
A Banach space with basis constant > 1. 

:PEg ENI~LO 

University of Stockholm and University of California at Berkeley 

~-~ n ~ e  i l  X I f a B a n a c h s p a c e h a s a S c h a u d e r b a s i s  fl, t hen  fiK SUp~,~ll~i=l i h/H /[ exists, 
where x = ~i~=la~d. Inf/?K t aken  over  all fi is called the basis cons tant  of the 
Banach  space. I t  is obvious tha t  if  the  Banach  space B has the  basis cons tant  p,  
then  every  f in i te-dimensional  snbspace C of B can be app rox ima ted  b y  subspaces 
D,  of B - by  approx imat ing  a set of basis vectors  of C wi th  vectors  of  f ini te  
expansions in some basis - such t h a t  each Dn can be embedded  into a f ini te-  
dimensional  subspace E~ of B, onto  which there  is a pro jec t ion  f rom B of no rm 
arb i t ra r i ly  close to p. 

In  this paper  we cons t ruc t  a separable inf ini te-dimensionM Ban aeh  space B 
with a two-dimensional  subspace C 1 with the  following propert ies:  There  is a 
p > 1 such tha t ,  i f  D is a two-dimensional  subspace of  B suff ic ient ly  close to 
C 1 and  E is a f in i te-dimensional  subspaee of  B containing D, then  there  is no 
projec t ion  f rom B onto E of  norm ~ p. Thus  the basis cons tan t  of  this 13anach 
space is > p.  This seems to be b y  now the  s t rongest  resul t  in negat ive  direct ion 
on the well-known basis problem. The  previous ly  s t rongest  resul t  seems to be 
Gurari i ' s  example  of a Banach  space where fiK > 1 for eve ry  ft. (See Singer [1] 
pp. 218--42.)  

We now s tar t  b y  giving a general  and s o m e w h a t  u npreeise descr ipt ion of  the  
ideas behind the  cons t ruc t ion  and of  the problems we meet .  We consider a two- 
dimensional  subspace C 1 of l~(F),  where F is the  set of pairs of posi t ive integers.  
We assume tha t  the  projec t ion  cons tant  of C 1 is > 1. Now our  f i rs t  ambi t ion  will 
be to  embed  C1 in a larger space El,  such t h a t  there  is no projec t ion  of no rm 
close to 1 f rom E I onto  spaces close to  C 1 and  such t h a t  no subspaee C 2 of  E1 
containing a subspace of  E1 suff ic ient ly  close to C 1 has a pro jec t ion  cons tant  
near  to 1. However ,  if  we t r y  to do this we have  to get control  of  quite  m a n y  l inear  
spaces. In  order  to describe how we obta in  the  necessary  simplifications,  we give 
now a descript ion of  the  way  we es t imate  norms  of  project ions.  
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Le t  us assume t h a t  C 1 is a two-d imens iona l  subspace  of a B a n a c h  space B and  

t h a t  0, al, a2, . . . ,  a~ are n d- 1 points  in C 1 such t h a t  Ilajll = 1; j ~ 1, 2 , . . . ,  n, 
lla~--ajll <~1; i , j =  1 , 2 , . . . , n .  W e  say  t h a t  b E B  is a central point for the  

d- 1 points ,  i f  I lbl l -  -~ and  lib ajll = 1. - -  g, j =  1 , 2 , . . . , n .  I t  is obvious  t h a t  

i f  b is the  only  cent ra l  po in t  in B for the  n +  1 points  0, a 1 ,a  2 . . . .  , a s  and  
points  fa r  a w a y  f rom b are fa r  f rom being cent ra l  points ,  t hen  a subspace  of B 
which conta ins  a subspace  close to  C 1 a n d  onto  which there  is a p ro jec t ion  f rom 
B of n o r m  close to  1 m u s t  conta in  a vec to r  near  to b. F o r  otherwise  b y  such a 
p ro jec t ion  b would  be m a p p e d  onto  a po in t  whose d is tance  to some of  the  points  
0, 61, a 2 . . . .  , a ,  would  be essent ia l ly  larger  t h a n  }. 

This  descr ip t ion  suggests  how we can get  control  of  the  pro jec t ion  cons tan t s  of  
subspaces  of  B conta in ing a subspace  close to  C 1. I t  n a m e l y  gives t h a t  we can 
res t r ic t  our  a t t e n t i o n  to  subspaces  of  B conta ining a subspace  close to C 1 and  con- 
ta in ing  a vec to r  close to b. I n  our example  we have  in C 1 two sets 0, all  , a12 . . . .  ,61, , 
and  0, a21, 622 , . . . ,  a2, with unique  cent ra l  points  bl and  b 2 and  so we can res t r ic t  
our  a t t e n t i o n  to subspaces  of  B conta in ing vec tors  close to b I and  b 2. 

The  w a y  in which we will bui ld  up  our B a n a c h  space is as follows. We  s t a r t  
wi th  a subspace  C 1 of l~(F) ,  genera ted  b y  two vec to rs  e 1 and  e 2. I n  C 1 we 
have  two poin t  sets wi th  unique  cent ra l  po in ts  �89 a and  �89 4 in B. The  cons t ruc t ion  
is m a d e  so t h a t  for every  two-d imens iona l  subspace  D of  lop(F) suff ic ient ly  close 
to  C 1 t h e r e  are po in t  sets of  D such t h a t  �89 a and  le4 are the  unique  centra l  
points  in B for these  po in t  sets and  points  far  f rom �89 ~ and  �89 4 are far  f rom being 
cent ra l  points  for these  po in t  sets. This  is i m p o r t a n t  since i t  gives t h a t  there  will 
be no accumula t ion  of a p p r o x i m a t i o n s  in our  const ruct ion.  N o w  in eve ry  subspace  
of  B suff ic ient ly  close to t h a t  genera ted  b y  e a and  e 4 there  are po in t  sets wi th  
the  un ique  cent ra l  po in ts  �89 5 and  �89 G. The  fac ts  jus t  descr ibed are p a r t  o f L e m m a  2 
below and  give an  idea of how the discussion goes on. We  will f ina l ly  conclude t h a t  
i f  a subspace  E of B contains  a subspace  close to  C 1 and  there  is a p ro jec t ion  
f rom B onto E of n o r m  close to 1, t hen  E can no t  be f in i te -d imensional .  

We  now define the  vec tors  eY, eJ C l~(I), which genera te  B. We  let  e~,~J denote  
the  c o m p o n e n t  of  eJ which corresponds  to the  pa i r  (r, k). 

We  choose e~,k = 0.611 - -  (k - -  1)- 0.0ol, k = 1, 2 , . . . ,  12. We  then  choose 
2 2 e~,l = - -  0.60o and  choose e~,k, k = 2, 3, . . . ,  12 induc t ive ly  b y  the  equa t ions  

0.61l - -  (k - -  1) �9 0.001 - -  ( 0 , 9 9 9 5  ~ -  0 . 0 1 ( ] c  - -  1))e~,k = 0 . 6 1 1  - -  ( k  - -  2 )  * 0 .OOl  - -  ( 0 . 9 9 9 5  -1- 

0.Ol. ( / c -  1))e~,k_l. B y  this  choice we ob ta in  t h a t  e~,k k -  1, 2 , . . . ,  12 lies 
be tween  - -  0.6oo and  - -  0.6~2 and  t h a t  the  c o m p o n e n t  (1, k) is the  largest  of  the  
12 componen t s  (1, 1), (1 ,2)  . . . .  , ( 1 , 1 2 )  of  the  vec to r  e 1 -  (1 + 0 . o 1 . ( k - -  1))e 2, 
/c = 1, 2 . . . . .  12. We  also see t h a t  i f  v ~ and  v 2 are suff ic ient ly  close to e ~ and  e 2 
in l~(F) t hen  the  c o m p o n e n t  (1, k) will be  the  largest  of  the  12 c o m p o n e n t s  
(1,1),  ( 1 , 2 ) , . . . , ( 1 , 1 2 )  of  v 1 -  (1 + 0 . 0 ~ . ( k - -  1))v 2, k =  1 , 2 , . . . , 1 2 .  W e  p u t  
el, k = e~.k = 0 if  k > 12. Componen t s  (r, k) wi th  r > i will be def ined  later .  
We  will h a v e  need for such componen t s  to  save  the  uniqueness  of  centra l  points .  
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W e  will n o w  def ine  e a a n d  e 4 so t h a t  �89 a is t he  u n i q u e  cen t r a l  p o i n t  in B for  

the  7 po in t s  0, (e 1 - -  (1 d- 0.o1(k - -  1))e2)/lle 1 - -  (1 q- 0.ol(k - -  1))e211, k = 1, 2 . . . .  , 6  
a n d  so t h a t  �89 4 is t he  u n i q u e  cen t r a l  p o i n t  in  B for  t h e  7 po in t s  0, 
(e a - -  (1 q- 0.o1(k - -  1))e2)/lle 1 - -  (1 q- 0.ol(k - -  1))e2][, k = 7, 8 . . . . .  12 a n d  so t h a t  

this  ho lds  even  if  e 1 a n d  e 2 are  r e p l a c e d  b y  a p p r o x i m a t i n g  vec to r s  v 1 a n d  v a 
a 3 . .  = e 3 = 1 and we choose  in B.  To  th is  end  we p u t  e 3 , 1 = e 1 , 2 = .  1,6 

e 3 e 3 a in such  a w a y  t h a t :  1 ,7 ,  1 ,8 ,  �9 ~ �9 , {31,12 

(a) the  d i s t ance  in / ~ - n o r m  b e t w e e n  t he  6 -vec to r  �89 a 3 e 3 (%7, el,8, �9 �9 -, 1,12) a n d  
each  o f  t he  s even  6-vec tors  w h i c h  cons i s t  o f  the  c o m p o n e n t s  (1, 7), (1, 8 ) , . . . ,  (1, 12) 
o f  t he  vec to r s  0, (e 1 - -  (1 q- 0.01(k - -  1))e2)/l[e 1 - -  (1 q- 0.01(k - -  1))e2[I, k = l, 2 . . . .  , 6, 
is s t r i c t l y  less t h a n  1. 

(b) t he  fou r  6 -vec tors  1,8, e1,12), ., 7, �9 ( e ~ , 7 ,  e l  1 2 2 2 e3  e3  e3 
s  ( 1 ,  1 ,12)  �9 �9 " ,  ( s  " 1 , 8 ~  " s  " ", 

a n d  (1, 1, 1, 1, 1, 1) are  l inea r ly  independen t �9  
W e  need  (a) s ince �89 shal l  be  a cen t ra l  p o i n t  even  if  we  a p p r o x i m a t e  el a n d  

e2 b y  v 1 and  v 2 a n d  (b) s ince �89 de f i ne d  be low shal l  be a u n i q u e  cen t r a l  po in t .  
4 e4 4 in such  a w a y  t h a t :  W e p u t  4 __ e4 _ , e 4  a n d  choose  e1,i, 3,2, el.6 e l , 7  1 ,8  ~ �9 �9 �9 - - ; .  1 ,12 �9 �9 �9 

e4  . .  s  (al) t he  d i s t ance  in / ~ - n o r m  b e t w e e n  t h e  6 -vec to r  �89 �9 (e~,l, 3,2, �9 , 1,6) a n d  
each  of  t he  seven  6-vee tors  w h i c h  consis t  o f  the  c o m p o n e n t s  (1, 1), (1, 2), . . . ,  (1, 6) 
o f  t he  vec to r s  0, (s _ (1 q- 0.01(k - -  1))e2)/[[e I - -  (1 q- 0.01(k - -  1))e2[[, k = 7, 8 , . . . ,  12, 

is s t r i c t l y  less t h a n  �89 
(51) t he  four  6 -vec tors  (e{,3, e{,2 . . . .  , s j = 1, 2, 4 a n d  (1, 1, 1, 1, 1, 1) are 

l inea r ly  i n d e p e n d e n t .  
As  a b o v e  we  n e e d  (al) s ince 1s shal l  be a cen t ra l  p o i n t  even  if  we  a p p r o x i m a t e  

e 1 a n d  e2 b y  v I a n d  v e a n d  ( b l ) s i n c e  �89 shal l  be a u n i q u e  cen t ra l  po in t .  
l~or k > 1 we  n o w  choose  3 1 a n d  e 4 2 W e  see t h a t  th i s  

- -  s  ~ s  1 , 1 2 ~ - k  ~ s  

does n o t  d e s t r o y  t h a t  ~ea a n d  �89 4 a re  cen t ra l  p o i n t s  fo r  t he  sets  desc r ibed  
above �9  W e  also o b t a i n  t h a t  t he  c o m p o n e n t s  (1, 1), (1, 2 ) , . . . ,  (1, 12) o f  
e 3 - -  (1 @ 0.01(k - -  1)) �9 e 4, k = 1, 2 . . . .  , 12 are  all < 0.25 a n d  t h a t  the  com-  
p o n e n t  (1, 12 @ k) is t he  l a rges t  o f  t he  c o m p o n e n t s  (1, 13), (1, 1 4 ) , . . . ,  (1, 24) 
o f  e 3 - - ( 1 - ~  0 . e l ( k - -  1 ) ) . e  ~, k =  1, 2 , . . . , 1 2 ,  a n d  is > 1. The  last  s en tence  is 

o b v i o u s l y  t r u e  even  i f  e 3 a n d  e4 are  r ep laced  b y  a p p r o x i m a t i n g  vec to r s  v 3 a n d  v 4 
in l ~ ( F ) .  

W e  n o w  choose  e51,k, el, k6 k = 1, 2, . . . ,  12, to  be all in  t he  i n t e rvM (0.0s, 0.10) 

a n d  choose  t h e m  in such  a w a y  t h a t  t h e  six 6 -vec to r s  (ei,1, s . . . .  , e{,6), 
j = 1, 2 , . . . ,  6, a re  l i nea r ly  i n d e p e n d e n t  a n d  such  t h a t  t he  six 6 -vec tors  

(e{,7, eJ,8 . . . .  , e{,~2) are  l i nea r ly  i n d e p e n d e n t .  This  is d o n e  in o rder  to  m a k e  ~e a 
a n d  �89 u n i q u e  cen t r a l  po in t s .  :For all  k > ] we p u t  s ~-- s a n d  - -  1 ,  1 2 + k  1 , k  

6 4 
s  ~ s k" 

N o w  for  all k < 1 2 j ,  j > l ,  we p u t  e 6+(2j-1) 0 a n d  for  all k >  1 a n d  - -  - - -  3 , k  ~ - -  

j > 1 we p u t  e 6+(2i-1) 5 
_ 1,12j+k = el,k. F o r  all  k < 123", j >_ 1, we p u t  e ~  2 j =  0 a n d  

6 ~ 2 j  6 for  all  k > 1 a n d  j > 1 w e  p u t  s  = s k" 

N o w  we h a v e  t o  i n t r o d u c e  c o m p o n e n t s  (r, k) where  r > 1. F o r  if  we d id  no t  
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do t h a t ,  we w o u l d  o n l y  h a v e  o b t a i n e d  t he  fol lowing:  �89 2j+1 a n d  �89 2i+2 are  b o t h  
cen t ra l  po in t s  for  sets cons i s t ing  o f  0 a n d  l inear  c o m b i n a t i o n s  o f  e 2j-1 a n d  e 2i. This  
holds  even  if  e 2j-~ a n d  e 2j are  a p p r o x i m a t e d  b y  v e c t o r s  v 2J'-I a n d  v 2j in  B. 

B u t  �89 2j+1 a n d  �89 2i+2 will  n o t  be  u n i q u e  cen t r a l  po in t s .  F o r  ce r t a in  l inear  com-  
b i n a t i o n s  o f  el:s, i ~ 2 j - -  2 or  i > 2 j ~  5 cou ld  be  a d d e d  to  �89 2j+1 a n d  

�89 2i+2 w i t h o u t  d e s t r o y i n g  the i r  p r o p e r t y  o f  be ing  cen t ra l  poin ts .  
2 j -  1 2j F o r  all  j >_ 1 a n d  k > 1, e[(j+3)/2l, k j  =- l ,  %'+2,k = 0.1 a n d  e1+2, k ~ - -  0.1. 

2 j -  1 2j The  de f in i t i on  o f  ej+z,k and  ey+2,k is m a d e  so t h a t  �89 2j+1 a n d  �89 2j+2 are  cen t r a l  
po in t s  even  if  e 2~-1 a n d  e 2j are  a p p r o x i m a t e d  b y  vec to r s  v 2j-~ and  v 2j in B. l%r  

those  t r ip le t s  (j,  r, k) where  e~,k is n o t  y e t  def ined ,  we p u t  e]]k ~ 0.1 �9 ( - -  1) [(~-1/2)1. 
This  las t  de f in i t i on  will  save  t he  un iqueness  o f  �89 2y+~ a n d  �89 =j+2 w i t h  r e spec t  t o  

l inear  c o m b i n a t i o n s  o f  el :s ,  i < 2 j - -  2 or  i > 2 j ~ - 5 .  F o r  i f  we a d d  such  a 
l inear  c o m b i n a t i o n  t o  �89 2j+~ or  �89 2j+2 t he  d i s t ance  t o  0 will  be > �89 

W e  n o w  r e sume  in  th ree  l e m m a s  t he  i m m e d i a t e  consequences  o f  our  de f in i t ions  
o f  t he  vec to r s  e ~', j > 1. 

LEMMA 1. There exists an s > 0 such that i f  I]v 2j-1 - -  e 2 j - l l l  < ~ and 
]Iv 2j - -  e2J[] <_ e holds for two vectors v 2i-1 and v 2j in B,  j >_ 1, then 

v2i i _  (1 ~ - 0 . 0 1 ( k -  1))v ~j has its largest component on the same place as 
e 2j-~ - -  (1 ~- 0.01(k - -  1))e 2j, k : l ,  2, . . . ,  12, namely  some component (r, m) 

with r = 1, and the distance between �89 2i+1 and each of the elements 0, 
(v2J 1 _ _  (1 -~- 0.01(]c - -  1))v2J)/Hv2j-1 - -  (1 -~- 0.01(k - -  1))v2J[[, k = 1, 2 , . . . ,  6, is �89 

Obviously a s imilar result holds for �89 2j+2 for  k --~ 7, 8 . . . . .  12. 

LEMMA 2. Let v 2j-I and V 2j be as in L e m m a  1. Then  �89 2j+1 is the 

only vector of B such that the distance between the vector and each of the vectors 0, 
_ _  1 (v 2j-x - -  (1 ~-~ O.01(k ]))v2J)/llv2j-1 - (1 -~- O.01(k - 1))v2Jl[, k : 1, 2 , . . . ,  6, is ~2 

and there are positive constants K and 81 such that i f  g E B and []g --  e2/+1]1 z 5, 

then the distance between �89 and some of the 

O, (V 2j 1 - -  ( l  ~ -  0.01(]~ - -  1))v2J)/]]V - -  (1 ~ -  0.01(]~ - -  ]))v2J[], ]~ = 1, 2 , . . . ,  6, 

is at least �89 -~ 1 K  m i n  (5, el). A similar result holds for �89 2j+2 for k = 7, 8 . . . .  , 12. 

2j--2A-t 2j--2+t 2j--2+t\ Proof. The  l e m m a  ho lds  since t he  six 6 -vec tors  [ e 1 , 1 2 j ~ _ 1 ,  e l , 1 2 j + 2 , . . .  , e 1 , 1 2 j + 6 )  , 

t = 1, 2, . . . ,  6, a re  l inea r ly  i n d e p e n d e n t  a n d  since (j  § 2, k), k > 1, are  pa i rs  
where  2j'~l ej+z.k = 1. T he  las t  p r o p e r t y  gives  t h a t  lie 2j+1 ~- hll >> IleeJ+ll I + 0, 1 �9 IIhL[ 

i <_2j 2 or  i > 2j + 5. i f  h is a l inear  c o m b i n a t i o n  o f  vec to r s  e,  

W e  can  a s sume  t h a t  s, s 1 a n d  K in L e m m a  1 a n d  2 are  t he  same  for  e 2i+1 
a n d  e 2j~2. 
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L]~MMA 3. Let  V 2j -1  and v 2j be as i n  L e m m a  1. I f  C is  a subspace o f  B ,  v ~j-~ E C 

and  v ~j C C, and infgec llg - -  e2J+llI = ~, then there is  no pro jec t ion  f r o m  the space D 

generated by C and e 2j+~ onto C o f  norm  ~ 1 q - K .  m i n  (0, el) where K and e 1 

are def ined as i n  L e m m a  2. A s im i la r  resul t  holds f o r  e 2j+:. 

Proof .  T h e  l e m m a  ho lds  since b y  a n y  p r o j e c t i o n  f r o m  D o n t o  C t he  
v e c t o r  �89 2j+l is m a p p e d  o n t o  a v e c t o r  whose  d i s t ance  t o  some  o f  t he  e l emen t s  
O, (v 2j 1 _ (1 q_ 0.01(k - -  1))v"J)/Hv 2i-1 - -  (1 q- 0.01(k - -  1))v2.iH, k : 1, 2 , . . . ,  6, is 

�89 -~ �89 m i n  (~, ex). 

We now prove that B has the basis constant ~p ~ I. We choose p = 
1 q- �89  el) whe re  e is t h a t  o f  L e m m a  1 a n d  K a n d  s 1 are  t he  same  
as in  L e m m a  2. L e t  D be  a t w o - d i m e n s i o n a l  subspace  o f  B g e n e r a t e d  b y  v 1 a n d  
v ~, v 1 a n d  v 2 as in  L e m m a  1. I f  E i s a s u b s p a c e o f  B,  D G E ,  such  t h a t  t he re  

exis ts  a p r o j e c t i o n  f r o m  B o n t o  E of  n o r m  ~ p ,  t h e n  b y  L e m m a  3 E m u s t  
c o n t a i n  vec to r s  whose  d i s t ances  to  e a a n d  e 4 are  ~ e. T h u s  b y  L e m m a  1 a n d  
L e m m a  3 E m u s t  c on t a i n  vec to r s  whose  d i s t ances  to  e 5 a n d  e 6 are  ~ e. B y  

i n d u c t i o n  we  see t h a t  E m u s t  c o n t a i n  vec to r s  whose  d i s tances  to  e 2j-~ a n d  e 2j 

are ~ s  for  e v e r y  j ~ 1. T h u s  B has  t he  basis  c o n s t a n t  ~ / 9 .  

R e m a r k .  I t  has  been  s h o w n  b y  J .  L i n d e n s t r a u s s  t h a t  t he  c o n s t r u c t i o n  a b o v e  can  
be m o d i f i e d  so t h a t  we ge t  a u n i f o r m l y  c o n v e x  B a n a c h  space  i somorph i c  to  H i l b e r t  
space with basis constant > I. 
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