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Introduction

Let z=(z,, 25, 23) €3 we write z,=x,+1dy; (1<§<3); we also use polar coordinates
(¢, 0) in the (y,, y;)-plane when convenient. H ={z|y, —p >0} is a tube domain over a cir-

cular cone; by a linear change of coordinates it is equivalent to the Siegel upper halfplane
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of two-by-two matrices. With the Bergman metric ds? =00 log (¥ —¢2), H is a Hermitian
symmetric space. We denote by A, the Laplacian associated with the metric.

It is a special case of a theorem of Furstenberg [2] that every bounded solution of
A, F =0 has a Poisson integral representation on the “maximal boundary’ which in our
case can be identified with a compactification of R x T1. The values f(z, 0) of the bound-
ary function can be recovered from F by taking limits along paths in H whose x-coordi-
nates are fixed and whose imaginary parts tend to the vertex of the cone while becoming
tangent to the generator of the cone having the coordinate 0 [6].

The Bergman-Silov boundary of H is R? (or more precisely, a compactification of R3).
As first shown by C. C. Moore, it coincides with one of the non-maximal Furstenberg-Satake
boundaries. There is a Poisson kernel on R3, it can be gotten from the previous one by in-
tegrating out the §-variable, which still has the property of reproducing all bounded holo-
morphic functions on H. All functions representable by this more special Poisson integral
are annihilated by further second order differential operators besides A,;.

This last observation, in another case, was first made by Hua [4]. In general, for sym-
metric domains of tube type, E. M. Stein, J. A. Wolf and the first named author showed
several years ago that there are always & independent such operators, where k is the di-
mension of the isotropy group (unpublished). Stein posed the question if these operators
characterize the class of the more special Poisson integrals.

In the present paper, in the case of H, we take one elliptic operator A, independent of
A,, which annihilates all the special Poisson integrals, and we prove that every bounded
solution of the system

AF=0;, AF=0,
can be represented as a special Poisson integral on R3.

The method we use can be described as follows. We introduce a linear combination
A; of A, and A, which is still elliptic and consider the diffusion processes z(t), z22(t) as-
sociated to A; and A,, respectively. The sample paths of both processes tend towards the
vertex of the cone. At the same time A, tends rapidly towards the boundary {p =y}, while
A; tends away from it, towards the axis. With the aid of two hypersurfaces in H we will
introduce a sequence of stopping times and define a compound process z,(t) which between
consecutive stopping times will alternately be governed by A] and A,. For a solution of the
system A, F=A, F=0, F(z,(t)) will then be a martingale.

Properly choosing the two hypersurfaces we can arrange that, as {— oo,

(i) the =;-coordinates of z,(t) tend to definite limits a.s.
(ii) v, and y, —o/y, tend to 0 a.s.
(iii) 0 oscillates indefinitely a.s.
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Using these properties we prove the main result as follows. By a regularization argu-
ment we may assume that the Furstenberg boundary function f(z, 0) of F is continuous.
Now f(z, 6) must be independent of 8, or else the martingale convergence theorem would
lead to a contradiction to the Fatou-type theorems that allow to recover f from F. This
is enough to show that F is a Poisson integral on the Bergman-Silov boundary.

Our method of compound processes can, of course, be applied much more generally,
to any overdetermined elliptic system, and more specifically to boundary problems for
analytic functions of several complex variables. It could be also generalized, the shift be-
tween the two elliptic operators being realized by a Poisson law with density depending on
the position. But in all the cases the effectiveness of the method depends on delicate nu-
merical estimates which are worked out in our case in a very specific situation.

For many useful discussion on the subject of this paper we would like to express our
gratutude to Professor Stanley Sawyer.

I. Preliminaries
1.1. Definitions and notations

Given z=(z,, 2y, 23) €C?, we write z;=a;+1y, (1 <j<3). We consider the domain
H={z€C|y, >0, yi —y3—y3 >0},
which is a symmetric generalized halfplane. Its Poisson kernel with respect to the Bergman-

Silov boundary has the form [5]

A(—i(z—32))¥?

Pz, u)=cm,

(1.1.1)

where 2 €H, 4 €R3, ¢ is a constant and 4(z) =2F —2Z —2%.

Introducing the new coordinates

wy = 27¥(z, +2,),
wy = 2742, —2,),

Wy = 23,

12
(2w, wy
" \wy, 2%w,)’

3 2

it becomes apparent that H is just the Siegel upper halfplane {Im W > 0}.

and writing
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If we write V=Im W and

9 9
ow,’ oW,
O e 0
ow,’ oW,

21/2
3W =

then the entries of the formal product matrix &y V-8 give four second order differential
operators, each of which annihilate P(z, u) for all fixed u €R3. This can be seen by imitat-
ing the argument in [4, p. 117] or by direct checking.

A linear combination (with non-constant coefficients) of these operators is the Laplace-
Beltrami operator with respect to the Bergman metric which, rewritten in terms of the z;-

coordinates, has the form
2 R 3 3 _
A= g[A(y)( —0,0,+ 2 a,a,) +2 2 > yky,aka,]
j~2 k=11-1

(we wrote 9, for 9/0z,). Another combination of the operators, in fact a multiple of

tr 8y V -8y, becomes in terms of the z;-coordinates
3 3 o
A, =4y} kzl Oty + 4 122 %19(0,9;+ 0,9y).

This operator is also elliptic, and it is invariant under real translations and under real rota-
tions in the (z,, 25)-plane.
Our objects of study are the bounded solutions of the system
A F=0,
A F=0.
It will turn out that such an F can always be written as the Poisson integral with the aid

of (1.1.1) of a bounded measurable function on R3.

We will also use the operator

’ 1 '—
Ai=38— yly €A,,

1

which is easily seen to be (degenerate) elliptic. g here is defined by
e =ol) = (W +¥d)"™
We also define

6= 06(z) =cos™* _y_2’
(2) 0
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and two other important functions by
5(2) = - log Y1

2(z) = —log =8,

Y

Either one of the triples (yy, ¥s, ¥3), (1, 0, 0) or (§, x, 0) can be used to describe the imaginary
part of a point z€ H; the last one is in many ways the most natural.

Next we choose a function A € C3(R) having the following properties:

(i) A is monotone increasing,

(iiy A =2,

(i) |A’|,|]A"] <1/16,

(iv) A(t)=log ¢ for large values of .
It is obvious that such a A exists. Now we define the function ¢ on H by

$(z) = A(&(z)) = A(—log ),
and the subdomains H® (1 <¢<2) by
HY = {zeH|y(2) > ¢(2)},
H® = (zeH|y() < $(2) +1}.

1.2. Recall of some results

Suppose that
1
9 s

is an elliptic operator on a domain in R”, and let u,(t) be the process governed by A in the
sense of [8, p. 90]. We denote by V the “gradient” associated to A, i.e. for any F we write

IvFI*= % ex(D; F)( D F).

We note here the obvious but useful formulas
IVpo P = @2 [VFJ2, (121)
A(yo F)=3y"-|[VF|2+y -AF. (1.2.2)
An application of Ito’s Lemma [8, pp. 32, 44] to the stochastic differential d F(u,(t))

gives

] t
Plu,t) = F(u,(0)) + fo (AF)(u,(s))ds+ L IVF(uuis)) dbo(s), (1.2.3)
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where b,(s) is an ordinary Brownian motion. (1.2.3) is valid for all stopping times ¢ not
greater than the lifetime of the process.

Suppose now that u,(t) has infinite lifetime, but the one-dimensional process F(u,(¢))
is being stopped by an absorbing barrier at F(u,(0))+A (h>0). Let 7 be the lifetime of
this process, i.e.

T =min {§ > 0| F(u,(t)) — F(«,(0)) > h}.

We can study 7 with the aid of the following considerations, used also in [7].

On each sample path we define the intrinsic time ¢* by (cf. also [3])
£
= J |V F[[*(ua(s))ds. (1.2.4)
0

We write ug(t*) =u,(t), i.e. uj is the process u, reparametrized by the intrinsic time. Then

F(ul(t")) = F(u,(0)) + t*—éﬁl— (uk(s))ds + by, (£¥) (1.2.5)
(4 (7] 0 "VF"z (7] (03% ’ Al

where b,, is again ordinary Brownian motion and w—w, is & probability-preserving map.

If we have a uniform estimate

0<k< ”VFIP, (1.2.6)
then, by (1.2.4),
kr <t*.
If we also have a uniform estimate
AF
<20 (12.7)
PS v

then, denoting by Y (t) the process on R governed by
I1D*+8D
and started at 0, we have
Y,(t*) < Fua(t")

for all #*, If we denote by T, the absorption time at A of Y (f), i.e.
7o =min {¢ > 0| Y, () >4},
then it follows that

™ <70,
So (1.2.6) and (1.2.7) together imply

té%. (1.2.8)
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If we have the reverse inequalities in both (1.2.6) and (1.2.7), ali the other inequalities

also turn around, and instead of (1.2.8) we get the reverse estimate

To
T=2—.
k

About 7, we have rather precise information. By the methods indicated in [1, vol. 2,
pp- 450—453] it is easy to check that, for §<0,

Plry< oo]= ;—ﬂl e2b", (1.2.9)

For >0,
E[e~*] = exp (—h[(2+24)2 —B]) (1.2.10)
for all A< —($2/2). (In particular, 7,< oo, a.s.)
At one point we will also need the two-sided absorption time 7,4, of Y ,(¢), i.e.
Tgo = min {t > O'[ Y.(8)| = h}.

If =0, we have
cosh fh
2\
cosh ﬁh(l + 21—3—2)

For small A both (1.2.10) and (1.2.11) are majorized by e~ °* with some positive constant c.

Ele ] = (1.2.11)

1.3. Some numerical estimates

In this section we collect some results that will be used repeatedly in the sequel. We
denote by Vi, V, the gradients associated to A;, A, in the sense of section 1.2. The other

definitions are in section 1.1.

LremMma 1.3.1. At every point of HV we have

3 , AE 1
s <2, =
3 vl ViR~ 2
3 , 1 Aix 1
~<|vizlP<2, —- e < —
2 VA2 = o= s

Proof. Direct computation gives
Vi@ = %0+ o).

Since o <y, on all H, this is majorized by 2. Since ¢ =Ao&>2 by definition of A and ¢,
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on H'Y we have y(z) >2, which means (y, —g)/y, <e~2. This implies the lower estimate of

[ Vi&]|2. The proof of the other assertions is similarly based on direct computations.

LEvMMA 1.3.2. On H® we have

AE 1
2:2, 2 =z,
Iva£]l [V.£E 2
3 Ax
2< 2oget, S< =t
N4 & 4 V22l
On I'={2€H |g(2) >¥y,/2} also
Ax 7
< -,
Iv.x[* 6

Proof. One proceeds by computing precise expressions and then using elementary
estimates. For example,
Yrteo Y1 _ 4@
Vot (z) =22— < 4 1 =459,
varlit) =22t cq
LeEMMA 1.33. Let y=y—¢ and x=x—log¢. On HW, y and ¥ satisfy inequalities of
the same type as y with constants having the same sign as in Lemma 1.3.1.
On H'® we have

_ 9_ Aoy
1< Pober, <t
\¥4 16 ||vaxll?
and, on I' = {z€ Hg(2) > y,/2},
A.%
L < 2
"Vzl"2

% also satisfies the same inequalities.

Proof. Since ¢=Aof, the formulas (1.2.1) and (1.2.2) together with property (iii) of
A and Lemma 1.3.2 give

[Vadll® = (AP Vat]* <o
|8z |2 <|A"[-3[[Va&]|*+|A7] - | AE] <3

The same estimates hold also for log ¢, since the derivatives of log A have the same bounds
as those of A (since A >2 everywhere). It follows that

IAZZ_A2Z| < %’

[Vazll = | Vel

1
<
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the same inequalities being true also for X in place of ¥. Comparing these with the inequali-
ties in Lemma 1.3.2 the assertions about A%, |V.Z|, Ay X, ||V2 || follow by an elementary
calculation.

The proofs of the assertions about Ai%, etc., are exactly analogous.

Lemma 1.3.4. 4 all points z€H,
Aixj = Azxj = 0,
1Viz,[2, [V < 243,
for all 1 <j<3. Furthermore,

A6 =A0=0, ||V,0]2>2.

Proof. Direct computation.

II. The compound process z(t)
2.1. Construction of = (t)

We denote by 2H'® (1<¢<2) the boundary of H'¥ relative to H. So 0H'V < H® and
OH'® < HW; they are the hypersurfaces defined by x =y —¢ =0, resp. X =1.

We consider the processes 22(t) (1 <4<2) defined on H" and governed by the opera-
tors Ay, resp. A,. We denote their lifetimes by 7 resp. 7.

For 2?€ H (1<¢<2) we denote by Q(!(2%) the sample space of paths z¥(f) starting
at 29. The corresponding expectation we denote by E%, or simply E,. where this can not
cause confusion.

The following lemma shows that zJ(¢) actually ends by being absorbed at 2H", and
that {9 is finite (1 <¢<2). These facts are needed for the construction of our compound
process. Statement (ii) of the lemma is a byproduct of the proof of (i), and will be used in
section 3.2.

Lemma 2.1.1. (i) 79 < + o and zQ(rY) €0HY a.s. (1<:1<2).
(ii) There exists a constant ¢ >0 such that, for sufficiently small |1|,
E.[exp (At®)] < e (2.1.1)
uniformly for 2°€0H®, and, for sufficiently small 4> 0,
E.Jexp (A7?)]<e (2.1.2)

uniformly for 2°€0H". The left-hand sides of (2.1.1) and (2.1.2) are finite for every z° in
HW regp. H®,
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Proof. First we show that 7" equals the lifetime of the process X(22(t)). Since &, 6,
X, z; (1 <j<3) can be used as a coordinate system, it will be sufficient for this to show that
the projections of z¥(f) onto the other coordinates, i.e. the one-dimensional processes
£(z2(t)), ... have infinite lifetime a.s. (see [10]).

The comparison method of section 1.2 and the estimates in Lemmas 1.3.1 and 1.3.2
imply at once that £(z®(f)) has infinite lifetime. One also sees from (1.2.5) that

BEH) = £+ 5+ bu(t),

and
3t <t* <2t

Using that |b,,(¢*)| <(t*)*** for large ¢*, a.s., this implies

yﬁ%m<%me(—9, (2.1.3)

for sufficiently large ¢, a.s.
To show that the lifetime of z,(2(t)) is infinite we use the same method. By Lemma

1.3.4 the intrinsic time £* is majorized by
t
f<2 f $(z5(s))ds,
)

and reparametrized by ¢* the process is a pure Brownian motion. (2.1.3) shows that #* < + o
for all >0, a.s. From this the infiniteness of the lifetime follows.

It is obvious that there can be no limitation on the lifetime of 6(2¥(¢)), so we have
shown that 7(¥ is a.s. equal to the lifetime of ¥(z{(t)), which also shows that 28(z'") € H')
(1<i<?).

By definition of H'V and H'? the lifetime of X(z(#)) is the time of its absorption by
0 resp. 1. 22€ HY means that X(z°) >0; 7'V can now be estimated by applying the method
of section 1.2 to —X. From (1.2.10) and from Lemma 1.3.3 it follows that t* is finite. If
we know in addition that 20 €9H®, then X(z*) =1 and (1.2.10) even gives the part concern-
ing 7'V of statement (ii). We proceed exactly analogously with 7®, finishing the proof of
the Lemma.

Now we begin the construction of z,(t). We take disjoint copies A" and H® of HW,
H®, and set #=HY y H®. This is a two-sheeted domain with a natural projection onto
H. If z€H,  will always denote a point in H whose projection is z. Every function F on
H lifts naturally to H; we do not use a different symbol for the lift of F.

Suppose first that z2°€ A, The elements of the sample space Q(z°) of the new process

will be sequences
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— @ (@ D (2 (1)
w—( 1,01 ,W27°, Wz, W3 ""):

such that o{® €Q®(z°) and then, inductively,

wP € Q(z)(zwgl)(‘t(l))),

o € Q(D(za,g,z) =®)).

We will use the notation
i
Ty=Tw)= 2 () +2(P),
je=
T =T+ (@),
and also, for brevity, 7i° for 7®(w).
For w€Q(2°%) we define the sample path z,(f) inductively by
{2‘0?)1 (t—T,)eA® if T,<t<T§
+
zo(t) =

zw%(t—ml)eﬁ@ if TR <t<Tia

The probability measure Pg(dw) on Q2% will be given, for functions ¢ depending

only on finitely many components of w, by

f(p(w)Pga(dw) = PdwP)... p(w),

J a0 0‘2)(20,(11) @Dy

and by extension for more general ¢.
If 20€ H® the elements of Q(2°) will be sequences starting with o €Q®)(2?). In this
case we set 7{’ =7 (w{®) =0 by definition; we define 7', T, z,(t) by the same formulas

as before.

2.2. Basic properties of z_(¥)

2,(t) is now a process on H; ...<T,<TP,<T,,,<.. are stopping times for it. At
the moment it is defined only up to some explosion time, but it will follow from section
3.2 that its lifetime is actually infinite.

LeMma 2.2.1. The formula (1.2.3) remains valid for the process z,(t), i.e. for any F € C*(H)
and any stopping time t we have

t ¢
Flzu(t) = FE) + fo (AF) (z,(s))ds + fo IVF] (zule) du(s), (22.1)

where b,, is a Brownian motion and where AF (resp. ||VF||) means Aj F or Ay F (resp. || V1 F||
or ||V F||) depending on whether z,(s) is on HV or on H®.
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Proof. We carry out the proof only for the case where 20€ A); the case of H® re-
quires only minor modifications.

For each z€H® (1<i<2) we have a Brownian motion b,m(t) defined on Q*(2).
With the aid of these, retaining the notations of section 2.1, we define b,(f) for w €€(2°)
inductively by

, bo(T;) + bw}lgl (t-=T) if T,<t<T{,
wlf) = bu(T) + b@, (-~ TRy if T <t<T,,,.
One can check then that b,(f) is a Brownian motion.
Now (1.2.3) gives
e

LD
F(zw<T$‘+’1))~F(zw<T,>)=f0 (A{F)(z‘”lzl(s))ds-l-f IViFll e Ndbm (9. (222)

“’g 0 i+1

Using the definitions of z,(¢) and b,(t), the right-hand side of this equality can be written
as

el 2D
J " (AF) (z(s)) ds + f T’ " IVF (zls)) dbals). (2.2.3)
Ty 1

An analogous formula holds also for the intervals [T5Yy, T';,,]. Summation over j of these

formulas proves (2.2.1) for the cases where ¢ is equal to one of the 7,’s or Tj"’s.
To extend this to the case of an arbitrary ¢, we introduce the stopping times 7', Af,
TV At. Using these instead of T, T5V, (2.2.2) and (2.2.3) remain valid: This is trivial

if t¢[7,, T5], and follows by general properties of stopping times if tE[T';, Ti%1]. Again

we have analogous formulas for the intervals [T{?;, T';,,], and summation over j, as be-

fore, proves the general case of the lemma.

COROLLARY 1. If F is a function on H such that Ay F=A, F =0, then F(z,t)) is a
martingale with continuous sample paths.

COoROLLARY 2. The method of time changes and comparison equations described in sec-
tion 1.2 is applicable to z(t).

CoROLLARY 3. If FEC? H) and if there exist constanis, ¢, ¢’ such that
AF>¢>0, ||VF||<¢ <o

on H (meaning A1 F>c on HY, A,F>c on H®), elc.), then, for any &, 6>0 there exists a
constant B such that, for all 20€ H.

Pu[F(z,(t)) = F(20) + (c—&)t—B, Yt > 0] >1-6.
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Proof. We apply the martingale inequality of McKean [8, p. 25]
& o t
P[Max(f edb—éf ezds>ﬂ)] <e ™, (2.2.4)

t>0 0 0

with e= — || VF|(2,(s)), « such that ac’2<2e and f such that ™% <4.

IT1. Asymptotic behaviour of the sample paths

3.1. Behaviour of yi1(z,(¢)) and x;(z,(¢))

LeMMma 3.1.1. (i) For any &, 6 >0, there exist positive constants ¢,, ¢y such that, for all
2ed,

Pzloyy(2%) e <yi(2u(t) < c291(2") exp (— (§ — £)8), V¢ >0]>1—6.
(ii) Let ¢ <j<3. For any n, 6 >0, there exists 1>0 such that, if y,(2°) <2, then
Pil|a,z,0) —2,(2%) | <n, V£ >0] > 1-6.
Proof. (i) follows by applying Corollary 3 of Lemma 2.2.1 to the function &(z) = —log %,

and using the estimates of Lemmas 1.3.1 and 1.3.2.

To prove (ii) we note that, by Lemmas 2.2.1 and 1.3.4,
11
lault) = 56 = [ IValeutondbae).
So the martingale inequality (2.2.4) gives
o %[ 2 /| —(an)/2 0
Piol zfeut) =) < 5 | (Vo[ Eae)ds 5, VE>0] >1—e"®PE>1—7,  (3.L1)
0

with appropriate choice of a.
By Lemma 1.3.4 and by part (i) of this lemma used with /4 instead of J, we have

P;u[ f t [1V2,]1? (2,(8)) ds < c3(%1(2%))? (‘3 - 28)_1, Vi> 0] >1-— z . (3.1.2)
0

Together with (3.1.1) this implies

0
P[zy(2,(8) —x;(°) <n] > 1— 5
whenever

o2 g2 M (3_
(<A ac§(2 28)-

Applying the same argument to the function —z; instead of z; finishes the proof.
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Remark. With some extra work the exponent in the upper estimate in part (i) can be
improved to —(1 —¢&)t. For this one has to use some information about the behaviour of
2(2,(t)) to get a finer estimate of ||V,&||2 than the crude uniform estimate of Lemma 1.3.1.

The same remark also applies to the following lemma, which gives a somewhat dif-

ferent kind of information about y,(z,(t)).

LemMa 3.1.2. For any 3°€H, a>0, and any £>0,
> Pz[Max yy(2.(t) > 4:(z") exp (— (§ — g)aj)] < oo,
=0 tzaj

Z Pzfmin y,(2,(f)) < yl(zo) e_(lﬂ)a}] < oo,
>0 t=aj

Proof. The j’th term of the first sum is obviously majorized by p,+g;, where

3 .
= Pa et - £ (32 o]

3
4= Px [E(zw(af)) ~ 6> 5 0f, min £(z,() ~ ()< (;— g) a?’] :

Applying the time change of section 1.2 we have, by Lemmas 1.3.1, 1.3.2,
E(za(t*) —E(2°) =} £* +b,,(t%), Fe<i*<2t

Using these, we estimate p, as follows:

3 . . 3 ¢} . . e .
P;<Pz-[;a7+bw.((a7)*)< (;—5) a7] <P[ min b,,()< —-2a7]

0gi<2af
& 4 &a .
= Y — s < PR —_—
2P [b,,,,(2a7) < 2 ay] () exp ( 16 7) ,

where the last two lines follow from elementary properties of the Brownian motion ([3,
p- 7] and [8, p. 4]).

To estimate ¢,, we observe that it is just the probability of the finiteness of the life-
time of the process £(z,(f)) —£(2°) starting at some value larger than (¢/2)aj and absorbed at
(3 —%¢)aj. So (1.2.9) applies with h> (2 —¢)aj and f= —1}, giving

g;<exp(—(}—¢e)aj).

So Zp, and Xgq, are both majorized by convergent geometric series, proving the first

assertion of the lemma. The proof of the second one is analogous.

CorOLLARY. For sufficiently large t, a.s. we have

y1(2%) e” MOt <y (2,(8) < p1(2"Yexp (— (3 — &)0).
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Of course, this corollary can also be proved directly very easily by the time change
method.

3.2. Estimate of Tj
Lemma 3.2.1. There exist positive constants ¢’ and ¢” such that, for all 3°€H,

> Pu[T;>c"j]< oo, > Pu[T,;<c'jl<ec.
=1 551

Proof. By Lemma 2.1.1 (ii) we can pick a number 4>0 such that, with some y >0,

Eg)[exp (lt(i) —y)]<exp (_ ;_’) , (3.2.1)

uniformly for z €0H'"), where either =1 and <’ =2 or +=2 and ¢'=1.
Now let 306 . Let B be the sigma-field of the “past” ¢ < TS for z,(t), and %" the

corresponding conditional expectation. By the uniform estimate (3.2.1) we have
Ezfoxp (AT~ 2jy)] = Balexp (AT{°~ (2~ 1)y) B* [exp (= y)]]
<e "2 Ezlexp (AT — (2§ — 1))

Repeating this argument now with the sigma-field B, ; belonging to ¢<7',_, and then

w3
eI g, [exp (y‘r‘12) - g)]

depending on whether 20 is in H® or H®. In either case we have an inequality

using induction, we get

Ex[ ] <

E; [T < O,

with a constant C depending only on 2°.
Now the Markov-Chebyshev inequality gives

X [T, >27y7'] = P[> 1)< Ce™?,

and the first statement of the Lemma follows, with ¢” =(2y)/A.
To prove the second statement, again using Lemma 2.1.1 (ii) we pick A>0 and have,
with some y >0,

EP[e )< e,
uniformly for z€8H?. For t® we use the trivial estimate

Efe ") <1.
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The argument used in proving the first statement now gives
Exfe? 1)< Ce 7,
with € depending only on 2°. Setting ¢’ =y/4 the Markov-Chebyshev inequality gives

Pu[T,< ¢ j]=Pa[e” *Ti>1]< Ce™?,

finishing the proof.

COROLLARY. Given 20€ H, for sufficiently large j we have a.s.
cj<T,<c"j.

We note that the same results obviously hold for 7" in place of T';.

3.3. Behaviour of y(z.(t))

The next lemma shows that the imaginary parts of the sample paths z,(f) stay away
from the axis of the cone; as {—> oo they tend towards the vertex by becoming tangential
to the boundary. Recall that X was defined as y — log ¢.

LEMMA 3.3.1. For every 3°€ H,
> Pu] min  X(z,(t) <0]< co.

izl T5<i< T4

Proof. We use the abbreviated notation
@ =348 OB9
and show first that, for z€aHY,
P‘f)[lgigl 2(z2 (1) <0] < g(2). (3.3.1)

In fact, this is the probability of the finiteness of the lifetime of ¥(22(t)) starting at ¥(z) =
¢(2z) —log ¢(z) {since z€2'V) and absorbed at 0. (3,3.1) is immediate from the method of
section 1.2, in particular (1.2.9), and from Lemma 1.3.3.

Let A; denote the event the Lemma, is about, i.e.

A4,= { min  ¥(z.(t)) < 0}.

Ti<t<Ti+1

Note that for 7',<t<T{; we have z,(t)€ HD, hence X(z,(t))>0. By (3.3.1) we have an
estimate of a conditional probability,

Px4,|2,(Tf%1) =2] <g@(2).
So it follows that

Pal4)] < Bxlp(zo(TH1)]- 3.3.2)

We proceed to estimate this as follows.
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Using the events
)= {T,('}r)l < 0'?'},
P ——
i>c'f 2
we have from (3.3.2)
P3[4,1< ¢l PHIC,]+ P5lD;]) + Bslp(zu(T21) oso os]- (3.3.3)

On Of n Dj we have
1 ¢ .
Yi(2s(T501)) <exp ( h ?) )

By definition of ¢ and ¢ (section 1.1) we have, for small ¥, =y, (2),

8 (log (—lo 8
o) =2 g_( g yl)) .
9 log ¥
So, for large enough j, we have on C; N D§

! 9/8

log'

‘p(zw(Tﬁ)l)) < C!

9

Ol w

Using this in (3.3.3) we have, for sufficiently large §, with some positive constants 3,, M,,

1 17718
P A< M (Po[C)]+ PalDy)) + M, (9—) .
By Lemmas 3.1.2 and 3.2.1 this finishes the proof.

CoroLLARY. For any 39¢ H, we have

h—o R
o ZE)) < ;

loo ~
g 5
for oll sufficiently large t, a.s.

Proof. The Lemma immediately implies X(z,(¢)) >0 for large ¢, a.s. which means

h—e (Zlt)) < o108 $,t)
"
for large ¢, a.s. From the definition of ¢ and from the Corollary of Lemma 3.1.2 the state-
ment follows.
14752904 Acta mathematica 134. Imprimé le 1 Octobre 1975
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3.4. Behaviour of 6(z,(t))

The goal of this section is to prove Lemma 3.4.4. For this an estimate of 7(* from below

is needed; this is given in Lemma 3.4.2.

LemMA 3.4.1. There exist >0 and ¢, >0 such that, for all z€0HY with y,(z) <u,
)
ED [eXp (— f exp ((z2(t) — () — l)dt)] <exp (— 7).
0
Proof. We apply the time change method of section 1.2 to X(z2(f)). We have

= f Va2 2(6)) ds (3.4.1)

and
t*

o V2 xllz
Let I' = {z € H|20(z) >¥,(2)}, and let ¢ be the last-leaving time

2(2D() =bu,(¢°) + (22" (s))ds. (3.4.2)

=sup {0 <t <7|z,(t) ¢TI}
or ¢ =0 if this set is empty.
From (3.4.2) and from Lemma 1.3.3,
b, (v7) = by (%) + 2(z®" — 6%) = X(24(T®)) — X(24(0)).

The right-hand side here is at least 1, since Z is 1 on @2H'®, is 0 on @HW (this corresponds
to the case 0 =0), and is negative outside of I'. It follows that if we introduce the process
Y 4u(6) = by, () +2¢

then we have
2 Ma.x |Y (O] = Yo, x®) = Y, (c")= 1.

o<t<r@
Writing

ty=min{t>0

1
>
|¥u @) >3 }
it follows that we have 7!*>¢¥. ¥ (£) is governed by the operator $.D% +2D; using (1.2.11)
and Lemma 1.3.3 we therefore get the estimate
EJe " 1< Ble ™| <e, (3.4.3)

with some constant ¢ >0, for all sufficiently small 1>0.
(3.4.1) and Lemma 1.3.3 give

(2)
1(2)‘ <5 J‘ eé(zw(s))ﬂ ds,
0
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using this and setting A=1e"%®~? in (3.4.3) gives the inequality of the lemma. By the
definition of ¢(z), the smallness of y,(z) guarantees that 4 is sufficiently small.
Recall the definition &(z) = —log ¥, ().

Lemma 3.4.2. There exist v>0 and ¢ >0 such that, for all z€0HW with y,(z) <v,

_o® ¢
EP[e " ]<exp ( f(z)) .

Proof. Define T =min{¢>0]|(z,(t)) > $(z) + 1}. Then

e

EPLe )= EP[1eqocry e "1+ BO[Lgropn ™) =1, + I, (3.4.4)

Lemma 3.4.1 and the definition of 7' immediately give

I <exp(—c,e *®)=exp (— 6_0(;_)) , (3.4.5)
with the last equality holding only for sufficiently small y,(2) (i.e. large &(z), i.e. large ¢(z)).
For I, we use the elementary estimate, valid for any constant R,

I, <P[T <7 <P[T < R|+P[R <t®]|=I,+1, (3.4.6)

and we set B=§(2).
For small y,(z), by definition of ¢, T =min {{ >0|&(25’(f)) >e-£(2)}. So Lemma 1.3.2
and (1.2.10) give

Ez[e—lT]< e_(e_l)e(z)lll2,
for sufficiently large A, in particular for A=£(z). Now, by the Markov-Chebyshev inequa-
lity,
I, = Ple*" > g R < g~ DE@™, (3.4.7)

For I, we choose a sufficiently small A>0, use the Markov-Chebyshev inequality and
then (2.1.2) to obtain

I, < E [ ®]e "R < Ce @, (3.4.8)

with some positive constant C.
‘It follows that for large enough &(z) (i.e. small #,(z)), (3.4.4) is majorized by
exp ( —%c,/&(z)), finishing the proof.

LemmaA 3.4.3. For any 3°€ A,

SiP=+o a.s.
k>0
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Proof. Let h(z) =c/E(z) if y,{z) <v and O otherwise. With this notation Lemma 3.4.2
can be rewritten as
E®[e P, (3.4.9)
for all z€E0HW,
Given 30€ H, now write

k
0y = B [exp (— s <r;2>—h<zm<T;“m)]-

i=1

Letting B, as in section 3.2, be the sigma field of z,(t), ¢ < T}, using the corresponding

conditional expectation and (3.4.9), we have, for k>2,
k-1
= Ez [exp (— S (P - h(zw(T?)»)) B® [exp (— P - h(zw(m‘)))))]] <@y
j=1

Hence, by induction, ¢, <a, for all k=1. a; depends only on 2°.

Now note that
> hzo(TP))= + oo a.s. (3.4.10)
i1 '

>

In fact, by the Corollaries to Lemmas 3.2.1 and 3.2.2 we have, with some positive con-
stants C', C”
e <y (2 TP)) < e ¢,

for sufficiently large j, a.s. These inequalities show that, for large 7, y,(2,(T5")) <u, v (the
constants in Lemmas 3.4.1, 3.4.2) a.s., and then A(z,(T")) >¢/(C"4). This proves (3.4.10).
To finish the proof of the lemma write Hy = {Zy5, T <M}; we must show P;[H,]=0
for all M >0.
Suppose that, for some M >0, Pz[H,1>0. Then, for a.a. w €Hy,,

n
= 2 @0~ be(TP))~> + oo,
k=1
as n— oo, Hence, by Fatou’s lemma a,-> oo as k— oo, which is a contradiction.
LemMMma 3.4.4. For any 2°€H, 0(z,(1)) a.s. assumes all values infinitely often as t— oo,

Proof. o(z,(t)) %0 for all £>0, a.s. since the set {o =0} has codimension two in H.
Therefore, as in [8, p. 108] we can lift z,(f) to a covering domain, i.e. we can look at 0(z,(t))
as an R-valued process and we can apply Lemma 2.2.1 to it. Using also Lemma 1.3.4 and
the time change method, we have

G(Z(,,(t)) - e(zo) = bw;(t*)’
= [ IOl euonas.
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It is well-known that b, (¢*) assumes all values infinitely often as t*— co. Therefore it suf-
fices to prove that if {—> oo then t*—co, a.s.
By an estimate in Lemma 1.3.4 we have
W pTy

= > o
i=1 Tj

i®)
1A:0]2 zols))ds =2 3 vP,
j=1

where j(t)=Max {j| T;<t}. By section 3.2, j(f)>o° a.s. if {—>cc. By Lemma 3.4.3 it fol-

lows that f*— oo, a.s.

Remark. One easily computes A,6 =0 and
2 2
yi—e
Iv.oll ==L,

from which one can see that, for the process z5(t) governed by A,, 0(25(f)) has a limit as
t— oo, This corresponds to the fact that, for a bounded solution of the single equation
A, F =0, the “boundary function” will be a function of z and 0.

IV. The Poisson representation

4.1. Some versions of Fatou’s theorem

We prove first a lemma about general symmetric spaces; it is only a slight variation
of a Fatou-type theorem proved in {6] After that we will specialize everything to the case
of harmonic functions on H and state explicitly the particular consequence of the first

lemma that will play a crucial role in the final section.

LemMa 4.1.1. Let all notations be as in [6, § 4]. Let E =¢. Let f€L™(G|B) and let F be
its Poisson integral. Let Q< G be compact, let Q be the tmage of @ in G|B under the natural
map, and assume that f is continuous at all points of Q Then, for all C as in [6,
Definition 4.1] and all £>0, there exists T €a such that x€g- AL(é) implies |F(x) —f(g)| <e
uniformly for all g €Q.

Proof. We may assume that Q is contained in the orbit of ¢ under N, since finitely
many translates of this orbit cover G/B.

Next we note that Lemma 4.1 and its Corollary 1 in [6] remain true, with their ori-
ginal proof, for ¢’ varying in any given compact subset of G.

These remarks, together with Lemma 4.2 imply that to prove our statement it suf-
fices to add the following remark to the proof of Theorem 4.1 of [6]:

If f,€L®(N) and is continuous at all points of a compact subset @, then for all
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€>0 and all U, V, there exists T€q such that z€I'f, y(A,) implies | F(x)—~f,(i%,)| <e
uniformly for all #,€Q,.

That this is true can be seen by following the original proof up to its last two lines,
and then noting that f; is relatively left-uniformly continucus on @,, and therefore the

required 7' can be chosen uniformly for all 7, in @,.

Note. This lemma remains true for the case of arbitrary E, but we stated it only for
the case E =¢ which we need.

Now we describe the explicit meaning of Lemma 4.3.1 for the case of H. Our asser-
tions can easily be checked with the aid of some computations in [9, pp. 87-91] and of
the indications in [5, § 5].

0=(t, 0, 0) will be the base point, K its isotropy group in the identity component ¢
of the group of all holomorphic automorphisms of H. 4 is a vector group, its Lie algebra
a can be identified with R2, If €4 and log a=(t,, t;) ER*=gq, then a acts on H by

2> e~ G¥ (2, cosh t, + 2 sinh #,)
zgh> e~ (2 ginh £, + 2, cosh £,) . (4.1.1)
zg> e—(t,+t.) 2
The positive Weyl chamber g+ can be chosen to be the positive quadrant of R?, so
log a>T=(T,, T;) means t; >T, and ¢,>T,.

Let E be the singleton set consisting of the simple root (¢, {)+—>¢;. Then G/B(E) is
isomorphic as a G-space with the Bergman-Silov boundary of the canonical bounded rea-
lization of H.

N(E) is isomorphic with R3. For u€R? we write the corresponding element as 7i(u);
it acts on H by zr>z+u. The orbit of é in G/ B(E) is dense open, and N(E) is simply transi
tive on it. It has a natural identification with the subset {z€C?|Im z=0} of the boundary
of H (called the Bergman-Silov boundary of H in [5]).

K% is isomorphic with T1. Its generic element, denoted k{g), acts on H by

22
25+>24 COS @ —24 Sin @. (4.1.2)
23>25 8in @ + 23 COS

N(E)KE~R?-T! is a semidirect product. The orbit of ¢ in G/B (in the “maximal
boundary”) is open dense and N(E)KF is simply transitive on it. We shall identify this
orbit with R3 x T!, writing for 7(u)k(p)-¢é simply (u, ¢). If a bounded function f is given
on R x T, its Poisson integral is well defined, since this set is open dense in G/B.

Now to obtain the needed consequences of Lemma 4.1.1, let f be continuous and bound-
ed on R3xT! let F be its Poisson integral and let Q<R3 xT* be compact. Then for all
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£>0and all C there exists T = (T, T) such that z €f(u) k(p) A&(e) implies | F(2) — f(u, ¢)| <&
for all (u, p)€Q.

It would not be hard to see what the exact shape of 4Z(é) is, and so get a precise
geometric description of ‘“‘admissible convergence’” to the maximal boundary, but
for our purposes we can be satisfied with less. It is clear that, for any C, AZ(¢)>
{a-0|a€A4,loga>T}. By (4.1.1) the latter set in turn contains {i(yy, ¥5, 0)|yy, (¥1 —¥s)/y, <0}
if 6<e ™, e " (we suppose, as we may, that T, T,>0). Now i(u)k(p) AG(€)> A%(u, @),
where

Al(u, @)= {zEH

x(z)=wu, 0(2) = @, $1(2) <9, yly—9(2)< 5}-

1

So we have proved the following weak but sufficient eonsequence of Lemma 4.1.1:

LEMMA 4.1.2. Let | be continuous and bounded on RE x T and let F be its Poisson in-
tegral. Let Q<R3 x T* be compact. Then for every ¢ >0 there exists 6 >0 such that z € A%(u, @)
tmplies

| F(z) —f(u, @) | <e,
uniformly for all (u, ¢)€Q.

4.2. The main result

THEOREM. 4 function F on H can be written as the Poisson integral of a bounded
measurable function on the Bergman-Silov boundary if and only if it is bounded and satisfies
the equations A, F=0, A, F =0.

Proof. The “only if”’ part is a simple direct checking, it is essentially contained in the
discussion in section 1.1.

To prove the “if”’ part we first note that, by Furstenberg’s theorem [2], F bounded
and A; F=0 implies that F is the Poisson integral of a bounded measurable function on
the maximal boundary G/B. Let f=f(u, ¢) be the restriction of this function to R3 xT!
which we regard, as in section 4.1, as an open dense subset of G/B.

We claim that it suffices to show that f(u, @) is independent of ¢. Indeed, in this
case f lifted to (a dense open subset of) G is right-invariant under K%, so it induces a func-
tion on a dense open subset of G/B(Z), of which F is still the Poisson integral (cf. [6, § 1]).

We shall now first prove the independence of f(u, @) of @ in the special case where f
is continuous, and then reduce the general case to this special one.

Suppose that f is continuous and f{u,, ;) +f{ug, @s) for some u, €R3; @y, @, €T Then
we have

| F(2%0, @1) — f(ttg, 2)| = Be,
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with £€>0. By uniform continuity we can choose a compact neighborhood U of «, in R?
such that
| f(w, ) — f(ug @3] <&,

for all u€ U, 1<i¢<2. By Lemma 4.1.2 there exists § >0 such that if 2€ 4%(«, ¢,), then

| Fz)—f(w, @))| <e,
for all w€U, 1<i<2. Tt follows that, writing

AU, p)= uLEJU Alu, ) (1<4<2),

we have

| F(z,) — F(z,)| > ¢, 4.2.1)
whenever 2,€4%(U, ¢,) (1 <i<2).

Now choose 20€H with x(3°) =u and with y,(2z°) sufficiently small so that Lemma

3.1.1 (ii) ensures that
Pxlz(z, ()€U, Yt>0]>1.

By the Corollaries to Lemmas 3.1.2 and 3.3.1, and by Lemma 3.4.4, a8 {— oo, 2,(f) meets
both A% U, ¢,) and A%(U, @,) infinitely often with probability at least 3. But, by Corollary
1 to Lemma 2.2.1, F(z,(t)) is a martingale, and now the martingale convergence theorem
gives a contradiction to (4.2.1).

Now we drop the hypothesis that f is continuous. As discussed in section 4.1, f can
be regarded as a function on the group N(E)K® which we now briefly denote by L. The

Poisson integral can be written as a Haar integral on L with the aid of some kernel P,,
F(z)= L DO fdl. (4.2.2)

Since the Poisson integral is a G-equivariant map from G/B to H, and since the action
of L on G/B is the same as its action on itself by left translation, we have, for all A€L,

Fht2)= L DO f(r)dl. (4.2.3)
Now let {e,} be a continuous approximate identity on L, and let f, =a, % f, i.e.
ho= [ 1 i,
Let F, be the Poisson integral of f,. Then, by Fubini’s theorem and by (4.2.3),

F.(z)= fL F(h12)a,(h)dh. (4.2.4)
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As one sees directly, the operator A, commutes with L in the sense that A,(Wol)=

(A ¥)ol for all IEL and all functions W. Since Ay F =0, (4.2.4) implies therefore that
A, F,=0. Since F, is the Poisson integral of f, which is bounded and continuous, we are

in the situation discussed before. It follows that, writing f, again as a function on R®x T,

falw

, @) is independent of . Since lim f, =f, the same is true about f(u, @), finishing the proof

of the theorem.
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