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w 3. The Levine form 

Let  V be a complex vector  space of dimension n + l  with hEN. Suppose tha t  a Her-  

mit ian produc t  (I) is given on V. On each V[p], an  associated Hermi t ian  produc t  (]) is 

induced such tha t  for every  or thonormal  base [i = (tl 0 .. . . .  0v) the set 

{~[?(1) A . . .  A ~r [ ~ e ~(p, n -~ 1)} 

defines an  or thonormal  base of V[p]. I f  0 =~ E V[p + 1] and 0 ~:t) E V[q + 1] with p + q  ~<n - 1, 

then the pro#ctive distance from ~ to t) is defined by  

I1~:~)11- ~ ] ~ -  I �9 

I f  ~ E P(V[p + 1]) and v EP(V[q + 1]), then the projective distance from ~ to v is well-defined 

by  

II~:vll---II~:~ll ~ e(~) =~ a n d s ( t ) ) = v ,  

where ~ are the respective projections. Especially, this projective distance is defined as 

a real analyt ic  funct ion on (~(V)  • (~q(V) with 

0 <  II~:vll ~<1 if (~, v) E(~(V)  • @q(V). 

I n  the following, the vector  space V, V [ p + l ] ,  V [ p + 2 ]  and  C r with n - p = r  will be 

considered. The na tura l  projections are denoted by  

(1) This research was partially supported by the National Science Foundation under grant NSF 
GP-8988. 
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9: V- {0}->P(V), 

e: v ~  + ~] - { o } - ~ P ( V ~  + 1], 

The euclidean farms are denoted  by  

_~: V[p + 2] - {0}-~P(V[~ + 2]), 

e: c' - {o}-~r(c~). 

v and  vs on V, 

v and  vs on V[? + 1], 

The ~rojective forms are denoted  b y  

o~ and  ~o, on. V- {0}, 

and  w~ on g [ p  + 1] - {0}, 

o~ and  o~ s on V ~  + 2] - {0}, 

w and  ~ on C ~ -  {0}, 

For  ~ ~ ~ ( V ) ,  a holomorphic map  

v a nd  v, on V[p +2] ,  

v a nd  v, on ft.  

a n d  ~ on  P(V), 

a nd  ~ on P ( V ~ + I ] ) ,  

/b and ~ on P(V[p+2]), 

and &~ on P(C'). 

~:P(V)-~(~)-~P(V[p+2]) 

is defined by the following procedure: Take aE~-1(~). Pick any wEP(V)-~(~). Take 

iv E~-1(w). Then iv A a 4:0. Define ~(w) --_~(iv h o). Then ~ is well defined and holomorphic 

in  P(V)-.E(~x) and  meromorphic(1) on P(V) a nd  maps  P (V) -~(~z )  in to  (~+I(V). Then  ~ 

* of the forms on P ( V [ p + 2 ] )  to forms on  P (V) - J~ (a ) .  Define(s) defines a l if t ing ~ 

Then dp(~) is defined, real analytic, non-negative and of bidegree (I, I) on P(V)-]~(~). 

Moreover, 
daP(~c) = 0 on P(V) - E~(~z). 

I t  will be necessary, to use a simpler, b u t  base dependen t  defini t ion of ~P(~): 

LEM~A 3.1. Let V be a complex vector Huwe of dimenM~n n + 1 with a Hermitlan product 

(I). Let O<-p<n and r = n - p .  Take a G ~ ( V ) .  L d  a = ( a o  . . . . .  an) be an orthonormal base 

o/ V with ~=e(ao  A ... A a~). Define ha: V-~C r by 

n 

b~(~ z .aA ffi Cz,,+~ . . . . .  z~). 
pffi0 

(x) Let (~ and H be complex spaces. Let A be open and dense in G. Let ] :A~H be holomorphic. 
Let F be the closure of {(z, ](z))Iz G A} in G • H. Let ~:F-~ G be the projection defined by ~z(z, w)= z. 
Then ] is said to be meromorphic on G ff and only if F is an analytic subset of G • H and ff ~: is proper.  

See Renunert [14], Stoll [23] and Stein [17]. 
(2) See Levine [12] and Chcrn [3]. 
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Then E(o 0 is the kernel o/the linear map 5=. One and only one map 

, ~ : P ( v ) - $ ( = ) ~ P ( C ' )  

exists such that a=o~ =QoS= and this map a= is holomorphic on P(V)- /~(~)  and meromorphiz 

in P(V). Moreover, 
( I ) (=)  = ~*@). 

Proo/. Clearly, Kern ~==E(=), because E(=) is the subspace spanned by  ao ..... %. 

Clearly qa is well defined by aao~ =Qo~a, holomorphic on P ( V ) -  ~(at) and meromorphic 

in P(V). Now, define r~: V-+ V[p+2]  by setting 

~.'(m) --- m A aoA...A % it ive V. 

Then ~t~ is linear and E(a) its kernel. Moreover, ~aoQ =Qo~t.'. Because a is an orthonormal 

base, it is 
n 

l=:,(m)l= =Im ^ =o... A o~I'= ~§ la.(m)l*. 

Now =oo(~)=ld• log 1;1 it ~eV[p+2]-{o}, 

~(3)=�89 log 131 ~t ~ e c , - { o ) .  

Hence a* (.to) (iV) = �89 d~d log [a=(iV)l 

- - � 8 9  l o g  I ~ ( i V ) l  ' * : = (==)  (a, )  ( iV) ,  

which implies q*(a*(~)) "* * /5 "* ' * =,r~(_~) = (=~)(~o) = ~ ( ~  ( _ )) 

= (=~) *  ( q * ( @ )  = q*(=~* ( ~ ) )  = ~ * ( ( I ) ( = ) ) ;  

because ~* is injective, this implies a*(/2)=(I)(a), q.e.d. 

An easy, but  important consequence is 

L E 1~ M A 3.2. Let V be a complex vector space o/dimension n + 1 with a Hermitlan product: 

(]). Let 0-<<p<n and r = n - p .  Take otE(~v(V). Then 

r  = o .  

Proo/. Apply Lemma 3.1 with the same notations. Then 

0(~)~ = ~*(@) = ~ * ( 0 )  = o 

because dim P(C r) = r - 1, q.e.d. 

There is another way to define (I)(a), namely: 
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LEMMA 3.3. Let V be a complex vector space o /d imens ion  n + l  with a Hermi t ian  pro- 

duct (I). Let O <~ p < n. Take  a f  ( ~ (  V). Then, 

i/w e P ( V ) -  # ( a ) .  
~(w)  = (I)(ot) (w) = �89 dd • log IIw : 11, 

Proo/. An V-{0}  is to=�89 Iw[. Pick ae~-l(a).  Then ~t~(r0)=tuAa. Hence, if 

wEP(V)-E(~)  and r0 E~-I(w), then 

~ * ( / 5 -  r  = to - ~*(~* (~))  -- to - ( ~ ) *  (e*(~)) 

-= to - (~'~)* (w=) = to - �89 dZd log ]g~'(eo) [ 

1 
ffi�89 "t log ]--~-[-~-i + �89 log I~V A "1 

IroAal 
= �89 dd • log ~ = ~*(�89 dd • log II w: ll). 

Because Q* is injective, this proves the assertion of the Lemma, q.e.d. 

Again, let V be a complex vector space of dimension n + 1 with a Hermitian product 

(I)- Let O < . p < n  and define r = n - p .  For each ~G(~(V), define the Levine(1) ]orm o/ 

order r by 
1 r--1 

A(~)  = (r  - 1 )------i. ,=o y 0(~)"  A/5  ' - ' - 1 .  

Then A(a) is a non-negative, real analytic form of bidegree ( r - l ,  r - l )  on P (V) -E(a )  

with dA(~)=0. For r = l  is A(~)=1. The following Lemma is due to Levine [12]. 

LEMMA 3.4.(~) Let V be a complex vector space o /d imens ion  n + l  with an Hermi t ian  

_product ( [ ). Let 0 <~ p < n and r = n - p .  Take  o~ e ( ~ (  V) then 

add. log IIw:~ll A A(a ) (w)=r .  15,(w) 
]or w e P ( V ) -  B(a). 

Proo/. According to Lemma 3.3 is 

1 r--1 
�89 log IIw:~ll ^A(~)=~-O(~)A V., Z r ~ '-1-" 

Y~O 

1 
= ( r -  1)! (~o'-~(a)')=r" ~o, 

because r  according to Lemma 3.2, q.e.d. 

Now, it shall be shown that  certain integrals exist which involve the Levine form. 

(l) See Levine [12] and Chern [3] (44). 
(2) See Levine [12] (9). 
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LI~MMA 3.5. Let M be a pure m-dimensional complex mani/old. Let V be a comple x 

vector space o/ dimension n + 1 with an Hermit ian product (I)" Let r GIN with p = n -  r >~0 

and q = m - r >10. L e t / : M - +  P(V) be a holomorphie map which is general o/order r /or  a f ~v(  V). 

Let g be a measurable di//erential [orm o/bidegree (q + 1, q + 1) on M with locally bounded, 

coe//icients. Let K be a compact subset o / M .  Then 

is integrable over K.  

1 
log ~ [*(A(a)) A 25 

IIl:Ztll 

Proo[. I t  is sufficient to show, that  for v=O, 1 ..... r - l ,  the form 

1 
~0 = log ~ / * ( ( I ) ( a ) ' )  A l*(~ r - l - ' )  A Z 

l l t : ~ l l  

is integrable over a neighborhood of each point of K. Take a r K .  If  a$/ - l (E(a)) ,  this 

form is real analytic in a neighborhood of a, hence integrable over any compact subneigh- 

borhood. Hence, suppose that  a f / - l ( $ ( a ) ) .  Now, apply Lemma 2.5 with the same nota- 

tions. Define g =~ol o/[ A. Then g = no + ~ 1/~ n~. Hence 

II1: 11 
[gA a o A . . . A a v [  i n 

l a l ' l aoA. . .  A a,I a~ A 

1 - 

I/"l')' 191 

1 
Hence 10g i1[:~[ [ log ]g [ - log  ]~]. 

Define ~, and ~ as in Lemma 3.1. Then ~ o g =  ~ and 

/*(r = g*o~*o~* (0) = g*~ ~ 

= ( (~og)* (~ ) - -q~*(~ )  = �89 log [q~l 2 [q~]2 [~0[4 

Define ~(3)= I sl for ~ fC r -  {0) and ~(0)=0 .  Then ~ is a non-negative form on C r 

with locally bounded coefficients. Hence [*(~(~))= I~I-~0"(~) almost everywhere on A, 

where/*(s is measurable and has locally bounded coefficients on A. 

Let  A o be compact neighborhood of a with Ao~ A. Apply Proposition 1.7 twice using 

the tables 
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,7 I - I ~  ,Iql l. 
" l ' l ' l"  

I 1 1, '1,101 " 

,I, ,  K] x 
m-v A, [ t . (~-1- ,)  ^Z 

~-~,  A. ] loglgl/*(~ ,-~-,) ^ z  

~o 

Therefore, the forms 

1 1 
- -  * ~" / * ( ~ ' - ' - ' ) A Z = - l o g  I~[I*(O(~))AI*(~ ' -~- ' )AZ log ~ ~ ( ~ )  A 

I~1 

and 
1 

]~p ]~,, ~*(D., '~') A log [gl f * ( ~ " - ' - ' )  A Z = log [g[ .f*(r A f,(~r-z-,,)  A Z 

are integrable over A 0. Hence, their sum ~ is also integrable over A0, q.e.d. 

LV.MMA 3.6. Let M be a pure m-dimensional complex manifold. Let g be a complex 

vector space o/dimension n-t-1. Let tEN with p = n - r  >~O and q = m - r  >~O..Let /: M--~P( V) 

be an holomorphic mal~ which is general of order r for o~ E (~( g). Let Z be a measurable differ- 

en$ial form of degree 2q-t-1 on M with locally bounded coefficients. Let K be a compact subset 

of M. Then 
d" log II/:=ll ^/*(A(=)) A z 

is integrable over K. 

Proof. I t  is sufficient to show that  for v=0 ,  1 ..... r - 1  the form 

r = d" log Ill: =ll ^ 1"(r A I*(~;,'-'-') ^Z 

is integrable over a neighborhood of each point of K. Take a e K .  If a~/-l(J~(=)), the 

form y is real analytic in a neighborhood of a, hence iategrable over any compact sub- 

neighborhood. Hence, suppose that  ae/-l(~,(oO). Now, apply Lemma 2.5 with the same 

notations. Define 

g=d'ollA=,o+'5.l.a. 

and ~0= (f•+l . . . . .  /n) : A - ~ .  As in the proof of Lemma 3.5, it is 

log llf:=ll =log I~l-log Igl 

Moreover, 

/*(~(a)) -- ~p*(~) on A. 

i ( d ~ l ~ ) - ( ~ l ~ )  i(dglg)-(gldg) 
d" fog II1:=11 = ~  M '  ~ lgl ~ 
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Define 
i 

~1=~ I~l -~ (d~l~) A 1" (O(~)') A l*(~b '-~-') A X, 

- i  
~ = --d- I~l-~(~[d~) A 1"(0(~)') A 1,(~,-1-,) A Z 

- i  
n =  T Igl-~(dglg) A 1"(0(=) ~) A 1"(~-1- ')  A X, 

i 
74=~  [gl-~(gldg) A 1"(0(:r A 1,(~,-1-,) A Z. 

Now, measurable differential forms Z.~ of bidegee (/x, v) with locally bounded coefficients 

exists such that 
z = Y z~,. 

~ + ~ = 2 q + l  

Then Z1 = 1"(~'-1-~) A Zq. q+ , 

X2 = I*(/6 ~-1-') A Z~+l. r 

. i (dglg) 1,(~),-1-,) 
x , - ~  lal A ^X,.,+,. 

i (aldg) 
24=2  ]g--T- A/*(b~-I-')AZq+I'q 

are measurable differential forms with locally bounded coefficients on A. Define ~1(0)-- 

~(0) = 0 and 

nl(~)=~ I~1 A(131~) ~, if ~e -{0} ,  

(S) = (l~l~e) ,. 

Then gl I and ~ are measurable differential forms with locally bounded coefficient on A. 

A comparison of bidegrees shows that  

1 

1 

- 1  

1 
r4 = ~ - p  ~*(a)  A ~,. 
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Let A 0 be a compact neighborhood of a with Ao~_A. Apply Proposition 1.7 four 

times using the table 

" o r o l  o ' 0 "1  o - ' - '  ~  ' 

" o r o '  o  1".0 " 1 "  ~  ~   '1 '10 ' 

Hence, 71, 73, 73 and 74 are integrable over A 0. Therefore 7 =71 +73 +7a +74 is integrable 

over Ao, q..e.d. 

LEMMA 3.7. Let M be a pure m-dimensional complex mani/old. Let O <s <q < m. Let X 

be a non.negative/orm o/bidegree (s, s) on a subset A o~ M.  Let V be a complex vector space 

o/ dimension n + 1 with an Hermitian product ( I )" Let r = m - q and p = n - r. Suppose that 

O<.p<n.  Let / : M ~ P ( V )  be a holomorphic map which is general o /order  r / o r  o~E~(V) .  

Let a E A - / - I ( E ( a ) ) .  Then /*(A(a))A Z is a /orm o/ bidegree ( r - 1  +s, r - 1  +s) which is 

non-negative at a. 

Proof. Because 
1 r -1  

l*(A(a)) A Z ( r -  1) .T ,~o 5 t ,(r  A 1"(/5) r- l -v A Z 

and because/*(A(:r and/*(~)  are non-negative (II  Lemma 2.5) and because both have 

bidegree (1, 1), the form/*(A(g)) A Z is non-negative at a, according to I I  Theorem 2.6, 

q.e.d. 

w 4. The First Main Theorem 

Stokes' integral theorem will be used in the proof of the First Main Theorem. Let M 

be an oriented differentiable manifold of class C ~~ and pure real dimension m. Let S be a 

pure s-dimensional, oriented differential manifold of class C k with k >~ 1. A map/ :S--)-M 

of class C k is said to be regular if and only if the rank of the Jacobian of / is the minimum 

of m and s for every point of S. The pure s-dimensional, oriented manifold S of class C k 

is said to be a submanifold of class C k of M if and only if S is a subspaee of M and if the 

inclusion map j : S ~ M  is of class C k. The submanifold S is said to be smooth if and only 

if j is regular. 



A G E N E R A L  FIRST MAIN T H E O R E M  O le V A L U E  D I S T R I B U T I O N  I I  155 

Let H be an open subset of M. The pure s-dimensional oriented manifold S of class 

C k is said to be a boundary mani/old o / M  if and only if the following properties are true: 

1. S is a relative open subset o / H - H .  

2. s = m -  1, and S is a smooth submani/old o] class C k o / M .  

3. I]  aES ,  then an open neighborhood U o / a ,  an open subset U ~ o / R  m-l, an interval 

I =  { x l x e R  , Ix I <~} with ~ >0 and di//eomorphic maps 

a : U - - > I x U  ~ f l : U O S ~ U  ~ 

o/c lass  C ~ and with a positive Jacobian, and a sur]ective map g: U ~ I o/class  C k exist such 

that 
a(x) = (g(x), fl(x)) if xe U 

U n H = {x lxe  U, - 7  <g(x) <0} 

v n ~ = {x[xe u, g(x)=0} 

v nz7 = {xlxe u, ~ >g(x)>0).  

If  S satisfies conditions 1 and 2, then one and only one orientation of S exists which 

makes S into a boundary manifold of class C ~. If  M is a complex manifold of pure dimen- 

sion m, these remarks apply also, because M can be considered as a real manifold of dimen- 

sion 2m. 

Let M be a differential manifold of pure real dimension m. Then a differential form 

of degree n on M satisfies locally a Lipschitz condition, if and only if for every a E M ,  

a diffeomorphic, orientation preserving map o:: U ~  U' of class C ~ and functions ~ on U 

and a constant L exist such that  

1. U is an open neighborhood o / a  in M and U' is open in R m. 

2. I / o :  = (x 1 ..... xm), then 

= ~ ~ d x ~ a  ) A ... A dx~(n) 
r163 

on U. 

3. I / x  E U and x'  E U, then 

I~r -~r  <~L I a(x) - ~ ( x ' ) l .  

If  ~ satisfies locally a Lipschitz condition, Shen ~ is continuous, and almost everywhere 

d~ exists. Moreover, if n = m - 1 ,  then d~ is integrable over every compact subset of M. 

THEOREM 4A. (Stokes) Let M be an oriented di//erentiable mani]old o /c lass  Coo and 

with pure dimension m. Let H =4:0 be an open subset o / M .  Let S be empty or a boundary 
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man#old of class C k o / H  with b >11. Let ~ be a form ol degree m -  1 on M with support T. 

Suppose that H fl T is compact and S ~_ (H-H) A T. Then 

For  a proof of this well-known Theorem see, for instance, [18] Satz 8. 

For  the rest of the paper,  the following assumptions shall be made:  

ASSUMPTION 4.2. Let M be a pure m-dimensional complex manifold. Let V be a com- 

plex vector space of dimensional n § 1 with an Hermitian product (]). Let r be a positive 

integer with p = n - r ~ O  and q=m-r>~O. Let ~E(~(V) .  Suppose that f:M--~P(V) is a 

holomorphic map which is general of order r /or  o~. On M, an exterior differential form Z of 

class C 1 and of bixlegree (q, q) is given. 

I f  u and v are functions of class C 1 on M and  if ~ is a differential form of bidegree 

(m - 1, m - 1) on M,  then ~u A ~v A ~ has bidegree (m § 1, m - 1) and  ~u A ~v A ~ has bidegree 

( m -  1, m § 1). Hence both  forms are zero. Therefore 

Hence 

du A d• h ~ = i(~u § h (~v---~v) h 

= i(~v A au+~u A av) A ~. 

du A d• h ~ = dv h d• h ~. 

PROPOSITION 4.3.(1) Let H be an open subset of M. Suppose that H is compact and 

that S = H - H  is empty or a boundary manifold of H. Let i:S~M be the inclusion map. 

Let v 2 be a/unction of class C 2 on M. Define 

= log A A x.  

Suppose that at least one o/the/ollowing assumptions a) or b) or c) or d) is true: 

a) The form ~ (that means ~*(~)) is integrable over S. 

b) The form i*(~) is non.negative on S. 

c) The ]orm i*(~) is non-positive on S. 

d) The ]orm g is non.negative. For every a e S an open neighborhood U o / a  exists such 

that ~(z)>~(a) q z e U  n i l .  

Then ~ is integrable over S and 

(1) F o r  r = 1, c o m p a r e  S to l l  [21 l ,  S a t z  6 .2 .  
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fslog Ill:all l*(A(a)) ^ a~,A z 

= l a w  A d~ ~og Ill:~ll A/*(A(a)) A z + f l o g  Ill:all/*CA(a)) ^ da'v, ^ Z 

- f, log Ill:all/*CA(a))/x el" v, Ix dZ. 

(1) 

Proo/. At first, observe, tha t  the existence of the integrals over H is implied by  Lemma 

3.5 and Lemma 3.6. 

At first, it will be shown, that every point o[ H has an open neighborhood A such that 

the theorem holds i[ X has compact support in A. 

Take a EH. I f  a ~/- l(~(a)) ,  take an open neighborhood A of a such tha t  ~ fl/-Z(E(a)) = O. 

Suppose tha t  Z has compact support  in A, then all the integrands of (1) are continuous 

on M and ~? is of class C 1 on M. Therefore (1) is an immediate consequence of the Stokes 

integral theorem. 

Suppose that  a EH n/-1($(a)) .  Determine an open neighborhood A of a, holomorphic 

functions [1, -..,/n and an orthonormal base a = (a0 ..... an) of V as in Lemma 2.5. Hence 

e(a0) =/(a)  and 0(a0 h ... h an)=a.  Define 

n 

g=ao+ Z/,o~=d~oll A, 
v = l  

,p = (h,+~ . . . . .  1,,) : A  -.- C". 

Then log II1:=11 =log M - l o g  Igl, 1"(r 

Take a function ~ of class C ~ on R such tha t  0 <~(x)~< 1 for all x e R  and ~(x)= ) 

if x ~< 0 and ~(x)= 1 if x >~ 1. A constant B > 0 exists such tha t  

21~'( ,~) I < B  ~ e R .  

:For 0 > 0, define a function g0 of class 0 ~ on R by  setting 

Then a) For  xER is O~go(x)~l .  

b) For x e R  is olg;(~)l <B. 

c) For x < 0 / 2  is gQ(x)=0. 

d) For x~> 0 is go(z) =1.  
Define 7Q on M by  setting 
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rg~(]~0(~)l) if zfiA, 
F~(z) = l 1 if z E M -  A. 

Then Y~ and y~[S are measurable functions on M respectively S. Moreover, ye[A is of 

class o=.  Moreover, r~lA is zero on the open neighborhood A o =  {zll~Cz)l < 0/2, z e a }  of 

A n ~-1(0) = A  n l-~(~(a)). 

Suppose that  g has compact support in A. Then YeZ is a form of class C 1 on M which 

is identically zero in an open neighborhood of/-a(E(a)).  Therefore Stoke's Theorem implies 

fsy clog ]]/:a]] ]*(A(a)) dX~2 h A Z 

f re d log l i t :  a II A/*(A(a))/x d'v., h Z 

f~,, log II1 ::,11 I*(A(:,)) A d.d'v, A X + 

- f~,o log 11I: all I*(A(~))/ ,  '~"e A dZ 

+ flog I l l :a l l  d~,o/,, I*(A(~)) A d-~,/, dx. 

According to Lemma 3.5 and Lemma 3.6, the forms 

d log lit: all A/* (A(a) )  ^ d-'-,,o A X = d~ A d' log II/: all ^ / * (A (a ) )  A X, 

log ]11: alll*(A(a)) A dd-bp A X and log []1: alll*(A(a)) A dalp A d x 

are integrable over/17, hence also over H. 

If zEM-l-i($(a)), then yQ(z)-+l for Q-~0, where I~o(z)l ~< 1. Since H n ] - ' (~ (a ) )  is a 

set of measure zero on H, this implies 

Hyqd log ]l/: a]]A/*(A(a)) A dZ~0 A g 

for Q-~ 0 and 

fHyq log I l l a l l  l * (A (a ) )A  gd'~, A x 

--',- f,~ d~ 2 A d • log II 1:~11 A I*(A(~))  A X = I ,  

f .  log II t: ~ [[/*(h(~)) A ,~'v, A x = I .  
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for ~ -+ 0 and 

f re log lit: all l*(A(a)) A d'yJ A dg 

for Q~O.  

On A is 

f log I l l :a l l  l*(A(a)) A d'y., A dx = I n 

, 1 
dre = gg([~])d]q~] = ge (]q~[) ~ ((d~[ V) + (~ ] d~)), 
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where [g~(]~v])[~][ ~<B on A for all ~>0 .  Define 

J~(e) = fHl~ II/: a II dro A l*(r A l*(~'-'- ')  A d~V, A Z, 

(e) = f l o g  II1: all dee A l*(h(a)) A d~o A Z. J 

1 r - 1  
Z g~(e). Then J(e) ( r -  1)! ,=0 

Let T be the support of Z. Then T is a compact subset of A. For 0 < Q < 1, define 

<1(.)1<0} L ( ~ ) = { z ] z 6 T ,  ~ 

On M define the continuous forms 

Zl =/*(&~-~-~) A 0~ A g, Xa -- log  ]g [g,,  

Z~ = 1,(~-1-~)A ~pA z, Z, =log ]gig*" 

On (3*-- {0} define the forms 

For $=0 define ~v(0) =0 for v = l ,  2, 3, 4. Then ~v for v = l ,  2, 3, 4 has locally bounded 

and measurable coefficients on (7. Define h e on A by 

h0(z) = Iv(z)Ig(l~(z)l).  

Then ]he(z)] ~<B for all q > 0  and all zfiA. Then 
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log I[t :~11 dr~ ^ 1"(r ^ l*(~ '-1-') A d',p A X 

1 = 0og [,p[-log [H)g;([,H) 2 - ~  ((,~l,p)+ (,~[d,p)) a ,p*(~') A I*(~'- ' - ' )  a i (0~-  ~ )  A Z. 

1 1 
= --hq log I(p] ~ (j0* (~'~1) A X l - ~ h  q log lqq ~ ~*(a,) A Xz 

1 1 
+ h o ~  r A z ~ -  h. ~ ~*(n,) A z, 

I ~ 0 1  1 7 ' 1  

For 2 = 1, 2, define j X(0)____fL hqlog 1 1 ,~, [~l 1~1 ~'+~ ~* (~ )  A x~. 

For 2 = 3, 4, define 
L 1 

J~ (0) = (q) he ~ ~0*(f2a) A Xa. 

Because dTQ has its support in L(Q), this implies 

J,(e) -- + g,~(e) - j2(9) + j~(Q) _ j4(e). 

Now, apply Proposition 1.7 four times 

1.7 M [ 

Here I A I 

Here II A ( 

Here III A [ 

Here IV A [ 

o , I  , I q  o v 
v m - v -  1 m - - v  �9 I , I q  

, I  

s I 
1 ~v+l I 

, ,[ 
0 v+l  I 

o ~+I m - Y  m - - ~ - - I  

fl, he 

fl, he 

fl, he 

Therefore J,~(0)-~0 if ~-~0 for ; t= l ,  2, 3, 4 and 

for v=O, 1 ... .  , r - 1 .  Hence 
J(~)-~0 for 

Therefore, the following limit exist 

~,=0, 1, ..., r - 1 .  Hence Jp(~)-~0 if 0-~0 

~-~0 

F = Q~olim fsro log II f :~  II I*(A(~)) A d'V A Z 

with I ~ = I a + I~ - 13 

Now, the different cases a) b) c) and d) have to be considered: 

a) Because 0 ~<Ye ~< 1, because ~,o(z)-~ 1 for ~-+0 if z E S -]-1(~(~)), because f-l(j~(:r fl S 

is a set of measure zero on S and because ~ is integrable over S, it follows 
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l"  
F j log III:~11/*(A(~)) A d'v~ A g ,  

which proves the theorem if the support of g is compact and contained in A. 

b) If j*(~/) has a non-negative density on S, then 

fsT~J*(~)~ fs]*(~) <<- ~176 

if ~-+ co by the same reasoning as in a), and 

~>F=limfsYqJ*(~])=fsJ*O])=fz~o.->o 

which proves the theorem if the support of g is compact and contained in A. 

c) Replace ~ by - ~  and the case reduces to the case b). 

d) If  Z is non-negative, so is/*(A(~)) A Z- According to Stoll [21] Satz 4.5, ?'*0]) is 

non-negative. Hence the case reduces to the case b). 

Now, consider the general case. Finitely many points a 1 ..... a8 in H and finitely many 

open sets A 1 ..... A~ with a~,EA~ exist such that  the Theorem is true if the support of g 

is compact and contained in A~ and such that  Hc_AI 0 ... (} As. Take function gl ..... g~ 

of class C ~~ on M such that  0~<g~<l on M and such that  the support of g# is compact 

and contained in A~ and such that  ~$=1 g~,(z) =1 if zEH. If a, b, c, or d is true for g then 

a), b), c) or d) are true respectively for g~z. Hence 

f log II/: ~ II/*(A(~))/~ d'V,/~ gox 

= f .  dr, A log II/: ll A/*(A(=)) A goX+ f log  A dd" A g~g 

- fn1Og II/:~11/*(A(~)) A d~ A d(g~X). 

Because ~=xg . (z ) - -1  for zEH,  addition yields formula (1) with all integrals existing, 

q.e.d. 

I t  is remarkable, that  Stokes Theorem still holds for such a singular integrand as in 

formula (1). If ~p and log II/: ~11 are exchanged, then the singularities become so strong as 

to invalidate the Stokes Theorem. However, a residue Theorem can be proved, which 

will be the base for the First Main Theorem. 
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THEOREM 4.4. (A residue/ormy~a).(1) The assumption 4.2 is made. Let H be an open 

subset of M. Suppose that H is compact and that S = J H - H  is empty or a boundary manifold 

of H. Let j : S--> M be the inclusion map. Let ~p be a continuous/unction on H,  which satisfies 

locally a Lipschitz condition on H. Let K be the support of ~v Z on S. Suppose that S~ = 

K N/-1($(a)) is a set of measure zero on/-1($(a)).  Sulrt~ose that 

is integrable over S. Then 
r / =  y.,d ~ log 111: all ^/*(A(a)) /~ z 

s y,,d' log II 1 :a II A/*(A(a)) A z 

= f ,  a,,, A a- ]og II I :a  II A l*(A(a)) A Z 

-fny.~d" log I l l :a l l  A l*(A(a)) AdZ 

f, 2 ,f, ,,(z;a)wz. + 2 r v,,l*(/~.)/x X -  ( r -  1)-----~ .I~c~(.~ 

Remark: If  q =0, then g is a function and the last integral means summation over the 

finitely many points of H f3 f-l(~(a)).  

Proof. At first, it will be shown, that  every point of H has an open neighborhood A 

such that  the theorem holds if Z has compact support in A. By Stokes' Theorem, this 

is trivial, if a e H - / - l ( $ ( a ) ) .  

Take a E H  N f-l(~(a)).  Construct A, fl ..... fn, a=(ao ..... a,), 9, r ~, B, gq, 7Q as in the 

beginning of the Proof of Proposition 4.3. Suppose that  Z has compact support T in A. 

Then 7QZ is a form of class C 1 on M, which is identically zero in a neighborhood of f- l($(a)) .  

Therefore Stokes' Theorem implies: 

f nwa* log 111:~11/x I*(A(~))/x Z 

= f jod~ A a" log II1." all A l*(A(a)) A X 

- f ,  fl,0~,d' log III: ~11 A l*(A(a)) A dX 

(1) F o r  r = 1,  s e e  S to l l  [ 21 ] ,  S a t z  6 .3 .  
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f ,  n~dd" log II1:~11 A l*(h(~)) A Z + 

+ f ~  at,  ^ a' log II 1: ~II A 1" (A(~)) ^ z. 

Now, the limit of these integrals for Q-+0 has to be studied. They are denoted in order 

by 1(~), 11(~) ..... I4(~) such that  

~(e) = z~(o) + z~(o) + z~(e) + z~(e). 

According to Lemma 3.4 and Lemma 3.6, the forms 

dv A a~ log II1:~11 A/*(A(~)) A X, 

~, d" log IIt:~11 A/*(A(~))^dx,  

are integrable over H,  hence also over H. Moreover, 

J*(O = ]*(~ a~ log Ill: ~ll A/*(A(~) A Z) 

is integrable over S by assumption. On H, the set H 13/-l(~(a)) and on 2, the set 

S I3]-1(E(~)) are sets of measure zero. Because 0<?q~<l and because ?e(z)-~l for Q-+0 

if z e H  _/-1($(a)), it follows that  

I@ ~ fj~d" log II I: ~I1 A/*(A(~))Z I 

l,(e)-, f d~ ̂  d~ log II I: ~ II A/*A(~)) A z = i~ 

- log Iit: A/*(A(a)) A d Z  = 12 

13@ ~ 2 r fH~/*(iS,) A Z = I3 

for ~ 0 .  Hence 14=lime_,o I4(~) exists and 

I = Ix +12  +13  + I 4. 

I t  remains to compute the limit I 4. Define 

L(a)={z[zET with ~ ~<]~(z)]~<~}. 

1 1 -  672906 Acta mathematica. 118. I m p r i m 6  le 19 juin 1967. 
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Then I g o )  = f v/d7 e A d" log l i t :al l  A/*(A(a)) A Z. 
jr .  (o) 

for 0 < Q < 1. For  v = O, 1 . . . .  , r - 1 define 

= f v/dr A d' log II/: ~ II A/* (O(~)') A 1,(~,-1-,)  A Z. J,(o) 
jL  (0 

I ,-1 
J'(t)). Then 14(0) (r--  1)! , -o 

For  v =0 ,  1 . . . . .  r - 1  define the continuous forms 

Xl = 1,(~,-1-~) A v/Z 

Z, = ~ log Igl At,(~,-1-,) Av/x 

za = ~ log l al A 1"((.o r-l-~) A v/X 

on A. On ( 7 -  {0}, define 

~1(~) = (d313) A (3 Id3)^ 131~'-" ~ ~', 

D,(3) = (d315) A 131 ~"-1 ~ " ,  

For  3 = 0  define D~(3)=0 for 2 = 1 ,  2, 3. Then  ~x  for 2 = 1 ,  2, 3 has locally bounded  and 

measurable coefficients on C r. On A define h e by  sett ing 

ho(~) = I~(~)lg~(l~(~)l) 

Then [ho(z)[ <~B for all o > O  and all z 6 A .  On A is 

I~1  ~ 

d" log II/: all =d- log I~ l -d '  log lal, 

where ( (~  I ~)+ (~ I ~ ) )  A d" ~og I~1 

i 
= ~ ( (~  I~) + (~1~)) A ((a~ I~) - ( ~ l d ~ ) )  

i 
-i~ (a~l~) ^ (~la~). 
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Therefore 

,~y~ A d~ log II1:,~11 A 1"(r A l*(~,  ~ -~- ' )  A Z 

1 i 1 
- v~(Ivl) ~ (dqJIOA(vIdv) Aq~*(~.')AZ,+~g~(I~'I)~] (dvlq~)^ ~'*(.~')A Z~ 

i h~ 1 i 1 i 1 = - ~  ~ ~*(~I)AZl+~h~ ~*(~)AZ,--~h~~*(~,)A~. 

For  0 < p < 1 and ~ = 0, 1 . . . . .  r = 1 define 

L ' gl (e) (g) hq ~ (~D*(~"~I) A ~1 

1 . 

1 
J~ (e)= (Q) h e ~ ~*(~) A ;~. 

- i  i i 
Then  j ,  (p) = - 2 -  j~  (~) + 2 j~ (p) _ 2 j a (p). 

:Now, apply  :Proposition 1.7 three times: 

" ~ 1 7 6  ~ " I ~ I ~  0 . + , l ~  o . ,  . ~  I ~ 1 ~ ,  O, ~o 

HereIIII A m ~o I r I q 0 v v+l m - .  m - ' - I  [ T I Zs ~s h0 

where in I the case v = r - 1  has to be excluded. Therefore 

J~(~)-~0 for Q->0, 

if ~ = 1  and v = 0 ,  1 .. . . .  r - 2 ,  and  if ~t=2, 3 and  ~=0 ,  1 .. . . .  r - 1 .  

Hence 
Jv(~)-~0 for q-~0  v = 0 ,  1 . . . . .  r - 2 .  

i 1 
- -  l i r a  J ~ - I ( Q ) .  Hence Z4 -- 2 ( r -  l) ! q--,o 
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Let  A o be an open neighborhood of T with ~I o compact and with ~ 0 ~ A .  Define 2o(~) = 

ge(]~[). Then 

i j1-1(~ = fA d" log ]~[ ^ d~o~ ^ ~*(_~,-1) ̂  ~Z. 
2( r - -  1)! .nn 

Here, AoNH is an open subset of A with AoF~Hc_.~oC_A where ~IoNH is compact. Let  

K o be the support of ~X in Ao N H - A  o N H.  Then 

A o N H - A  o N H _ ~  o N H - A  o N H___ ((-~o-Ao) N/t) U (A o N S). 

Because K o N (4  o - A o )  = O  and because K o N S~_K N A, it is 

K o N ~-~(0)___ K o N (A o N S) N ~-1(0)_~ K N A N/-~(~(~)).  

Hence K o fl ~0-~(0) is a set of measure zero on ~-1(0), respectively empty if q =0.  

Lemma 1.8 implies 

2 ~" SA ~,~Z for ~-~ 0. i lim JrX_l(~) (r-- 1)! ,nz~ne-x(o) 14= 2(r- -  1)! e~o 

_According to Lemma 2.5 is ~(z) =vs(z; ~) for every simple point of ~0-1(0) N A =A  fl/-1(/~(~)). 

Because % has compact support in A0, this implies 

I ,  = ( r -  I )  I ~ AenHn~-x(o) (r--  I )  ! rff-1(/~(~)) 

wMch proves the Theorem if Z has compact support in A. 

.Now, consider the general case. Finitely many points a~ ..... as in 11 and finitely many 

cpen  sets A~ ..... A, with a,,,EA,~ exist such that  the Theorem is true if the support of Z is 

compact  and contained in Ar and such that  H___A x U ... U A~. Take functions g~ ..... g~ of 

class C ~176 on M such that  0 < g ~ < l  on M and such that  the support of g~ is compact and 

�9 ontained in Ar and such that  ~ - 1  g,Jz)= 1 if z EH. Then 

d.t II A /*(A(~)) A 

Z a r A a" log II1:~11 n/*(A(~)) ^ g z 

f~p d" log II/: ~11 A/*(h(=)) A a(~,x) 

+ 2 r ~o/*(/b,)/x g~Z-  ( r -  1) ! ns-~(~(~)) 

Because ~-g-1 ga(z) = 1 for z ~ H,  addition proves the theorem, q.e.d. 
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For any number n E N, define 

167 

W(n) n! 

as the volume of the ball of radius 1 in C ~. By setting ~ ~ 1 in Theorem 4.4, the so called 

unintegrated Firs6 Main Theorem is obtained: 

TH~ ORV.M 4.5. (The unintegrated First Main  Theorem.) The assumptions 4.2 are made. 

Let H be an open subset o / M  such that H is compact and such that H - H  = S is empty or a 

boundary mani/old o/ H. Suppose that S N/-1($(6~)) iS a set o/ measure zero on /-l($(0f)). 
Suppose that 

d~ log II/:~ll A l*(h(~))Ax 

is integrable over S. Suppose that d X = 0 on H. Then 

- W ( r )  l*(/b~) A Z. 

Remark 1. I /  q=O, then Z is a /unction and the integral over I I  N/-1(/~(~)) means a 

sum over this finite set. 

Remark 2. I / g  is non-negative, both integrals 

ns(H; a) = f vI(z; :r g 
JH nf-l(/~(a)) 

Af(H) = ~  /*(~,) A X 

are non-negative, where upon 

~,s(s; ~) = 2 = W ( r -  *) d~ log II I: ~ II A l*(A(a)) A X 

does not have to have a fixed sign. I t  is 

/zr(S; a) +ns(H; a) = As(H ). 

Remark 3. I / q = 0 ,  and g = l  the Theorem is due to Levine [12]. Observe, that then 

ns(H; a) = ~. v1(z; g). 
z E H  
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I / q  = O, and g satis/ies the assumptions, then Z is a/unct ion o/class C 1 with d r = O. Hence 

Z is constant on any component o /H .  Hence Theorem 4.5 is not more general then Levine [12], 

i/ q=O. 

Proo/. Set ~ = 1  in Theorem 4.4, q.e.d. If M - - H  is compact, then S=~.  Hence the 

following consequence is obtained: 

T ~ O R ~ M  4.6. The assumptions 4.2 are made. Suppose that M is compact. Suppose 

that dz=O on M.  Then 
1 

~_,(s(,)) vr(z; ~) ~ -- ~ 7 )  fM/*(w') ^ % 

which means that nI(M , a) = ~r-l(~(~))rf(z, a) Z is con.~tant /or every aE (~(V)  /or which / is 

general o/order r. Especially, i /  r = n and i / [  is q-/ibering then 

1 
ff_l(,),,(z; ~)Z= ~ - ~  f 1"(~,) A Z 

]or all a E P(V). 

Therefore Theorem 4.6 is a generalization of II  Theorem 3.8 if M is compact and 

/ :M-~P(V) is q-fibering. Theorem 4.6 asserts in this case that  the fiber integral is not  

only continuous but constant and even gives the value of the constant. Therefore the 

question arises, if the fiber integral is constant provided M is compact, /:M-->N holo- 

morphic and q-fibering with dim M - d i m  N = q  and dz=O.(1) 

ASSUMPTIONS 4.7.( 2 ) 

The assumptions 4.2 are made. In  addition it is assumed: 

1. In  M,  open subsets G and g urith compact closures G and ~ are given, where ~1~ G. 

2. F = G - G  is a boundary mani/old o/G. 

3. r = y - g  is a boundary mani/old o/g. 

4. The/orm Z is non-negative on M. Moreover, d Z = 0 on M. 

5. A continuous/unction ~p on M is given such that 

a) ~l(~-g)/8 o/das~ c~ on (B-g). 
b) ~'or z E M - G  is ~p(z) =0. For zE~ is ~(z)= R=constant. 

c) For z E ~ - g  is O<<.~p(z) <~R. 

6. For hEN is W(n)=re~/n! 

7. De/ine the compensation/unctions by 

(x) Added in proof: As it is easily seen, this is true and is a consequence of the continuity of 
the fiber integral. 

(2) Compare Stoll [21], IV page 77 and V page 80. 
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1 1 fy 1 
mI(Y; ~) 2-g W(r 1) log ~ / * ( A ( ~ ) )  A d ' ~ A  X 

1 I frlog~l.(A(~))Ad.~AX, *hi(r ;")-  2 ~ W(r-- 1) 

where d• on y and F is/ormed as the continuous continuation o~ d• on G -  

8. Define the valance/unction by 

2Vr(G; a)= fr-l(~(~))~(z; a) y,X 

9. De/ine the characteristic/unction by 

T , ( a )  = A Z. 

10. Define the deficit by 

2~ W(r~-lj ]og~l*(A(a))Add'y, AZ. 

If  these assumptions are made, then 

v,(z; a)~Z >10 

Hence Nr(O; a) ~ 0 

According to Stoll [21] Satz 4.5 is 

along F and y. Hence 

and yJ/*(o~,) hg~>0. 

and Tr(G ) >10. 

1 
10g ~ / * ( A ( a ) )  A d*W A Z >/0 

ii/-~11 

mi(y , a)>~0 and mI(F , a)>~0. 
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Hence the valence function, compensation functions, and characteristic functions are 

non-negative if the assumption 4.7 is made. 

THEOREM 4.8. The First Main Theorem. The assumption 4.7 are made. Then 

Nr(G; :r a ) -m i (y ;  a) = TI(G ) +At(G; a). 

Proo/. Let ~5 be y with the opposite orientation. Define H : G - g .  Then S = F U ~ is 

a boundary manifold of H and H - H = S .  Let  A be a function of class C ~176 on M with com- 

pact support in G and with AI~=I  and such that  0~<A~<I on M. Then 
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1 
~: = log ~ / * ( A ( ~ ) )  A d'~ A ~Z 

has density 0 along 1" and a non-positive density along 7" According to Proposition 4.3, 

~1 is integrable along ~, hence along 7. Observe, that  along 7 

1 
~: -- log ~ I*(A(~)) A d~!p A Z 

and that ~1 has a non-negative density on 7. Hence mr(7; a) exists. Define 

1 
n~ =log ~ l*(A(a)) A d'~ A (I --~t) Z. 

Then ~/2 has a non-negative density on F and density 0 on 7" According to Proposition 4.3, 

~ is int~grable along F. Observe that  along F is 

1 
~/~ = log ~ / * ( A ( a ) )  A d ~  A Z 

and has a non-negative density on F. Hence mr(F; a) exists. Therefore, log :/llt: alJl*(A(a)) A 

dl~  A Z is integrable along F U ~, but  does not have a fixed sign along F U 7. According 

to Proposition 4.3 is 

1 1 /" 1 
2:, w(r--1) J ~ l ~  A d ~  A z 

~- 2z~ W ( r - 1 )  d~AdJ'I~ 

1 1 ? 1 q 
2z~ W ( r -  1) l o g ~  J. l*(h(~)) A gd~  A Z. 

Because ~p is constant on g this implies 

L mr(r; ~)-m,(7; ~) 2 z~W ( r -  1) dv 2 A a~ log II/: ~ II A/*(A(~)) A x + ~,(a, ~), 

where especially all the integrals involved exist. According to Stoll [21] p. 62 Hilfssatz 1, 

the function ~ satisfies locally a Lipschitz condition on M. The support of IPZ on r is empty 

and 
d' log lll:all A l*(A(a)) A z 
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is 0 along P, hence integrable over F. Hence Theorem 4.4 can be applied with H replaced 

by  G and S replaced by  F which implies(i) 

o=2~w(r_l) a~Aa'loglll:o~llAl*(A(~))AX 

1 
fa ~l*(/.h,) A ;r - f v,(z; ~)~Z --F - ~ )  j aof-l(l~(~) ) 

or N,(G; a)= 1 1 fa 2~ w(,.-1) dV, Ad'logHI:o~]]A/*(A(~))AX+Tr(G). 

Addition implies 
Nt(G; a)+mr(F; a ) - m i ( y ;  a) = Tr(G ) +At(G; a) q.e.d. 

Now, it shall be shown, tha t  special known versions of the First  Main Theorem can 

be obtained from Theorem 4.8. 

1. Stoll [21]: Let  r=l. Then q=m-1. Suppose tha t  g is positive definite. Then 

v2=~(G ) can be chosen uniquely to G such tha t  dd'~p A Z = 0  on G - y  and such tha t  

l f  d* A l f r 2 ~  Z = 2 - ~  d l~A g = l "  

Then At(G, a ) = 0 .  Then Satz 8.2 of Stoll [21] follows for holomorphic maps. Satz 8.2 

holds also for meromorphie maps/ :M--+P(V).  

2. H. Weyl and J .  Weyl [29]. (Special case of 1): Take r e = r = 1  =g.  Then q=0 .  Take 

dd',fl=O in H=G-y.  Then ~v is a harmonic function on H. Adjust R such tha t  

=--1I a- o=l. __1 a'w 
2 ~  2~J~  

Then (4.2) p. 182 of H. Weyl and J .  Weyl [29] follows with At=0.  

3. H. Kneser [8], (Special case of 1): Take r = l = n .  Then q=m-1. Take M=(~ m. 

Take g =Vm-1. Take 

(1) If Theorem 4.4 would be applied separately to G - p  and g, then the ugly question of the ex- 
stence of the integral 

AX 

would arise. This difficulty is avoided by the application of Theorem 4.4 to 6/with ~ satisfying locally 
a Lipschitz condition. The same trick was already used in StoU [21] Satz 6.5. 
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a =  {31 131 <r) a n d g =  {3] 131 <ro) 

with 0 < r 0 < r. On G -  ~ = H define 

x(n ,  ,) 
~(3) -  2 m _  2 ~ - ~  r2 ~--2 

Then the First Main Theorem of H. Kneser [8], p. 32 follows in a somewhat modified 

formulation (see Stoll [19], p. 212 (1.7)). 

4. S. S. Chern [3]. Take r=m=n.  Then q=p=O. Take M = C  m. Take Z = I .  Define 

G, g and ~ as in 3. Then the First Main Theorem of Chern [3], p. 15 follows where 

I I o.'O" I I  O'1 
T h e r e  N ( r ,  A )  I ( r ,  A )  l ( r  o, A )  = e o n s t  T(r)  S(r ,  A )  - 2 m I (r ,  A )  - -  

o 1" 

Surprisingly, the same "choice" of y~ occurs in 3 and 4. Of course, the original approach 

in 3 and 4 did  not include a choice. Also Theorem 4.8 gives a clearer picture of the inte- 

grands of Nr, ml, T r and Af then tha t  was possible in [3]. 

I f  M = C  m and G={31 13] <r} and g={3] 131 <r0} with 0 < r 0 < r  , then Theorem 4.8 

suggests other choices for ~o and Z such that  A r has a non-negative integrand; for instance 

~o=log r/]3] on G - g  and vq on C m gives ddiv/Ag=2o)Avq on G - g ;  or ~o=�88 1312) on 

G - g  and vq on C m gives dda~oAz=(q+l)Vq+l on G - g .  

w 5. Open maps into the projective space 

Let V be a complex vector space of dimension n + 1. Suppose tha t  an Hermit ian scalar 

product ([) on V is given. Then (I)(~) and A(a) are formed for r=n that  is p=O.  For 

a E V - {0) define 

for 3 E V - E (a). I f  2 E C -  {0}, then 

&a(m) = ~ ~(~ ) .  

I f  g is a complex valued function of class C 1 on an open subset U of V and if g(lv)4:0 for 

r0 E U, then 

~o(g(~) �9 ~) = ~ ~(m). 
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For a E V - {0} define 

i 

for lye V - E ( a ) .  Because ~xa(g(iv)iv) =va(ro), one and only one form ~ of bidegree (1, 1) 

exists on P( V ) -  E(~) such that  ~*(va)= ~ where ~: V-~ {0}~P(V) is the natural projection 

and where ~(a)= ~. The fo rm  Ta is non-negative and idempotent, i.e. ~a A % =0. Hence 

~ is non-negative and 

L~'.MMA 5.1.(1) On P ( V ) - E ( a )  is 

~ _ ~  = ii~:wllSr 

Proo/. Define ze~: V ~  V[2] by ~( iv)  = iv A a where a Ee-l(a). Let  _~ : V [ 2 ] .  {0} ~ P(V[2]) 
be the natural projection. Then ~ :P(V) - E(a)-*P(V[2]) is well defined by zt~o~o =5 o ~ .  

According to the definition of ap(a) is 

e*(@(a)) (iv) = e*(~* @)) (iv) = (~D* (e*(b)) (iv) 

= (.;)*(o>) (iv) = i d e a  logJiv A al 

i _ 

= ~ ~ log [ (~ I iv) lal s -  (iv I a) (~ I iv)] 

= ~  l ivA al s [ ( iv ld iv) I~<lS-( iv la) (a ldiv) ]  

i 1 
2"1 iv A a I s [(aiv I div) I<~1 ~ - (div I a) A (al div)] 

i 1 
2 l iv A al '  [(div I iv) l a I s -  (div I a) (al iv)] [(iv I <~iv) l al s -  (~ I a) (al div)]. 

Hencc Q*(~) ( i v ) - l i l y  :all s ~*(r  

i (divldiv) i (divliv) A(ivldiv) 

2 livl s 2 livl'  

i (divldiv) i (divia)A (aidiv) 
2 livl s ~ l ivls lal  s 

(1) See Chern [3] (42). 
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i 1 
+ E ,'m A al' I ro 1 = l a I = r(aml m) lal ~ - (dm l a) (al m)]/x [(m I din) l al = - (ro l a) (a I am)] 

_ i  (an~la) ^ (alamo)+ i I(ro[ a)[" (dmlro) ^ (mlam) 
Iro/, al' 2 Im A al ~ Irol' 

i (mla) (dm[m)A(aldm) i (aim)(dm]a)A(m]dm) 
2 Iro,x al' Iml' 2 ImA al' lml ~ 

i 1 
_ lmAa[2[ (d lv [a )_~(dpo[ lV)]A[ (a ld lv )  (a]tu) 

i 
= ~ &(m) A &(m) = e*(~,) (m). 

Because ~* is injective, this proves the Lemma; q.e.d. 

I f  ~ E P(V) and r = n, then, 

A ( a )  - - -  
1 n--1 

E O(a)" A / ~ , - 1 - ,  
(n--  1) ! ,=o 

1 ,,-x 1 
- -  7~ ( & - ~ ) "  A & . - 1 - ,  
( n - - l )  ! ,=o I lw:~l l"  

1 n-1 ~ n - l - ,  
- - -  ~ ( & ' -  ~ =  A &,-1) 

( n -  1)!,=o If~;~-~" 

n-1 1 1 n-1 

= ~ ~ n - I  ~o II =" ~=A &-=" ,=o IIw:~ll =" = - l , =  IIw:~ 

n-1 l 1 ,I-1 
Hence A ( a ) =  ~ ~n-1 =~0 

,-o Ilw:~ll ~" n - a , =  IIw:~ll ~ ' ~ A ~ " - ~ "  (1) 

Let  M and N be oriented pure-dimensional manifolds of class Coo. Let  m be the real 

dimension of M and let n be the real dimension of N. Let  C~_M and A~_N, where A is 

measurable. Let  ~ be a form of degree n on A: Suppose tha t  for every uEA a form ?(u) 

of degree i~ is given on C. Take zEC. Let  ~ (M)  be the oriented C~176 of M. I f  

~ E ~ ( M )  with zE Ua, then 

~,(u) (z) = ~ ~(,,. m)7~(Z, U; a) d~(1) A ... A d~(,,). 

Then y(u)~ is said to be integrable over A at  z if all the integrals Say~(z, u; ~)~ exist. 

Clearly, this definition does not depend on the choice of ~, and 
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7(u) (z) ~= (~.,~) 

is independent of the choice of a. I f  7(u)~ is integrable over A for every z6C, then 7(u)~ 
is said to be integrable over A on C; moreover, a form ,[.47(u)~ of degree p is defined on 

C by  setting 

Obviously, the following rules hold: 

a) I f  71(u)~ and 72(u)~ are integrable over A on C, so is (71(u)+y~(u))~ I and 

b) I f  7(u)~ is integrable over A on C and if e is a form of bidegree q on C, then 

(r(u) A e)Y is integrable over A on C and 

c) If 7(u)~ is integrable over A on G if M '  is a pure m'-dimensional oriented manifold 

of class 0 ~, if ] : M ' ~ M  is a map of class 6 a and if C' =/-1(6r), then/*(7(u))rl is integrable 

over A on C' and 

d) I f  7(u)~ is integrable over A on C, if ~ is non-negative on A, if O is measurable 

and  if 0 is a measurable form of degree m - p  on 0 such tha t  7(u) h 0 is integrable over C 

and such tha t  (Sc ]7(u) A ~])~1 is integrable over A, then 

Now, the integral meanvalue 

1 l "  1 
W(n) J,,~p(v)l~ ~ A(a) A/b.(a) 

shall be computed. Some preparations are necessary: 

LEMMA 5.2. De/ine 
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and 

n - 1  

g(x) = (log x) ~, vx" /or x > 0 
v=O 

1 Ia =-~7ife,+e-I~'l'-'"-I~"l'g / I%1'+ "'" + la"l~] I~1'  ~.+l(a), 
\ ~  ... + / d ~ !  lad ' + ... + I-.I ~ 

then 
. - x  ( n  - 1 - -  v )  

Ia=,=oZ O, + 1)2 �9 

Proof. Withou t  loss of genera l i ty  ~ = 1. Subs t i tu te  

i 
a , = l / ~ e  t~,, ~ d a ,  A d ~ , = � 8 9  Adq~, 

f." yo" +,.) ,, and Ix - "'" e - t~  . . . .  ~ g kt 1 + . . .  + t .  tx + + t .  

Now subs t i tu te  (1) 

then  

dt l . . .d t  n. 

t o = V ( S x + . . . + s n )  O > v < l  O < s , < o o  

t , = ( 1 - z ) s ,  if ~ = 1  . . . . .  n 

t o t o + . . .  + t~ 
7 ; = t o +  . . .  + t n  8v = tv  t l +  . . .  + t n ,  

t o +  . . .  + t , ,  = s t +  . . .  + 8  n 
tx+ ... + t  n 

( l - - v )  t 0 + . . . + t .  

a ( t o  . . . .  , t . )  

a(z, s l , : . . , s , )  
=(81-]- . . ."]-8n ) ( 1 - - ~ )  "-1.  

Hence 11= ;~(l+.ls) (1--75)rt-ldTjf: f:e-sl- .... $aSldSl...d8" 
1 n - 1  

= log~-~_~ ~ r ( 1 - ' t ' ) n - l - ' d ' t  " 
vffi0 

f :  1 n-1 n - l ( n - - l - - ~ )  q.e.d. 
= l o g  ~ ,~o (n  - 1 - 1,) (1 --  1:)" d $  = , - o  ~ (r + 1)~ ' 

LEMMA 5.3. Define g(x) as in  Lemma 5.2. For 2 ~=~ the integral 

.§ kla, l *+  ... + la,121 lad * +  ...  + la,,[* Vn+l(a) 

exists and is zero. 

(1) See Woyl [29] p. 227. 
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Pro@ Obviously la.aol <�89 la.l~+ laor implies that  I~ o exists and II~l <�89 (I~+IQ). 

The substitution 
, [ a~ if # :#~  

a~'=l--a~ if /x=A 

shows that I~o= - I ~  o. Hence I~o=0, q.e.d. 

LEMMA 5.4. Let V be a complex vector space o/dimension ( n + l )  with an Hermitian 

product ( I )" Let u, ~, m be in V. For a E V, define 

i (a ,  u, ~, m) = (ula)(alD)+ l m l - ' l ( ~ l a )  l~(ul m) (m l v) 

- I  ro I-~,(,~l to) (,~l.) (to I t,) 

- I  ro I-~'(~o I a)c. I,)(~1 to) 
n- -1  

g(x) = log x ~ ~x" for x > 0. Define 

Then the integral 

f o. ( A(u,V, r o ) = r . _  g IIn~:all ~ ImAal = 
Vn+I (Q)  

exists and is 
1 0oIV)] ~ ' ( n -  l -v )  

A ( u , V , ~ v ) = [ ~  [m,2(tt,lv) .=o ~Sr-D i " 

Proo/. An orthonormal base e = (r ..... r of V exists such that 

~r = W0e0, 1[ = U0e0-['- U l e l ,  ~) = Voeo - [ -V le l -4 -v2e  2. 

Then a = ~=o'~ a~ e~ and 

L(a, u, ~, m) = l a~l ~ ulv~ + dla,ul~2, 

Iw A al ~ =lwol ~ (Jail, + . . .  + la.l'), 

t~'a ~ - Ia~  § 
�9 - ~ §  ~. 

Hence A(u, ~, m) exists and 

u 1 ~ 1 _ ?  1 n -  1 - v  ul~ 1 
A ( U ' D ' I O ) = / I ' ~ - 2 -  . o (v+l)~ Iwol ~ 

:Now 
(Ul V) (u l l v) (iv [ V) 1 

I~l ~ I~l' Iwol ~ ~1,~1, 

which proves the lemma, q.e.d. 
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L E M M A  5.5. $'or w E P ( V )  define 

then 

1 f= log 1 n-1 ~ ~(W) ~n(~), 

Proo/. Define Ao(ro ) = q*(A) 0v). Then (1) 

ao(Yl~ ) - 23~;+ 1 e - I " l ' l o g  lira:all, Zo l i r a : a l P "  "t"a(Yo)V~+l(a). 

i ~ o w  ,.(re) = ~ ~(ro) A ~.(ro) 

=!" (arola) ^ (aldro)~ i I(rola)l ~ (arolro)A (rolro) 
2 Im A al' ~ Im A al' Iml ~ 

2 IroAal' Ir~l" 2 IroAal' I~1' 

Hence, if ~ E ~(V) is a coordinate system, then 

i ~ 1 
~a(ro) = 2 ~.~. = o L(a, lv~, fez., re) ~ - ~  dz~ A d2.. 

Hence 

i ~ A(ro~.,ro~.,ro)dz.hd~. Ao(rO) = ~ .,.=o 

or  

n - 1  (n -- 1 - ~) i 
=.oo ~ (;-4 ~ 41re I ~ (I re I ~ (dn~ late) - (arol ~)  A (~o I arc)) 

1 ~ 1  n- -  1 - ~ ,  
=2 ,-o (~+ 1) ~ o~(ro) 

1 " - i n - -  1--~ 
A(w) =2,~o (~-q: 1~ ~(w), q.e.d. 

LEMMA 5.6. I /  weP(V) ,  &line 

1 F 1 ~-1 1 
.B(w) = ~ - ~  J~.v(,ol~ IIw:~ll ,~o IIw:~ll ~" ~;'(~) 

(1) See Weyl [29] p. 128 and Stoll [18] Hilfssatz 1 p. 142. 
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Then 
n-1  1 

B(w)=2 ,~o  (v+ 1) v 

Proo/. Take lv E V with p(to) = w. Then 

1 fv 1 n-1 I 
log llr,:, :all~,,,:5o llro:all++, v.+i(a). JB(w) 2 n-,,+ + x +-lap 

Using the same substitutions as in the Proof of Lemma 5.2, it follows 

I f l r : e - t o -  .... t, logtO+. . .+t ,~t~to+. . .+t ,Ydto . . .d  Q 
B (w) = 3 t+ + + t ,  ,:o \t l  + . . .  + t ,]  

I 1 n~l 1 " o+ 
l e  fil~ (i-~-+)(l-+),-'fo fo=+-~,, - .... ~(+.,+...++,,)d.+,....+,, 

n / "  1 ~-I 

= -  Jo  log ~ (1--T)"dt 2 F--~,=o 

n ~1  1 
=2 ,=o  ( v + l )  v q.e.d. 

PROPOSITION 5.7. Eor wEP(V) is 

1 fp log 1 A(a) A~.(a) 1 .~1 1 .. w(n) ,,,~ IIw:~ll = 3 , ~  ~ - - ~ i  "Ojrt-l" 

Proo/. According to (1) is 

1 frcr31og ~ 1 .. W(n) A(oO A ~n(<x)=B(w)~n-1 -n -  1 A(w) A oJ._s 

=++s  __1  . . . .  

2 ,=0 (v+ 1) ~o,-t 2(n-- 1),_o (v+ 1)" to A eo+-s 

1 n--1 1 
= 3 ,~=0 ~ / b ~ - i  (w), q.e.d. 

Now, the assumptions 4.2 and 4.7 with r = n and p = 0 are made. Then 

1 
log ~ ]*(A(a)) A d• A g 

iii .~ll 

has a non-negative densitiy along ~ and I'. Hence 
12-672906 Acta mathematica. 118. Imprim6 le 19 juin 1967. 

179 
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, f ( l l l  i W(n) ,P<v~ ~ W(n-  1) log ~ / * ( A ( a ) )  ^ d'~p A X) ~.(a) 

, 1 
_12= W(n-' 1) f r  ] ( ~  ~ , e c v ) l ~  A(a)~'(=)) Ad• Z 

=~,:o ~ + 1 2 =  W(n-1)  

Define the mean compensation function/~I(F) and ~uI(7) by 

~u1(F)" 2= W ( n -  1) d• A 1"(~.=1) A g, 

1 I ffw A /*(~n-1) A Z. ~s(7) = ~  W(n- I) 

Then these integrals have a non-negative integrand and 

fp 1 n-I 1 I mi(r, ~) ~.(~) = ~ ,~o ~ ~(r)  W(n) (~ 

f e  I ~ 1  1 I mlCr, a) ~n(~)= ~ ~ ~,(r). 
W(n) <~ ,:o 

THEOREM 5.8. Suppose that the assumptions 4.2 and 4.7 hold with r =n and p =0. 
Then 

TI(O)= 1 fp NI(a, ~) ~On(~). W(n) <~ 

Moreover, de/ins the mean de/icit by 

, , fo A-s(G) - 2= W(n - 1) ddZ~0 A 1"(~,-1) A Z, 

1 f 9  .. 1 . - 1  1 then W(n) (,~ Ai(a' ~) ~on(a) = ~ Zo ~ agO) 

and A_r(G) =/~r(F) -/~r(7)- 

Proo/. The map [ is open and q-fibering. According to II  Proposition 2.2 and its 
Remark is 
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1 fp 2vs(o ,~)~ . (~)  
W(n) <v) 

1 

'fo = W(n) ~/*(~o.) A z = TAO).  

Taking the mean value over the First Main Theorem implies 

1 n -1  1 
TAG) + ~ ,=Z o (re(r)-re(r)) 

=fs(a)+ l__l-__ W(n) fv(~ hAG' a,) &.(a). 

Stokes Theorem implies 
re(r) "m(~) =_As(a). 

Hence 1~1--~--1 A,(G)= 1 fp  2 ,=o v+  1 -- ~ (v)At(G,a)~,(a), q.e.d. 

The last formula could also have been proved by exchanging the order of integration, 

without the use of the First Main Theorem. 

THEORV,~ 5.9. Suppose that the assumptions 4.2 and 4.7 hold with r = n  and p = 0 .  

Suppose that u is a non-negative continuous ]orm o/bidegree (1, 1) on G such that ddlv2~w 

on G -  y. De/ine 
= 1 1 A,(o, U) - -  u A 1"(~o.-1) A Z. - 2~ w ( n -  ]j J o - ~  

De/ine b(G) = ~ - ~  ( ) 

as the normed volume o/the image o/G. Then 

1 .--1 
0<(1-b(O))Ts(a)<- ~ 1 2 ,=o ~ (As(~ u) + m(r))- 

Proo / .  Of course b(G) exists, because/(G) is an open non-empty subset of P(V) and 

1 fv  "" , O J n =  1. 0 < b(O) <~ ~ (v) 

Define ~ on P(V) by (~(a) -1, i f  aE/IG) and (~(a)=0 ff ~ / (G) .  If ~ / (G) ,  then N~(G, a)=0.  

Hence 
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SI, 1S.~vAG'~)~"(x)=TAa)" WCn) <v> 

Because ddX~o <u ,  it is 0 < u - d d •  

1 
0 ~< log ~ (u - dd~yJ) h/*(h(a))  A X. 

Hence A,(G, oc, <~-l- l f a ' 2~ W ( n - 1 )  _ l o g  uA/*(A(a))AZ. 

Hence N•(G, o:)<. Tr(G ) +ms( 7, a)+As(G, oO 

1 SP ~(~) mar, o~) ~o,,(o0 implies TI(G ) <~ b(G) T/(G) + ~ (v) ' 

1 S ,~(~)1 1 So 1 + ~ (v) 2z~ W ( n -  1) _ l o g  ~ / * ( A ( x ) )  A u A Z 

1 

ST mA~' ~) <. b(G) TI(G ) + ~ c v) ~'(:r 

~ ~ S~ (~(~)S.(~) l~ ~ ) + 2~ w._---~ _~ ~ / * ( A ( ~ ) )  ~.(~) ^ u ^ z 

or ~,Aa)<<.b(a)TAa)+! ~1 1 2 ,-o ~ (/#(~) +-At (G, u)), q.e.d. 

Let  g be fixed, and let ~ be the set of all open subsets (7 of M such that  q ~ y and 

or  compact, and such that  F = G - G  is a boundary manifold of G. Any function s(q) on 

can be considered as a Moore-Smith sequence, in respect to the set @ which is directed 

by  _~. Define the total deficit by 

1 Df =Hm - -  (~A7) + AAa, u)). a,g ~)(a) 

1 
b(G)-"bs= ~ fs(m gn Because 

Theorem 5.9 seems to imply 
1 n--1 1 

O-b~.)<- ~ - - . h ~  (2) 
2,=o*,+  1 ' 

Especially, if D I = 0  , then / maps onto almost all of P(V) and if Dr<  oo, then the measure 

of the complement o f / (M)  is estimated. 
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However, there are certain shortcomings to this reasoning. First  of all, Tr(G)=O 
may happen. Second, Ts(G),/x1(?) and _AI(G, u) all depend on ~ respectively u. For each 

fixed G, there are infinitely many  possible choices of ~ and for each choice of ,fl infinitely 

many  possible choices of u. Hence estimate (2) becomes meaningful only, if some reason- 

able, a priori choice of ~o and u is made. Three examples of such choices shall be given here. 

1. EXAMPLE (Stoll [21]). Here, M is a connected complex manifold of dimension m. 

The form Z is of class C ~ and positive on M with bidegree ( m -  1, m -  1) such tha t  d Z = O. 
The set g is open in M with compact closure y. The boundary } , = y - g  is a boundary 

manifold of g. Let  (~ be the set of all open subsets G of M, such tha t  ~ c G and G is com- 

pact  and such tha t  F = G - G  is a boundary manifold of G. For  GE(~, the function ~ is 

uniquely defined on M as a continuous function on M which is of class C ~ on G - g  such 

that  

a) yJ(z)=0 if zEM-G, 
b) ~0(z) = R(G) = constant > 0 if z E ~, 

c) d d ~ A X = 0  on G - y ,  

lfr If. d• dXy) A Z =  1. (d) 

Here R(G)>0 is uniquely defined and 0 <~<R(G) on M. The vector space V is C2; and 

/ :M-P(V)  = P  is a meromorphic, non-constant function on M without points of indeter- 

mination. Then n = 1 = r, q = m - 1, p = 0 and 

T~(G) 1 f~  = ~  ~ l * ( ~ ) a z  

N~(G, ~) = fr-~(~) n o vI(z; a) ~ Z 

1 
mr(F, ~) = ~ f r l o g  ~ d l~  A X, 

1 f7 1 ms(}, , a) = ~ log ~ dZy) A Z, 

AI(G, ~) = 0, 

~tr(G) =/~I(~) = 1. 

Define Tt(M ) = sup {T,(a) l a e $  } < ~ .  

Because Tt(G ) is monotonically increasing in G, it converges 
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Then Theorem 5.9 implies: 
TI(G ) ~ TI(M ) for G ~ M .  

THEOR~.M 5.10. Under the assumptions o/the Examples 1, the/ollowing statement is true 

1 
O < ( 1 - b l ) < 2 T s ( M )  i/ T I ( M ) < ~  

bs= 1 i/ Tr(M) = r 

Of course, if ] has points of indetermination, then / ( M ) = P  and b1=l .  I f  R ( M ) =  

sup {R(G)[Gfi~)  is infinite, then T I ( M ) = ~ .  (Stoll [21], Satz 11.4.) Such manifolds 

where called of global capacity zero. 

TH~.OR~.M 5.11. I /  the global ca~utcity o / M  in respect to X and g is infinite, then every 

non-constant meromorphic /unction / o~ M assumes almost all values on M. 

2. EXAMPLE (Chern [3] for u = m  and re=n). Here, V is a complex vector space 

of dimension n + 1. Define M = (3 m with m >/n. Define q = m - n. Choose Z = vq on C m, where 

the euclidean form vq on {3 m is denoted by  6q to distinguish it from the corresponding 

form on V. Take r 0 > 0 and define 

9 =  {31 131 <ro} in C ~, 

= (31 131 =r0). 
For  r >~ r o define 

G(r) = (31131 < r}, 

r(r)  = {3 ] 131 =r}. 

Take any  non-negative integer ~. For 3 E G(r) - g  define 

~~ 2 ~ -  2 ]~._~ r2~- 2 if ~ . #  1 

r 
~)1(3)----- log ] ~  ff ~ = 1. 

For  3EC~-O(r)  define Y&(3)=O for 3E~ define ~ (3 )  by  the constant value of ~ on ~ - g .  

Let / :Cm-+P(V) be an open holomorphic map. Then / is general of order s for every 

, in 1 ~< s ~< n. The characteristic for this order is 

Ts.,(r)=Ts.dG(r))= W-----(-~ f a(,)y,/*(iSs) A gm-8. 

Define 1 fa  /*(g~") A 6~_,. As.l(r) = As.r(G(r)) = ~ - ~  (r) 
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Obviously ,  Ts . t  a n d  As . t  are  monoton ica l ly  increasing cont inuous  non-nega t ive  funct ions  

of r if r > to. Now 
/*(/;8) A ~m-, =ggm, 

where  g is a non .nega t ive  C~-funct ion  on t? m. L e t  F(1) be  the  un i t  sphere in  C m considered 

as  a b o u n d a r y  mani fo ld  of the  un i t  ball .  L e t  ~ be  the  eucl idean vo lume e lemen t  of F(1).  

Then  
1 j~ gCtD) ~(~) hs(t)  = W - ~  e r ( i )  

is a cont inuous  func t ion  of t in 0 < t < r Then  

As. t (r  ) = hs(f) dr. 

Hence  A. . f ( r )  is a d i f ferent ia l  func t ion  of r for r >~0 wi th  t he  cont inuous  de r iva t ive  

A "~.t(r ) = r~m- lhs(r ). 
I f  u : ~ l  a n d  r>>-ro, t hen  

r 1 Ts.l(r):f:-~-~-~(,21_2 rl_2)~2"m-lhs(')d' 

+ ~ r~ ~-~ r~--~ A.,t(ro). 

Hence,  Ts.t(r  ) is a d i f ferent ia l  func t ion  of r for r ~>r o wi th  the  cont inuous  de r iva t ive  

�9 1 ~m_lh(t)dt+r_~_~_x T~.I (r) = r~_---- ~ As.1(ro) 
o 

1 
or T'. . t(r  ) = ~ As, t(r). 

T , . f (r )  = As. t(  0 if ~ 4: 1. 
o 

Therefore  

I f  ~ = 1 a n d  r >/to, t hen  

~r r Ts.t(r) = log ~ P m- a h(t) dt + log __r As.r(ro)" 
, 9" 0 

Aga in  T~d(r ) is a d i f ferent iable  func t ion  of r if r>~r o wi th  the  cont inuous  de r iva t ive  

Ts .e (r )= 1 r t~m-lh(t) d;t + 1 r . r A" t ( r~  
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P or Ts, t(r ) = 1 A,.t(r).  
r 

Therefore,  if r >~r 0 and  u >~0, then  

T..t(r ) = A..t(t ) t~-~. 
o 

I f  r 0<1~1 < r ,  then  

= ~ (dSls Ii~ds)_ - i~ (as I S)lsl ~+~A (s I as) dd• 

Define u = 2 ]3 ] - ~ v  on G(r) - g ,  then  d d ~  ~ u on G(r) - g .  Then  ~ A vq = (q + 1)vq+l implies 

q + l  f a  1 ~f(r)=i--t(G(r)'u): : r~W(n-1)  (r)_~[~2 /*(~,-I) Avq+I. 

Hence  A t ( r ) _  (q+  g 1) f~ fm_2,_lhn_l(t)dt 

fr dt _ q + 1 r A ~ - l , t ( t )  t 2 x - l "  

Define b(r) =w((1-) yt(G(r)) (~ 

and 

According to  Theorem 5.9 is 

l 
b(~) = ~ ft(r ~" 

1"-1 1 ( q + l  f r , dt ) 
0 ~ ( 1  -b(r)) T~ t(r) ~-g ~ ~--~ An_i.f(t ) ~ q-~f(y) , 

' : ~ v = o ~  I \ :~ J r ,  

where ~ur(y ) does not  depend on r. 

This implies immedia te ly  the  following general izat ion of a theorem of Chern [3]. 

THEOREM 5.12. Suppose that the assumptions o/ Example 2 are made. Suppose that 

Tn.t(r)-~oo /or r~oo 

1 An_l, f  dt Tn.r(r ) �9 ~ 2 / - ~  0 for r-~ oo 

then P ( V ) - / ( C  m) is a set of measure zero, i.e. f assumes almost every value in P(V). 

This Theorem is due to  S. S. Chern [3] if q=O and  u = m .  I t  connects the  charac- 

teristic of / as a m a p  general  of order  n wi th  the  characterist ic  of f as a m a p  general  of 

order  n -  1. 
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3. EXAMI'LE.  A pair  (M, h) is said to be a Levi-manifold if and only if 

a) M is a connected, non-compact, m-dimensional complex mani/old. 

b) h is a non-negative/unction o/ class C ~ on M.  

c) h is plurisubharmonic, that means d I dh >~ O. 

d) h is proper, that means/or  every r > 0 the set 

G(r) = {~1 h(~) <r} 
has a compact closure. 

The Levi-manifold is called strict if h is a strict  plurisubharmonic function,  t ha t  is, 

d• The connected, non-compact  complex manifold M is said to be pseudo-convex 

if and only if a real funct ion h exists such tha t  (M, h) is a Levi-manifold. The connected 

complex manifold M is a Stein manifold, if and only if a real funct ion h exists such t h a t  

(M, h) is a strict Levi-manifold.(:) 

Now, suppose tha t  a Levi-manifold (M, h ) i s  given with dim M = m .  As before define 

G(r) = (z]h(z)<r)  if 0 < r e R .  Define F ( r ) =  (z}h(z)=r} if 0 < r E R .  Take a E M .  Then h(M) 

contains every  r >~ h(a). A set E of measure 0 exists in R such tha t  dh 4=0 on F(r) if r E R -  E 

and r>~h(a). Take ro>h(a ) with r 0 E R - E .  Then  g=G(ro) is open, non-empty  and relative 

compact  in M with y = F(r0)= ~ - g  as boundary  manifold. Define 

~ o  = { r [ r o < r e a - ~ } .  

For  every  r E ~  o is G(r) an open, relative compact,  neighborhood of ~ whose boundary  

F(r) = G ( r ) -  G(r) can be considered as a boundary  manifold of G(r). 

For  s in 0 ~< s ~< m define 

1 
gs = ~. d• A ... A d• (s-times) 

(for s---0, this means Zs = 1). Then  Zs is a non-negat ive form of bidegree (8, s) and  of class 

C ~ on M. Obviously, dz8 = 0. 

For  r ~> r 0 define ~ = ~oT by  

r - - r  o if zE~ 

~ ( z ) = ( r - - : ( z )  if zEO(r ) - -~  

if z E M - G(r). 

Then  ~ is continuous on M and of class C r176 on G ( r ) - g .  Moreover, O ~ v / < . r - r  o on M.  

Then, on G ( r ) - g  is 

(:} See Grauert [5], [6] and Narasimhan' [13], 
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dd~ ~p = d• dh 

d d ' w  ^ X, = (s + 1)Z~+ r 

L e t  V be  a complex  vec to r  space of d imens ion  n + l  w i t h  O<n<~m. Define q = m - n  
L e t / : M ~ P ( V )  be  an  open a n d  ho lomorphic  map .  Then  f is genera l  of o rder  s for  each 

s in  1 ~< s < n. The  charac te r i s t ic  of o rder  s for { on G(r) is 

Ts.t(r) = Ts.1(G(r))= W----~ f a(,)vJd*(r A gm-s 

for  r >~ %. Define 

As.r(r)=A,.1(G(r))=W----~fa(r)/*(~,)AZm-~. 

Obviously,  Ts. I a n d  As. I a re  non-negat ive ,  monoton ica l ly  increasing a n d  cont inuous  func- 

t ion  of r if r>~r o. Define I =  {t[ro<.t<~r }. On (G(r) - g )  • I define 

{10 if h(z)<"-t 
2(z ,  t) = if  h(z)  > t. 

Then {tla(z, t ) .  o} = {$lh(z) << t < r} 

{~ I~(~, t ) .  o} = o(t) if t e ~o. 

f" f'lf~(~,t)l*(~o,)AZ~-~dt+(r-ro)A,.~(ro) Hence  A, . t ( t  ) dt = ~ (r)-g 
o II 

_ 1 2(z, t) dt ]*(i~,) A Zm-~ + ( r -  %) A, , t (ro)  
W ( s )  (r)-o . 

= 1 fa  ( r -h (z ) ) /* (~~176176  
W ( s )  (~)_o 

Hence  T',.t(r ) = A,.t(t) dt 
o 

is a d i f ferent iab le  funct ion  of r for r ~> r 0 wi th  de r iva t ive  

Ts.t(r) = A~. t(r). 

F o r  r > r o a n d  s = n a n d  u = dd •  is 

AAr) =hAa(r), u))= (q + a____) 1 f~ 1"(~.-1) ^ Z~+I 
- --  2zc W ( n -  1) (r)-~ 
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q + l  
or  _A1(r ) = ~ (An_ld(r)  -- An_Li(ro)). 

1 ~r "" 
Define b(r) = ~ - ~  (a(r) )c~ 

1 
b (M) = ~ f r  (M) ~"" 

Then  O<.b(r)<b(M)~<1 and  b(r)-+b(M) for r-~oo. According to  Theorem 5.9 is 

0 ~< (1 -b(r)) Tn.s(r ) 

1 " i  1 (q + l 
~-2v~=1 ~ \-2"~ (A.- l . I (r)-  A~-i.I(ro)) 

where jut(7) does not  depend on r. 

Suppose t h a t  T~,t(r)-~r for r-~c~. 

Define Os = l i ~  T~-i.r(r) 1Yn A~-i.f(r) 
r-~or Tn.r(r) r-~r Tnd(r) 

T h e n  the  following defect  theorem is proved.  

THEOREM 5.13. Suppose that the assumptions o/example 3 are made, especially that 
T~. s(r)-~ oo /or r ~ oo. Then 

O<.(l_b(M))<m--4_~+ 1 ~ i  1 

Especially, / assumes almost every value o/P(V) (i.e., b(M)= 1) i/ 

A.-id(r) *0 for  r ~ o o .  (*) 
Tnd(r) 

This  Theorem generalizes the  theorem of Chern [3] to Levi-manifolds  for  open holomorphic  

m a p s  into the  complex project ive  space. 

I n  the  case n = 1, 

Ao.I(r) = M(r) = Jo(r)Xm 

does  not  depend o n / ,  and  is the  measure  of G(r) in respect  to the(i) "semi-Kaehle r  met r i c"  

X1 on M and  (*) mere ly  requires t h a t  T l d ( r  ) increases s t ronger  t h a n  this measure  M(r). 

(1) Of course, X1 is a Kaehler metric only if ~1 > 0, where upon here only X1 >t 0 is required. 
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