Regularity of averages over hypersurfaces

Lennart Borjeson

Abstract, Averages over smooth measures on smooth compact hypersurfaces in R” are studied.
With assumptions on the decay of the Fourier transform of the measure we obtain mixed norm
estimates for these means, for example LP estimates of multiparameter maximal functions over
compact hypersurfaces. '

1. Introduction

Let S be a smooth compact hypersurface (possibly with boundary) in R”, do the
induced Lebesgne measure on S and g a smooth mass distribution which is van-
ishing near the boundary. Set (7, ¥)=(¥1(#)y1, ..., Yu(t)ys), Where ¥,£Cy (R™),
i=1,...,,n, and y€R". We define the average

E@ = [ f(x=¥ (& »)n(»)do(y)

for feLi (R". It follows from Fubini’s theorem that for every z¢R™ F,(¢) is
well-defined for almost all x. If S=S""", the unit sphere in R”, m=1, Y (2, y)=1y
and p=1, then F,(¢) becomes the ordinary spherical mean. In this case J. Bourgain
[B1]—[B3], n=2, and E. M. Stein [St2], [SWa], n=3, showed that the corresponding

maximal function sup,., |F,(¢)| is bounded on LP(R") if p>-n—n—1—. For n=3, this

was extended to more general hypersurfaces by M. Cowling and G. Mauceri [CM],
A. Greenleaf [G] and J. L. Rubio de Francia [R]. Greenleaf assumes that S has a
fixed number of principal curvatures different from zero while the other authors
have (weaker) assumptions on the decay of the Fourier transform of the measure
udo. The lower limit of p then depends on these assumptions. In [G] and [R] it is
also shown that without loss of generality one can replace (¢, y)=¢y by the non-
isotropic dilation ¥ (¢, y)=(t"yy, ...; t’ry,), 2,0, i=1,...,n. The results in this
note are closely related to these. C. D. Sogge [So] considers hypersurfaces which
depend on both x and ¢, but have nowhere vanishing Gaussian curvature, and
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L. Colzani [C] considers mixed norms of spherical means on compact symmetric
spaces. See also [SS1] and {SS2]. In the main part of this note we study mixed norm
estimates of the type considered by P. Sj6lin and others in [BS], [0S, Appendix], [PS],
[S1]—[S5], where they obtain L? estimates of L, BMO and Besov—Lipschitz norms
in the parameter ¢ of the spherical mean. Our results extend these to more general
hypersurfaces and to averages depending on a multiparameter ¢, As a consequence
we get L? estimates of multiparameter maximal functions. In the last section we give
further results and extensions of the main results in the third section.

2. Preliminaries

The mixed norms that we are going to use involve various function spaces.
B;,(R™) is the Besov space of tempered distributions with norm

lols:, = lexol,+(32, @7 lg*el)) % 1=p,g==, a€R.

Here {£,}=.. is a dyadic partition of unity on R™\ {0} and g=1-3,2 2,.
HEZ(R™) is the generalized Sobolev space of tempered distributions normed by

H(P"HI’,3 = “((1 +] . 12)5/2¢)v”p’ I= P =0, ﬁER'

More details of BZ,(R™) and H?(R™) are to be found in [BL], e.g. Bi,=H?’.
BMO (R™ is the space of functions of bounded mean oscillation normed by

Ielawo = sup [1017 [ [o(—1QI7 [ o(s)ds|dr],

where Q is any cube in R™ Cf. [St1, p. 164].
A5(R™), §=0, is the Lipschitz space with norm

ol 4, = ll@llw+sup y<—°

t,y

3k
—372 @ y)‘

where u(t, ), teR™, y=0, is the Poisson integral of ¢ and k is the smallest integer
greater than §. See [Stl, Ch. V, § 4].

Throughout this paper we take the dimension n to be =2. Finally, we shall
stick to the convention that C denote a constant which is not necessarily the same
at each occurrence.
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3. Main results

Let the Fourier transform of the measure defining the averages satisfy

Ko@) = | [ e um de)] = CA+1ED",

for a=0. We note that if S has k principal curvatures different from zero and if p
vanishes near the boundary of S, then a result of W. Littman [L] shows that a=%
will suffice.

Theorem 1. Let fCLP(R") and 4+-:=1. Assume that
a) Y,€Cy(R™, i=1, ..., n, and that pcCy (R™), where
supp ¢ C (i {t; ¥:(?) = O}.

If 1=p=2 and a:zi, then
P

® ([ 0B, dx)"® =Clf,.
If 2sp=c and oc=-i£, then
@ ([ 0ElS: dx)® =Cifl,.

Assume that

b) S lies in the boundary of a set which is star-shaped with respect to the origin
and that S does not possess a tangent plane containing the origin, ,(¢) =(max (t, ()))11,
A;>0, i=1,...,n, and that @cCy (R) with supp ¢ (0, ).

€) ([ |9Ed5s,, dx)"" = C| 1],
By various continuous embeddings of B;, in larger spaces we obtain a corollary.
Corollary. Let y; and ¢ satisfy a) and take fcLF(R").
I lsp=r<l4+t=2 and i=1(1+—2ﬁ)—2, then
2a g p

2a
If 1=p=2, a=— and p=r=p’, then
p

m m
@ (/o loEl; ax)" = Clifl,.
i p=r=1+?”;—§2, then
(5) ([ 19Edmmodx)" = Cl £l

2a 2aq—
mt , orif 2=p=r=- and 6= apm,

If 1+-2m7<p=r§2 and 6=2a—
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then

) ([ 0B, dx} = C 1l

If in the above conditions we replace a) by b), take m=1 and allow p=r=p’
(for 1=p=2), then (4)—(6) still hold.

Remark. If m=1, a=%, k€{0,1, ...,n—1}, and 1=p=2, then the theorem
and the corollary are best possible in the following sense.
It is possible to find S, u do, ¥ and ¢ satisfying b) such that the following holds.

1 1
When k=1 and 1§p<1+—2——=1+7c-, or when k=0 and 1=p=2, then
a

1+2 k+1
a_2a= + _
p ) ) p
If k=1 and p=1+—2——=1+z, then we cannot replace the BMO-norm in (5)
a

1
(4) implies that —= k.
q

by the supremum-norm.

i 1
Assume that k=2 and l+—2--= 1+ 7€-<p =2 andthat (6) holds, then §=2a—
a

1+2a & k+1
P 2N
. 20 k .
A consequence of these results is that a=—=— 1is necessary for (3), if 1=

P=2, because the corollary follows from various imbeddings of B}, , into L?, BMO
and A;. It is also necessary to have p=r=p’ in (1)(6), if 1=p=2 (and m=1).
The proofs are contained in the proof of the corollary. There are however hypersur-
faces where one can obtain better estimates. For example, if we take

S={xeR" x, = [[i_ xb, 0<x;<1, 4€R, i=1,....n}
and set
t, if i=1,..,n~-1

Vi) = {]]""1 th, if i=n,

i=1

and if u vanishes near the boundary of S the corresponding maximal function
sup {|[F(D)]; t1, .oy ty_1 > 0}

then becomes bounded on L?(R™), for all p>1. This result of H. Carlsson, P. Sjégren
and J.-O. Stromberg is contained in [CSS] and was extended in [CS]. See also [Wa]
for a survey of the theory of averages and singular integrals over lower dimen-
sional sets.
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If b) holds, a>+ and (f, )=ty the corollary contains the following esti-

mates of the maximal function sup;-,., |F,(#)] (since A;CL%).

|| sup 1F@)|||. = ClIf 1,
1 1<t<2
for 1+—2—a—<p§2 and p=r=p’. This isa weaker form of the following theorem.

1 1
Theorem 2. Assume that b) holds and set Y (t, y)=ty. If a>§—, 1+Z< p=2

and p=r=p’, then
[lsup (2= E()|||, = C I £1l,-
>0

‘For r=p this theorem is contained in [R] and [CM], and is an extension of
Stein’s theorem on the continuity of the maximal spherical function.
Define the operator M¢ by

(MEF) (&) = 1€~ P =21 oy 1 41 (1D F(O),

tER, EER™ J(y9)4 -1 i the Bessel function of order §+e¢—1. For its definition
and fundamental properties see [SWe] or [W]. A consequence of the proof of Theo-
rem 2 is the following extension of part (a) of Theorem 2 in [St2].

Theorem 3. If 1<p=2, p=r=p’ and ¢=>1--;, then
fsup [#@m-a pge £, = €11,
t=>0

¢=0 corresponds to the spherical mean. Theorem 3 also gives an estimate of
u(x, t)=Ct MS="%f(x), the solution of the wave equation with the boundary va-
lues u(x, 0)=0, du/dt(x, 0)=f(x). Theorem 3 is related to the estimates of M2 f(x)
in [B9].

4. Proofs

Proof of Theorem 1. Assume that fcC; (R"). We start with the proof of the
end-point estimate where p=2 and a=a.
We compute the Fourier transform of F,(¢), to get a muitiplier, and obtain

PACES fkn e~ F (1) dx
= [ e [ Fx—¥ (6 ) p(v) do(y) dx
= [(e eV [ e VO (x—y (1, ) dx p(y) do (¥)
= [ e YO u(») do (1) (&)

m(y (t, O) F(©),
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where
N
pdo (&) = m(&).
We consider the L?*(R")-norm of |@F,|g¥ for a non-negative integer N. The
norm of Hj (R™) is equivalent to the norm

lgla+ 35 ID¥gls, where Dig =ZoE-

Therefore,
MoEliy dx)=c( [ (loEl.+ Sy, IDF @F,) dx)'"
R
= C[( [ loFl ax)" + 3, ([ IDY (eF3ax)™]

and one of the terms in the last sum can be estimated using the Fubini and Plancherel
theorems.

™ ([ IDF (pE)i3dx)"
= C 3o ([ IDF I oD Bl dx)™
=C 3o ([ 1PE 7 0O [ IDLE P dx dr )
=C 3o ([ IDF T 0O [, \DIE(D dg dr)”
=C 3o ([ @ IPE 7 0 OF [, [DU(m(w (1, D) (O d )™,

The differentiation of m(y(z, &) gives
Di(m(p (¢, &) = Df [ eV p(x) do (x)
= [ Dife=*¥®) u(x) do (x)
= [ e BIOXEem =D u(x) da(x)
= S RO [ eV 2 u(x) do ().

Here B! are polynomials in D;y;, I=j, of degree less than or equal to j, for multi-
indices y=(y1, ..., 7,)EN", N={0,1,2,...}, having length [y|=7,+...+7,,
k=1,..,m,i=1,..,n,j=1,..,N, and x"=x'-....x}n.

We claim that the Founer transform of the measure x"pu(x)do(x) is O(|&]™%)
as |¢|>oo. Take a function h in Cy (R") which is equal to 1 on S. For such h we
have that

X" h(x) u(x) do (x) = x* u(x) do (x)
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is a compactly supported distribution uds multiplied by a compactly supported
C~ function x*h, but the Fourier transform of this product gives a convolution of

S

udo(=0(|¢]~%) with a rapidly decreasing C* function. Thus, we have that the con-
volution is @ (|£[~%), as [¢]| <=, and since supp ¢ is contained in (;_; {t; ¥(#)=0}
we get that

inf ()l =min inf Y,()]I¢] =CIEl,
i tE€suppe

tesuppe
=C=0

and as a consequence, if €supp o,
[PL(m@ (t, )| = Zy=) RO [ =440 x7pu(x) do ()|

L L
=S A=Y O

(1+1gpy
(1+1E)*

We apply this estimate to (7) and get
([ ID¥ @EJRdx)"™ = C ST ([ 1DF 10 [ (11D~ fO dé i)
= C( [ [ +1ayW-=f©f de).
Consider the L2(HY)-norm of ¢F.
® ([ loElydx)? = C[( [, l0EI3 ax)=+ Zi_, ([, 1D (9E)I3dx)"]
= C[( [ la+iEn—=7@f d)=+ 31, ([, ka+1eDv—fofae)™)
= C( [, [a+1ay -2 fo de)™.
The estimate of the L2(L?)-norm above corresponds to the case N=0, i.e.
O ([eulloFlhp dx)® = C( [ I0EI ax) = C( [ [a+1e)-2F©P dg)*".

Choose N such that N=a and interpolate between (8) and (9), which gives (see
[BL, pp. 17—18, 107, 152—153})

([oulloFdzgdx)® = ([ [+l fO) de)'™,

=C =C(1+[¢y=

for 0=n=N. Putting n=a gives

(10) ([ NoENzs ax} = C( [ 1J@P d€)"* = CI 1.
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Now assume that f€L*(R") and take a sequence {f}};” in Cy’ (R") converging
to fin L2(R") and set

Ei) = [ filx—¥ (5 »)p() do ().
Assume for a moment the following:
(11) (/o l@E—ED)Y ®p dx)*~0, as -, forall scR™
Then

fim ([ (0B @OF )= ([, (o) ©Pax)'™,

for all s€R™, and by Fatou’s lemma
([0l zs dx)*= ([, [ [@FY (1 +Is1)* dsdx)"”
= ([ [ o0 J@EY (P dx(1+1s2) ds)*"
= ([ im [ IQFD" () dx (1-+|sf%)* ds)®
=lm ([, [ J@E) @PFdx(L+|sp)ds)”
=lim [ . loFllzs dx)"*
= mC £l = Cllfle-

In the proof of (11) we use Minkowski’s inequality and some trivial estimates.
(/o o E—ED) () )"

(oo [ame™ ™ 0D [ (F=HE—U, ») u(y) do(y) dif* ax)'”

([ (S [ l0OF=R =¥, ) (3] do () dt)*dx )2

S s ([ [l OU =R (=0, ) pP dx) " do(v) e

= [ 10O [ O ( [ [F-ADG—v @y dx)* do () di

I

1A

fIA

= Cloly [ 1) do(®) | f~Flla-

The right hand side tends to 0 as k& tends to < thus proving (11).

This proves Theorem 1 in the case p=2 and «==ag, but for the coming inter-
polation we also need that @F, be strongly measurable with values in Bj,(R™) if
JEL*(R™). But this can be shown by the method applied in [S5, p. 156).
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We continue with the other end-point estimates where p=1 or < and «=0.
For f¢IL*(R", consider the L*(LY)-norm of ¢F.

JeloFlax = [ [ le® [, fx—4@ »)p»)do()|dxdt
= [ e [ ko) [ |f =¥, )| dx do() dt
=lol [ 1) doe ) I

= C|fls-
Since L*(R") is continuously embedded in B? _ (R™) we also have
(12) S 19Flly_dx=Cl Sl

which is Theorem 1 for p=1 and a=0.

If feL*(R* we claim that @F, is a strongly measurable function of x with
values in BY_(R™). It is enough to prove that ¢F, is a strongly measurable function
of x with values in L'(R™), since L*(R™) is continuously embedded in BY_(R™).
But because L*(R™) is separable we only have to verify that ¢F, is weakly measurable
since then strong and weak measurability are equivalent notions. See [HP, p. 73].
Take therefore g€ L= (R™) and set

Hx)=[ o@OF®0g®Wdt= [ oDe®) [ fx—v( »)nG)do(y)dt.

Then H(x) becomes measurable since all functions involved are measurable.
This proves the claim.

By an application of the interpolation theorem for vector-valued functions (see
[BL, p. 107]) to (10) and (12), and the fact that

(BYee s H)1gy = (Bloo» BSo)ig1 = By
we get

([onl0EdEs,, dx)"" = C £l
2a . .
where 1=p=2 and ¢=—-. Thisis (1).
P

If feL>(R") take a bounded f,¢L™(R" such that f(x)=f;(x) almost every-
where and define the mean F of f by

E@ = [ flx—v(, »)u(») do ().
We get the trivial estimate

IE@I=Clfille =Clfl
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and also
esssup [|pF g = Cesssup [9Fll. = C|fl-
x€ER"® *€ER™

Interpolating this with (10) gives (2).

(2) can also be obtained by a dual argument. Set Tf(x, t)=¢(t)F,(t) and
consider the dual operator T* of T applied to the function g(x, t). For gc 2 (R**™)
we get by definition

T*e.f)={&Tf)
= g(x: Do() E(1) dx dt

RE+m

= [ [en®® [, Fx—¥ (8 ) g(x, ) dx dt p(y) do ()
= [ [on [ 0D g8(x+0 (8, ), 1) u(3) do () di f(x) dx.

=T¥g(x)

Estimating the L'(R")-norm of T*g gives
I8l = [ | [ [ @D 8G+¥ (1 ), ) n(3) do () ] dx
= [ [onloO [ |e(x+¥, »), 1)) dx di|u(3)] do ()
=10l [ [ [ 1860 Dl dx dt ()] do(3)
=0l [ 1nG) do) [, Iglx -l dx
and by the continuous embedding B, (R™)cL'(R™) also
IT*¢l=C [ lgtx s, dx,

for geIL*(BS,) (which makes T*g measurable). Interpolating this with the dual
estimate of (10)

IT*gls = C ( [, 180G g dx)®
gives
IT*gl, = C ([, I8Cx, psedx)?,

2
where 1<p<2 and oz=—£ The dual estimate of this is
P

Ik

([ o TG NEe dx)? = C £,

if 2<p<o and oz=~2-€, which is (2).
p ‘
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Here we have used that
(L7 (B))* = L”(B™),

if 1<p<eo, for a reflexive Banach space B.
We continue with the proof of (3).
Let S, ¢ and ¢ satisfy b), and therefore also a) with m=1. We claim that

(13) sup loEly = Clfly, feL'RY).
From the proof of (1) we have
149 [ 10Eldx = Clifly, feL*®RY).
Interpolation between (13) and (14) gives

([ 1oElE dx)" = Clifl,

for 1=r=o and fcL'(R"). See [BP, p. 316]. Thus, by the embedding L'(R)C
CB]_(R) we get, as before, that

([ l9FlG, ax}" =Cliflh, fELMRY,

for 1=r=< and feL'(R"), and as in the proof of (1) we now obtain (3) by inter-
polation with the end-point p=2, e=a, of (1). (In this interpolation the case r= oo
needs some special care. The function space used for interpolation is Ly (BY..),
the completion in sup-norm of all simple functions on R" with values in B} . But
such an approximation is possible by the construction in [S5, p. 155] which also
applies here.)

We now turn to the proof of the claim.

To emphasize that (¢, ¥) is a non-isotropic dilation we adopt the usual conven-
tion and set 8,(y)=y (¢, ). By the assumption b) the map h(y)=y/|y|, €S, is a dif-
feomorphism from § onto its image § in $"~'. We extend h to Q={5,(y); t=0, y€S}
by h(5,(»))=th(»), and as a consequence, for s>0 and y€,

h(5,(7)) = h(3,0:()) = h(34(»)) = sth(y) = sh(5,(¥)) = sh(§)-

The extension 4 becomes a diffeomorphism from Q onto its image Q= {ty; =0, y€S}.
We also extend p to Q by p(5,(»)=p(»), t=0, yeS.
We get that the condition

[h(M—1=0, yeQ,

becomes equivalent to y€S. If uis the Dirac measure (see [GS, Ch. 111]), then the
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average F,(¢) can be written as follows:

E® = [, £6:0))n(»)u(1—1hk)) dy,
where f,=f(x— -).
A change of variables, z=h(y), gives
E() = [_fG.(h7(@) u(h (@) u(1—12) (7Y (2] dz,

where (h™Y)’ is the Jacobian determinant of 2~ But 6,(h~*(z))=h"(tz), because
h(3.(h 2 (2)))=th(h ™ (2))="1z
Consequently,

IE@) = [, |1 @2)u(h @)Y (@) u(1-|2) dz
=C fﬂ |fe(h2(12))| u(1—|2]) dz
= C [ |f.(h72(10))] 6.

This is because poh~! and (h~1) are bounded on S S*~'. Here d0 is the induced
Lebesgue measure on S™,

Let I be a closed bounded interval in (0, «) containing supp ¢. We estimate
the L*(R)-norm of ¢F and obtain

loFl gy = CfI fs o) fx(h~ (16))| 46 dt
=C [ lo(whiwl ="+ £ (k72 w))] dw
=C [ |fu(hm2w))| aw,

since A={t0; tcI, ¢S} lies in an annulus. With new variables, y=h—1(w), this
becomes

leFlug =C [, IO KO)dy

S C [ =Ny

=C|fill, =Clfls
because h1(4) is contained in an annulus where #’(y) is bounded. This proves
our claim and the theorem.

Proof of the Corollary. We start with the proof of (4) by showing that for
certain values of p, B}, (R™) is continuously embedded in LY(R™).
We have that

(15) B,(R™) < HI (R™),
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. m m 0 iq o 20
if 1<p<t<o and oc——=ﬁ—~t—, by [T, p. 206]. Hence By CcH,=L% if ——
p p

1 1 2 2 .
i [=a—ﬁ] = or {(equivalently) —=— (1 +—£] i (=0). From the defini-
p p q q 7 m/ m

tion of B}, it follows at once that B, B , if p’=q. But p’=g, if p=1+

m+2a’
m
— then

Thus B; L% if 1+ In the case where 1=p<1+

=p<l4+—.
7 2a m--2a

m+2a

(4) is obtained by interpolation between (4) in the case p=1+ ,r= p, and (4)

m--2a
in the case r=p=1.

If b) is assumed we use (4) in the case p=1 and 1=r=-o, The latter is in-
cluded in the proof of Theorem 1. This finishes the proof of (4).

H} is embedded in BMO, if f=2 (see [Stl, p. 164]) and by (15) B:, embeds

. ) 2 . .
in BMO, if #=p” and —‘,l=oz=Z but this means that p=1+—;—1-. This shows (5).
? V4 a

(6) is a consequence of the following embeddings (see [BL, p. 153]).

B;p.(R’")} A
c B2 (R™) = A;(R™).
B;p(Rm) ( ) 6( )
2a m+2a . m
Here a—ﬁ=5>0 and as a consequence 5=—,———'2=2a— + , if 1+—=<
p ) o rop p 2a
a m —m
p=2, and 6= — , if 2=p=co,
Y 4 4

We continue with the necessary condition in the remark.

Take a fixed @€Cy(R) such that @=supp (0, b), Y (¢, y)=ty and a fixed
kin {2,3,...,n—1). Let a prime on a variable denote an element in R*+! and
double-prime one in R*~*~* and decompose a variable in R” into these, for example
x=(x, x”), where x'={(x;, ..., %41) and x"=(xy, s, ..., X%,). Let w€Cy(R) be
supported in [—1,1] with fg @(s)ds=1 and put

B(x") = [} @)

Denote by d0 the induced Lebesgue measure on the unit sphere S* in R*+! and
define a measure on S*X[—1,1"*~! in R by:

u(x) do(x) = dO(x)Q®(x”) dx”.

S*x[—1, 1]"*=1 has k principal curvatures different from zero.
Take a gcCy(R™*-") such that g=1 on the cube [—b—1,b5+1]""*2, and
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as a consequence we have that

" 1
(16) fnn-k—l g(x”——ty”)w(y”)dy” = Hi=k+2f_1 w(xi) dxi =1,

for tesupp @ and x”€Q:[__ 1, l]n—k~1.
Define, for h€ L?(R**+?Y), the spherical mean in R¥+!

He@ = [ h(x'~1y)do(y),
and put f(x)=h(x)g(x"), so f¢L?(R". Then for the mean F of f we have by (16)
POE® = [ fx—19) n(¥) do ()
=0 [y [ B =0 g ("~ 1y") dO(Y)B(Y") Ay
=90 [ 8" =0V [ W —1y)dB(Y)

= @()H. (1),
if x”7€Q.
Estimating ||pF,]|,, gives then

([ 10BN 1 d)" = ([, [ N0 Fw il d” dx
= ([ xeur J I 0H A s dx” dx'
= C( [ yrs l0H 7, dx ),
and under the assumption of (6) and that 1++<p=2 we get
([ s loB N )" = C ([ @B, de)”
=C|\fl, =Clhl,l gl

= C|l,.

k+1
But by a counter-example in [S2] this implies that §= k-—i—.
p
Take a fixed k in {0, 1,...,n—1} and assume that 1=p<l+4%, if k=l,
and 1=p=2, if k=0. Replacing 4; by L? in the norms above together with (4)
1 k+1 . .
we also obtain (from [S2]) that —%——+-—k. (The counter-example in [S2] is
q 4
vestricted to k=1, but can easily be modified to cover the case k=0.)
Thus the theorem gives the best possible values of § and p.
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Assume that k=1 and p=1+4 and set

1 -1
|x’[~* (Iog E'—l] , if O0<[x|=

0, otherwise.

1

h(x') = 3

Then the mean F of f=hg (g as before), defined by the measure p do above, gives
sup o () E ()] ===,

for x in a set of positive measure. But f belongs to L?(R"). Cf. [St2]. This shows
that BMO in (3) cannot be replaced by L™.

Using the above construction of S with measure udo one also obtains, from
counterexamples for the spherical mean in [S5], that p=r=p’ is necessary if 1=p=2

in (1)—(4).

Proof of Theorem 2. The proof is a small extension of the proof of Theorem 2.2
of [CM], from which we only give the main lines. For a more thorough treatment the
reader should consult [CM].

Assume that feCy (R”). Let u be the distribution defined by the measure
i do and, for Rz=0, set

— ()t L —py-t (_’i]_d_t
R f(x) =20 (@ [, —ey-if | 3) 5
z-R,f continues analytically into C, and R,u is defined by duality, i.e.
<Rzu’f> = <u’ sz>'
Note that R, f=f.
For f>4—a and B=Rz=l, let

E, . (t) = t"C-BIO-BD (R y, f(x—t-)), t=0.

Let T(x)=|h(x)|, where h is the function defined in the proof of Theorem 1 and p
the weight on S extended to Q. Put E(¢)={x€R"; T'(x)=t}u{0}, r>0. Then, if
Rz=0, R,u “is” the function
2r ()" (1 =T (x)2F VT (%) u(2), if x€E(1)
Ru(x) = { .
0, otherwise.

See [CM, Prop. 2.1]. VT is an outward normal vector to S. Hence, if Rz=1, we
have the following estimate of F, ,(¢).

I, ()] = [(*e=PO=P (R, flx—t-))
=|r2r@ [, IVTG) p) fx—1)l dy)
= Cerl®lem [ | fx—1p)l dy
= Cerlil | £,
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since |VT'(x)| and u(y) are bounded on E(1). Therefore
Jsup £, ]l = Cen £,

if Rz=1. But by Theorem 1.4 of [CM] we also have that
sup £, .l = Cet 1 11,

if Rz=pB=>7—a. We apply Stein’s complex interpolation method and deduce that
an Hsug B, )l = CI A1,
>

=

llup 1#=214=P E @)}y = C1 1
1>

2(1-B)
1-28

||§ug @DV F ()|l = Cll £l ps

where 1=p=2, f>+—a and g:%(ﬁ——l)+1. For ¢=0, this becomes

1
if ﬁ>—2-—a and p= , or equivalently

1
for 1+—2—a—< p=2. This can be interpolated with
Hsug IE.)l|l, = ClIA1,
>

1 . .
if 1+Z<p§2. This is Theorem 2.2 of [CM]. We obtain the following result.
|jsup |-G E )], = ClIf1l,
t>0

1
Here l+7<p§2 and p=r=p’.
a
The extension from Cg° (R") to LF(R") follows as in [SWa, p. 1285—1287].

Proof of Theorem 3. The proof is partly contained in the proof of Theorem 2.

. . . n—1
But if we in this case use that a= , and set

E.(f) = (re-DIO-P M f(x), >0,
then (17) can be rewritten as

”S;Ii% lt"((zl")_l)MffIHP' =C|fl,»

with 1=p=2 and g>l~%. Interpolating this with Stein’s estimate [St2, Th. 2]
llstulov pefl, = Clfll,s

where 1=p=2 and g¢=1 —% , gives the full result.
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5. Further results

(1) can be compared to the following estimate,

(13) ([ NoEDzp ax) = Clf 1

for

1 1 .
=p=2 and f=n (— - ——] +a(m=1). (18) is the result of interpolation
n-+2a 2 p

2
between the end-point B:—‘,l, p=2, which is also an end-point for « in (1), and
p

the end-point =0, p= . The latter can be shown by an application of the

n+
continuity of the Riesz potential I, to (8) (see [Stl, Ch. V, 1]), viz.
(/o 10BNz ax)™ = C ([ [1+1ED-J(O) de)™
=CILfl.=CILfl,
=ClIfl,,

a J—
if —=——— or (equivalently) p= . For —=p=2,a= "

2 p n n+2a n—3%
and r=2 we obtain the corollary from (18) by the same type of embeddings which
proved the corollary. Cf. [S2, pp. 282—283]. Note that this doesn’t require any extra
assumption on ¥ (?, y) or on the orientation of S as was the case in (3). Trying this

, m=1

method for a< we get weaker results than the corollary gives for r=2.

Consider for example S=S*X[—1, 1]""*~%, 1 =k=n-1, with measure u(x)do(x)=
dO(x)®w(x”) dx” defined as in the proof of the corollary. Estimating the Fourier

transform m= u/d\a of this measure gives, for an arbitrary number M, that
im©) = | [ e p(x)do ()

= U‘ske—iél'x, af(x’) fRn—k—l
= |#'d0)-F D&

= [|E1- =D g0 e (ED - F'w(E")

= CA+ED~®2A+ED™M,

e~ ¥ 55(x”) dx"l

Here %’ and #” denote the Fourier transforms in R**! and R"~*~1 respectively.
The computation of &’ df and the estimate of the Bessel function can be found
in [SWe, pp. 154 and 158]. Thus, the decay of m({) is better in some directions.
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The Riesz potential I, in R**+! is bounded as an operator from L”(R**Y) to
1 1 k2 k+1

LR, if et K2kt
2 p k+1 +
that the Riesz potential in R*~*~' satisfies Iy: L*(R**~1)—L2(R*""-%). By Min-
kowski’s inequality for integrals we get an improved estimate of the L2(HJ)-norm.

([ l@Edze dx)
C( S [nlo@Om( (e, &), w2, €))7 dr de)

C( [ fanlo @A+ ENHRA+ I )M P de | FOR dE)

<2. For this p choose M such

(1A

{iA

C( [ la+en- 2 +1e)> fO) de)®

A

C fR"—k-]_ Iél/l._szR,“l “gl—kﬂg;/y-”f(é,’ él/)lz df’ dé”)llz

IIA

C{ S qnnaa &1 ([ s |G Y ) )
Jamorecs (L ggons [E1MF7F ", ENe d? PP a7 )P Gl
Jans (gpais [ETMF 71, ENp a2 ax') e
Faos s 197 56, £

CA S geon (S gy LG 310 )77 e

=fl5»

where we have set

Il
!

fIA
Q

(
(
(
(
T g 5 8, 0
(
(
(
(

l
Q

1A

Y, E) =&, s Urs1 () Exra)
V(&) = Wrrz(® s -os Va(DE,.)

and

. k 2 2 ) .
Taking k<n—1, a=—2—, and p= n+’;a = n-:k m (18) (f=0) we obtain a p
Lo k+1 1 . .
which is larger than +1 . We note also that T is the value of p in (4)
k+5 k++ ’

k
of the corollary if g=r=2 and a=7(m=l).
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That the decay of /@(é):m(é) is better, in certain directions, than |&|~¢,
n-—1

if a< , is a universal property of smooth measures. This is the content of

the following theorem of Erik Svensson [Sv].

Theorem. Assume that S has k principal curvatures different from zero. Let % (&)
be the least acute angle that a vector & forms with any normal vector of S. Then, for
any positive number R,

[m(&)] = CrA+ED=M2(1+[¢] sin %(£))~".

This improves W. Littman’s [L] estimates of the Fourier transform of this

kind of measures.
n n—1-2a

If Yz, y)=ty, peCq (R) and 17>110=7—1————;,—, then (4)—(6) holds
with ¢F, replaced by |#|"@F,. A sketch of the proof goes as follows. |¢|" ¢F, is split
up in a sum >, , [¢|"¢,F, by a dyadic partition of unity. Each [¢|"¢,F, is estimated
by (4)—(6) followed by a dilation argument which collects the dependence on & in
the constant 2*C replacing the constant C in (4)—(6). Then by summing the geo-

metric series -, 27~ which converges if n>#,, gives the desired result.

-1
Note that the bound #, becomes independent of p if a= 1 . In the case S=

-1
fz—]; n, is best possible. For details see [S4].
If we also admit the smooth mass p to depend smoothly on #€R™ and sub-

stitute the growth condition on the Fourier transform of udo by
|2 DF (1 do)” (8)] = Cy(1+1ED,

for tesupp ¢ and N=0,1, ..., [a]+]1, then (1)—(6) are still valid for the average
N

=SII—1 (a:

defined by the measure p,do. Here D)= and [d] is the integer part of a. This

oty
can be seen as follows.
We compute the derivatives of

m (Y (1, &) = (m do)" (¥ (1, £))
and get

Di(m, (5 9) = [ Di(e=>+49 1, (x)) do ()
= [, 31, D~ (e =¥ D} iy (x) do(x)

= 3 Sy PO [ e ¥EOxI DL, (x) do (x),
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for j=1, ..., N. But, since

(D) do)™ (8] = | Di(n do)™ (O] = CA+|ED,

if tésupp ¢ and /=1, ..., N, we get by the same reasons as before that

| [ e =45 Dl p(x) do ()] = C(1+1eD)

and consequently

DL (1, )| = Si=; RO EN-C(L+1Y (1, &) = CU+IEY

for t€supp ¢ and I=1, ..., N. From this, the desired L2 estimate follows as before
and also the L' and L™ estimates, since g, is bounded on supp ¢. The interpolation
and the extension of fto L?(R™ is as before.

Let u be a compactly supported distribution in R". Define u, by

s f) = (s O (6 D)

where f'is a test function and {, ), indicates that we apply the distribution on test
functions of y, and an average by

F.;c(t) = ut*f(x) = <u9f(x_l.b(t9 y))>[y]9
for fin C5° (R"). Then
(uxf)" :fﬁt

as distributions. But since u, has compact support for ¢ in supp ¢ the Fourier trans-
form of u, is given by the function

ﬁt(é) = <un e—ig.y>[y] = <u> e—i{-llr(t.y)>[y] = <ua e~ WG é).y>[y] = ﬁ(lp(t, 6))a

for tesupp ¢ (see [GS, pp. 196—197]), and we get that

F()) = a( (1, O)J(©).

Hence, if |4(&)]=C(1+[£)~°% a=0, Theorem 1 and its corollary are true also in
the case p=2, for fcC; (R"), because we consider only the Fourier transform of
F,(1), and {u, e‘i"'fx?>[x] decreases like 4(¢€). Cf. [CM, Th. 1.4].

We get an example by taking u equal to the function (max (1—|x[%, 0))’, §>—1,

1
where a= n—;— —+ 6 will suffice.
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