E-MERSIONS OF MANIFOLDS

BY
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1. Introduction and statement of results

This paper contains a generalization of the Smale—Hirsch classification of immersions,
and the Phillips classification of submersions.

Let M™ be an n-dimensional C® manifold and W? a p-dimensional C® manifold. A C®
mapping f: M"- W? is called a k-mersion if its rank is >k everywhere. The set of k-mer-
sions, endowed with the C! topology, is denoted C®(M", W?; k). A k-regular homotopy
between k-mersions f and g is a continuous map G: I->C%(M", W?; k) such that G(0)=f
and G(1)=g.

A k-bundle map, p: TM"—>TW? between the tangent spaces of M™ and W? is a con-
tinuous fiber preserving map such that the restriction of  to any fiber is a linear map of
rank at least k. The space of k-bundle maps with the compact open topology is denoted
T(M", W?; k).

An n-mersion is an immersion, and an n-regular homotopy is usually called a regular
homotopy. In 1958 and 1959, Smale [8], [10], published papers classifying immersions of
spheres in euclidean spaces. Smale proved that if » <p, the regular homotopy classes of
immersions of 8” in R? are in one to one corresponence with the homotopy classes of sec-
tions of 8" into the bundle associated with 7'S™ whose fiber is the Stiefel manifold V,, ,
of n frames in p-dimensional euclidean space. Smale obtained this classification by proving
a stronger result, namely, that the map d: (8™, R?; n)— T(S™, R?; n) defined by d(f) =df
is a weak homotopy equivalence if n <p.

In 1959, Hirsch [3] extended this result to the case of immersions, C®(M", W?; n),
of a 0° manifold in another, where n <p and éW® is empty. Poenaru’s exposition of this
result [8] was the basis of Phillips’ thesis, published in 1965 as [7]. Say that a manifold
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is closed if it is compact and without boundary. Phillips proved that if M is not closed
and oW is empty, then d: C°(M™, W?; p)—T(M", W?; p) is a weak homotopy equivalence.
Phillips called maps whose rank equalled the dimension of the image space ‘“‘submersions”.

Poenaru’s exposition also is the basis of the generalization given here. Asin the earlier
work, the result will depend upon showing that certain maps are fibrations (i.e., satisfy

the covering homotopy property).

THEOREM 1. Let M"™ and WP be C® manifolds with OW? =0. The mapping d: C*(M",
W?; kY- T(M", W?; k) defined by d(f) =df is a weak homotopy equivalence if either M™ is not
closed or k<p.

CorOLLARY 1. If M" is not closed or k<p, and if OW? =0, the k-regular homotopy
classes of k-mersions of M" in W? are in one-to-one correspondence with the homotopy classes
of k-bundle maps of TM™ in TW?.

Denote by M*(p, n; k) the set of p x n matrices of rank at least k.

COROLLARY 2. If either M™ is not closed or k<p, the k-regular homotopy classes of
k-mersions of M™ in RP are in one-to-one correspondence with the homotopy classes of sections
of M™ into the bundle associated with T M™ whose fiber is M*(p, n; k).

The next section will contain some applications of Theorem 1 and its Corollaries.
Sections 3, 4, and 5 will introduce some notation and general background. In sections 6-9,

the covering homotopy property will be shown to hold for restriction maps
i*: C9(V", W?; k) — C=(U", W?; k)

induced by inclusion U< ¥, when either V" is the union of U™ with a handle of index
A<, or k<p. Section 10 contains a proof of the fact that if y€T(M", W?; k) (where
oW? =), if k<p and M" is a compact manifold, then f€C®(M™", W?; k) may be found so
that df is homotopic to y through k-bundle maps, and f is an approximation of ¢, the map
covered by .

2. Applications and examples

Let M(p, n; k) denote that set of p xn matrices whose rank is k. (This space has
dimension k{n+p —k).) Recall that M*(p, »; k) denotes the set of p xn matrices whose
rank is at least k.

Let n: E—~M" be the bundle over M associated with T M, whose fiber is M*(p, n; k).
By Corollary 2 of Theorem 1, if there exists a section of M in £, and either M is not closed

or k <p, then there is a k-mersion of M in R*.
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When k=n, the fiber of E is V, ,. From the fact that 7,(V,, ,)=0 when ¢ <p-—n, it
follows that when p=2n, a section in K, and hence, an immersion of M in R®", exists.
When k=p, the fiber of Eis V, ,. If M is not closed, it is easily seen that there is no ob-
struction to a section when p=1, i.e., a 1-mersion exists. These examples and many others
are discussed in [3] and [7].

Similar computations can be made when k<inf (n, p) by examining the homotopy
groups of the fibers M*(p, n; k). Now

M*(p, n; k) = M(p, n) —0<LiJ< kM (p, n; 1),

where M(p, n) is the space of all p x » matrices. We will have M*(p, n; k) connected and

simply connected since the codimension of0<LiJ<kM {(p, m; ) in M(p, n) is greater than 2

when k<inf (n, p). Let X= U M(p, n;i). Alexander duality can be applied to show

1gi<k

that when 2<qg<pn -2,
H(M*(p, n; k)) = H*" "¢ %(X).

Thus, if pr—q-—2>k-1)(p+n—(k-1)) -1 2.1

then H (M*(p, n; k))=0. Setting ¢=n—1, and taking p>2, n>2, there will be a section
of M in F if
p>k+[(k—1)/(n—(k~1))], (2.2)

where [z] denotes the greatest integer in z. Thus if 0 <k <1+n/2, there is a k-mersion
of M™ in R**'. More generally, there is a k-mersion of M" in euclidean k+r space if
E<l4(r{(r+1))n.

Note that when 7 (M*(p, n; k))=0 for 1<g<mn, all sections in E are homotopic.
Setting ¢ =# in (2.1), this is the case when

pn—n—1>k-1)(p+n—(k—1)). (2.3)
A result of this is the following.

(2.4) ProrosiTioN. If p>3/2(n—1), all n—1 mersions of M™ in R* are homotopic
through n—1 mersions. In particular, any two immersions are homotopic through n—1

Mersions.

When the fiber of £ is a Stiefel manifold, the primary obstruction to a section in ¥ is
a characteristic class of the manifold. Cohomology classes giving the primary obstruction
to sections when the fiber is M*(p, n; k) may be defined similarly. Suppose that M™ is
compact and oriented. In [2], Chern described the relationship between real Pontrjagin
classes and the primary obstruction to a section in the bundle over M with fiber
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M*(p,n; p—1) associated with 7'M, in the case that n —p is even. (By Corollary 2, this is
also the obstruction to the existence of a p —1 mersion in R?.) The primary obstruction is
an element P;,, € H*"(M; Z), where m =1(n —p +2). The elements Py, m=1, ..., [n/4], are
expressible in terms of polynomials in the Pontrjagin classes Py, t<m, and conversely,
P, is a polynomial in the Py, t<m. (See [11].) Note that if a section in E(M*(p,n;p —1))
exists, so does a section in E(M*(p—2, n; p—3)), so that

’ ’ ’
P4m = P4(m+l) == P4[‘n/4] =0.

Thus, if there is an % —1 mersion of M" in R", the Pontrjagin classes of M are zero.

3. Definitions and background

Denote the interval [0, 1] by I, and the m-fold product of the interval by I"™. The set
I may be considered a subset of I™ by identifying ¢ €I™ " with the point (g, 0) of I™.
A point of I™ will usually be denoted by (g, t) where g€I™* and t€1.

Let £ and F be spaces and j: F— £ be a continuous map. Call a pair (G, g) of maps
such that Gy 1™ '~ F, g: I"~> € and joGy(q) =g(g, 0) an m-covering pair. The map 7 has
the covering homotopy property if, given any m-covering pair, (G, g) where m is a positive
integer, there always exists a mapping @: I™—~ F such that joG(g, t) =g(g, t) and G| [" 1 =G,

The map j has the local covering homotopy property if for every e€ £, there exists a
neighborhood A4(e) such that j has the covering homotopy property for A4(e). It is well
known that j: F— £ has the covering homotopy property if and only if j has the local
covering homotopy property.

All manifolds and mappings between manifolds will be assumed C*® unless otherwise
stated. ‘“Smooth” or “differentiable” will mean (C®. Manifolds may have boundary,
unless otherwise stated.

Let X and W be smooth manifolds. Let 7(X, W) denote the set of confinuous maps
between TX and TW, carrying fibers linearly into fibers. The set T(X, W) will be assumed
to carry the compact open topology. The set of all smooth maps from X to W will be
denoted C°(X, W). The function d: C*(X, W)~ T(X, W) given by d(f) =df gives a one to
one correspondence of C°(X, W) with a subset of T(X, W). The C* topology on C*(X, W)
is the topology induced by this correspondence. The special case k=0 in Theorem 1 says
that d is a weak homotopy equivalence, if 8W =@ and dim W >0.

A more intuitive description of the C* topology is given by looking at a particular
subbasis. W can be embedded in euclidean space. Given a compact coordinate neighborhood
Y in X, maps restricted to ¥ can be viewed as maps of euclidean spaces. A subbasis neigh-
borhood of a map f is given by the set of maps whose restrictions to ¥ have function values
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and derivatives close to the values of f and df. If X is itself compact, then a norm, |[f—g||
can be defined by taking the sups of all the euclidean norms of (f —g) and (df —dg) over a
fixed covering of coordinate neighborhoods. Then the C! is the metric topology given by
o, 9 =|If—gl|. (See [6].)

It is easy to show that if X is a compact manifold, then C°(X, W; k) is an open subset
of O°(X, W).

Some other sets of smooth maps will be of interest The first is the set of embeddings
of X in W, denoted Emb (X, W). It is a consequence of properties of the C! topology that
Emb (X, W) is an open subset of C*(X, W). Next, define Aut (W) as the set of diffeo-
morphisms of W onto W with compact support contained in Int (W), i.e., each map is
identity on the complement of a compact set contained in the interior of W. If S<Int (W),
the elements of Aut (W) which are identity on a neighborhood of W —1Int (S) are denoted
Autg(W).

A number of proofs have appeared of the following useful lemma, notably those of
Palais, [6], and Lima, [4].

(3.1) PALATS LEMMA. Let X be a compact manifold. Qiven a map b €Emb (X, Int (W),
there is a neighborhood B of b, B< Emb (X, W), and a continuous map f: B—Aut (W) such
that e =p(e)ob for every ¢ € B and f(b) =1identity.

4. The factorization of smooth maps

Let U=U" be a smooth compact n-dimensional manifold with boundary. Using a
collaring of U, and identifying 6U with éU x {0}, it is easy to define a C'° structure for
UUéU x[0, 2] so that this set is a compact neighborhood of U, which shall be denoted
N(U), or simply by N. The lemma that follows gives a useful property of any smooth
FEC®(U, W?), where ¢ W? =; namely, that maps in some neighborhood of f can be factored
through automorphisms of some compact manifold which contains an imbedded image of
N(D).

Dimensional superseripts will be omitted where the meaning is clear. When E is a vec-

tor bundle with a Riemannian metric, let E(a) be the bundle of vectors whose length is <a.

(4.1) LEMmA. Let U™ be a smooth compact manifold with boundary, and W* be a smooth
manifold without boundary. Given fEC®(U, W), there exists a neighborhood A of | and a
factorization of the maps of A through automorphisms of some compact n+p dimensional
manifold D containing an imbedded image of N{U); i.e., there exists a smooth imbedding
s: N(U)—D, a smooth map ¢: D-—>W, and a continuous map v: A—Aut (D) such thot the
diagram below i3 commutative.

12 — 692906 Acta mathematica. 122. Imprimé lo 16 Juin 1969,
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D v(g) D

/ $

N(U)
¢
U W

Proof. Fix a riemannian metric for TW and let exp (z, v), v€TW,, denote the cor-
responding exponential function. Clearly, there exists a smooth extension k of f to N.
There is a neighborhood of the zero section of A(N) on which exp (2, v) is defined and one
to one on fibers. Let £ be the bundle induced from this neighborhood by h, with the induced

riemannian metric. The map
{(=, v) = (x, exp (h(z), v)) (4.2)

is one to one on fibers, and has rank n +p on E(€) for some £>0. But { is one to one, for
if {(z, v) ={(2', v'), then x=2', and so also v=v'".

Let s: N—E be the zero section and let D be any smooth # 4-p dimensional manifold
contained in E(£), containing s(N). Then {os is the graph of &, and { maps D diffeomorphi-
cally onto a neighborhood of the graph of k in N x W. Hence, there is a neighborhood of f
on which the map g->6(g) given by

0(g) (x) = (Y=, g(x))

is defined and continuous. Let ¢ =myol, where my is the projection of N x W on W. Then
$ob(g) (z) ~g(z).

In order to replace 6(g) by an automorphism »(g), note that 8(f) =s| U is an embedding.
Applying the Palais lemma, (3.1), there is a neighborhood B of s|U in Emb (U, D) and a
continuous map f: B—Aut (D) such that e=pf(e)o(s|U) for every ¢€B, and f(s|U)=
identity. Then for a sufficiently small neighborhood A4 of f, v =00 satisfies the require-
ments of Lemma (4.1).

5. A handlebody decomposition

Suppose that M" is a connected manifold. If M" is compact, then a Morse function
may be used to obtain a handlebody decomposition of M. If M is not compact, then the
procedure used in [7] yields such a decomposition. By alternating the addition of a collar
with the addition of a handle, it can be assumed that each handle is attached in a coordinate
neighborhood of M (see [5]). Thus M is built up from a disk D" by successively adding a
collar, and then adding a handle in a coordinate neighborhood. It will be convenient to

change this decomposition slightly. If Z is Y U handle of index 4, we cut out of Z a part of
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the handle H which is diffeomorphic to (Int D) x D%, so that the set that remains con-
tains an open subset diffeomorphic to §~! x D"~%x (—1, 0]. A set obtained from a mani-
fold in this way will be called a A-truncated manifold.

Using this procedure of A-truncating manifolds, we can obtain a decomposition:

" D'=Y,cX,cY,cX,c.cM". 6.1)

(5.2) Definition. Let X be a smooth manifold and Y> X be smooth or A-truncated.
Then Y is collar retractible with respect to X if, given a neighborhood S of X in ¥, Y
may be deformed into § through diffeomorphisms of ¥ into ¥ which hold X fixed.

Hence, M" is built up from a disk by successive inclusion in a collar retractible neigh-
borhood and addition of a handle.

The proof of Theorem 1 is based on the diagram:

O°(M, Wi k) —— T(M,W; k)

% !

C°(Yy, Wi k) —2 T(Yy, W; k) (5.3)

! |

C°(X,, Wi k) —2— T(X,, W; k)

} }

o=(D*, W k) —=—> T(D", W; k)

The proof that d is a weak homotopy equivalence follows the same outlines originally
introduced by Smale in his work on the immersjons of spheres, and Poenaru in his exposi-
tion using handle bodies. Namely, it must be shown that the d of the bottom row is a
weak homotopy equivalence, that all of the vertical restriction maps are fibrations (i.e.,
satisfy the covering homotopy property), and that d restricted to a fiber is a weak homotopy
equivalence in any of the boxes of the diagram. Given these results, using the five lemma
and induction, every d map reached after a finite number of steps will be a weak homotopy
equivalence. If the diagram is infinite, then the fact that the inverse limit of weak homotopy
equivalences of fiber spaces is a weak homotopy equivalence, which is proved in Appendix
1 of [7], yields Theorem 1.

The main step in establishing Theorem 1 is the proof of the local covering homotopy
property for the restiction maps on the left side of (5.3). This property will be proved in
three cases. These are stated below as theorems. Henceforth the target manifold W? will

be a manifold without boundary.

(6.4) THEOREM. Let V" be a compact manifold or A-truncated manifold, A<n, and let
Ur<Int (V™) be a smooth compact manifold. Suppose that OW? =@ If V" is collar retractible
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with respect to U™, then i*: OV, W; k)=>C=(U, W; k) has the local covering homotopy
property, where i* is induced by the inclusion on U in V.

(5.5) THEOREM. Suppose that the smooth compact manifold V" is the union of a A-
truncated U< V* with a handle, V*=U"U D* x D"~*. Suppose that oW?=@. If A<n, then
the map ©*: C°(V, W; k)~ 0%(U, W; k) induced by the inclusion map has the local covering
homotopy property.

(5.6) THEOREM. Suppose that V'=U"U D", i.e., V" is U™ with a handle of index n
attached. Let dW? =@. Then, if k<p, i*: OV, W; k)~C=(U, W; k) induced by inclusion
has the local covering homotopy property.

Note that since the handles of the decomposition (5.1) are added in coordinate neigh-
borhoods, it will suffice to prove (5.5) and (5.6) when U"< V"< R".

Much of the proof of these theorems will be based on [7] and [8]. The main difficulties
raised by generalization appear in the proof of (5.6).

The other facts required for Theorem 1 are stated here without proofs, since they may
be proved exactly as are the corresponding facts in [7]. (The proof of (5.10) follows the
same outline as the corresponding fact in [7], substituting (5.5) and (5.6) for the analagous
statements about submersions.)

(5.7) THEOREM. Let D* denote an n-dimensional disk. The map
d: C=(D", W*; k)~ T(D", W*; k)

defined by d(f)=df, is a weak homotopy equivalence, when W® is a manifold with empty
boundary.

(5.8) THEOREM. Suppose that either U™ is smooth, U< Int (V"), where V" is A-truncated,
or that U™ is A-truncated and V™ =U"U D4 x D"~* is smooth. Then the map 7*: T(V, W, k)—
T(U, W; k) induced by inclusion is a fibration.

(5.9) THEOREM. Given U*<Int (V"), V collar retractible with respect to U, oW =0
then the restriction maps i*: C°(V, W; k)—~C=(U, W; k) and §*: T(V, W; k)~T(U, W; k)
are homolopy equivalences.

(5.10) THEOREM. Let U™ be a A-truncated manifold and V*=U"U D*x D**. Let
i*: OV, W?; k)>C0=(U, W?; k) and §*: T(V, W?; k)->T(U, W?; k) be the restriction maps
induced by the inclusion of U in V, where OW?=Q. Then if A<n or k<p, for each
fEC™(U, W k),
dls*-Y: i) =)
is @ weak homotopy equivalence.
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6. Some extension lemmas

Throughout this section, we will write U and V for U™ and V". Also, it will be assumed
that either U is smooth and V is either smooth or A-truncated, or that U is A-truncated,
1<A<n,and V=UU D*x D"~ Recall that the boundary, @W?, of the target manifold is
always assumed empty.

The local covering homotopy property states that given fEC®(U, W; k), there is a
neighborhood 4 of f such that for each pair (G, g) with g: I™—> A4, Gy: I"—>Co(V, W; k),
and Gy(q)| U =g(g, 0), there is a continuously varying set of extensions G(g, t) of g(g, t) to V
such that G(g, 0) =Gy(g). The theorems (5.4), (5.5), and (5.6) are proved by finding a set
of hypotheses for 4 which make possible the explicit construction of a lift of any given
covering pair for 4. The two lemmas of this section contribute to the construction in all
three cases. In fact, (5.4) and (5.5) are easily proved in the next section, using these lemmas.

The first states that for any small enough 4, there is a neighborhood U of U in V
and a lift to U of (Go] U, g). The second shows that a covering pair (G, g) for 4 can always
be at least partially lifted; i.e., there is an £>0 and a lift over the interval [0, £]. Both of
these extension lemmas are “‘general”, that is, they require no hypotheses on the size of
k or, on the index of the handle, when ¥V is U U handle.

It will be convenient to use some special notation for certain neighborhoods of U in V.
Let U be the boundary of U in V. If U is smooth, U =08U, and if U is A-truncated, U is
8 1x D"2x {0}. Let U=UU U x[0,1] and U,=U U U x [0,7], 0<r<1.

First note that the results of section 4 can easily be extended to a A-truncated mani-
fold U. For if f€C®(U, W; k), let k be an extension of f to a smooth neighborhood N of U,
heC™(N, W; k) and define D and the factorization just as before.

Thus, for U smooth or A-truncated there is a neighborhood 4 of f and a factorization
as in (4.1), i.e., if g€ A4, then g(x) =dor(g)os(z), x€ U. Note that the map a—>poaos defines
a continuous map from Aut (D) to C°(N, W) mapping the identity onto kEC®(N, W; k).
Hence there is a neighborhood I' of the identity in Aut (D) mapping into C®(N, W; k).
Denote by I a neighborhood contained in I' such that if y,, ..., 3, €I, then yil... yi €T
We can assume that 4 has been chosen with »(4)<I". This will be a very useful property.
For example, if fEI” and B|s(U) is the identity, then ¢ov(g)ofos gives another extension
of g to N belonging to C°(N, W; k).

(6.1) LEMMA. Given f€CO(U", W?; k), (OW® =), let A be a neighborhood of f for which
a factorization g(x) =ov(g)os(x) is defined as in (4.1). Suppose that T" and I are defined as
above and v(A)=I". Given an m-covering pair (G,, g) with g: I™—> A, there is a number >0
and a map a: I™ 1T such that
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(@) «lg)|s(U) = identity,
(b) ¢°”(g(q, O))ooc(q)os| UT = Go(9)| UT‘
The proof of this lemma will be given at the end of the section. It is purely technical,

(6.2)

and the reader is advised to omit it from a first reading in order to preserve the continuity
of the main argument.

It is immediate from (6.2) that $ow(g(q, t))oa(g)es|U, is a lift to U, of (Gy] U, g).

The next lemma is suggested by examination of formulas (6.2). If »(g(q, t))ox(g) could
be altered so that on a neighborhood of U x {r}, »(g(g, t))oa(q) =¥(g(g, 0))oa(q), then the
extensions G{g, t) of g(g, ) could be defined on all of V simply by setting G(g, t) =Gyq)
on V-0,

(6.3) LEMMA. Suppose that the hypotheses of (6.1) kold for A, and, given an m-covering
pair (Gy, 9), that 1>0 and o: I™"1>T" have been found satisfying (6.2), (a) and (b). Then there
isan >0 and a map p: 1™~ < [0, e]>T" such that

(@) nlg, 0)—identity,

(®) nlg, t)os|U=a(g)tor(q, 0)tow(g, H)os|U,

(€) (g, t)|s(U x [/2, 7]) =identity.

The proof is omitted, since the proof of the corresponding fact in [7], can be adapted

to fit the present case.
Using p, a lift over I™ ! x [0, £] can be formulated (see (7.4)).

Proof of Lemma (6.1). Suppose given a covering pair (G, g) for 4. Write »(q, ¢) for
v(g(g, t)). First we have:

(6.4) SUBLEMMA. Thereis a g, 0<g <1, and a map A: I"~'—Emb (U,, Int (D)), with
(@) MQ|U=s|U
(b) ¢or(g, 0)oi(q) =Go(@)| U,
Proof. Let A(g) be the map given by
Mg) (@) =v(g, 0) ol Nz, Golg) (z), =€,

where { is the map defined in (4.2). For a fixed ¢, there is a ¢ such that A(g) is an embedding
on U,. By a standard compactness argument, there is a ¢ which works for all geI™ "
Clearly (a) and (b) hold for this ¢ and 4.

Now s U, embeds U, in Int (D) so that, applying the Palais Lemma, we may define
a neighborhood B of s] U, and a map f: B—Aut (D) as in (4.5). If A(I™ ') were contained in
B, then «(q) =(A(g)) would satisfy (6.2). In the next sublemma, it will be shown that the
A(g) can be replaced by embeddings 4'(g) which are so ‘‘close’” to 5| U, that they will be in B.
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Let D be embedded in some euclidean space R™. There is a neighborhood 7 of D in
R™, an open set F<Int (D) with A(q)(U,)<Int (F), g€I™ ", and a smooth map 7. T—D

such that r| F =identity. Now r induces a continuous map
r<: 0°(U,, T)~C=(U,, D)

with r*(s) =s. In fact, if g€C°(U,, T) and g(x) € F, r*(g) (x) =g(z).

Given coordinate neighborhoods and maps for U, define coordinates for U x[—1, 1],
using these maps x the identity on [~1, 1]. Let g be a metric for C°(U, W) defined using
these coordinates. Define restrictions of p, ol U,, 0<r<1, in the obvious way, and denote
the restriction of ¢ to U, by g, Then there is an ¢>0 such that if g€ Emb (0,, T) and
0.(9, 8) <g, then +*(g) € B. Thus it suffices to show:

(6.5) SUBLEMMA. There is a7, 0<71 <0, and a map ': 1™ 1=Emb (U,, T) with

(a) Qu(l’(q), 3)<8, qelm—l
® 2@|0.=4@)|0,, qeI™*

Proof. Let e(q) =A(q) —s. Then for every g, e(g) (x) =0 if 2 € U. By the usual compactness
argument, for some ¢,, 0<0, <0, g,,(e(g), 0) <eg/2 for every g€I™ 2,
Now let c: [0, 0]—[0, 04] be a C° map which is the identity on [0, ¢,/2] and such that
0<c'(t)<1. Define
x€U
{ e(q) (y, oft) == (y,1)€U x[0, o].

Let 4'(q) =s +e,(g) and let 7=0,/2. Then 1'(q)| U, =A(q)| U,. This completes the proof of
(6.1).

e () ()=

7. Covering homotopy property in the collar retractible and 4 < n case

(7.1) LEMMA. Let V" be a compact manifold or M-truncated manifold, and U< V™ be a
smooth compact manifold. Suppose that V is collar retractible with respect to U. Let f € C(U,
W2 k). If A is a neighborhood of f satisfying the hypotheses of (6.1), then i* (induced by
tnclusion) has the covering homotopy property for A.

Proof. Given an m-covering pair, (G, g) for 4, choose 7, a, and g, ¢, as in (6.1) and
(6.3). Denote »(g(q, t)) by »(q, t). There is a deformation ¢: [0, 1]->Emb (V, V) with §(0) =
identity, d(f)| U =identity, and §(1)(V)< U,. Define, for ¢<e,

.= { $or(g, 0)ou(g)ou(g, thosod(t/e) (), »€87\(t/e)(Uy) 1.2)

Gy(g)0d(t/¢) (x) otherwise.
T g<t<1, let
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G(g, t) = pov(g, t)ov(q, £)ov(g, 0)ox(g)o u(g, £)os0d(1). (7.3)

It is easy to check that @ satisfies all of the requirements.
Note that Theorem (5.4) is immediate from (7.1).
When V =UUhandle of index A<n, the situation is not quite as simple. We do at
least have a map
G I™ %[0, e] > O™V, W; k)
defined by
@'(g, 1) () = pow(g, O)ox(g)on(g, t)os(x) €U, (7.4)
6'(g, 1) (z) = Gylq) (2) zeV -0,

The problem is to change G’ so that an extension can be lifted all of the way across [0, 1].
The idea behind the change is the following. Near 8D, all of the automorphisms of D are
the identity. If there were a deformation £: [0, e]>Emb (U, D) such that U was held
fixed (i.e., £(t)| U =s|U) while U x {27/3} was pulled out to the boundary of D, then for
any w€Aut (D), dowof(e)(x) =¢owos(z) for x in U, and powoé(e)(x) =po&(e)(x) for
near U x {27/3}. The use of £ would thus move all of the maps G'(g, ¢) to maps which all
agree near U x {27/3}. Using this, it would not be hard to paste together an extension G.

Now there always exist such deformations &, but the difficulty will lie in showing the
existence of a deformation such that rank of at least k is preserved in the construction.
It is in assuring this property that the hypothesis 2 <n (and later, k <p) is used. All of this
will be made precise in the definition and lemmas that follow.

We will want to discuss embeddings of U, in a larger manifold containing a factoring
manifold D. First note that in section 4, the extension % could have been assumed defined
and of rank >k on a neighborhood N'=N U&N x I. Similarly, the diffeomorphism could
have been defined on ' =D U 3D x I, and ¢ could be considered as a mapping on D'=>D.
All of the automorphisms »(g) may be assumed to lie in Autp (D”).

(7.5) Definition. Suppose given a map f€C®(U", W?; k), a factorization of maps in
a neighborhood of f through elements of Auty (D’), and a neighborhcod I' of the identity in
Autp (D). We say that positioning deformations exist for D and I' if, given any 7, 0 <7 <1,
there is & map &: [0, 1]->Emb (U, D) with

(a) £(0)=3|0..

(b) &(t)(x)=s(x), for z in a neighborhood of U,,,U U x {r}.
(e) &1)(T.)NeD=£Q1)(U x {2t/3}U U x {57/6}).

(d) If wer, then gowok(t) EC(U,, W; k), 0<t<l.
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(7.6) LEMMA. Suppose that maps in a neighborhood of f are factored through elements of
Autp (D), and that there is a neighborhood I of the identity in Auty (D') such that positioning
deformations exist for D and I'. Then the local covering homotopy property holds at f.

Proof. Let A4 be a neighborhood of f with ¥(4)<T". Given a covering pair (G, 9)
for 4, define 7, a, and g, ¢, as in (6.1) and (6.3). Write v(g, ) for »(g(g, ?)). Let & be a posi-

tioning deformation for v. Define, if ¢ <e,

_ [ #ov(a, 0)oa(@)opulg, t)o&(t/6) (v), x€U: 7
“e9 {Go(qux) eV -1, @
If e<t<1, define
g, )= {¢°V(q, t)ov™ (g, £)o(g, 0)oa(g)ou(g, e)o&(1) (x) when 2€Usys, 8)
’ G(g, &) (), when €V — Usgys. '

It is easily verified that @ is well defined and continuous at ¢ =e. Clearly G(g, 0)=
Gy(g), and, by the definition of » and x, Q(g, t)| U =g¢(g, t).

(7.9) LeMMA. Let U™ be A-truncated, A<n. Suppose given f€C®(U", W?; k). There
exists a factoring manifold D for f, and a neighborhood T' of the identity in Autp(D’),
(D'=DU oD x I) such that positioning deformations exist for D and T.

The existence of such deformations has been cited in [7]. An explicit construction will
not be given here, but we will indicate the idea. Take U, and cut off a neighborhood of the
“corners” to get a smooth manifold U’. Let N and N’ be collarings of U’, and construct
D and D’ as in section 4. Let I" be a neighborhood of the identity in Autp(D’) with
$oyos€C®(N', W; k), y€I'. Any deformation & occurring in s(N') will preserve rank, i.e.,
if £(t) (U’)<s(N'), then (7.5d) holds.

Let us denote a disk of dimension  and radius s by D;. Let D"=Dj. Note that the
parts of N and N’ surrounding S*-1x D" *x I are 81 x D} *x I and 81 x Dj *x 1.
Also, 8%-1x@D3~*x I<dN. Choosing any radial direction in D"~%, given 7, then U x
{27/3}U U x {5t/6} can be deformed to &N holding U, fixed. Note that the hypothesis
A< is used to assure that some radial direction exists. Composing s with this deformation

gives the desired deformation.

8. Covering homotopy property when A=n and k<p

The only case that remains is A=n» and k<p. In this case, we can assume that V"
is a disk and U™ is a disk whose center has been hollowed out. For convenience of notation,
we can assume that V =D}, U=D%—1Int (D?), and U =28%. In this case U is smooth. Let
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fEC®(U, W?; k). There is an extension b of f to a neighborhood N’= D3 —Int (D7) with
hEC®(N’', W?; k). Define E=h*(TW) as before.

The lemmas of section 6 still hold, but it is not possible to define positioning deforma-
tions (as in section 7) by deforming the handle to 8D through the neighborhood s(N') of
s(U). Any deformation to 8D must move up along fibers of E. It is easy to find a deforma-
tion satisfying (a), (b), and (c) of (7.5), but it is difficult to satisfy (d), i.e., find a § sodow of
still has rank at least k.

In treating the case of immersions of a manifold in a manifold of higher dimension,
Poenaru (') pointed out that rank could be preserved by using positioning deformations
which move the handle to 8D through the normal bundle of k. The sort of generalization
that one would like here would be to take a k-dimensional subbundle of E contained in
B*(dMTN")), (ie., {(z,v)EE|vEdh(TN,)}), define its orthogonal complement as a k-
normal bundle”’, and deform the handle through this. Lemma (8.2) below will show that

this is a useful concept. First we introduce some convenient notation.

(8.1) Definition. Given e€C™(X", W?; k), a set of k sections, oy, ..., o, of X" in TX"is
called independent with respect to e on X if the vectors de (g,(z)), ... de,(g,(x)) are linearly
independent for each x € X. Note that if X"< R" and W?< R?, a k-tuple of tangent vectors
in TX_ may be represented as the k columns of a matrix in M(n, k), the set of » x k matrices,
and a k-tuple of sections may be considered to be an element 0 €C(X, M(n, k)), the set of
continuous maps from X to M(n, k). We will denote o =(gy, ..., 6;). Sometimes we shall

refer to o as a k-frame field.

(8.2) LEMMA. Let X"< RB" be a compact A-truncated manifold, where 2 <n. Suppose
WP< R?. Let e€C™(X, W; k), where k<p. Suppose that there is a smooth ¢ =(0y, ..., 6})
defined on a neighborhood of X in X which is independent with respect to e, and that the ortho-
gonal complement of the bundle spanned by e*(deoa,), ..., €*(deoa;) s trivial. Then there is a
factoring manifold D and a neighborhood T" of the identity in Aut (D) such that posttioning
deformations exist for D and I'.

The proof may be found in section 9.

(8.3) CoroLLARY. Under the hypotheses of (8.2), the local covering homotopy property
holds at e.

Proof. The corollary is immediate from (7.6).
Unfortunately, it is not generally possible to find a k-frame field o which is independent

(1) The referee has pointed out that Thom presented this idea in the Seminaire Bourbaki,
1957-1958.
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with respect to a given function k on a neighborhood of U, although such a k-frame field
may be defined loeally, in a neighborhood of any given point. However, it will be our aim
to reduce the problem to the case of (8.2). The procedure will be a little complicated, but
the basic picture to keep in mind is the following; any covering pair, (G, 9), could be
immediately lifted over most of V by defining G(g, f) to be Gy(g) on a ball, say D ,, of
radius a little smaller than 2. To lift over the remaining spherical shell, we will break up the
shell into little handles, each of which is contained in a region for which a k-frame field is
defined.

Identify U x[—1, 1] with a bicollaring of U in V in such a way that U x{0}="U,
Ux[—1,0]cU, and each z x[—1, 1] maps into a radial ray. Let 2, ..., z, be polar co-
ordinates with z, the radial coordinate. Choose a covering, By, ..., B, of U=82""by (n —1)-
dimensional neighborhoods, each of which is the intersection of U with a convex set, such
that f maps B; x[—c¢, 0] into a coordinate neighborhood W, in W, and such that there
is a k-frame field X, =(0/0x,,, ..., 0/0xs) independent with respect to f on B, x[—c, 0].

Now choose 4 to be a neighborhood of f such that each g in 4 satisfies the same con-

ditions, i.e.,

@) g(Bix[—c, 0)=W,

84
(b) X, is independent with respect to g on B;x[—c¢, 0]. ®4)

We shall prove the covering homotopy property for 4. Most of this section will be devoted

to proving the following lemma.

(8.5) LEMMA. Suppose given A as above and a covering pair (G,, g) with g: I™— A.
There exists a manifold V', where U< V'<V, and V' =V minus the interiors of a finite
number of disks, D™(1), ..., D™(r), such that

(a) setting Gy(q) =Go(@)| V', there is a lifting G over V' of (Gy, 9), and
(b) for each i, 1 <i<r, and each (g, t) € I™ there exists a k-frame field 6'(q, t) defined in a

neighborhood of D™(t) and independent with respect to (g, t) on dD™(3).

Throughout the remainder of this section, let (Gy, g), g: I™— A4 be a fized covering pair.
By (8.4) and the compactness of Go(I™ ), there is a number b, 0 <b <1, such that, for

every ¢ in I™ 1,

(@) Golg)(B;x[—c, 2b)<= W,
(b} X, isindependent with respect to Gy(g) on B, x [—c, 2b].

9(¢,%) (v) =z€U

Now, define 4(g,?) (x)= { GQo(q) (x) x2€V -~ 0,
() b
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Then it is only necessary to lift §(g,¢)| S5 ' x [ —¢,0]U [b, 2b]) over the shell 8371 x[—c,26]
with, of course, the value Gy(q) at (g, 0).

To do this, a handlebody decomposition is used, which may be obtained as follows.
Take a triangulation of S3~! so fine that each simplex is contained in the interior of some
B;. We can agsume that the triangulation is so fine that if a simplex A<Int (B,) then the
convex span of the vertices of A is contained in B, x [0, /2). Let L be the euclidean polygon
determined by associating to each simplex of the triangulation the convex set spanned by
its vertices. Now the complex L x I=L x[0, b] can be subdivided to form a simplicial
complex K with no additional vertices. Let K,=L x ({0} U {b}), and let A,, ..., A, be the
simplexes of K — K, arranged so that dim (A,) <dim (A,,,). We can start with a manifold
neighborhood of K, and build up to a manifold neighborhood of K by adding a handle of
index 4 for each i-simplex. To be precise, by the results of Cairns, [1], there are smooth
compact manifolds, N*(A,), with A, a continuous deformation retract of its neighborhood
manifold, such that if A, 1Int (B, x[—c¢, 2b]), so is N*(A,). Furthermore, if K;,=K,U A1

..UA,, there are smooth neighborhoods N*(K,)<...c N*(K,), and

(a) N*(K)=N*K,)UN*A),

(b) N*K)=N*(K;_;)Uhandle H, whose index=dim A,,

() H,is attached to N*(K,)Uhandles H, such that A;=0A, (i.e., the image of the
attaching map for H, lies in N*(K,)Uthe handles which contain the faces of
Ay,

@) N*K)<83x(—c, 2b).

Moreover, N*(K) can be deformed diffeomorphically along radii onto 837 x [ —¢, 2b]
in such a way that N*(K,) is carried onto S3~!x([—¢, 01U [b, 2b]). Since pomts move
radially, points of B, x[ ¢, 2b] remain in this set.

Using this diffeomorphism, we may assume that the maps § have domain N*(K,)
and the maps G have domain N*(K)=N*K,). In order to use the results of section 7,
we A,-truncate the manifolds N*(K,) with 1<n, by cutting a disk D* x D*"% out of the
handle H;. Call the remaining manifold N’(K,). Suppose that H; is the first handle of

index n. Then we have

N*K,)< N'(K,)c N{K,)<...c N*K,,_,). (8.6)

Now N*(K;,_,) is the set V’. Note that V'’ is built up from N*(K,) by a succession of
operations of the form of an inclusion in a A-truncated manifold followed by adding a handle
of index A. Hence, by section 7, any covering pair could be lifted over V', which is equal to

N*(K) minus the interiors of a finite number of disks. However, (8.2) can not be applied
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to complete a lift over V unless the lift over V" is defined with care. To clarify the problem,
consider an individual n-simplex A. Now N*(A) is contained in some B; X (—¢, 2b). Let
N*(@A)=N*(A)yn V’. Note that N*(JA) is the union of the submanifold N*(K,) N N*(A),
which will be denoted N, with handles of index less than n. We must lift § over these handles

to a map g in such a way that the hypotheses of (8.2) are satisfied for each g(g, t). Namely,
for each (g,t) in I™,

(1) g(g, t) maps N*(@A) into a coordinate neighborhood in W,

(2) there exists a map &(g, t) EC®(N*(@A), M(n, k)), independent with respect to
g(g, 1),

(3) the k-normal bundle of g(g, ) determined by &(g, #) is trivial.

Since, for each (g, ¢) in I™, g(g,t) maps Ng into the coordinate neighborhood W,
and Gy(g) maps N*(OA) into W, (1) can be satisfied trivially. For (2), it would suffice to
find a k-frame field &(g, t) independent with respect to g(g, t), for such a map can be ap-
proximated by a smooth field which is still independent with respect to g(g,t). This will be
done as follows; let X(g) =%;| N*(@A), and o(g, t) =2;| Ng. Note that inclusion induces a
map j*: C(N*@@A), M(n, k))>C(N§, M(n, k), and (Z, ¢) is an m-covering pair for these
spaces.

Lemma (8.7) will show that there are lifts § and & of (G| N*(@A), g) and (Z, o), with &
independent with respect to g (i.e., each &(g, #) is independent with respect to g(g, £)).
But this will also imply (3), since the k-normal bundle determined by g(g, t) and &(g, ¢) is
equivalent to the k-normal bundle given by g(g, 0) and &(g, 0), and this is trivial since
Go(g) and X,(q) determine an extension of this bundle over N*(A), which is a contractible
space.

(8.7) LemmA. Suppose that either

(a) X" is smooth, Y" is A-truncated, X*< Y"< R* with Y homeomorphic to X U S*~1 x
D4 %[0, 1] (where 841 x D**x {0}<0X), or
(b) X" is A-truncated, Y"=X"U handle of index A, A<n, and X< Y < R",

Assume W< RP. Let (G, g) be an m-covering pair, g: I"—C(X, Wy k) and (X, o)
be an m-covering poir, o: I">C(X, M(n, k)), which ts independent with respect to ((, g).
Then there exist lifts g of (G, g) and & of (Z, o) such that & is independent with respect to g.

This lemma will be proved in section 9.
This does not yet show that there is a lift to all of V' however, because a simplex A

with dim (A) <% may be contained in the boundaries of several n-simplexes, so that when
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a lift is taken over the handle H corresponding to A, the g-maps of all of these n-simplexes

must be considered. However, simple changes in the proof of (8.7) will yield:

(8.8} CoroLLARY. Suppose given X"< Y"< R*, as in Lemma (8.7}, and W% an open
subset of RP. Given m-covering pairs (Z(1), o(1)), ..., (X(w), o(w)), such that each pair is
independent with respect to an m-covering pair (G, g), there exist lifts § of (G, g) and &(i) of
(Z(2), o(t)) such that (i) is independent with respect to g, i=1, ..., w.

Finally, the reduction to (8.2) can be completed. Let A, ..., A, be the n-simplexes
of K. For each j, j; <j<r, choose a B; x (—¢,2b) containing N*(A,). For y; the corresponding
k-frame, let

Z() (@) = x:| N*(@A)),
(i) (g 8) = xs| N*(Ko) N N*(24,).

Denote the neighborhood W, by W{j).

(8.9) LEMMA. There exist a Lift § of (G,o|V’, ) over V', and lifts 5(3) of (£(j), 6(j)) over
N*©@A), =141, ---» 7, such that 5(j) 1s independent with respect to g on N*(9A;).

Proof. (By induction.) Let g¥g, t) =g{g, t), and &{j)*(g, t) =06(j) (¢, ),  =F1, ..., . Suppose
that lifts ¢! of (G,, g) to N*(K,) and a(j)! of (£(j), a(§)) to N*K)NN*©@A)), j=jy, ..., 7
have been found which satisfy the induction hypotheses:

(a) g'lg, ) maps N*(K,)n N*@A)) into W(j), =4, .... 7

(b) for each j=j,, ..., 7, o(j)'(g, t) is independent with respect to g'(g, {) on N*(K,) n

N*oA,).
Now K, ,,=K,UA, ;. Let A, ..., A, be the set of all n-simplexes of K whose boundaries
contain A, ;.

Let Wo=W(n,)N...n W(n,). By (a) above, g'{g, {) maps N*{@A,,,) into W,. By (b),
6(ny)*(g, B), ..., 6(n,)! (¢, t) are all independent with respect to g'(g, t) on N*(@A,,;). Then by
Corollary (8.8), the induction step can be made.

9. Proofs of (8.2) and (8.7)
For convenience, we restate Lemma (8.2) below.

(9.1) RESTATEMENT OF LEMMA (8.2). Let X" be a compact A-fruncated manifold,
A=n, and X"< R™. Suppose that W?< R?. (Recall that always oW? =0.) Let e€C°(X, W k),
where k<p. Suppose that there is a smooth k-frame field, 0 =(0y, ..., 0;,) defined on a neighbor-
hood of X in X which is independent with respect to e, and that the orthogonal complement of the
bundle spanned by e*(deoo,), ..., e*(deos;) is trivial. Then there is a factoring manifold D
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and a neighborhood I" of the identity in Autp(D’), (D'=DUeD x I), such that positioning
deformations exist for D and T.

Proof. For the purpose of proving the above, we need only consider a neighborhood
of X in X, and hence we might as well assume that X is this neighborhood, and ¢ = (a3, ...,0%)
is defined on all of X. Let U’, N, and N’ be defined as in section 8. There is a smooth
extension ¢ of ¢ to N’ and a smooth extension f of ¢ to N’ such that dhoo’ EC®(N’,
M(p, k; k). Let E=p*(TR?)=N’x R®. Then the k smooth vector fields, h*(dh 001(x)),
... h*(dh,064(x)) span a trivial k-dimensional subbundle of E. Let B be the orthogonal
complement of this bundle. Since B|X is trivial and X is a defoxmation retract of N’,
B is trivial. Hence there is a smooth section b of N’ into B given by b(x) =(«, 0(x)), where
6: N'—> R?, 6(x)=(0y(x), ..., 0,(x)), and [|0(x)]| =1, x€N’. For a: N’ R%, denote b,(z)=
(z, a(z)0(x)).

Choose ¢’ >0 so that {(x, v) =(z, h(z) +v) is a diffeomorphism mapping E(¢’) into w.
Now the map ¢ (see (4.1)) for N’ x R is just h(z) +v, and $ob,(x) = h{z) +a(z)0(z).

By examination of d($ob,), there is an e, 0 <e<e’, such that for any a: N— E! with
|a{z)| <e, x€EN’, ¢’ is independent with respect to dob,, and so $ob,ECO(N’, R%; k).
Now define D as follows. Let

D, = {(z, )€ B(e)| x€EU’'UBU" x [0, 1], [|o][2<(¢/3)?},
D, ={(z, v) € B(¢)| x=(y, 2) €0U" x[1, 2], ||]|2+ (¢/3)2(z —1)2 < (¢/3)2}

and let D=D,UD,. In particular, the subset of D “over” U x[—1, 1] has the form
Ux[—1,11x D%, with Ux[—1,1]x2D8<éD. D’ can be defined in a similar way, as
a manifold whose “height’ over U x[—1, 1] is 2¢/3.

We claim that there is a neighborhood I’ of the identity in Autp (D'} such that if
y €L, then ¢’ is independent with respect to ¢oyob,, for all b, with |a(z)| <e, xEN'; ie.,
doyob, €C°(N’, W; k). This follows because the matrix for d(¢oyoeb,)oo’ has the form
Q+(cyla(x))0', ..., ¢ (a(z))0') where @ is close to dhoo’, and 6 is a column vector close to 0.
Now 6 is a column vector orthogonal to dhoo’, and if the neighborhood I' is chosen small
enough, §" will be independent of the k columns of @, so that Q +(c,(a(z))0’, ..., ¢, (a(x))0’)
will have rank k.

Finally, given 7, 0<t<1, let i B'—=R! be a C*° map which is zero outside of
[7/2+6, T—4] for some 8, 0<4<7/4, with r(2¢/3) =r(57/6) =¢/3, and such that r has a
single maximum m with e/3 <m <2¢/3. Let

0 z€X

)= { r@) z=(y,2)€Xx[0,7].
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Let &(t) () =(x, ta(x)0(x)). Clearly, D, I', and & satisfy (7.5). This completes the proof
of (8.2).

In the proof of (8.7), the lifts of a covering pair (G, g} will be given by functions of the
form in (7.2) and (7.3), and (7.7) and (7.8), respectively. Corresponding formulas for lifts
of (Z, o) will be developed. First, we restate the lemma in local form.

(9.2) LeMMa. Suppose given X™ and Y™ as in (8.7). Suppose W% is an open subset of
R?. Given any map e€C™(X, W,; k) and a map x€C(X, M(n, k)) independent with respect
to e, there are neighborhoods A of e and A of y such that given a covering pair (G, g), g: 1™~ A,
and a covering pair (X, 6), 6: I™-> A, then lifts § and G can be found with G(q, t) independent
with respect to g(q, t), for every (g, t) in I™

Proof. Define the neighborhoods N(X), and N’(X) as before. In order to present a
unified proof for both cases, the letter F will be used to denote the set in which a deforma-
tion will take place. In the case (a), let F=Y, F,=X,n F. Let h be an extension of e
to N', and X an extension of y to F =Y, which is independent with respect to 4 on F.
Note that any covering pair (X, ¢) with X(g) defined on F and o(g, t) defined on X can be
lifted over F. Call the lift 3'(q, t). '

For (b), a little more detail is needed. Here, let F=XUS*1x D} *x[—1,1],
F.=XU 8" x Di*x[—1, 7). Again we choose  and X with X independent with respect
to hon F, and also stipulate that when (z,y,2)€8* ' x D§ *x[—1, 1] and |jy|| >1, then
2, y, 2) =2z, y/|ly]l, 2)-

Also note that given a covering pair (T, ) we could first define a lift of (£|Xy, o),
and then extend the lift to a cube of maps defined on F, using the obvious retraction of ¥
onto X,. The resulting map will be denoted X'(g, £), and will be used later in the proof.

In the rest of the proof, both of the cases are treated together.

There is a 6 >0 such that if o(§, ) <8 and sup,¢ | X(x) —n(x)|| <&, then n(x) is independ-
ent with respect to f on F. Let

A = {n€0(X, M(n, k)| supin(z) —2(@)]| <6/2}.

Set B ={feC=(F, Wy k)| o(f, h) <6}

Use h to obtain a factorization of maps near e through any factoring manifold D, and
suppose that the neighborhood T of the identity in Auty (D’) is so small that if y €T, then
Poyos€C®(N’', W; k) and goyos| FE€B. Let the neighborhood 4 of e be chosen so that
v(4)<=I", using the notation of section 6.

Now suppose that we are given covering pairs (G, ¢g) with g: I™— 4, and (X, o) with
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o: I"=+A. Let 2: I">C(F, M(n, k)) be defined as above, in the remarks about the indi-
vidual cases. Clearly, there is a v’ >0 such that for every (g, )€ I™,

sup [|x(z) — Z'(q, 1) ()] <6.

zeF .
Hence, for every y €I" and each (g, t) €1™,
d(¢oyos),0X'(q, t) (x) EM(p, n; k), z€F,. (9.3)

Choose 7, 0<7<17'/2 and « as in Lemma (6.1). Find x and £>0 as in Lemma (6.3).

Let f represent either a collar retraction (for case (a)) as in (7.1), ie. : [0, 1]~
Emb (F, F), or, (for case (b)) let § be a deformation so that & =sof is a positioning defor-
mation (see (7.5)). If 0<<t<<g, define

(dB(t/e) () 10X (¢, 1) (B(t/e) (), z€X.NY

3(g,8) (0) =1 X'(q, 21— 2)/7) (), 2=(y,2)€EX x[7,27]NY (9.4)
Z(g) (x), x€Y —ZX,,.

If £<t<1, define
(@B(1) (x)) "o Z'(q,) (B(1) (x)), z€X.NY

3(g,8) ()= 2'(q, 127 —2) /1) (), z=(y,2)€EX x[r,27]IN Y (9.5)
[ 2(g) (v), €Y ~X,,.

Clearly & is well defined and continuous, G(g, 0)=2(g), and &(g, t)| X =2"(¢, )| X =
olg, t).

Define the lift g of (§, ¢g) using the formulas (7.2) and (7.3) in the collar retractible
case, and formulas (7.7) and (7.8) in the handle case. Then for each x€ Y, dg(g, t),0G(q, t) (x)
has one of the three forms below:

d($oyes),0X'(q,8) (y), y=P(x)EF,
dg(g, 1),05(q, t) (x) = { dG(g).°2Z'(¢, ) (), x€Fy, —F,
dg(Q)zoz(q) (x): z€Y — FZ':-

By (9.3), G isindependent with respect to g. This completes the proof of (8.7).

10. An approximation theorem

Let M™ be a smooth compact manifold, and W? be a smooth manifold with empty
boundary. If $€T(M, W; k), let $ denote the map of M to W covered by ¢. Fix a metric
o for W, and, for f, g in O(M, W), say that f is an g-approximation to g if sup,q,o(f(z),
g(x)) <e. With this notation, we have an approximation theorem, similar to (5.7) of [4].
13 —~ 692906 Acta mathematica. 122. Imprimé le 17 Juin 1969,
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(10.1) THEOREM. If there exists $ET(M, W k), and k <p, then, given ¢>0, there is
a k-mersion f€EC®(M, W; k) such that df is homotopic to ¢ through k-bundle maps, and f is an
e-approximation to ¢.

Proof. Choose a C* triangulation of M so fine that each simplex A, is contained in a
coordinate neighborhood of M, and also maps, under q;, into the interior of some convex
coordinate neighborhood, call it W, in W, of diameter less than &.

The proof is by induction, with induetion hypotheses:

(a) A smooth map /! of rank >k is defined on a neighborhood N, of the i-skeleton
in M, and df* is homotopic to ¢| N, through k-bundle maps.
(b) If A belongs to the i-skeleton and is a face of A, then f(A)= W,.

Clearly, (a) and (b} can be satisfied on the O-skeleton.

Suppose that the hypotheses hold for the i-skeleton. Since f{(A,)< W,, f must be an
g-approximation to ¢.

Now let A be an 741 simplex, and A be a standard i+1 simplex imbedded in R™.
Then there is a diffeomorphism mapping a neighborhood of A onto a neighborhood of A.
Therefore, as in section 8, we may map smooth manifolds N *(63) and N *(Z) diffeomorphi-
cally to submanifolds U and V of M, so that U is contained in the domain of f, and
¥V =UU handle. Let W, be the intersection of all W, such that A is a face of A,. Clearly

we can assume that f/(U)c W,. Consider the diagram:

Co(V, Was k) —2— T(V, Wa; k)

| |
O=(U, Was k) —2— T(U, Wy k)

Since df'| U is homotopic to ¢{ U through k-bundle maps, by the covering homotopy
property, there is an element y lying in the fiber over df*, which is homotopic to ¢. But then
the fiber over f'|U must contain an element f which is mapped by d to the homotopy
class of y. Hence, df’ is homotopic to ¢, and f' is an g-approximation of 9;, by the definition
of W,. The map /' agrees with f! on some neighborhood of the i-skeleton. Continuing the
process for the other ¢+1 simplexes, and using a possibly smaller neighborhood of the
i-skeleton, we eventually can define f'*! which satisfies the induction hypotheses on a

neighborhood of the ¢ 41 skeleton.
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