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0. Introduction

In 1964, J. L. Lions and J. Peetre [7] established the following compactness
theorem

Theorem L-P. Let (A,, A) and (By, By) be compatible couples of Banach
spaces, and let T be a linear operator such that T: A,—B, is compact and T: A;~B,
Is continuous.

i) If By=B, and E is a Banach space of class ¥x(0; A), then T: E~B, is
compact.

ii) If Ay=4, and E is a Banach space of class €,(0; B), then T: A,~E is
compact.

This originated the question of whether there are generalizations of Theo-
rem L-P to the case A4,7#4; and B,#B;.

Assuming a certain approximation condition on the couple (B,, B;), A. Persson
[8] was able to give a positive answer (see also the papers by M. A. Krasnosel’skii [5]
and S. G. Krein—Ju. 1. Petunin [6]).

For the general case without an approximation property, some positive results
are also known. They refer to the real interpolation method (.,.), , that, as is
well-known, produces spaces of class €x(0) and %, ().

In 1969, K. Hayakawa [4] stated that if T: 4;—B; is compact for j=0, 1,
0<0<1 and 1=g-<oo, then real interpolation preserves compactness of the oper-
ator T. A transparent proof of this result (covering also the cases 0<g<1 and
g=) has been given very recently by D. E. Edmunds, A. J. B. Potter and the
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first named author [2]. They also proved that the same conclusion holds when the
assumption
T: A, - B; compactly
is replaced by
B, continuously embedded in B,.

Note that this last result is a natural extension of Theorem L-P/(i).

The aim of this paper is to show that the corresponding natural extension of
part (ii) in Theorem L-P also holds (see Th. 2.1).

In contrast to [2], where the description of the real interpolation space through
the K-functional is successfully used, our approach here will be based on the J-func-
tional. The main ideas of these techniques were developed by K. Hayakawa [4],
but in a rather involved way.

We shall also show how to derive by means of the J-functional the extended
version of Hayakawa’s result given in [2].

1. Preliminaries

Let (A4, 4;) be a compatible couple of Banach spaces [that is 4, and 4, are
continuously embedded in some HausdorfT topological vector space /1. We equip
Ao Ay [respectively Ay,+ A;] with the norm J(1,.) [respectively K(1,.)] where
for 1=0

J(t,)=J(t,.; Ay, 4) and K(t,.) = K(1,.; Ay, A1)
are the functionals of J. Peetre, defined by

J(t, a) = max {||all ,,» t[all 4.}
and

K(t, a) = inf{lla|l s, +tNall4,: @ = Gyt a1, ay€A,, a,€ 4}

It is not hard to see that 4,n4; and A4,+4; are Banach spaces.
For 0<f6<1 and O<g=oo, the real interpolation space (4,, 41)g,, consists
of all a€ Ay+ A4, which have a finite quasi-norm

lalo, = ([, (:°K(t @)ydefe)”" (E 0 < g <o)
lalle, e = sup {t-°K(t, a)}.

One can check that if 1=g=cc then ((4y, A1 4. |l lla,g) is a Banach space, but
if 0<g=<1 it is in general only a complete quasi-normed space (see [1] and [9]).
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Let (B4, B;) be another compatible couple of Banach spaces, and let T be a
linear operator which maps 4; continuously into B; (j=0, 1). The following inter-
polation property holds

ITle,q = ITI5=°IT

where | Ty, | T|, and [ T|,, are the norms of T as a mapping from 4, to By, 4, to
B, and (4,, 41),, to (By, By, respectively.

In order to establish the main results of [2] certain vector valued /_ spaces
modelled on the sum By+ B, are used. We shall require here vector-valued /; spaces
modelled on the intersection A;nA4;.

Let m=0, —1, —2, ... and denote by G, the Banach space A4,n4; endowed
with the norm J(e™, .); for any 6 with 0=0=1, let ¢~"G,, stand for the Banach
space (Ayndy, e *"J(e™, .)). We designate by I,(e~°"G,) the collection of all
sequences (u,,),,—, 4y A4, such that the quasi-norm

l”(um)”IO,q = (2;:0 (e—emj(em, um))q)llq ifO0<gqg <o)
11(@a)llle, = = sup {e="J (€™, u,,)}

is finite.

For later use we shall now state without proof an interpolation formula between
these vector-valued sequence spaces.

Lemma 1.1. Let O0<0<1 and O<qg=co. Then we have with equivalent quasi-
norms

(ll(Gm)$ ll(e-me))G,q = lq(e_ome)'

We end this section with a lemma that shows the relationship between /,(e=*"G,,)
and (4,, 45)s,,- The lemma can be checked by adapting the proof of the Equiv-
alence Theorem (see [1], 3.3 and 3.11).

Lemma 1.2. Assume that A, and A, are Banach spaces with A, continuously
embedded in A,. Let 0<0<1 and O<g=oco. Then ac(d,, A)e,, if and only if
there exists a sequence (u,),=0CAsNA; with

(1. a=2"" u, (convergence in Ay+A4)
and
(1'2) I”(um)me.q <oo.

Moreover

I allg,q~inf {lli(zm)ile,q}

where the infimum is extended over all sequences (u,,) satisfying (1.1) and (1.2).
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2. Main results

Next we state the compactness theorem.

Theorem 2.1. Let (B,, B,) be a compatible couple of Banach spaces and sup-
pose that A,, A, are Banach spaces such that A, is continuously embedded in A,. Let
T be a linear operator such that

T: A, - B, is bounded
and
T: A, - B, is compact.

Then if 0<8<1 and O<g=oo,

T: (Ao, Al)a,q g (BO, Bl)o,q
is compact.

Proof. Given (u,)cl(G,), n=1,2,... we put
P(u,) = (tgs gy oos ey 0,0, ..).

Each one of these operators is linear and bounded on /,(e~'™G,,) where j=0,1,
and its norm is equal to 1. Consider also the bounded linear operator

Q: ll(e_ijm) _>Aj5 j = 03 1,
defined by

Q(um) = ;:o Uy,
and write T=ToQ. We shall first show that the bounded operator

T: (ll(Gm)’ ll(e_me))a,q g BO3 Bl)e,q
is compact.

The following diagram holds
, Ah(Gr)—> B,
(ll(Gm)a 11(e~me))a,q—"" Il (e—m m)\ P
L{e™G,)— By.
In addition, compactness of T as an operator from 4, into B, implies that
Tl)n = TQI)n. (ll (Gm)’ ll(e-me))B,q g B]
is compact. Whence, applying Theorem L-P/(ii), we have that
T})n: (11 (Gm s Il(e—m m))e,q - (809 Bl)ﬂ,q

is also compact.
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Hence, for the purpose of proving compactness of 7, it is enough to see that
there exists a subsequence (TP,) of (TP) such that

|T—TPllg, >0 as n —oo.
But L L o
NT—TBo,q = | T—TR AR~ T—TH 3.

Thus we only need to show that for some subsequence (7P,)
IT—TPl, >0 as n —co.
With this aim, first note that
IT—TP,), = Tl

so, there is a subsequence (TP,) of (TP) such that (|T—TP,|,) converges. Let 4
be the limit. We can find (x,)cl{e~™G,) such that [|[x,]|l;,;=1 and

17U—B)x,ls, = W= TP)xyl5, ~ 4 as 0 oo
Call y,=(I—-P/)x,. Then we obtain a sequence (y,)cl(e~™G,) satisfying

”Iyn’I“l,l = 19 I)ky,,' =0 if k= n’,
and )
1Tyyllp, >4 as n" —co.

Now, since T: I,(e"™G,)—~B, is compact, there exists a subsequence (y,) of (y,)
such that (Ty,) converges to some bcB,. In particular |b] 5=~ and Ty,
also converges to b in By+B,.

On the other hand, if k=n”, it follows from

N(Bes1—B)Ywllloa = e_(k+1)”I(Bc+1_l)k)yn””|1,1 = e~(k+l)”|yn"”|1,1 = e~ (k+D

that )
N7 Ber1—B) purllz, = 1 Fllge=*+0.

f Tyn"”Bo+B1 = ”TZkén”(Pk+l_Bc)yn"”Bo+Bl
= Dl | T(Pkﬂ —-Pk)yn""Bo

= "T"()Z'kgn" e~k .0 as p” oo,

Whence

This yields b=0, and so A=0. Therefore the operator
T: (L(Gn), h(e™™G,))p,q = (Bys Bu)s,, is compact.
Next, in view of Lemma 1.1, we derive that the composition
lq(e_gme)_Q_’ (AOa A])B,q _T" (B(b Bl)G,q

is compact. Finally, we complete the proof by using Lemma 1.2. ]
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Remark 2.2. The procedure used in Theorem 2.1 still works if we assume

T: A, - B, compactly
instead of

In such a case the sequence spaces should be over Z, operators F, should be de-

fined by
-Pn(um) = ("',Oa O, U_psU_yp1s ooos Uys <oy Upy1, Uy, 09 05 "')

and the projections
P+ (um) = (..., 0, O, uo, tesy u,,, u,,+1, ...),
P =1-P,
are also needed. Note that now
|T—TRo,, = cll(T—TB)P-|lg,,+I(T—TE) P, 5]

where C is the constant in the quasi-triangle inequality for | -|ls,,. Hence, in order
to show that (TP) has a subsequence which converges to T, we can proceed with
I(P—TR)P_|l5,, as before, and then we can treat ||(T~TE)P,ll,, with a similar
reasoning but using the fact that

T: Ay > B, is compact.

In this way we derive Hayakawa’s result (covering also the cases O<g<1 and

=) by means of the J-functional. The resulting proof is, on the one hand, much
more direct and simple than the original one [4], but on the other hand, itis slightly
more involved than the proof given in [2] using the K-functional.

Remark 2.3. The techniques used in Theorem 2.1 also work for the (more gen-
eral) method of interpolation with a function parameter. We refer to [3) for details
on this method.
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