd for some j€Q(t), the pair (;, &; can be changed into
glue vectors of type I as follows: Choose a€Z such that 2a=1 (mod m;). Set

g =alG+&), zh=a(—¢). (2.5)

Then we have

(z%,z1) =0, (x;,x;)z—(x;,x;)z% (mod Z). (2.6)
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Changing (; —z7, §j—»x;f. in S, we get an equivalent shell because (; Ex;‘+a:;f., §i=x] —w}
(mod L).
(b) If S only satisfies (2.2) and (2) in Definition 2.3, then we can make S to be a
U-shell through the replacement of L by L+ ;_, Zn,-w,-+2;=1[ij(j+Zm,-€j].

Our untwisted gluing technique has two steps.

Step 1. Combining a finite number of U-shells into a larger U-shell.
Let {(Li; (-, )i; @13 Cij3 €55 1€Q(81), FJEU 1)) [ L€Q(K)} be a family of k U-shells of
self-dual lattices. We define

k k
L=@DLi asZmodules, (-,-)=€D(-,-)i onLxL. (2.7)
=1 =1
Then we have . .
Lq=PLq L'=PL. (2.8)
=1 =1

We identify L; with LIEB@,,# 0("), where 0) is the zero vector of L;. Thus, we have
the following new larger U-shell of self-dual lattices:

(Li (s )i zuis Cugs &5 L€ QUK), 1 € Q(sy), 5 € QH)). (2.9)

Step 2. Gluing a given U-shell into a self-dual lattice.
Let S be a U-shell of self-dual lattices, and let other notations be the same as in
Definition 2.3. Set

M =lcm.{n;,m; | i€ Q(s), j € Q?)} (2.10)
and
€= —A{, di=Biei, V= M, for i € Q(s), j € 0(¢). (2.11)
n; m,-
Furthermore, we set
d={(d1,...,ds), Y="1,.00sM)s (2.12)
and define f(-,-) to be the symmetric Zs-bilinear form on Z‘}’\;r 2t associated with the
symmetric matrix
By
By = ( B.y) ) (2.13)
B,
where for any a=(ay, ..., ;) €ZYy,
(451
Q2
B, = . . (2.14)

(47}

9-950414 Acta Mathematica 175. Imprimé le 1 septembre 1995
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Here we use empty positions to denote the entries 0.

For any c€Z5]%, we write c=(c!,c!!, c™)

d=(,...,d)eZy; P=(d,..,L)edly, p=IIIIL (2.15)
We define the nps: Zps —Z by nar (N)=1 with 0I<M if N=! (mod M) for any Ne€Z),.

We now define

8 t i
Ta=Y mu(czi, Cn=Y nu(c)G, Cam=Y_ nu(h) (2.16)
i=1

, where

j=1 j=1
and
Oc =zt +Ceun+Eeu. (2.17)
Let C be a code of length s+2¢ over Z,,. We define
LC)=Y_ze.+L. (2.18)
cel
In addition, we set
n=(n1,...,n3), m:(ml,...,mt) (219)
and I 1 I I 111 111
Rin,m] ={(n1¢1, ..., MsCqy M1CY 5 ooy M4 Cy , MICT e, MuCy ) | (2.20)

c=(c!,cll, ctll) e 2232},
One can easily verify that R[n, m] is the radical of f in Z3;?*. Therefore, R[n, m]C(’
for any self-dual code C’ over Zys relative to f.

The following is one of the main theorems in this paper.

THEOREM 2.5. The lattice L(C) is integral if and only if C is self-orthogonal relative
to f. Moreover, if C is self-dual relative to f, then L(C) is self-dual. Conversely if
COR[n,m] and L(C) is self-dual, then C is self-dual.

Proof. The key point is the following formula: for any c,c’€Z$}%, by (2.5)-(2.6),

S 12 / II 11
00003 e (D (€D 5; +2‘: (e (5 +anr (e (¢'5)
o

i=1 4 j=1 m;
1 e il
= 17 | S melcme e,
i=1
: (2.21)
111 11
+> (ma (e mm (e ) +nm (M mae (€)1
i=1
1

1t 1t I t
nmlc!Bae” +c''B,¢" +c B, ¢

i
- x|

-M_I’]M(f(c: C,)) (mOd Z)a
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where the upper right “¢” means “transpose”. Therefore,
(0c,0¢)=0 (modZ) <= f(c,c')=0 inZy. (2.22)

Hence the first statement follows from (2.21). For the second, we already know that
L(C) is integral by (2.22). Now let u€(L(C))°. According to (2.2), we can write u=0¢+v
for some c€Z3}%, ve L. However for any c’'€C,

0=(O¢,u) =(O¢,0:) (mod Z). (2.23)

This implies c€C7 =C by (2.22); so ue L(C).
Finally we assume that COR[n,m] and L(C) is self-dual. For any ceC fL, we have
©.€(L(C))’=L(C) by (2.17) and (2.21). Then c€C, because

C/Rin,m]= L(C)/L. (2.24)

O

These two steps constitute the gluing procedure of our untwisted gluing technique.
Next we give a decomposability theorem of construction in an important, special case.
First we need the following concept.

Definition 2.6. A set S={n;|i€Q(k)} of integers is said to be g.c.d.-connected if for
any pair nj,m €S, there exist n;y, ..., n;, €S such that ig=j, ix={; g.c.d.{ni,,ni,,, }#1,
e=0,1,...,A-1.

Now let {(Ly; (-, )i;21)]1€(s)} be a family of s U-shells of type I and (z, z;),=
Bi/ni (mod Z). As in step 1, we get a new shell (L;(-,-);z;;i1€Q(s)). Now all the
settings are the same as in step 2 when t=0.

THEOREM 2.7. Let C be a self-dual code of length s over Zy relative to (-,-)a. If
{ni|i€Q(s)} is not g.c.d.-connected, then L(C) defined in (2.17) is decomposable.

Proof. It is enough to prove that C is self-dually decomposable. By changing indices
if necessary, we assume that

g.cd.{n;,n;} =1, fori,je(s),i<k<y, (2.25)
where k is a fixed integer and 1<k<s. Thus

ni|e,~, njlei, for i,jEQ(S), i<k<y. (2.26)
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For any ¢=(cy, ..., ¢s), ¢'=(c}, ..., c,)€C, we have
k 8
0=(c,c')a =Zcic§€,~ﬁi+ Z ¢; ;€05 (2.27)
i=1 j=k+1

By the first expression in (2.26),

n

k
nM(Z cicgs,ﬂ,), for le k), 1KILk. (2.28)

i=1

According to the second expression in (2.26), we get

k k
M‘ﬂM(Z Ciciszﬂi) = Zcicgd,- =0. (2.29)
i=1

i=1

By Proposition 2.1.7 in [24], C is a decomposable code. Therefore L(C) is decom-
posable. O

COROLLARY 2.8. Ifk=1 in (2.25) and 1 <n; is not square, then there is no self-dual
code relative to f over Zyy.

Proof. This follows from Proposition 2.3.6 in [24]. a

3. The twisted gluing technique

This technique is much subtler than the untwisted one. The technique is based on the
object that we define as follows.

Definition 3.1. Let L be an integral lattice with associated Z-bilinear form (-,-).
Suppose that there exist a set {z;;(;;€;; W;4;1€Q(8),€Q(t)} of vectors in L° such
that:

(1) the family (L'=2Zy+L;(-,-);2:;(;;€5;1€Q(s), j€U2)) is a U-shell;

(2)

8 t
L'=ZW+)_ Zzi+) (Z(+28)+Zy+L; (3.1)
i=1 i=1
3) .
(W,y)E-N (mod Z), 1<N€Z; NyelL. (3.2)
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Then we call S=(L;{-,-);z:;¢;; £5; W; 4;1€Q(s), €SUt)) a T-shell of self-dual lattices.
The vector W is called a twist vector, and the vector y is called a simple root. S is said
to be of type I, II and III, respectively, if =0, t=0 and s=t=0, respectively. Again, two
T-shells are said to be equivalent if the underlying lattices are isomorphic.

Remark 3.2. If L satisfies all the above conditions but Ny¢L in (3), then we can
get a T-shell through the replacement of L by ZNy+L.

We again divide the twisted gluing technique into two steps.

Step 1. Combining a finite number of twisted shells with a restriction into a larger
T-shell.
Let
{(La; (-, s 2uas Gugs €y Wi s 6 € Qsi), 5 € Q1)) [ L€ k) }

be a family of k twisted shells. Suppose that

WiLyh= —J—VI— (mod Z), for le€Q(k) (3.3)
1
and there exists lo €Q(k) such that

NNy, forall 1€Q(k). (3.4)

We define L and (-,-) as in (2.7). Furthermore, we set

k k
N ’ _

o= V;’, L =L+zz=; Z(y1— oy, ), W—;"Vl- (3.5)

THEOREM 3.3. The family (L';(-,-); zii; Cijs &3 Wi i3 LESUK), 1€Q(s1), TEQUE))
is a T-shell of self-dual lattices.

Proof. First of all, we have

(W, g1~ o, ) = il- L —0 (mod Z), leQk) (3.6)

by (3.5). Suppose that u=2f=1 MW eL’® with 0\ <N;. Replacing u by u— X\ W, we
can assume A;,=0. Then

A
0= (u,y—oiy,) = _ﬁ" (mod Z), leQ(k). (3.7)
This implies A;=0, {e(k). It is easy to check that all other conditions in Definition 3.1
are satisfied. 0

Step 2. Gluing a T-shell into a self-dual lattice.

The situation now is much more complicated than in the previous section. Let
S=(L; (-, %6 ¢53 €53 W3 9,1 €9(s), JEQ(2)) be a T-shell of self-dual lattices. The data
ni,m;, N are as in (2.3) and (3.2). We also use the same settings as in (2.10)-(2.16) and
(2.18)(2.19).
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Definition 3.4. Let C be a code of length s+2¢ over Zps. A vector Y(C)€Z5}? and
a map ¢:C—Z are called the admissible vector and map of C, respectively, if
(W40O+(cy, Oc+yc(c)y)€Z, forallcel. (3.8)
If such Y(C) and ¢ exist, then we say that C is admissible to the T-shell S.
In the case that C is admissible to S , let t be an integral variable, and we call
J[S,C;t] = (W+Or(c)+ty, W +Orr(c) +ty) (3.9)
a twist factor of C with respect to S. An integer f(g, C) is called a twist parameter of C
with respect to S if
JIS,C;i(S,0) e Z. (3.10)
If such a f(g,C) exists, then we say that C is twistable with respect to S

Next we assume that C is twistable with respect to S and the related notations are
the same as in the above definition. Set

W=W+0r)+i(S,C)y; Oc=Oc+yc(c)y, for ceC. (3.11)
Now we define :
LC)=ZW+)_Z6.+L. (3.12)
ceC

Here is another main theorem of this paper:

THEOREM 3.5. If C is self-dual relative to f defined in (2.13), then L(C) is a self-
dual lattice.

Proof. First we notice that for any ¢, c’'€C,
(Bc,0¢') = (O¢,0¢) (mod Z). (3.13)
Hence L(C) is integral by the above assumptions and (2.21). Now we suppose that
u€(L(C))*. We can write u=AW +v with A€ Z, ve Y5, Zzi+3.5_, (Z¢;+2Z&;)+ Zy+ L.
Replacing v by v—)\W, we can assume that A=0. Furthermore, we write u=0,+v' with
c€Z5}? and v'€ Zy+ L. However, for any c'eC,
0= (u,0¢)=(0,0¢) (mod Z). (3.14)
By (2.21) and the self-duality of C, c€C. Replacing u by u—©., we can assume c=0.
Therefore, we can write u=py+v” with v”"€L and p€Z, 0Su<N. Finally by (3.2),

0= (W,u) = —1% (mod Z). (3.15)

This implies u=0. That is, L(C) is self-dual. 0

Remark 3.6. Unfortunately we have not proved the converse theorem to the above
in a general case. Later the reader will see that Theorem 3.5 does have a nice converse
theorem in certain cases.



SELF-DUAL LATTICES OF TYPE A 135

4. Untwisted type-A lattices

Let n be a positive integer. Set
RA=Z[z]/(z™ ' +...4+z+1). (4.1)

Denote the image of = in R2 by wp, 4.

Definition 4.1. An R,’?-complex lattice L is a lattice such that

(1) L is an RA-module which can be embedded into a free R;-module L’ of finite
rank such that NL'CL for some N€Z\{0};

(2) the associated symmetric form (-,-) satisfies

(Wn,a0,wn, aB)=(a,B) forall o,B€L. (4.2)

A lattice L is called a type-A lattice if L contains a sublattice Ly such that Lg=
(Lo)q, and as a lattice, Loz@;= , L}, where each Lg is an R;‘l‘j-complex lattice.

PROPOSITION 4.2. An integer | is divisible by 1—wn 4 in R2 if and only if 1=0
(mod n). Moreover,

n=(l-wna)l(n- 1)+(n—2)wn‘A+(n—3)w,2L,A+...+wz:42 . (4.3)

Proof. Any a€RZ can be uniquely written as

n-2
a= Z )\,-wth, M EZ. (4.4)
i=0
Moreover,
n—2 ]
(1~wn,a)a=Xo+An-2+ 3 (Ai=Aic1+An_2)wh 4- (4.5)
i=1
Hence
l=(1—wn’A)a < I=Xg+An_2, AMi—Aic1+An-2=0, (4.6)

where 1<i<n-2. In particular, A\,_3=2\,_2. By induction on i, we get that \;=
(n—i—1)Ap_2. Therefore, A\o=(n—1)A,_2. This implies that [=nX,_,. When I=n, we
let A\,_2=1 and reverse the above process so that we get (4.3). O

We set
QA =Q®zR2. (4.7)
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Then Q2 is a Q-linear space of dimension n~1. Moreover, we define the Q-linear map
9a:Qr—Qby

-1 ; 1 .
<PA(1)=£n—, <PA(wf1,A)=—;1"a for j#£0 (mod n). (4.8)

Furthermore, we let v, 4 be the automorphism of the multiplication by w, 4 on QA
Now we define the v, 4-invariant symmetric Q-bilinear form (-,-)n 4 on Q,‘;‘ by

(av b)'n,A = (pA(aB)’ for a, be Qrfz‘7 (49)
where b=Y", .7 Ajwy if b=3 ez Ajw) 4, A;€Q. Set
Yn,a=1—-wp 4, y,‘;,A=wfl’Ayn,A, for 1€ Z,. (4.10)

and
Qn.a=Riyn a. (4.11)

LEMMA 4.3. The lattice Qn 4 is the root lattice of the simple Lie algebra of type
An-1.

Proof. For any i,j€Z,,

(y;,Aa yf,,A)n,A = <W:;,A(1 —Wn,4), sz,A(l ‘wn,A))n,A
=palwp a(l-wna)wa(1-w7 )]
=pa(2w, i -w i - i)
2(n—1)/n—(-1/n)—(-1/n)=2, ifi—j=0,
=< 2(-1/n)=(-1/n)—(n-1)/n=-1, if i—j==1,

2(-1/n)-(-1/n)—(~1/n) =0, otherwise.

(4.12)

Therefore, {y:1 41i=0,1,...,n—2} constitute a set of the simple roots of the simple Lie
algebra of type A,_;. O

Notice that v, 4 is the Coxeter element of the Weyl group of A,_;.
LEMMA 4.4. For i€Z,,
1, ifi=0,

(Lh adna=4 -1, #fi=-1, (4.13)

0, otherwise.
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Proof.

(Lyh adn,a=(Lwh s(1-wn a))n,a

=palwriy—w % h

1, ifi=0,
=¢ -1, fi=-1, ]
0, otherwise.

THEOREM 4.5. The family Sp,a=(Qn,4;{ ;" )n,a;1) is a U-shell of type 1.

Proof. We first notice that for any u=Y 72 piwh 4€(Qn,a)°s

0= (u,¥pn A)pa=Hn-2, O0=(%0h )y 4= —pir1+p (mod Z), (4.14)
for i=0,1,...,n~3. By induction on i, we have y;€Z. That is, u6 R2. So (Qn,a)°=R2
by Lemmas 4.3 and 4.4. By Proposition 4.2, R%/Qn a={1+Q2) is of order n. Moreover,

(1,)na= "’—;1 (4.15)

a

We call S, 4 the U-shell of type An_1.
Now let ny,...,n; be k integers greater than 1. Set

Li=R}, Qa;j=Qn;a (,);=(",")nja onLj; za;=1 in L (4.16)

for jeQ(k). Define L=@?=1 L;, (',')A=@;=l(','>]‘ as in (2.7) and let Qua=
@Ll Qa4,; where n=(n,,...,ng). Set
) M
M =lcm.{n;|jeN(k)}, &= d=(e1,.. k). (4.17)
j
For c=(c1, ..., ck)€ZX,, define

k

Tpe= Z nm(c;)Ta,;- (4.18)
=1
Let C be a code of length k over Zjs. We define
L, Cl=) Zzac+Qn,a (4.19)
ceC
Like (2.19), set
R[n]={(c1ny, ..., cxn) | ¢; € Zm}. (4.20)

Then by Theorem 2.5, we have:

10950414 Acta Mathematica 175. Imprimé le 1 septembre 1995
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THEOREM 4.6. The lattice La[n, (] is integral if and only if C is self-orthogonal
relative to d. Moreover, if C is self-dual relative to d, then L 4[n,C] is a self-dual lattice.
Conversely, if COR[n] and Laln,C) is a self-dual lattice, then C is a self-dual lattice
relative to d. g

Remark 4.7. For any c,c'€Zk,,

nj—1

k
(Tac Tae)a= Z einm(c;)nm(c;). (4.21)
i=1

Therefore, La{n,(C] is even if M is odd and C is self-orthogogal relative to d. When M
is even and C is self-orthogonal relative to d, then L4[n,C] is even if and only if

k
3 " (n;=Vejmm(c;mmle) =0 (mod 2M) (4.22)

Jj=1
for any ceC. By Proposition 4.2 and Lemma 4.3, this condition is equivalent to that the
generators of C satisfy (4.22). An example of such codes is a doubly-even self-dual code
when all n; are equal to 2.

If all the n; above are equal to n, we denote L 4[n,C] by L, 4[C]. Notice that L, 4{C]
is a type-A complex lattice. Set

QEQ = L3,A [c:‘il]: QEQ = L3,A [ZI3]s (4.23)
where C§ is a ternary code generated by the rows of the matrix:
11 1
. 4.24
(15 21

Then Qg, and Qg, are the root lattices of the simple Lie algebras of types Eg and Fg,
respectively. One can find the equivalent definition of Qg, in [29]. So far, we did not
find the above construction of Qg, in the literatures.

Remark 4.8. In [24], we present the induced U-shells by means of untwisted type-A
lattices. We also present the U-shells of type D.

5. Twisted type-A lattices

Let n be a positive integer. All the related settings are the same as in the last section.
Set
Whoa= —2—) (5.1)

where 1-w,, 4 is invertible in Q# by Proposition 4.2. Then we have the following im-
portant properties.
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LEMMA 5.1. W, 4€Q2 and
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n2—1 —(n—-1)/n, if j=0,

W’n 1 n = bl Wn Y In, 52
(Wn,a Aln,4 12n (Wa.a A) A { 1/n, otherwise. (52
Proof. By (4.3),

1 n—1 A
Waa=~ jgl(n —jwl 4 €Qn. (5.3)
According to (4.15),
1 n—1 .
o Wot)oa = (Wm0 = (0=, )
j=1 n,A
n—1 -
_ "(n‘s)‘2j=1 (n—7)
= n2 (5.4)
n(n—s)—in(n—1)
_n+l-2s
T oon
where 1<s<n~1. Furthermore,
(Wn,a, Wy a nA—< Z(n 8)wn, a5 nA>
A
1
=57 Z(n—s)(n+1—2s)
s=1
1 «
=52 Z[n(n+1)-(3n+ 1)s+25?%]
s=1
n(n—1)(n+1)—in(n-1)(3n+1)+2-}(n—1)n(2n—1)
- 2n?
_(n=1)[6(n+1)-3(3n+1)+2(2n~-1)]
- 12n
_n?-1
T o12n
By (4.13) and (5.3), we have
1
(WnA,y,,A Z(n 8)wn 41 Ys, A>
n s=1 vA
~ (n o
= )n,A
a=1
—(n-1)/n, if j=0,
_ { (n-1)/ j 0

1/n, otherwise.
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Any y€Q@n, 4 can be uniquely written as y=2?=‘02 /\iy:", 4 With A\;€Z. We define

n~2
Tw)=Y A (5.5)
i=0
LEMMA 5.2. For any y€Qn, a,
T(wn,ay)=T(y) (mod n). (5.6)
Proof. Assume y=31"" ;3% 4. Then
n-3 ' n—-2 . n—3 ] n-—2 )
W, Y=Y Awiiyn a—An—z ( 3 w;,A) Una= 3 MUSA=Y Aniatha.
=0 =0 =0 =0
Hence T(wn,ay)=T(y)—nAn-2. O
Set
Qn,A = {y € Qn,A ' T(y) =0 (mod n)} (57)

Then by the lemma above, Qn, 4 is an RA-module. By (4.3), @n,AzR;fgn,A is a free
RA-module of rank 1, where §n a={1~wn, 4)¥n,a.

THEOREM 5.3. The family Sn,Az(én,A;(c,-)n,A;l;Wn,A;yn,A) is o T-shell of
type 1.

Proof. (1) and (3) in Definition 3.1 are satisfied by Theorem 4.4 and (5.2), (5.7). Any
ue(én, 4)° can be uniquely written as uzzfz'll piw}, 4- By the fact that ny,",, Aeén,A,

(7Y A)n,a = —Npin-1€Z. (5.8)
Since (1 —w;ylA)yjhA =y, 4 —y,':j Eén,A, we have

0= (u,(1~w; W )¥h a)n.a

={(1-wn,4)% U5 4)n,a
n-—1 .

= Z 15 (Y 4>Yn,4)n,A
=1

=2pi—pi—1—piy1 (mod Z),

(5.9)

for 1<i<n—1. Similarly,

0=(u,(1 —w;’h)y:::: nA =2ln—1—pa-2 (mod Z). (5.10)
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Therefore, p,-2=2u,-1 (mod Z). By (5.9) and the induction on i, we can prove that
fn—iZipn—1 (mod Z). We can assume pn_1=p/n (mod Z), p€Z by (5.8). Thus u=
pW, a+v, ve R2. This proves (2) in Definition 3.1. a

We call S,, 4 the T-shell of type An_1.
Let ny,...,n; be k integers greater than 1 and assume

njln, j€Qk). (5.11)
We use the same settings as in (4.16)—(4.18). Set
Saa ={(Qnj.a5 (1 Iny, a3 1; Wy, 45 9n;,4) | 5 € 2R} (5.12)

PROPOSITION 5.4. When n; is odd, any code of length k over Z,, is admissible
with respect o gn,A. If ny is even, a length-k code C is admissible with respect to Sn.a
if and only if

ZEjnnl(Cj) is even for all c=(cq,...,cx) €C. (5.13)
i=1
In particular, if C is self-orthogonal relative to d, then C is admissible.

Proof. Set
k
Wa,a =D Wa, 4. (5.14)
5=1

Notice that

(23, Wa,a)a=(1, Wy, 4) <1 _nil(n] s >A

e
B Z nJ—z nj(nj—l) _1-ny
2 2nj '

Let TEZ" be any given vector and t be an integral indeterminate. For any ccZk ,
ny

(5.15)

consider the equation

k
(Wa,a+Ta 1 Tacttya)a= Y Nn(c;)(Wa,a,T;)
j=1
+(za,x,Tc)a+t(Wn,a,94,1)4
1-

k
t—n,..(T,c
EZ 2 e J)+_'7_;1(_1_)d (5.16)

2( ~ 7y (T, €)a) + L5y (65 =11 ), (c5)
2’12,1

=0 (mod Z).
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If n, is odd, then all €; are odd. Hence €;—n; is even for each j€Q(k). Set

k
Y x(€) =, (X, )at S (5= )mns(cy): (5.17)
j=1
So t=14,v(c) is a solution of (5.16). If n, is even, then (5.16) has a solution if and only
if
k k
Z(ej—nl)nnl(cj) =0 (mod 2) <« Ze,-nn,(cj) =0 (mod 2). (5.18)
j=1 j=1
If (5.18) is satisfied, t=14 v(c) is again a solution. Since £;(n,,(c;))? and &;7n,(c;)
must be even or odd simultaneously and 7n,(c2)=(1n,(c;))* (mod ny), equation (5.18)
is satisfied if (¢, c)a=0. For any length-k code C satisfying (5.13) over Z,, then T and
%a, are the related admissible vector and map, respectively. When C is self-orthogonal
relative to d, C must satisfy (5.13). The proof is completed. a

Remark 5.5. Notice that T,94 v above are independent of any specific code, and
T can be chosen arbitrarily.

Now the assumptions and settings are the same as in Proposition 5.4 and its proof.
For a given T=(q1,...,04)E€2ZE , we have

(Wa,a+zTax+tya, 1, Woa+zar+tyas)a

e 1+2Zk2n (a~)(1'"")+2k2<n (er-))2("j’1)+2
i= oy ) n;j ™ (5.19)

ns—
12n,~

e =1)+24[t+ 35, 1m0, (0;)(1-7n,(0;))]

12’!11

{mod 2Z)

by (5.2) and (5.15).
Definition 5.6. We call

Z;::l €j (n? - 1)+24 [t+2§=1 %ejn"l(aj)(l —Unl(aj))]
12?’11

Jaln, T;t] = (5.20)

a twist factor of type A. An integer f4(n,Y) is called a twist parameter of type A if
Jan, T;ta(n, T)|€Z. If Y=0k, we drop T in the above notations. If all n; are equal
to n, we denote Ja[n;t] by Ja[n,k;t] and t4(n) by £a(n,k). We call them the basic
homogeneous twist factor and parameter of type-A self-dual complex lattices, respectively.

Remark 5.7. Notice that

k
ta(n, 1) =2a(n) =) 3€i7,(05)(1= 1, (03)). (5.21)

=1
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Set
_ _ 5 ko k
Qa;=0Cn;a, for jeQKk); Qna=EPQa; +Y_ Z(ya;—¢iyan)- (5.22)
i=1 Jj=1

Furthermore, for any c€Z¥ , we let
Tae=Tc+Par(c)ya- (5.23)
Suppose that £4(n, T) is a twist parameter. Set
Wa=Wnatzar+ianThya, (5.24)
Let C be a code of length k over Z,,. Set

iA[n,C] = ZWA +Z z.’i'A,c-l-én,A. (5.25)
ceC

Then we have

THEOREM 5.8. The lattice La[n,C] is integral if and only if C is self-orthogonal
relative to d. If C is self-dual relative to d, then La[n,C) is self-dual. Conversely, C is
self-dual if the following conditions are satisfied:

(1) CORIn] (cf. (4.20));

(2) when ny is even, Cf satisfies (5.13) and C3(3ny, ..., 371);

(3) La[n,C] is self-dual.

Proof. The first and second statements follow from Theorem 3.5, expressions (4.13),

(4.21), and the proof of Proposition 5.4. It remains to prove the third statement. Suppose
that ceCf. Then 4c€(La(n,C])t=L4[n,C]. Now

k nj-1 n;—1
mW,= Z Z ej{n;— l)wn,,A-TJ ZEJ Z (nj~i)z; ,
=1 i=1 7=1 i=1 (526)
L 0 (mod Qn,4), if n is odd,
EZej-Enj(nj—l)ij . .
= TA(ny/2), (mod Qn,4), ifn is even,
by (5.3). Now the conclusion follows from:
(La[n,CINL)+Qn,4]/Qn,a =C/R[n], (5.27)
where L=®?=1 R:. a

When all n; are equal to n, we denote La[n,C] by Ln.alC).
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THEOREM 5.9. Let C be a self-orthogonal code of length k over Z,,. Assume that
COR[(n,...,n)] and C3(in, ..., 3n) if n is even. The lattice L 4lC] is a type-A complex
lattice if and only if 1,€C and k=0 (mod 2n) when n is even.

Proof. 1f L, 4[C] is complex, then

k

Ta F Wil I Mn(05)ya =wy l(1~wn, a)Wa—Ea(n, k)(1~wn,a)yai]

j=1 (5.28)

Ein,A[C].

By (5.27), 1 €C. Furthermore, we notice that wA,T(1)=Zf=1 Mn(05)+ (3k(1-n)). Thus
(5.28) implies 2k(1—n)=0 (mod n). Hence if n is even, then k=0 (mod 2n).

Conversely, if 1, €C and k=0 (mod 2n) when n is even, then 2k(1—n)=0 (mod n),
because k=7,(1x,1%)=0 (mod n) when n is odd. Therefore,

k k k
WnATAL+ D Mn(05)Wa; ==Y Ya;+Tas,+ (Z Mn(0; )) Ya1
Jj=1 J=1 i=1

) (5.29)

+Z nn(o'j)(yA,j —ya1)=Za1,+v,
Jj=1
where v€Qp 4. Hence w, AW4€L4[n,C] by (5.28). We have Z?:l Nn(c;)=0 (mod n)
for each ceC, since 0=(c, 1k)1=z;=1 ¢; in Z,. Thus

k
wnafae=Fac— Y Mn(c;)¥a;—Warx(€)(l-wna)ya1€ Laln,C). (5.30)

j:l
Now the conclusion follows from the fact that én, 4 is a complex lattice by Lemma 5.2
and (5.22). a

Remark 5.10. If n is even, then (in, ..., 1n)€C for any self-dual code C over Zy.

We have constructed the untwisted self-dual type-A complex lattice Ly, 4[C] for each
self-dual code C over Z,, and the twisted self-dual type-A complex lattice L, 4[C] for
each self-dual code C31 over Z,,. Next we show that these lattices are “self-dual complex
lattices”.

First, we notice Lq=@?=1 Q., A%‘Qﬁ, 4- We can define the generalized Hermitian
form (-,-)4 on Lq by

k k k
(x,y)A=Z)\jﬁj, for $=Z)\j$j, y=Z,ujzj€Lq. (5.31)
i=1

7j=1 =1

Then ( ’ ')A=®";=1< Ty ')n,A=90A°( Tyt )A'
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Definition 5.11. We define the complex dual of a complex RZ-lattice £ by
={z€Lql(z,y)a € (1—wn,a)Rs =Qn,a for all y€ L}. (5.32)

The lattice £ is called a complex integral (self-dual) lattice if L9DL (LC=L).

THEOREM 5.12. The lattice £ is a complex self-dual R -lattice if and only if it is
a self-dual complex R -lattice with respect to (-, ) 4.

Proof. 1t is sufficient to prove £°=L£d. First of all, £°> L4 by Proposition 4.2.
Now let z€L°. For any ye L, we set (m,y)A=a=E?;02 aiw}, 4. Then

1 . .
aj— Zai =pal(z,wy, 4Y)4) =z, wh AW 4 €EZ (5.33)

for j=0,...,n—2 since £ is an RA-module. Similarly, we have

1 -
- Z ai = (z,w; 4y} 4 € Z. (5.34)
Thus, we have
n—2
a; € Z; Z ;=0 (mod n). (5.35)
i=0
This implies that a=3_; a,+21 1 aj(wy, 4—1)€Qn 4 by Proposition 4.2. That is,
zeLld, O

Remark 5.13. (a) The terms “complex self-dual” and “self-dual complex” above are
different in the sense that the first is defined with respect to (-,-)4 and the second is
defined with respect to (-,-)a4.

(b) In another work of ours (26}, we prove that Ly 4[C] and Ly 4[C] are free R}-
modules of rank k, where p is a prime number, C is a self-dual code of length k over
Z, and C51; in the second case. One can check that R} =Z[w,]CC, where w,=€""/P,
In particular, L3 4[C] and L3 4[C] are also complex lattices in the sense of the definition
given in [22].

The following fact also shows that our definition of complex RA-lattice is very rea-
sonable.

THEOREM 5.14. Let £ be an RA-complez lattice. If g is an R2-module automor-
phism, then
(9(z), g(W)a=(z,y)a forall z,yel
= (5.36)

(g(:c),g(y))A =(x,y)A fO’I" all z,ye[,.



146 X. XU

Proof. “«" is trivial since (-, )a=pa°{-,")a-
Let us prove “=". For any z,y€L, we let

(g(x g(y) Z’\ wn A> (.'L' y)A Zl"”t Wn, A )\iall'ieQ'

=0

Now by assumption,

~——Z,\ =(9(z),w) 41 9(W) 4= (T, w] sy} 4= “J“‘Z“’

=0
for 0<j<n—2 and
1 n—2
==Y = (wna9(2), 9W)a= (wn,az,y —-—Zuz

=0

Therefore, A;=p;, i1=0,1,...,n—2. That is, (9(z), g(y))a=(z, y).

(5.37)

(5.38)

(5.39)

O

Remark 5.15. In [24], we have constructed certain induced T-shells by means of our

twisted type-A lattices. We also introduced in [24] T-shells of type D.

6. Basic homogeneous twist parameters of type A

By analyzing the twist factor J4[n, k; t]=[k(n®—1)+24t]/(12n), we divide our work into

the following six cases. We simply denote J4(n, k;t) as Ja.

Case 1. n=6s+1, s€Z.

k(36s2+12s)+24t _ 2[3ks(3s+1)+]

Ja= 12n n

where %s(3s+1) is always an integer. Therefore,

ta=—1ks(3s+1) (modn), Ju is even.

Case 2. n=6s+2, s€Z.

k(3652 +245+3)+24t  k(4s(3s+2)+1)+8t

e T T 8(3s+1)

The requirement for J4 €Z:
k=8l, leZ.

(6.1)

(6.2)

(6.3)

(6.4)
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Then l[4s(35+2)+1]+t _ dls+I+t
s(3s+ +t _ 4is+i+
Ja= 3s+1 = T 3s5+1 (mod 4).
Therefore,
ta1=—~4ls—1 (modn), J, iseven;
and

tag=-4ls—l+in (modn), Ju isodd.

Case 3. n=06s+3, scZ.

Ja 12n 3n
The requirement for J4€Z:
k=3l, leZ.
Then
2[1(39s(s+1)+1) +1]
Ja= .
n
Therefore,

ta=—1(39s(s+1)+1) (modn), Jgu iseven.

Case 4. n=6s+4, s€Z.

7 k(36s%+48s+15)+24t  k[4s(3s+4)+5)+8t
A= = .

12-2(35+2) - 8(3s+2)
The requirement for J4€Z:
k=8l, leZ.
Then I(85+5)+t [(2s+1)+t
_ U8s+90)+ _ H2s+
Ja= 3552 (mod 4) = “ 317 (mod 2).
Therefore,
ta1=-1(2s+1) (modn), Ja iseven;
and

taz=—l(2s+1)+in (mod n), Juisodd.

Case 5. n=6s+5, s€Z.

J k(3652+60s+24)+24t  2[k(3s(3s+5)+1)+t]
A= =

12n n

_ k(365%+36s+8)+24t _ 2[k(39s(s+1)+1)+3t]

v
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(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)



148 X. XU

where 1s(3s+5) is always an integer. Therefore,

ta=—1k[s(3s+5)+2] (mod n), J4 is even. (6.18)

Case 6. n=6s, s€Z.
k(3652 —1)+24t

Ja= 1265 (6.19)
The requirement for J4o€Z:
k=24l, leZ. (6.20)
Then (3652 1) l
se—1)4+t _ —l4+t
= = . 6.21
Ja 3 P (mod 12) (6.21)
Therefore,
ta1=1 (modn), Ja is even; (6.22)
and
taz2=l+in (modn), J,isodd. (6.23)

Thus, we find all basic homogeneous twist parameters of type-A self-dual complex
lattices. Moreover, by Remark 4.6, (5.19) and (5.21), we have:

THEOREM 6.1. The lattice L, 4[C] is an even self-dual lattice under the following

conditions:
(1) n is odd or C satisfies (4.22);
(2) ta(n, T) is as in (5.21), and

() t4 in Cases 1,3,5,
taln)=4¢ _
taq in Cases 2,4,6.
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