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1. Introduction and main results

It is well known that if P,(z)=x"+... is a monic polynomial of degree n, then its supre-
mum norm on [—1,1] is at least as large as 21~™:

1
I1Pallf=1,1) = o1’
and here the equality sign holds only for the Chebyshev polynomials
T,.(z) = 2'~™ cos(n arccos z).

It is also known that if {P,} is a séquence of monic polynomials with the property

1/n
[_‘1’1]

: _1

Jm |[Pall 2y 3y =5

then the zeros of the P,’s are distributed according to the arcsine distribution.
More precisely, we associate with P, the normalized zero counting measure

number of zeros of P, on A
n

vp,(A)=

where A is any point set in C. Let w be the arcsine distribution, i.e.

w(la,b)) = 2 /: dr

m 1—z2

for any subinterval [a,b] of [-1,1]. Then the above statement about the zeros means
that

lim vp, =w
n—od
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in the weak* topology on measures on C. In particular, if all the zeros of the P,’s are
real, then

lim |(vp, ~w)([a, 8)] =0 (L)

uniformly for [a,5C[—1,1]. The supremum of the left hand side for all interval {a,b]C
[—1,1] is called the discrepancy of the zeros of P,.

From now on we shall assume that all the zeros z; , of the P,’s are real and lie in
[—-1,1].

In [6] Erdés and Turdn gave a quantitative version of the convergence in (1.1) in the

(v, )l 81 < g B

for any interval [a,b]C[~1, 1], where

form

| Pall{—1,1) SAnEI;- (1.2)
This result is sharp up to the constant 8/log 3.

In the literature this basic estimate has been widely used in various discrepancy
theorems. Erdés [4] proved a sharper estimate under the assumption that the maximum
modulus of the polynomial on each interval determined by consecutive zeros is comparable
to its maximum on the whole interval [-1,1]. Later Erdds and Turdn [5] proved the
analogue of the above result for the case when the norm is considered on the unit circle.
(In such situations one gets discrepancy for the distribution of the arguments of the
Z€r0s.)

Returning to the real case, in a recent breaktrough H.-P. Blatt 3] noticed that if we
know that all zeros of P, are simple, then the Erd6s—Turdn estimate may be strengthened.
He assumed a lower bound for the derivative | P, (z; )| at the zeros of P,, namely

11

LACTY Pl IR ANAN (1.3)

He proved

THEOREM A. Let P, be monic polynomials with zeros in [—1,1] satisfying the con-
ditions (1.2) and (1.3). Then there exists a constant C (independent of n) such that

log C,,
[(vp, —w)((a: )] < G2 logm (14)
for any interval [a,b}C[—1,1], where

Cp =max(An, Bn,n).
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For two remarkable applications of this theorem concerning zeros of orthogonal poly-
nomials and Kadec-type distribution of extremal points of best polynomial approximation
see [3]. The point is that in these applications (and probably in many other ones) the
additional assumption (1.3) is automatically satisfied, thus with no additional work we
can get a remarkable improvement on the Erdés-Turdn estimate.

H.-P. Blatt has also given an example which shows that in some cases his estimate is
not very far from the best possible one, although in that example the additional log term
on the right is missing. Let us also note that in certain cases this log factor places Blatt’s
result into a different category than the Erdés—Turédn one, namely we do not get (1.1)
from it. For example, if we know that C,, <exp(e,n), then (1.4) gives for the discrepancy
only the estimate O(e, logn), although we know from (1.1) that this discrepancy tends
to zero together with £,. However, we shall also see that in other ranges of C, (namely
if Cr,=0(exp(O(n®))) with a<1) Blatt’s estimate is sharp.

In this paper our aim is to determine the best possible estimate for the discrepancy
under the conditions of Theorem A. Since our estimate will be best possible, it will be
continuous in the sense that it gives back (1.1) (as well as (1.4)). The methods reach
beyond the theorems presented here, but we shall not pursue the most general form of
our results.

THEOREM 1.1. With the assumptions and notations of Theorem A we have

!
og Cp, log "

(p, =)o B)] < O=5 2 log 1

(1.5)

for any interval [a,b]C[-1,1].

Here C is an absolute constant. Note that in the case C,, <exp(e,n) discussed above
this gives the rate ¢, log 1/¢,, for the discrepancy, which tends to zero together with e,.

Of course, in Theorem 1.1 one has to restrict C,, to, say, Cn.<e™?, for otherwise
nothing can be said about the distribution of the zeres. Actually, only the case C,=e"™
is interesting. Note also, that C,, >n is always satisfied.

Theorem 1.1 is best possible.

THEOREM 1.2. Let {C,} be an arbitrary sequence with the property that n<C, <
e™?. Then there are monic polynomials P,, of corresponding degree n=1,2, ... such that

1
NPl (—1,1) < Cn2—n, (1.6)
for every zero x; ,, of P,

11

1Pa(@in)l2 & 570 1<i<n, (1.7)
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and such that for some intervals [an, bs] of [—1,1] the estimate

1
08 Cn log lognC’ (1.8)

‘(VPn _w)([a'm bn})* zc

holds with some positive ¢ independent of n.

Exactly as in [3] we shall get Theorem 1.1 by reformulating it in terms of logarithmic
potentials, and then prove a discrepancy theorem for potentials. Since this reformulation
is an integral part of the proof and it is not long, for the sake of completeness we copy
the argument here from [3].

Let G(z) denote Green’s function of C\[~1,1] with pole at infinity, i.e. G(2)=
log|2z4++v/22—1|, where we take that branch of /z which is positive for positive z.
Bernstein’s inequality together with (1.2) yields

log An

log|P (2)|-G{(z)— log ! < for all ze C. (1.9)

We also need a matching lower estimate on the left hand side. Lagrange’s interpolation

formula shows that
Pn (z)
1= zP’ (Zin)(z2—Tin)

For z¢[-1,1] let d(z) denote the distance from the point z to the interval [-1,1]. Then,
the preceding inequality yields

LilQIFAP
1<n d(z) ——By2

ie.
1d(2) 1
P> - B

Let I',,={z€C|G(z)=log »}, 5>1 be a level curve of the Green’s function G(z). Then
I',. is an ellipse with foci at 1 and major axis s¢+1/3c. Hence,

. 1 1
zlér}fg d(z) = 3 (;H— ;) -1
Choosing
n=p = 140712
in the last inequality leads to

log Cp,
n

% log | P, (2)| - G(z) ~log % > —d (1.10)
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for zeT',,,,, where d>0 is an absolute constant independent of n. The minimum principle
for harmonic functions shows that (1.10) is actually satisfied for all z with G(z)>log s,,.
(1.9) and (1.10) together show that

1
g P2 (2)|~G(z)-log 3| < D

log C,,
1.11
: (111)

for all z where G(2)>log s,.
Now we are going to rewrite this inequality in potential theoretical form. If p is a
Borel measure of compact support on C, then its logarithmic potential is defined as

U¥(z)= / log Ei_ﬂ du(t).

Since —(1/n)log|P.(2)| is the logarithmic potential U*P» of the measure vp,, and
—G(z)~log i is the logarithmic potential U“(z) of the arcsine distribution w, (1.11)

can be written as
log C,,

. n
for all z with G(z)>log s,. Now Theorem 1.1 follows from the last estimate and from

the next theorem if we set o=vp, —w, e=(log Cp)/n, and A=1 in it.

[U¥n (2)-U*(2)| <D

THEOREM 1.3. Let o=0,.—0_ be a signed measure such that o1 are probability
measures on [—1,1] with the property that for some 0<AK1 the estimate

o_(E)<Com(E)? (1.12)

holds for every interval E, where m denotes the linear Lebesqgue measure. Then if with
L=5/A+2 we have
[U?(2)| < Cie

for every z with
dist(z,[-1,1]) > €,

then )
lo([a, b])| € Caelog -

holds for every interval [a, b], where the constant Cy depends exclusively on Cy, Cy and A.

The outline of the paper is as follows. In the next section we prove Theorem 1.3 with
the help of a theorem on condenser potentials, which in turn will be proven in Section 4.
The proof of Theorem 1.2 will be given in Section 3. The proof is distinctly different in
the cases when C,>n* and C,<n*. In the former case we can use weighted potentials
with a discretization technique. This will be done in subsection 3.1. In the second case
the theorem is proved by moving certain zeros of the Chebyshev polynomials, the details
of which will be given in subsection 3.2.
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2. Proof of Theorem 1.3

The main idea of the proof can be explained as follows. Let [a,b]C([—1,1] be arbitrary.
Suppose we had a signed measure x of compact support lying at a distance >¢ from
[—1,1] such that ||u||<2, and if

1 ifzefa,b]
Xla.t) = 0 otherwise

is the characteristic function of the interval (a, ], then with

1
e logl/e

and some constant ¢ we have

U”(.’E) = C+Te X[a,b]

for all z€[—-1,1]. Then, using Fubini’s theorem, we could write

2C’u~:>‘/U"du‘='/U"da

1
lo(la, b)) <2Clelogg

[ redo|=raboto.

from which

follows immediately, and this is what we need to prove.

Unfortunately, the signed measure u with the above properties does not exist. We
can, however, get a measure, the properties of which will be close to the above ones;
hence this measure can serve as a substitute. The rest of this section is devoted to the
construction of that measure and to showing that the weaker properties it will possess
are still sufficient for our purposes.

More precisely, we will construct a y with the following properties.

LEMMA 2.1. Let L and A be the numbers from Theorem 1.3, and let [a,b]C[-1,1],
and 0<e<1 be arbitrary with b—a>2e'/2. Then there is a signed measure 1= fic a,p and
two numbers c=c¢ o p and T="Tc 4 with the following properties:

(1) supp(p) is compact and is at distance >eX from [-1,1],

@) Iul<2,

(3) c<U¥(z)<c+7 for every ze[-1,1],

(4) |U() =TX(a)(z) — €| <Cae for z€[a,b] and z€[~1,1]\(a—e¥2,b+e¥/2),

(5) 1/C5<1log1/e<Cs.
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Furthermore, here Cs3 is an absolute constant.

The proof of Lemma 2.1 is quite long and involves explicit construction of some
extremal measures, but before we set out to prove it we show how Theorem 1.3 can be
obtained from it.

Proof of Theorem 1.3. First of all we simplify the problem, namely it is enough to
prove the inequality
o([a,b]) <Cgelog% (2.1)

with some constant C; for all [a, b]C[—1, 1]. In fact, then by applying (2.1) to the intervals
[—1,a] and [b,1] instead of [a,b] and using that o([—1,1])=0, we obtain the counterpart

o([a,b)) > ~2Cselog -

of (2.1), and with (2.1) this proves the claim.

Next we we observe that we may assume without loss of generality that b—a>2e'/4.
In fact, suppose (2.1) has been verified in this case. Then if a and b are closer than 2e1/A,
then we can enlarge [a,b] to have length 2¢'/2. If the enlarged interval is [a’,'], then
we can apply (2.1) to {a/, '] instead of [a,b] to get

1
o+([a, b)) <ot ([a’, b)) <o—([a’,8]) +Cae log % <2Coe+Chelog -,

where, in the last step we applied (1.12). This proves (2.1) for all [a,b] (with a possibly
bigger constant).

Now we can apply Lemma 2.1. With the signed measure u obtained there and with
6:=%/2 we get exactly as in the sketch above

20162/U"duz/U"da=/(U”—c)d0

M .
[a,b] [—1,1]\[a—8,b+6] (a—6,a)U(b,b+8)

where the domain of the Jast integral has to be appropriately adjusted if a—6<—1 or

(2.2)

b+8>1. Using properties of U* we can continue this inequality as

20152/ 'rdo—/ Tda_—2035>Ta[a,b]—27'C'06A—203£,
[a,b] (a—8,a)U(b,b+6)

where we have used (1.12) again. Since §2=¢2, and by property (5) of the measure p

1
T log1/e’

we immediately arrive at (2.1) from this estimate. a
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2.1. Proof of Lemma 2.1

In the proof of Lemma 2.1 we shall use the so-called condenser potentials.

Let ¥; and X, be disjoint compact sets on C of positive capacity (the conductors)
such that with £¥=%;U¥%, the complement C\X is connected. Such a pair (X;,¥5) is
called a condenser. To each j=1,2 we assign a sign €;==1 (the sign of the charge), and
let us agree that ¥; is the positive ‘plate’, i.e. e;=+1 and 2=—1. We want to minimize

the energy
1
// log P du(z) du(t)

for all signed measures of the form p=p; —p,, where p; is a positive measure on X; of
total mass 1.
There is a unique extremal signed measure p=u* for which the infimum is attained.
We call p* the equilibrium measure for the condenser (X1, Xs). The logarithmic potential
of this extremal measure has the properties that there exist two constants F; and F,
such that
~BU¥ ()< R

for every z€C,
U¥ (z)=F, for every z€ X, (2.3)

with the exception of a set of zero capacity (see Section 4; in what follows we shall
abbreviate this fact as ‘for quasi-every 2€X;’), and

U* (z)=—F, for quasi-every z € Xs. (2.4)

Furthermore, if C\X is regular with respect to the Dirichlet problem, then the last two
equalities hold true for every z€3; respectively z€X,. For all these results see [1] and
7).

Now we shall need to explicitly determine the extremal measure and the constant
Fy+F, when £, and X3 consist of finitely many intervals on the real line. Thus, let
Y =¥,UX; be the union of some intervals [a;,b;], b;<@ajt1, j=1,...,m.

The following theorem is of independent interest, and will be proved in Section 4.

THEOREM 2.2. Let X; and Xy consist of intervals on the real line, X=X,UX;=
Ujzilaj.b5]. Then

@jo+1 Pm—2(t)
F+F= —dt|, (2.5)
bio \% R(t)
and P
du (t) = Tm=2®)_ gy

—mi/R(t)
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where
m

R(z) = [[ (z—ax)(z—bs),

k=1
Jo is an index such that by, and aj 41 belong to different sets £, and Lo, and where the
coefficients of the polynomial

Pm_z(t) = Cm_ztm_2+...+00

are the solutions of the linear system of equations

aj+1 a(j)+1 ) 2(t) ) o
dt :07 1J2y
(/ /b ) NGO J#01, 72

1(5)

P,._
/ _Lt) dt=1.
, —Ti/R(t)
In this system for 1<j<m the number l(j)>j denotes the smallest index for which [a;,b;]

and [a(5)+1, bi(j)+1] belong to the same set Xy or Xz, and ji and j» denote those two j’s
for which such an l(j) does not exist. This system of equations has a unique solution.

Above we used that branch of the square root that is positive for positive z. We
also note that the system of equations in the theorem is a real system for the coefficients
of P,—s hence, P,,_» is a real polynomial.

We shall need the following corollary of Theorem 2.2.

COROLLARY 2.3. In Theorem 2.2 let
Li=[-a,0] and Ey=[-2-a,—a-nUla+n,2+0]

with some 0<n<a?<i. Then

1
oo 2.6
Fi+F, log 1/7’ (2.6)

where ~ means that the ratio of the two sides is bounded away from 0 and oo by two

absolute constants. Furthermore, the signed measure p* is absolutely continuous with
respect to Lebesgue measure, and if we set

dp” (t) = v(t) dt,

then for j=1,2,3 and t€laj, b;]

1 11 1
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Recall that here [a;,b;] denote the intervals of E=X,UX,.

Proof of Corollary 2.3. According to Theorem 2.2 we have to solve the system of
equations

(L., L) Ve e LU

“1 cit+co _
L= Y G e o e G R 29)

(we have incorporated the — sign from —im in (2.9) into ¢; and co in order to get a

positive co below). Since the denominator in (2.8) takes opposite sign on [—a—17, —q]
and [a, a+7)], we get that c; must be zero. Then cg is obtained from the second equation:

1
0_1//“\/ 2+0)2_t2)((atn)?—12)(a? _2) at

This easily yields
o o

™ loga/n” logl/n’

But

Fh+F=

/ cit+co dt
a ~EHar (@ E-)
1
s 17 . mw)?—t2><<a+n>2—t2)(t2—a2)

?

and if we use that
a-+7n 1 1

a  T/(t—a)(a+n—t)

we get (2.6).

Since
Co

mi \/(t2 (2+0a)?)(#?—(a+n)?)(#2-a?)
if teX=[-2—a,—a—-n|Uja+n, a+2]U[-a, a], while

v(t)=

1 1
KA ey (o

(2.7) also easily follows. O
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LEMMA 2.4. With the assumptions and notations of Corollary 2.3 we have for the
potential of u* the estimate

1/2
|U* (2)-U* (zi)| < % (é) (2.10)

for every xeR and 0<€<a/2.
Proof of Lemma 2.4. Using the second part of Corollary 2.3 we can write

r—tti&
r—t
r—t+i€
*I(t

—— i)

r—t+ig

|U”*(z)—U“*(xﬂ:i§)l:‘/log dp*(t)

</log
gl/lo
n

1 3
==Y |U¥(2)-U% (@ i€,
ni

(’1)1 (t) “+Ug (t) +vs (t)) dt

where we have used the self explanatory notation for the potential of a measure given by

its density function. But with
1

1-¢2

v(t) =

3=

we have
U%(2)=U"(y)+log

>
b]--—aj

where z and y are connected by the formula

_ _a,j+bj 2
y_<z 2 )bj*af

hence the last sum is at most as large as

. €
- Y(y)=-U" 2 . 2.11
e U’(y)-U (yi T (2.11)
Here
LI P P (212)
bj—aj 20 2
and

U’(z)=—-1log |z+\/z2—1‘+log2.

One can easily prove that for fixed real ¢, |¢|<3 the function

\U*(y)-U*(y£id)l
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attains its maximum at y=+1 and this maximum is at most 2,/{¢|.
Substituting this into (2.11) we arrive at (2.10) (cf. also (2.12)). 0

Finally we can turn to the

Proof of Lemma 2.1. Suppose first that [a, ] is symmetric on the origin, say [a,b]=
[~a, a]. Then we set p=e2/4 and choose u to be equal to the translation of the measure
p* from the previous two lemmas by iel. With c=—F, and r=F+ Fy=F,—(—F;) the
first two properties in Lemma 2.1 follow from the construction, the third one follows
from the fact that for every z the potential U#" lies in between F; and —F, (see the
discussion before Theorem 2.2). Property (4) is a consequence of the properties of U*"
(see the discussion before Theorem 2.2) and Lemma 2.4 if we also use that by the choice
of the parameters we have a>¢1/4, and so

Ly 1/2
! (§—> <e.
n\ «
Note that this property (property (4)) actually holds in a wider range, namely for all
z€XL=[-2—a,—a—n|U[a+n,a+2|U[-a,q]. (2.13)

Finally, the last property was proved in (2.6). These prove Lemma 2.1 in the symmetric
case.

If [a,b]C[—1,1] is arbitrary, then let [a',b']=[-(b—a)/2,(b—a)/2], and let the just
constructed signed measure for [a’,4’] be u'. Now we choose p as the translation of the
measure 4’ by (a+b)/2. Since we have verified property (4) in the larger range (2.13), the
translation of which (by (a+b)/2) certainly covers the set appearing in (4), the signed
measure p satisfies all the requirements. a

3. Proof of Theorem 1.2

The proof is distinctively different in the ranges C,>n* and C, <n*. We shall separate
these two cases below. Of course, the sequence {C,} need not satisfy either C.>n%or
Cr<n? for all n, in which case one has to separate the terms with these two properties,
respectively, and apply the two methods below to the appropriate terms.

3.1. Proof of Theorem 1.2 in the case when C,, >n*

First we need a lemma.
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LEMMA 3.1. For any x€R and 0<n<8

]
/ log | —
n

Proof. By the homogeneity of the integral we can assume without loss of generality
that n=1 and z>0. Furthermore, the ratio

z+t|1
x—t

dt‘ 10. (3.1)

T+t
r—t

(3.2)

is increasing as x increases on (0, 1) for every fixed ¢>>1, hence we may even assume z>>1.
Now we divide the domain of integration in (3.1) into three parts: (1,z/2), (z/2,2z) and
(2z,6) with the obvious modifications if £<2 or £60/2. On the first part we use that
(3.2) is at most

and so the integrand is at most 4/z, from which the contribution of this part to the left
side of (3.1) is at most 2. In a similar manner, on (2z,0) we have for (3.2) the upper
estimate
2z 4z
1+ ——¢ 1+—

t—x

so the contribution of the third integral is also at most 2.
Finally,

2z 2z
[2
/ log | — s dt‘ 2 / log |——
z/2 r—t|t /2

With this technical lemma at our hand we can now prove Theorem 1.2 in the case

:r+t
r—t

dt = 32(2.510g 2+31log3) <6. O

when C,,>n?.
Consider for an 0<e<e~ 13 the function

(t—(1—e))™! ifed2g|t—(1-¢)|<e
ve(t) i=
0 otherwise,

and the signed measure v, that it defines:
dv(t) = cove(t) dt,

where the normalizing constant ¢, is chosen so that the total variation of v, be 2, i.e.

2

s (3.3)

Ce =
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For £3/2<|t—(1—¢)|<e we have

2e 1 13 1 < 1

)| < —75 ’
IECS'UE( )l 10g1/€ e3/2 log 1/5 7T\/1_t2 = ﬂ'\/].—t2

hence the signed measure

pi=w+er,

is a positive measure of total mass 1 which has density

7= (34)
on [—1,1] (recall that w denotes the arcsine measure). Furthermore, we can immediately
get from Lemma 3.1 and the equality U¥(z)=log2 for z€[—1,1] that for such z

€ 2
/ log ot ldt < 0 .
£3/2 z—t|t logl/e

Now we shall utilize an idea of E. A. Rahmanov on how to distribute the zeros of a

U (2)-U*(2)| = U~ ()||eU* ()| = (log 2)ec. (3.5)

polynomial if we want to get a discretized version of a potential. We need the following
quantitative version (see [10, Lemma 6.1]).
For an integer n let

1=y <Y1n <. <Ynn=1

be that partition of [—1,1] for which u([yjn,yj+1,n])=1/n for all 0<j<n—1. Consider
the polynomials

n-1
Pn(x) = H (z‘yj,n)~
j=1

Using the monotonicity of the logarithmic function it is not too hard to see (see [10, pp.
40-43]) that if for some constants « and § the inequality

log n

/| el tlldu() <5 (3.6)
z—t|L<n—"

holds, then
|Po(z)| < no*P exp(—nU*¥(z)), z€R,

and
|Pa(z)| 2 § exp(—nU*(2))|2 —Yn, nls

where y,_ , denotes the zero of P, closest to z.
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If the potential U# is continuous on [—1, 1], then the latter inequality immediately
implies
|Pr,(yj.n)l 2 § exp(=nU" (y;,n))

for every zero y; , of P, (actually this is true without the continuity assumption).

In our case the potential U* is obviously continuous, furthermore (3.6) holds with
a=2 and B=1 for large n (cf. the estimate (3.4) for the density of u). On applying (3.5)
we can thus write

20e 1
Pn(z)| < FOAET 5
| Pn(2)] eXp(log1/5n+3lOg n) o

and for each j=1,...,n

20e 1
Py )| > ——n-2]—.
Patwn)l > exp -~ agzn=2) o

Now if C,, >n* is given, then we define e=¢, by the equality

20¢e
logCp, = ——— . 3.7
og o 1/En'&—Blogn 8.7

Since log C, —3log n> 1 log Cr, we can deduce that

. log C), o n
" n & logC,,~

(3.8)

Now if we assume that this ¢ satisfies ¢ <e~!3, then we can apply all of our estimates

so far to deduce C
. ”PnH[—l,lj < 2—:

and

1 1 .
[Py (y5,n)| > o 4= 1,...,mn.

But the polynomial P, has [nu([1—2¢,1—¢])] plus minus one zeros on the interval
[1—2¢,1-¢], hence for the discrepancy of its zeros we have

(vp, ~w)([1-2¢,1—€])| > |eve([1 -2, 1—5])[——:;
gllvell 1 1 log C, n (3.9)

2 n n n 8 log C,,’

with some absolute constant ¢>0, where at the last step we used (3.8).

These inequalities prove Theorem 1.2 in the case when C, >n* and the e=¢,, from
(3.7) satisfies e<e~!%. If the latter condition is not satisfied, then all we have to do to
copy the above argument is to choose e=e~!3, for which the last inequality in (3.9) is
still valid with some positive c. O
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3.2. Proof of Theorem 1.2 in the case C,<n*
Let

1
To(z)= Y cos(n arccos )

be the monic Chebyshev polynomials. T, has the zeros cos((2k—1)7/2n), k=1,...,n
which are the projections onto [—1,1] of the equidistant points exp((2k—1)mi/2n), k=
1,2,...,2n lying on the unit circumference. This easily implies that the discrepancy of
T, is at most 1/n. We shall construct our P,, by moving some zeros of T),.

For an n define )
lo
€= g n,
n

and a=1-2¢. The point a will be the center of the zero movements, we shall, roughly
speaking, reflect some zeros of T,,, distributed according to a logarithmic scale, onto a.
To this end we choose a large constant C that will be specified later (we shall see
that actually any C>80 will do the job), and with it we define some numbers &g, ...,{s
as follows: we set &, =¢%/3, and for other j’s we define ¢ j+1 in terms of §; via the formula

€+l
/ Lg= S (3.10)
g U logn

and let J be the largest number for which £;,1<e. Then

log®n

C

I~

Now let z; be the nearest zero of T}, to a—¢&; and y; the nearest zero of T, (note
the prime!) to a+¢;, and form the rational function

J t—y,;
rJ(t)=Ht——.’L‘]‘.
i=0 J

We transform the zeros of T,, with the help of 77, namely we set

Pa(t) :=To(t)rs(t).

We claim that for large enough C (to be chosen below) and large n the following estimates

hold: for every te[-1,1]
n3/4
|Pa()](-1,1 < BT (3.11)

and for every zero 6 of P,
1
n3/4 gn’

|PL(0)] > (3.12)
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From these Theorem 1.2 immediately follows in the case n<C,<n*. In fact, by our
construction we have removed J+1 zeros of T}, from the interval {1—-3¢,1—2¢], hence
the discrepancy of P, is at least as large as

2
J 2clog n’
n n
which is
log C, n
P 1
B log C,,

in the present case.

Thus, it remains to prove (3.11) and (3.12). We start with (3.11). In the proof below
D will denote absolute constants that may vary from line to line, but C is one and the
same throughout the proof.

Proof of (3.11). First of all, the definition of the ¢;’s gives

C &
=g (eCllosn _1y—¢. 0 . 3.13
Eir1—&; f,(e ) gjlogn+ (log2n) ( )
This is much larger than the largest distance between consecutive zeros of T, and T, on
[1—4e,1-¢/2] which is
NG < Dlogn

~ ——

n nd/2’

Thus, we immediately get the estimates

logn
ly; —(a+§&;)| < DW

and

logn
,-'L'j_(a—€j)| <D nd/z’

Since every ratio
t—y;
t—Ij

, 73=0,1,...,J, (3.14)

is increasing on the interval [—1,z;], and the polynomial 7}, attains its maximum on
[z74+1,77], we can restrict our attention to t€[z;4+1,1]. It is also immediate that for
te[a+e*/3/2,1] the rational function 7;(t) is at most 1 in absolute value, so this leaves
us to consider the case t€[zsiq,a+€*3/2]. We shall prove (3.11) for t€[zs,zo] be-
cause the consideration is the same (actually somewhat simpler) for t€[z 41, 2] or t€
[zo, a+e%/3/2].

2-935201 Acta Mathematica 170. Imprimé le 29 avril 1993
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Thus, let z,41<t<zj, for some j=0,...,J —1. We separate the joth and (jo+1)st
terms in 77, and first estimate the products of the terms with index smaller than j, and
then with index greater than jp, respectively.

We write

Jo—1 jo—1

=y T (-0 6))/ (- (0+6)) t=(a+E) _ o o
Jl;[O t—z; E) 1—(z;—(a—&))/(t—(a—§)) t—(a=¢&) = =
Here we have for the denominators

C C logs/3 n

[t—(a&;)] = 51E0 —&jo—1l >€j°_13logn Z 3 am (3.15)
and so
yi—(a+¢&;) Dn=3?logn <2 _1/6
t—(a+&) | (C/3)n—4/310g"*n e
and
z-(a=)| _ Dnlgn D 4
t—(a—&) |~ (C/3)n~4/310g%%n ~ C
These yield
1+(D/C)n"1/6\ "’ D log*n
M| < (T_TD—/an—/ Sexpl @@ ) (3.16)

In the estimate of Il we shall make use of Lemma 3.1. Using the monotonicity of the
ratios (3.14) we can write with 7:=t—-a<0

Jo—1 Jo—1

7§ logn T—&| o 1
log —2 = lo . / —du
;,[:](:) T+¢; C ]go T+E; € U (3.17)
3] —
\logn 70 T—U ldugl()bgn,
C Je T+u|u C

where, at the last step we used Lemma 3.1. From (3.16) and (3.17) we finally arrive at

Jo—1

t—y;| D log’n 10logn
JI::[) t—l']' —|H1||HQI<GXP(EW+ C . (318)
Since
J J £

T—=&; logn T 71

log H — = Z log ——]/ —du
jZaar2 | T C it 178G g1

134 _
<logn/ log T—Uu ldug 1010gn’
C Eiot1 T+u|u C
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we get similarly

o 2
<ex (210g n 1010gn)' (3.19)

cE s tTC

As for the remaining two factors

t—y;
t—x;
in r; with j=3jo and j=jo+1, we note that only one of them can be really large. In

fact, t lies either closer to z;, or closer to zj 1. Consider the first case, the other one is
similar. Then for the second term we get from (3.13)

3o ) logn. (3.20)

t—yj <2
S ¢,C/(3logn) T C

t—l'j

Finally, for the other term with j=jo we get by the mean value theorem

T, (t) _Tn(xjo)
t—xjn

t—y;
Tn(t)t—m]-
J

6=yl =T, (O)1t =30

with some #€[1—3¢,1—¢]. We can explicitly calculate the derivative of T,,, and with the
inequality |t—y;,|<2¢ we finally arrive at

t—y; n 1 4 /nlogn
Tt L1 g 2e < 3.21
( )t—x] gn—1 /1_(1_6)2 on ( )
From (3.18)—(3.21) it follows that
4y/nlogn 9logn D log’n 20logn\ _n?*
PO =T (O] < RO TR oo 208 TR ) < T
if we choose C larger than, say 80, and n is sufficiently large. This proves (3.11). O

Proof of (3.12). Let 0 be a zero of P,. Then 6 is either a y;, or a zero of T, different
from every z;. Let us consider first the case when §=y;, for some jo€{0,...,J}. Then

[P4(6)| = T2 (0)r s 6)+Ta(O)rs O] = g I (51,

because 6 is a zero of T}, by the choice of the numbers y;, and at every zero of T}, the
value of T,, equals 2~ "1, The derivative of r; at Y5, equals

Yo=Y 1

Y0 —Ti Yjo —Tjo

J#jo
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In the proof of (3.11) we have verified that

Yjo —Z;
Y50 — Y5

<n¥/4,

#50
more precisely we have proved in (3.18)—(3.21) a similar inequality in which the role of
the z;’s and y;’s have been switched. Thus, taking reciprocal, we finally get

/
an(e)l 2 ’I’l3/4 5,;’

which is exactly (3.12).
If 0 is one of the zeros of T;,, then

P(8) =T, (0)rs(0)+Tn(6)r’(0) = T (0)rs(6).

Here
n

ITa(6)]> 3o
while exactly as above
1
Irs 01> —73

by which (3.12) has been verified. o

4. Proof of Theorem 2.2

Let p*=pi—p3, ||pfl=1, supp(pl)CE;, i=1,2 be the equilibrium measure from the
energy problem discussed in the beginning of Section 2.1. We know that U K" equals some
constant £} on ¥, and another one —F5 on Xs. Using these facts, first we determine the
signed measure p*.

In the proof we need the concept of equilibrium measure associated with a compact
set on the plane, and the concept of balayage measure.

The logarithmic energy of a measure v of compact support is defined as

1
I(v):= / U¥(z)dv(z)= // log [P dv(t) dv(z).
If K is a compact set, then its logarithmic capacity cap(K) is defined by the formula

log ﬁ(—i :=inf {I(v)|supp(v) C K, v 20, ||v||=1},

where ||| denotes the total variation (total mass) of v.
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If K is of positive capacity, then there exists a unique probability measure v=vg on
K for which the infimum on the right is attained, that is, vx is the unique measure that
minimizes the energy integral I(~) among all probability measures defined on K (see [12,
Chapter II}).

This so-called equilibrium measure vk possesses the following properties:

(i) Uvx(2)<log1/cap(K) for zeC,

(ii) U¥¥(z)=log1/cap(K) for quasi-every z€ K.
These properties can also be used to define vg. Furthermore, the equilibrium measure
vk is supported on the outer boundary of K, which is defined as the boundary of the
unbounded component of C\ K. For example, the equilibrium measure of the interval
[—1,1] is the arcsine measure w, while that of a disk or circle is the normalized Lebesgue
measure on the circumference.

Consider in C an open set G with compact boundary 8G, and let u be a measure
with supp(1) CG. The problem of balayage (or ‘sweeping out’) consists of finding a new
measure g, ||¢')|=||ull supported on 3G such that

Uk(z)= U”'(z) for quasi-every z ¢ G. 4.1)

For bounded G such a measure always exists ([9, Chapter IV, §2, Section 2]), but for
unbounded G we must replace (4.1) by

Uk(z)= U* (2)+c for quasi-every z & G. (4.2)

Here the constant ¢ turns out to be equal to

- / Goo(2) dp(y),
0

where Q is the component of G that contains the point infinity and G (2) is the Green
function of that component with pole at infinity ([9, (4.2.6)]). Besides (4.1)~(4.2) we also
know ([9, (4.210)]) that

U (2) SU(2), (4.3)

respectively
UM (2) SUM(2)+ /Q Gooly) di(y) (4.4)

hold for all zeC.
Furthermore, if G is connected and regular with respect to the Dirichlet problem (i.e.
- every Dirichlet problem with continuous boundary function has a continuous solution up
to the boundary), then in (4.1)—(4.2) we have equality for all 2¢G (|9, Theorem 4.5}).
The equality for z¢G occurs automatically.
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The balayage measure y’ has the additional property (see [9, Chapter IV, §1]), that
if h is a continuous function on G which is harmonic in G, then

/hduz / hdy'. (4.5)

After these preparations we return to the equilibrium measure p* = p7 — p5 associated
with the condenser (21, %5).

Let us compare the measures p} and (u3)’, where the latter one is the measure that
we get when we sweep u3 out of C\Z; onto £;. Both of these measures are probability
measures on X, and their difference is constant on ¥, by the properties of p* and the
balayage measures. Thus, it follows from the principle of domination ([9, Theorem 1.27])
that the potential U#i~(#2)" of 3 —(u3)’ is identically constant, and since this constant
must be zero (consider the potential around infinity), we get that the two potentials
U#i and U2 coincide, which implies that the measures p% and (u3)’ are the same ([9,
Theorem 1.12']).

Since the same can be said when we sweep out the measure p} from C\Z; onto o,
we get that the measures u} and p3 are each other’s balayage measures.

We need one more thing before we can proceed with the proof of Theorem 2.2. Let
us consider e.g. £, and let G be a disk containing ¥;. Since the equilibrium measure of
G is the normalized Lebesgue measure mag on the boundary of G, and the equilibrium
potential of G is constant on ¥, it follows exactly as in the preceding paragraph that if
we take the balayage of mag out of C\Z; onto Xy, then we obtain vs, . Let us now apply
(4.5) and let the radius of the disk G tend to infinity. Then we arrive at the formula

h(oo) = / hdvs, (4.6)

for every h that is continuous on C and harmonic on C\X;.
After these preparations we set out to prove Theorem 2.2.
First we show that there are constants ¢, C such that

CVEj <M;<CVE]'7 J:152 (47)

Let A be an arbitrary nonnegative continuous function on ;. Since ¥, is regular with
respect to the solution of the Dirichlet problem in C\ ¥, h can be extended to a non-
negative harmonic function to C\X;, which we continue to denote by A, so that h is
continuous on the whole Riemann sphere. Using that p} is the balayage of u3 onto

/hd;é:/hd/i{.

we have
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As we have seen in (4.6), we also have

h(oo) = / hdvs,

Now Harnack’s inequality for nonnegative harmonic functions implies that there are
constants ¢, C independent of h such that

ch(o0) < A(t) < Ch(co)

for tesupp(p3)CE2. On integrating this inequality with respect to p3 and taking into
account the preceding relations, we arrive at

/hd(ui‘—cuzl) >0, /hd(Cugl —ul) 0.

The signed measures with respect to which the integrals are taken are supported on X,
and since these inequalities hold for all noﬁnegative continuous function A on X;, we can
conclude that the signed measures p} —cvg, and Cvs, —u] are actually positive measures
and this is the inequality (4.7) for j=1. When j=2, the proof is similar.

Next we need an estimate on the equilibrium measures vs;;. Namely we need that
they are absolutely continuous with respect to Lebesgue measure on 3;, and if

m

U [0, 6], o) <all), k=1,..,m;-1,

then there are numbers y; W ¢ b(]), a)), k=1,...,m;—1 such that
k+1 j

S;(t)
dps(t) = —2 dt
’ T/ |R;(2)]
where .
Ry = [] (t-a) (t-5)
k=1
and
mg — 1
s;0 = TJ lt-v?|
k=1

([11, Lemma 4.4.1]).

From this representation of the equilibrium measures vs; and from (4.7), it easily

o= ([ £47)

follows that the function
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has a simple pole at each a;,b;. We claim that elsewhere H is analytic. This is obvious
in C\X, and the analyticity on each of (a;,b;) can be proved as follows. If we cut C

/ du(t) (4.8)

z—t

along X, then

is purely imaginary on the cut, because the real part of
/log(z—t) du*(t) (4.9)

is the potential U#"(z) and so it is constant on each interval of Z; hence the real part
of the derivative of (4.9) vanishes on . Furthermore, (4.8) takes conjugate values for
conjugate arguments; therefore, (4.8) takes opposite values on the upper and lower parts
of the cut. Squaring these opposite values as in H we get that H is real on the cut
and takes conjugate values for conjugate arguments on the upper and lower parts of
the cut; hence the analyticity of H on (J(a;,b;) follows from the continuation principle
for analytic functions. Of course, to do all these deductions, we need that H, which
on U;"zl(a]-,bj) must be understood in principal value sense, is continuous on the cut.
Seeing however that e.g. on ¥; the measure p} is given as the balayage of u3 onto £, the
density function of p* is analytic on |J(a;,b;) (cf. [9, (4.1.6)]), from which the claimed
continuity easily follows.

In summary, the function H is a rational function. Obviously, H has a zero at
infinity with multiplicity 4 (recall that u* is orthogonal to constants) and each of its
zeros is of even multiplicity; hence H is of the form

2
f(e)= ot
where .
R(») =[] - a)(z—b)
k=1
and

P, _2(2) =Cm_22m—2+...+60
is a polynomial of degree at most m—2. Thus, by multiplying P,,—2 by —1 if necessary

dpt(t) _ Pma(d)
[ 29, seo\s

Here, and in what follows, we take that branch of the square root that is positive on the

we can conclude that

positive part of the real line. From Cauchy’s formula applied to C\ we can see that

Pm_z(z)_ 1 Pm_z(f) 1 d =/ Pm_2(t) 1

R(z) 2miJs JR(E) &-2

z mi/R(t) t—2

b
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where the first integral is taken on the cut in the clockwise direction and the second
integral is an ordinary Lebesgue integral and the values of \/m in it are taken on the
upper part of the cut. Since Cauchy transforms determine their generating signed (or
even complex) measures if these measures have support of zero two dimensional Lebesgue
measure (see [2]), it follows from the preceding two formulae that

Pm_z(t)

—miy/ R(t)

Since 34/ R(t) is real on the upper part of the cut, we can also conclude that P,,_o has
real coefficients.

dp*(t) = dt. (4.10)

Let now z and y belong to the same interval {a;,b;]. Then the function

Pm__g(z)
—mi\/ R{z)

is analytic on C\X and has at least double zero at infinity; hence

7{ Prm - 2(5 ogx_€d§=0. (4.11)

—m y—¢&

log -

Taking real parts, we can see that whatever the real polynomial P,,_9 of degree at most
m—2 is, the potential of the (signed) measure

Pm_g(t)

~miv/R(t)

is constant on each interval |a;, b;], in particular,

do(t)= dt, teZ

U (a;) =U°(b;). (4.12)

Next we compute U°(b;)—U?(aj+1). If L=XU[b;,a;4+1], then (4.11) holds again
if the integration on X is replaced by integration around L, and for the same reason.
Taking again real parts we can see from the facts that \/R(t) is real on (b;,a;+1) and

a]-+1—t
b,—t

Gty
b;—t

=log

log

there, that

ajy1—t Pp_a(t) Pr—2(t)
Re/ log 1
< 7,1 TrnivR®)) T VRO
on the upper part of the cut along L on (bj,a;41); therefore,
aj+1
/ IOg Pm—2(t) _ Pm 2(t)
=

—mi/R(E)  J,  /R@E)

aj+1——t
b;—t

(4.13)
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It follows from (4.12) and (4.13) that for any (> j

/Elog _1; NGOk (/am /:;2+ +/blal+l>ﬁ\/§T%ldt. (4.14)

From these formulae we can easily derive necessary and sufficient conditions for the

apy1—1t
bi—t

fact that the potential U be constant on ¥; and on ¥s. In fact, let j; and js be the
indices of the last (more precisely, rightmost) intervals of ¥; and X5, respectively, and
set

I={j|j#71.J2, [aj.b;] CZ1and[a;41,bj41] C 01 [a;,b;] C Lz and [a;41,b541) C X1}
and
J ={jli #7172 laj,b;] C Ly and [a;41,b;41) CEyoras,b;] C T2 and [aj41,b541] C Xa}.

Then ZUJ has m—2 elements because the indices of the last intervals of £; and X5 do
not appear in ZUJ. If j€7 and U? is constant on 2; and on X3, then U must take
the same value on [a;,b;] and [a;41,b;41); hence by (4.13)

aj+1 pm 2(t)
bj vR

(note that the left hand side in (4.14) is nothing else than U?(b;)~U%(a;4+1)). Let now
J€Z, and let [(j)>j be the smallest index such that [a;,b;] and [ay(;)41, bi(y)+1] belong
to the same set ; or ;. j€Z means that [(5)>j. If U? is constant on ¥; and on X,

dt=0, jeJ (4.15)

then U must take the same value on [a;,b;] and [a;(jy41, bij)+1]; hence by (4.14)

(/‘az+1 /a1+2 /al(j)+1) Pm‘Q(t) dt=0
b; bjv1 bi(s) R(t) ‘

But the indices j+1,j+2,...,I(j)—1 belong then to J; hence in view of (4.15) we can
see that the last sum is the same as

(/a]+1 A’L:()le) R(t)) di = (4.16)

(4.15) and (4.16) give m—2 equations on the m—1 coefficients of Py,_2. The
(m—1)st condition
P_2(t)

v, —miy/R(t)

dt=1 (4.17)
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_comes from (4.10) because we only consider signed measures that have total mass 1 on
Y1. From Cauchy’s formula it then follows from (4.17) that

P_2(t)

—=dt=-1
/22 —mi\/ R(t)

as is required for our measures.

From our considerations it is clear that if the coefficients of P,,_, are chosen to

satisfy (4.15)-(4.17), then
P _5(t)
do(t)= W dt
is a signed measure on ¥ such that o(21)=1, o(X2)=-1, and U? is constant on each
of ¥; and ¥,. We claim that then ¢ must be p*, i.e. the equilibrium measure for the
signed energy problem (cf. [8]). In fact, since p*=puj—pus also has these properties, it
follows that there are constants a and § such that the potential of the signed measure
o—ayu* is identically equal to 3 on . Thus, if =01 —02 where (—1)?lg; denotes the
restriction of o to X, and if v4 denotes the positive and negative parts of a measure v,
then we have for all zeX

[jo1++0o2—+au; (z)= [oa++ori—+ap] (2)+B. (4.18)
Here for the positive measures 014 +02_ +ap; and 094 +01- +aui we have
o1+ +o2—+ap;ll=lloas +o1-+aui

because [lo4+l|-llor— | =0 (£1)=1, o2+ [~ los_[|=o(Z1)=1 and [|uf]|=}3ll. Further-
more they have finite logarithmic energy; hence it follows from the principle of domination
(see [9, Theorem 1.27}) that (4.18) is true for all z. Then for z— 00 we get §=0 and so

[For++oz—+ap; () =U%>+ +o1-+opg (2)

everywhere. Hence oy +0o_+aus=0s+0o1-+api, ie. o=ap*, and since 0(X1)=1=
1*(Z1), we get o=p* as we claimed above.

Finally we compute F;+ F5,. Since this is the difference of the potential values taken
on %1 and on Xy, the above formulae (see e.g. (4.13)) yield

G+ po ot
|F1+F2|=~/ ——zi—)dtt,
b;

NGO

where j is an index such that b; and a4, belong to different sets X; and L,. But F1 +F;
is nonnegative. In fact, U*" coincides with F} on ¥; and with —F, on ¥, hence

F1+F2=/U‘u‘ dp”=1(p") >0,
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because the logarithmic energy of any compactly supported signed measure p* with the
property p*(C)=0 is nonegative (see [9, Theorem 1.16]). This gives (2.5). O

The author thanks J. Szabados for valuable discussion and for providing the refer-
ences (4] and [5].
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