Jacobi functions: the addition formula and the
positivity of the dual convolution structure

Mogens Flensted-Jensen* and Tom H. Koornwinder

Abstract. We prove an addition formula for Jacobi functions ¢ # (x=f= —+) analogous
to the known addition formula for Jacobi polynomials. We exploit the positivity of the coefficients
in the addition formula by giving the following application. We prove that the product of two
Jacobi functions of the same argument has a nonnegative Fourier-Jacobi transform. This implies
that the convolution structure associated to the inverse Fourier-Jacobi transform is positive.

1. Introduction

For fixed «, B Jacobi functions ¢%®# form a continuous orthogonal system
on R+ with respect to the measure (sh £)**** (ch ¢)*#*! dt, generalizing the cosines
@ V27 (t)=cos At. In [3], [6], [10] the authors developed harmonic analysis
for Jacobi function expansions, including a positivity result for the convolution
product associated to these expansions.

The main result of the present paper is a similar positivity result for the dual
case, i.e. the convolution product associated to the inverse Fourier-Jacobi trans-
form (a=p =—-1). Equivalently, we prove that the Fourier-Jacobi transform
a(hy, Ay, +) of the product t— P (2) {27 (2), (4, 2,€R) is nonnegative. By using
group theoretic considerations FLENSTED-JENSEN [4] and MizoNy [14] proved this
result for special values of «, . A similar positivity result of the dual convolution
structure associated to Jacobi polynomial expansions was first proved by
GASPER [8].

KoOrRNWINDER [13] applied the addition formula for Jacobi polynomials in
order to obtain a new proof of the just mentioned result of Gasper’s. Here we
follow a similar approach and, therefore, we have first to derive the addition formula
for Jacobi functions. This addition formula is an expansion of

o@P(Arcchicht, -cht,+re sht, -sht,))
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in terms of certain orthogonal polynomials R, , in the two variables r cos ¢ and
r2, with expansion coefficients

PP (D) 0B (1) 0B (1),

where the functions ¢, are “associated Jacobi functions” and y"(2)=0 for
real . The nonnegativity of the coefficients ¥, , is of crucial importance for our
applications of the addition formula.

In a companion paper [7] we give another application of the addition formula
for Jacobi functions. It presents a new approach to certain results of Kostant’s
dealing with a characterization of those values of A for which a spherical function
@, on a given noncompact rank one symmetric space is positive definite.

In a forthcoming paper we will derive similar results as in the present paper
for the functions

(1.1 0%, (y, 0) == (e® ch y)’ 0 (»),

which were studied by the first author [4], [5] in the cases «=0, 1, 2, ... by an inter-
pretation as spherical functions.
2. The addition formula for Jacobi functions: statement of the result
The Jacobi function ¢@®# is given (cf. [6]) by
.1 &P (1) = Fy(3 @+ B+1+i2), 3 (@+B+1—id); a+1; —(sh1)?),

te€R, 1€C, ac C\{—N}, feC.

On writing

2.2) R»P(2) = JFy(—p, pt+a+p+1; a+1; %(l—z))
we have

(2.3) P () = RGP, _5_1)2(ch 21).

If o, f>—1, n€Z, then R*P(x) is a polynomial of degree n in x satisfying
R*"(1)=1 and the orthogonality relations

(2.4)
r ») 1
2a+ﬁ+11_('?a++ﬁl—;_r)(ﬁ+ 1) f—l R’(:,ﬂ) (X)R,(,”ﬂ) (x)(l —x)l(l +x)ﬂ dx = (n'(la,ﬂ))_lém,n’
where
(2.5) @B — 2n+a+ B+ D(a+ Du(a+B+2),

(n+a+p+1D)(B+1),n!
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Here (a),:=ala+1)...(a+k—1). Note that P&P(x)=((a+1),/n)R®P(x) is the
classical Jacobi polynomial (cf. SzeG6 [16]).
We shall need a family R®” of orthogonal polynomials on

Q={xnNeER}x =y =1}

with respect to the normalized measure

___ T@+B+(5/2) % (y— %)
(2‘6) dma,ﬂ(x! y)_ F(ot+1)F(ﬁ+l)F(l/2) (1 y) (,V’_x) dxdy
These polynomials can be defined in terms of Jacobi polynomials by
2.7 R,(,"‘;,,ﬁ’(x, y) = R’(;ll,ﬁ+n—m+(1/2)) (Zy_l)y(n-m)/2R'$/i,’g)(y—1/2x),

n,meZ, n=zm=0 and o f=>—1.

The orthogonality relations are given by

238 [ REP, ) REPGx, y) dmg, g (x, 3) = (58718, 181,
where

(2.9)
@n—2m+2B+ D (n+m+a+B+3/2))(@+ 1)pB+2)y—m(a+B+(5/2))n
(n—m+2p+1)(n+a+B+(3/2))m! (n—m)! (B+(3/2)), ’
cf. [12, § 3] and [13, §2].
If «aj—1 or By—1 then the measure dm, z(x, y) weakly tends to a measure

with support on one of the edges of the orthogonality region. An easy calculation
shows:

ned =

(2.10) n,ﬁ,_,,}’ﬂ)R,(,,',,}’ﬁ)(x, )= 5,,1’07'6,(,”’”)13,(,” B(x),
@I RED(x) if m=n,
Q.11 &G DR D (x, xB) = B REH(x) if m=n-—1,
0 if m=n-2

The associated Jacobi functions ¢{f} are defined in terms of Jacobi functions by
212 Pl = h o)+ (ch f~tpfr+rtiri=b (),
k,I€cZ, k=1=0.

Now we can state the addition theorem:

Theorem 2.1. Let a>f>—%, then
(2.13) PP (A(=1, 15,1, 0)) =

oo k -8 — - —f - —
= Zico 210 WP oSN () @l it i P 1P~ R - LE - (r cos i, 1Y),
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where t€R, 1€C, rel0, 1], ¢€[0, n],
2.19 A(ty, ty, 7, ) == Arcch (|ch#, ch t,+re® sh ¢, sh 1)),
(2.15) () =

(1204 BH1+iD) (172(a+ B+ 1—i) (1/2(a— B+ 1+iD), (1/2(@— B+ 1—id)),
- (4 1) (0 + 1)k+l ’

Furthermore, the double series in (2.13) converges absolutely, uniformly for (11, t,, 1, ¥)
in compact subsets of R*X]0, 11X]0, =].

Remark 2.2. If a=f>—%, r=1 or a>f=—%, ¢=0,7n then (2.13) still
holds. In view of (2.10), (2.11) it then degenerates to a single series. The two cases

are related by the quadratic transformation
(2.16) of = (20) = ol (1),

cf. [10, (2.8)]. A further degeneracy in the addition formula occurs if a=pf= —%,
r=1, =0 or n. Then (2.13) has only two terms at the right hand side.

Our addition formula was earlier proved by WHITTAKER & WATSON [18, § 15.71]
in the case o=f=0and by HENRICI [9, (80)] in the case a= B. A group theoretic
derivation in the case a=p¢{0, 4, ...} was given by VILENKIN [17, Chap. 10, § 3.5].

Corollary 2.3. Let A€C, a=f=>—4. Then y&P=0 for all k1 iff
AER U i[—5y, Sol U {ki(a+B+1)}, where so:=min {a+B+1, a—p+1}.

Proof. Use that
G@+B+1+iD)G@+B+1—iD) = [[525 1 ((@+B+j+1)2+23),

and similarly with f, k replaced by —8,1. 0O

3. Proof of the addition formula for Jacobi functions

The proof we will give below is analogous to the proof of the addition formula
for Jacobi polynomials in [12]. The main difficulty compared to the Jacobi poly-
nomial case is the convergence proof of the series in (2.13).

Fix «, § such that «>p> —+ and let dr1, ;(r, ¥) be the measure on [0, 11X [0, 7]
such that

GO [, [T frcosy, 1 ding o) = [ F06 ) dma_p-1p- i (55 )
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for all continuous functions f on Q (cf. (2.6)). For u€C and 1, t,6R we have
the product formula (cf. [6, (4.1)]):

(32) REP(Ch2)RED(h2t) = [ [T REP(ch24(t, 1, 7, ) dity, 5 (5 ).
Lemma 3.1. Let k=[=0, k,I¢Z. Then
33) [ [TREP (ch24(t, 1y, T, W) RETE=WD (v cos Y, 1) dift, (1, )

o EDM M m Bt at B+ Di(utat1),
(a4 Dygerp 2+ Dy

X (sh 2, sh 1)+ (ch #; ch £,)*~! R{eHk+EE+k=D (ch 21,)

X R‘(La_tck+l,ﬁ+k—l) (Ch 2t2).

Proof. Apply Lemma 4.1 in [12] and observe that formula (4.7) in [12] can
immediately be generalized to the case of noninteger ». Finally apply the product
formula (3.2). O

The functions (r, ¥)—~RE P~ UD (rcos i, r?) (k, I1€Z, k=1=0) form a com-
plete orthogonal basis of the Hilbert space L*([0, 1]X[0, n], dr1, p). The lemma
gives the “Fourier” coefficients of R(# (ch 2A4(t,, t,, r,¥)) with respect to this
basis. The corresponding expansion with #, replaced by —#,, and p by +(iA—a—f—1)
and with substitution of (2.3) and (2.12) shows that, for fixed t,, t,, 4, &, 8, (2.13)
holds in L2-sense with respect to the measure di, ;.

The absolute and uniform convergence of (2.13) will follow from a general
result for expansions of C*=-functions f(x,y) in terms of the polynomials
R®P(x,y) (see Theorem 3.6 below). First we need estimates for R&D(x,y)
as n—oo,

Lemma 3.2. If a=f++=0, n,mcZ, n=m=0 and x*=y=l then
[R&D(x, y)|=1.

Proof. For fixed n, m, «, B with a=|B++| we have
(3.4 RpPAn-mr @D 2y —1) = T, o RO (2y—1)

with ¢;=0, cf. AsKkEY & GASPER [1, Theorems I and 2]. Now using that

fIA

(3.5) IRED(y- D x)| = REPD) =1 if f=—3, x*=y
(cf. SzeG6 [16, Theorem 7.32.1]), and

RO (2y—1) yo=mP2| = |ROM= (21— 1) 1=/ = |
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(cf. SzeGg6 [16, Theorem 7.2]), we obtain for oczﬁ—k%zo and x%2=y=1 that
RGP (e, )| = | STy RO =™ 2y = 1)y =mERED (y= 02 x)|

= Lo alROTm Qy =Dy = 31 o =1,

where the last equality is obtained by putting y=1 in (34). O
The inequality proved above was already announced in [11, (5.2)], however
with slightly incorrect conditions on « and f.

Lemma 3.3. For each «, B=—1 there exists »x=0 such that
(3.6) RED(x, y) =0 as n—oo,
uniformly for me{0, 1, ..., n} and (x, y)€Q.

Proof. For a=p +%§0 the result follows from the previous lemma. In the
case a=|B+3|, f<—4 we reproduce the proof of Lemma 3.2 with (3.5) replaced by

R,(.’i’n’f)(y'amx) =0(n—m) as n—m oo,

uniformly on Q (cf. Szeg6 [16, Theorem 7.32.1]). In order to handle the case
oc<‘ﬂ +%| we use the recurrence relation

@+ 1) (n+m+a+p+3)R&H(x, y)
= (m+atD)(nto+p+YRETP(x, y) = mn+p+ P R (v, ),

which follows from ERDELYI [2, 10.8(35)]. Iteration of this identity reduces the
problem to the case a=|f+3| and the desired estimate follows. [J
Next we introduce the partial differential operator

2

DB = (1—x?) 0 +4x(1—y)-—32—
Ox? 0x 0y

G.7)
+4y(1—y)aiyz—(2a+2ﬁ+4)x53;+(2—(4oc+4ﬁ+ 10)y)§y—.

Lemma 3.4. For f, g€ C2(Q) we have

(3.3) [, @*Pfygdm,, = [[ fD=Pg)dm,,.

Proof. Use integration by parts. If a, § are not too small then the vanishing
of the stock terms is clear and (3.8) follows. The case of general o, f=—1 then
follows by analytic continuation of (3.8) with respect to « and . O

Lemma 3.5,

(3.9) D&AR®:D(x, y) = —(n+m)(n+m+20+2B+3)R&P(x, y).
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Proof. 1t is clear from (2.7) and (2.8) that R®®(x, y) is the polynomial with.
“highest” term const-x"""3y™ which is obtained by orthogonalization of the se-
quence 1, x, y, X%, x¥, 12, X, x2y, ... with respect to the measure dm, 4(x, y). Formula
(3.7) implies that

(3.10) D@B(xk-1yly = —(k+D(k+1+2x+2B+3)x* ' y'+“lower” terms.
Application of (3.8) and (3.10) yields:
[[, DePREL(x, y) 3=ty dm p(x, )
= [ REDGx, y) DEP (51 dmy, g (x, y) = O
if k<n or k=n,l<m. Formula (3.10) also implies that
D@PR® P (x,y) = —(n+m)(n+m+20+2B+3) R%P(x, y)+“lower” terms.

Now (3.9) follows by orthogonality. O
For feL'(Q,dm, ) let

3.11) frmymy = [f G DRED(x, y) dimg,p(x, ).

As a consequence of Lemmas 3.3, 3.4 and 3.5 and the estimate ==
O(nE4+2PI+2) a5 p>co, uniformly in m, we conclude:

Theorem 3.6. Let f€C=(Q). Then for each x=0 we have
(3.12) ffn,m)=0n"% as n->oo,

uniformly in m. Furthermore, the series

(.13) Do 2o S (1, MmO REL (x, y)

converges absolutely, uniformly on Q, and its sum equals f(x, y). If f depends on an
additional parameter s¢ S such that, for each k€Z. , (D) f is uniformly bounded
on QXS then the estimate (3.12) and the absolute convergence of (3.13) are also
uniform on S.

Application of this theorem to the series (2.13) completes the proof of Theorem

2.1. The cases a=f>—=%, r=1 and a>f=—%, ¢=0, n can be proved in an

analogous but more simple way.
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4. Positivity of the convolution structure associated with the inverse
Fourier-Jacobi transform

The Fourier-Jacobi transform ., ; of order (a, f), a>—1, is defined by

@.1) Fp @) =D = [ OO (@) dpa,p (1),
where
(4.2) dity, (1) := (2m)~ VD 22@+6+D (sh £)?2+1 (ch 1)*+1 dt

and f belongs to the class Cy° of even C*=-functions of compact support on R.
We now assume that a=pf= —1. Then the inverse Fourier transform . is given by

4.3) O = [ Do @) dvy 4 (),
where
4.4) dvy (A = Qm)~ |, ,(D|72dA, and

2“*”*1’“1‘(il)1"(a+ 1)
T((@+B+1+iR2) T (= p+1+ih)/2)

4.5) Cop(D) =

Then 4, ; extends to an isomorphism of
L¥([0, =), di,,5) onto L2([0, =), dv,,p).

See [3] or [10] for a proof of these facts.
In [6] we calculated the kernel K, 4(t,, t5, t3) such that

@6) [ [T (A to, 1 W) iy (1, 0) = [ DKo p(trs s 1) dity (0

loc

dm, g, du, g, respectively. Using this we defined the convolution of two functions
f, € L([0, =), dp,, 4) by

4.7) Fe)t) = [ [ fgt) K, p (11, tas 15) dpto, 5 (1) A, (15).

for all feLj ([0, <), diy ), cf. (2.14), (3.1) and (4.2) for the definitions of A4,

Notice that we can also write this in the form

@8). (= [ f&) [, [T a(At, to, 7, 1) diity (v, ) ity ().

From now on let « and B be fixed such that a>p=—4. For convenience,
in subsequent formulas all indices o, § will be dropped.
Remember (cf. [3, Lemma 14]) that there exists K=0 such that

4.9) 0, ()] = K(1+f)eltmAl=@+b+D)t  for gll AcC, t€]0, ).
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Also, if 1=p<2 and FELP([0, ), du) then F" exists and is continuous on [0, =)
(cf. [6, Lemma 3.1]) and

(4.10) | Fxgls = const. [|gll, for all gé L*([0, <), dy),

cf. [6, Theorem 5.5].
Let (f|g) denote the inner product of f, g€ L*([0, <), du).

Lemma 4.1. Let 1=p<2 and FEL?([0, <), dy). Then F~(2)=0 for all
A€[0, =) iff
4.11) (Fxglg)=0 forall geCy.

Proof. Since S, ; is a L*isomorphism and (Fxg)"=F"-g~ we have

.12 (Fxgl) = [ F"Wlg"@iFdv()

for all gELZ([O, ), dp). If F~=0 then (4.11) follows. On the other hand assume
(4.11) for all g€Cy. By continuity, (4.11) holds for all g€ L?*([0, <), du). Hence,
in view of (4.12), F"=0. O

In the proof of Lemma 4.3 we need an approximate identity with the following
properties:

Lemma 4.2. There is a family {w|e=0} of functions on R such that
(D weCP, supp (w)c[—¢, e, w,=0;
() f5 wdu®)=1;
(i) w=0;
(iv) lim,,, w, (A)=1, uniformly for A in compact subsets of R.
Proof. Choose v€C,” such that supp (v)C[—1, 1), v=0 and [ v(t)du(r)=1.
Just as in [3, Lemma 16] define

shg—lt 2a+1 Chg—lt 28+1
0.(0) = 8_1( sht } ( cht ) v(e).

Then v,€Cy, supp (v,)C[—s, €], v,=0, f o Ue(1)du(t)=1 and v is real-valued.
Also v ()—>1 as &40, uniformly for A in compact subsets of R (cf. [3, Lemma
16(i)]). Now let w,:=v,,%0v,,. Then (i) follows from (4.8) (observe that
supp (f *g)csupp (f)+supp (g)) and (i), (iii), (iv) are immediately obtained
from w; (A)=(v;,(A))% (Put A=i(x+p+1) for the proof of (i)).) O

Lemma 4.3. Let 1=p<2. Let FEL?([0, <), du) such that F is essentially
bounded in some neighbourhood of 0 and F~=0. Then F~¢€L'([0, ), dv) and

4.13) F@y= [ F 0o (0 dv(?)
almost everywhere on [0, ).
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Proof. For some ¢>0 we have A := esssUpPyz,x,, [F(1)|<w. Let w, be as
in Lemma 4.2. Then |(Flw)|=4 [{w,()du(t)=A4 if e=g,. It follows from the
proof of [6, Theorem 3.2] that (Flw,)= [ F~(Dw, (4) dv(4). Hence, since F~=0
and w, =0, we have for each M=>0 and s=g;

f ;” FQw;)dv() = [T F Qwi (R dv(d) = (Flw) = 4.

It follows from condition (iv) in Lemma 4.2 that f M F~(A)dv(l)=4 for each
M=0. Hence F"€I1([0, ), dv). Finally, formula (4.13) is implied by the fact that
[T FOe@dnt) = [T F g W v = [ (f, F Do) dv(D)g® du(®)

forall geCy. O
See STEIN & WEIss [15, Cor. 1.26] for an analogous result for Fourier trans-

forms.
Let 4;, A,€R. By (4.9) the function t»——»(pll(t)go,lz(t) is in L? for all p>1. Let

4.14) (s, 2oy d) = (03,92)" A = [ 02,002, (1) dp(®).
Theorem 4.4. The function a is nonnegative on R®.
Proof. In view of Lemma 4.1 we have to prove that for all g€Cy°

(P1,9:,%8lg) = 0.
The left hand side of the above inequality equals

@15) [ [ [ e(t)g() 01t 02, (1) Kty 1, 1) du(ty) dpu(ty) dpa(ts).

0

We first compute, using (4.6),
f: 03, (1) 01, (L) K(t1, 12, 15) dpu(ts)
1 pr
= [, [7 0u(Alw 1o 1, 0)) 01, (A, 13, 1Y) din(r, ).

We can now use the addition formula (2.13) for ¢ 3, and ¢, , and the orthogonality
relations (2.8) for R #~%/~W to find that this is equal to

Dieo Zlk—_’() Vot A0 P, 1 (A2) @ it (= 2D @y 1, 1(82) Pitg, 1,1 (— 1) Py 1,1 (),

with absolute convergence, uniformly on compact subsets of (7, £,)€R% Now
inserting in (4.15) and using that ¢, (—)=(—D** @, (?) is real-valued we
find that

(@1 91%818) = S0 S0 Wi ) V1) | [ 89 030,110 @20, 1(8) du(S)f = 0,
since 7, ;(A)=0 if AcR. O
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Corollary 4.5.. For real Ay, %, the function g a(lq, Ay, A3) isin LY([0, <), dv)
and

(4.16) IROITNOES f: a(ly, 2z, Ag) 93, () dv(4s).
Proof. Use Lemma 4.3. [
Putting =0 in (4.16) we get

(4.17 f:a(/ll,ﬂ.z,i3)dv(i3) =1

For y, y€L'([0, =), dv) define the dual convolution product

4.18) o)) = [ [ G (2)a(hs, das A5 dv(3) dv(y).

Application of (4.17) and (4.16) yields
Corollary 4.6. If y, Yy €L'([0, <), dv) then yoy€L'([0, =), dv),

(4.19) Ixowly = lxll ¥l
and
(4.20) I 5 (o) = F (0 I i ().

Furthermore, if y, y=0 then yoy=0.
By standard arguments (cf. for instance [6, Theor. 5.4]), we get

Corollary 4.7. If 1=p,q,r=c and p~‘+4q~'—1=r"1, then for x€L’(dv),
YELI(dv), the function yoi is well-defined and satisfies

lxowll, = lxll, ¥,

Remark 4.8. The previous results also hold if a=f=> —% or a>f=—1.
They can be derived in the same way.

Remark 4.9. There is a striking contrast between the convolution product (4.7)
and the dual convolution product (4.18). It follows from (4.9) and (4.14) that the
kernel a(4,, 45, 45) is analytic on

{21, 22, A5)€ C3||Im M|+ [Im Ay[+ [Im Ay] < a4 B+1}.

In particular, for fixed 1,, A,€R, the function A;—a(ly, 4s, 45) is analytic for
Tm Ay|<a+pB+1. Hence, the restriction of this function to R has no compact
support, in contrast with the function t3+> K(#;, 15, t;). Also, if y, Y € L}([0, ), dv)
then yoy is analytic on the strip {A€C| |[Im A|<a+B+1}.

Remark 4.10. The kernel a(r, s, t) was explicitly calculated by Mizony [14]
1

for =——% and a=0 or . It would be of interest to generalize his results to

the case of general « (f=—1%), or even to general (x, §).
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Remark 4.11. By using a group theoretic interpretation of the functions (1.1)
the following extension of our results was proved in {4, § 12]:

Let a€Z*, p=0. Let D, , denote the finite set {A=in€iR|ImEZ* such that
ln)|=B—o—1-2m=0}. Then

(4.21) PEDW eGP W) = [ al, k, 1) 0L P(1)dv(iy)

+ 213€D¢’5 a(}'ls }“Zs }”3) QDE‘;’ ﬁ)(t) ” (p,(‘{a;’ B)”2—2
with
a(a, Agy A) =0 for Ay, Ay, € RUD, ;.

In a forthcoming paper we will prove this result by analytic methods, also for non-
integer o.

Remark 4.12. let az=pz=—%, y=éz=-%+ and y+6<a+f.  Then
P=PeLP([0, ), du, ;) for some p, 1=p<2 (cf. (4.9)) and

(4.22) Baginsllor 1) = [ 0P ()00 dpy,5(1)

is well-defined for 4, 4,¢R. As another application of the addition formula it is
possible to prove the nonnegativity of &, ,., ;(4, A) under certain conditions for
o, B, v, 6 (cf. the analogous results in Theorem 4.2 and Corollary 6.1 of [13]). In
particular, we obtain that

(4.23) PEP(@) = [ byssy,00ho, TP () dv(A)
with nonnegative 4 for a>y=d=—+, and
(4.24) Q1) = 227D [T b, 5175y, — sy (ho» 2) cos At dt

with nonnegative b for a=p=—1, (o, f)#(—+, —5). However, much stronger
results on the nonnegativity of b (as conjectured in {4, § 12]) can be obtained by using
the addition formula for the functions (1.1). Therefore, we postpone a more detailed
discussion of this problem to our subsequent paper. k
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