On the spectral synthesis property .
and its application to partial differential equations
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Abstract. Let M be a (n—1)-dimensional manifold in R” with non-vanishing
Gaussian curvature. Using an estimate established in the early work of the author
[4], we will improve the known result of Y. Domar on the weak spectral synthesis
property by reducing the smoothness assumption upon the manifold M. Also as
an application of the method, a uniqueness property for partial differential equa-
tions with constant coefficients will be proved, which for some specific cases re-
covers or improves Hormander’s general result.

1. Introduction

Let & (R") be the space of Schwartz class functions and &’(R") be the dual
space of #(R"). Given Tc¢%’(R"), denote its Fourier transform by 7. We know
that L?(R")c &’ (R") for 1=p=e<s. Also as usual we denote the support of T in
the distributional sense by supp (T).

Let FIP(R")={f;fcL*R", | fllpro=Ifll o}, 1=p=-=.
It is well-known that FL? is the dual space of FL? for %+711-= 1, 1=p<ce. For
a closed subset M in R”, we denote

I(M) = {fe FL'(R"), f(M) = 0}
J(M) = {feCF (R"), f(M) = 0}
K(M) = {f¢C§ (R"), supp (f)n M = 9}
We know that I(M) is a closed ideal in FL! and it is obvious that
K(M) S J(M) S I(M) in FL! norm.

If K(M)=I(M), we say that M is of spectral synthesis. If J(M)=I(M), we say
that M is of weak spectral synthesis.
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For the sphere "' in R", n=3, L. Schwartz [12] showed that the spectral
synthesis property does not hold and later C. Herz [5] proved the spectral synthesis
property for S! in R2. Varopoulos [13] showed that $""! in R? n=3 has the weak
spectral synthesis. For a general hypersurface, Y. Domar [2] obtained:

If M is a compact C” (n— 1)-dimensional manifold in R* (n=2) with non-
vanishing Gaussian curvature, then M is of weak spectral synthesis.

We refer the reader to Domar’s survey paper [3] for more information on the
spectral synthesis property.

The following argument will show that for any positive integer m there is no
hope to prove the weak spectral synthesis property for a general compact C” (n—1)-
dimensional manifold in R" (even with non-vanishing Gaussian curvature).

For a small ball U in R""! choose ¥ (x) such that at any point in U, ¥ is only
differentiable up to a finite order (=m). Let E={(x, y(x)), x€U} and fix a point
s,,=(x,,, tll(x.,))eE. Using an affine transformation, we may assume Vy(x,)=
@, ...,0). For feC;(R*) vanishing on E, that is, f(x, Y(x))=0 for xcU, we let
H(x)=f(x, ¥(x)). Then H is identically zero in U and hence by the chain rule we
have for 1=i=n-1

0= H;.(xo) = f;.(xo, W(xo)) +f; (xo, Y(xo) -y xi(xo)) = fx, (xo’ '/’(xo))-

So f; vanishes at s, for i=1,...,n—1. If f(x, ¥(x,))#0, then the implicit func-
tion theorem implies that  is C* smooth at x, since f"is C™ smooth. This contradicts
our smoothness assumption upon ¥ at x, and hence all the first derivatives of f at
s, must be zero. Since sy€ E is arbitrary, we see that all the first derivatives of f vanish
on E. By a standard inductive argument we can conclude that for f€Cg(R"), f
vanishing on E implies that all the derivatives of f vanish on E. Now it follows easily
from the result in [13] and Schwartz’s counter-example for the spectral synthesis
that there is no hope to prove the weak spectral synthesis property for this manifold.
Thus it is natural to consider the following property. We let

(M) = {fECT(R"), f(M) = 0}.

If J"(M)=I(M) in FL! norm, we say that M is of m-spectral synthesis.

As was pointed out by Domar ([2], p. 25, line 1), the method in [2] can also
give the result for a manifold with differentiability up to a certain order. Indeed,
Domar’s method yields for n=2 and k=2n+1 thatif M is a compact C* (n—1)-
dimensional manifold in R" with non-vanishing Gaussian curvature, then M is of
k-spectral synthesis.

The C***! smoothness assumption in the above result is too strong if we com-
pare it with Domar’s result in the case n=2 [1].

The main purpose of this article is to report the following result, which follows
directly from the basic estimate obtained by the author in [4].
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Theorem 1. Let k=n+2. If M is a compact C* (n—1)-dimensional manifold
in R" with non-vanishing Gaussian curvature, then M is of k-spectral synthesis.

Then we consider an application of the method to the uniqueness property of
some partial differential equations, which is closely related to the unique continua-
tion property and absence of positive eigenvalues of differential operators (see [9]).
Let u be a solution of any partial differential equation with constant coefficients.
Assume that the support of 4 is contained in a subset M of R" with measure zero.
If u€l? 1=p=2, then from the Hausdorff-Young theorem, # is a measurable
function in R” and hence is zero since M has measure zero. Thus w=0 in this case.
When p=2, we consider the following three cases.

@) au@)+u(x) =0, x€R" supp(@) C {& ¢ = 1);

. . Ou  0%u 0% 0%u
(ll) 1 T + 9x§+ axg—{-...-l‘m——o,

Supp(ﬁ) c {(CIs erey fn—l’ én)a én = l61|2+ +|€n-1|2};

(i) 32u_(32u 9u +32u)_0.
7 o toe vt )=

Supp (ﬁ) c {(éla LEEE) 67:—1, én)’ lénlz = lél|2+ +Ién—l|2}'

In the cases (i) and (ii), the corresponding hypersurfaces have non-vanishing Gaussian
curvature while in the case (iii), the hypersurface is a cone which has vanishing
Gaussian curvature everywhere except the vertex. Combining the basic estimate
with the Beurling-Pollard technique, we can recover (slightly improve) a general
uniqueness result of Hormander ([7], theorem 2.2) for the first two cases. This is
done in our theorem 2. Our theorem 3 deals with the third case, the wave equation,
where a group action on the cone is used to obtain the optimal result, which im-
proves Hormander’s result for this specific equation.

The organization of this article is as follows. In section 2, we quote the basic
estimate obtained in [4] and some facts from the Beurling-Pollard technique.
Section 3 will contain the proof of our theorem 1. Theorems 2 and 3 will be stated
and proved together in section 4 and at the end of this section an example will be
given to show that the curvature assumption upon M in the basic estimate cannot
be removed completely.
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2. The basic estimate and the Beurling-Pollard technique

Let M={(x, ¥(x)), x€U}, where U is a small open ball in R"™%, y(x) a real-
valued function defined on U such that ¥ (x)€C*(U) for a positive integer k (to be
(35

0x;0x,
and is bounded in U. Let T¢ FL™(R") and vanish on J*(M). As in [4], for all suffi-

ciently small h we can convolve T with a family of nice functions ¢, along M to obtain
a family of nice measures 7, on M such that the following estimate holds.

fixed later), and such that the inverse of the Hessian determinant exists

Basic estimate (see [4], p. 510). Let k be a positive integer such that k=n+2, and

1/ 2
let (1, )ER"IXR. If we set My, ,(F)(n, c)=[sup,>o [0 1T 2 du] ,
then we have )

m(B,(n)
|T;x(n’ 6)] = CM2,1,(T)(’1’ é),
where C is independent of n, £, and h.

Let f(x) be a measurable complex-valued function on R” and m the Lebesgue
measure on R". For y=0, =0, denote

Ae(y) = m{x; | f(X)| =y}, £*(t) = inf {y; A,(p) = t}.

[¥(2) is called the non-increasing rearrangement of f(x).
The Lorentz space L(p,q) is the collection of all f such that | f1l, ,<-<,
where

q vd lq - oo = ool
(E S ore)”, 1sp<e, 1=q<e;
sup tYP £ (1), l=p=ec, g=oo,
t>0
Lemma 1. Let M be as above, T¢ ¥’ (R") such that T vanishes on J"+2(M).
Then T=0, provided T¢L(p, A l=g=-co.

”f”p,v =

Lemma 2. Let M be an (n—1)-dimensional manifold in R" with area. Let
Tc#’(R") with supp (T)c M. If TcL(p,q), then T vanishes on J"**(M) provided

(i) 2=p=w, l=qg=c, when n=2;

(i) 2=p<ow, 1=g=o, when n=3;

2n
(i) 2=p< -

—3 l=g=oc, when n=4.

Lemma 3. Given T, T,, M as in the basic estimate, we have

1Zillpa = CrglTllp.q
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for

2n
2=P =Ty

2=p<eo, 1l=qg=c, when n=273.

l=qg=o, when n=3,

Proof. From lemma 2 above, we see that T vanishes on J""*(M) if p and ¢
are in the range contained in the condition of this lemma. So the basic estimate
yields

{T(n, O = CM, (D)1, ©).
But

12
Mo 9= Clswp s [, O] = M0,

r=0

so we have |T,(y, O)|=CM,(T)(n, &) and hence IJT,,)),AéC))MZ(T)H‘,,q.

It is easy to check that the operator M, is sublinear and for any gcL™(R"),
we bave |M,(g)l.=lgll.., and for any g€L*(R"), we have [My(g)ls ~=lgls-
Thus the conclusion of this lemma follows directly from the interpolation between
Lorentz spaces (see [8]).

Remark 1. The proofs of lemma 1 and lemma 2 are similar to the proof of
lemma 1 in [4], but the case p=2, 1=qg=< should be treated more carefully. Also
in the basic estimate and all three lemmas, J"*2(M) can be replaced by J(M) without
changing the proof.

3. The proof of theorem 1

Proof of theorem 1. We will follow Domar’s argument in [1]. The compactness
of M implies that we can find {E;, j=1, ..., m}cM such that M=U;_,E; and
cach E; has the same form as M in the basic estimate. Choose ¢;€C;’(R”) such
that supp (9 )nMCE; and 37 , ¢,=1 in M.

Given T€FL™(R") vanishing on J"**(M), which implies supp (T)EM,
we have

T= (2 0)T=27,0;T=237,T.

Here Tj=¢;T. It is easy to see that supp (T’)CE; and T =@;* Te L™ (R") since
¢;€LY(R"). Thus T/¢ FL™(R") and hence as in the basic estimate we can construct
{T}} for small h such that |T}(n, &)|=CM, ,(T)(n, ) and hence

17l = Cj1 1wy j=1,2,...,m,

with C; independent of h.
By the construction of T as in [4], we have for fc& (R"),

<T;{’ f) = <21*(7’h’ f°ﬂ> = <Zj’ (ph*foﬁ>'
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Using the Lebesgue dominated convergence theorem, we see that

los*foB—foBlrLrrn-1y = ”((ﬁ(hf)—‘ l)fgﬁ(ﬂ)”umn-l) -0, as h~0.

So (T4, Y—~(Z, foB), since Xic FL™(R"-Y).

From the construction of X/ and the assumption T(J"**(M))=0, we have
(I, foBy=(T", ). This yields (T7, )~(T’,f), as h—0.

Now if we let ,=3"T_ ¢;T/, then for fe#(R"),

J

Th )~ (L f), as h—0.

Recall that & (R") is dense in FL'(R") and FL* is the dual space of FL!(R"), so
for f¢ FLY(R"), from the estimate |T,|_=C|T|_., we have

o0 ?

T, /Y=, f), as h—0.

To prove the theorem, by the Hahn-Banach theorem it is enough to show that
given T€ FL™(R") vanishing on J"**(M), we have (T, f)=0 for fe¢ FL'(R") van-
ishing on M,

But T; is a measure on M absolutely continuous with respect to the area measure
of M. We have aq,(s)¢C(M) such that

T )= f L @n(5)f(s)ds = 0 for fEFL'(R").

Thus for each Fe FLY(R") vanishing on M, we have (T, f)=lim,.q(T},f)=0.

The proof of theorem 1 is complete.

It seems to the author that the C"*? smoothness assumption in theorem 1 is
best possible as indicated by the proof of the basic estimate, which is based on
Hormander’s estimate ([6], theorem 1), while Domar bases his argument on Litt-
man’s well-known estimate [10], and the C***! smoothness assumption is imperative.
It should be pointed out that Miiller [11] adopted another idea of Domar’s de-
veloped in [3] to extend our theorem 1 to M with vanishing curvature in a simple
way (a cone is a standard example), but the C***! smoothness assumption in his
argument is still essential. It remains open how to modify Hormander’s estimate
in order to reduce the smoothness assumption in Miiller’s result.

4, The proof of theorem 2 and theorem 3

Theorem 2. Lef u be a solution of the cases (1), (ii) in section 1. Then u=0 if
ucL(p, q) for some (p,q) satisfying 2=p<-= =

=, 1=q=co; or p=;=5, 1=g=<<.

Actually we can prove a stronger result from which theorem 2 follows,
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Theorem 2’. Let M be a C*** (n—1)-dimensional manifold in R" with non-
vanishing Gaussian curvature and TS (R") with supp(T)cM. If TeL(p,q) for
some (p, q) satisfying 2=p<-2 1=qg=o; or p=-2, 1=qg<o, then T=0.

n—12 n—-1"

Note that in theorem 2/, M need not be compact. Also from Littman’s esti-
mate in [10], it is easy to see that given n—2_"1-<p§°o, l=g=e; or p=72%,
g=o, we can find Te% (R") with supp(T)cM such that T¢L(p,q) and
T#0. Thus the result in theorem 2’ is optimal. Theorem 2 recovers Hoérmander’s
result in [7] for the cases (i) and (ii), and even more, Hormander’s method in [7]
cannot cover the case p=2, 2<g=oo, since he assumes T¢ L2 _(R") and uses the

loc
Plancherel theorem.

Proof of theorem 2’. If M is compact, from lemma 2 of section 2, we see that
T vanishes on J"*%, so the case 2=p<:2, 1=q=c follows from lemma 1 of
section 2. In the following we only consider the case p=-2-, 1=g<<, for the
compactness argument remains valid for the other cases.

For any open set U in R" with E=UnM open in M, and any ¢(x)eCy (U),
we let ;=g .T. Then we have supp (;)cE and T,=¢*7T. Thus TieL (2, q)
since p€L'(R)NL=(R") and TeL (2, g).

Taking U smaller if necessary, we can choose a coordinate system in R" such
that E=(x, Y (x)), ¥ satisfies the properties needed for us to adopt the basic esti-
mate.

So for a small h, from lemma 3 of section 2, we can find a good measure with
supp (T,)CE such that the corresponding density function a,(s)¢C"t'(E) and

”Th"2n/n—1,q = C”E”?ﬂ/n—l,q'

If a,(s) is not identically zero on E, Littman’s asymptotic estimate in [10] yields
Ti(&) ~ C(1+ €)=Y for large E€R".

But the function (1+]&))~"~YP¢L (2, q) for 1=g<<, so we must have
a,(s)=0 identically on E, that is T;=0 for all small . By Titchmarsh’s convolu-
tion theorem and the definition of 7;, this implies ;=0 and hence T'=0 since
U and ¢ are arbitrary. This is the end of the proof of theorem 2’.

For simplicity, we state the following theorem in terms of L? spaces rather than
the L(p, q) spaces. Also the case n=2 is simple as we can see from lemma 1 and
lemma 2 of section 2,

Theorem 3. If u is a solution of (iii) in section 1 such that u€L?(R") (n=3)
for some p satisfying 1=p=22=D  then u=0; furthermore, given 2¢=1.

we can find a non-zero solution u, of (iii) such that u,€L*(R").

<p§ oo,
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2n
n-1"

Remark 2. Hormander’s general result only covers the range of p, 1=p=
It is easy to check that -2 < 2(,1"_’21) for n=3.

Proof of theorem 3. For simplicity we only give the proof for the case n=3.
The case n=4 can be treated similarly, but the (n—1)-dimensional rotation group
S0, _, acting on R"™! and the Haar measure on SO,_, are needed. For n=3, the
hypersurface M is the cone M={(x;, X, X3); x2=x1+x3, (x;, x,)€R?}. If 4 is
supported at the vertex of the cone M, (0, 0, 0), then the proof is trivial. So we may
assume by lemma 2 that supp (W) cM\(0, 0, 0). To prove #=0, which implies
u=0, it is enough to show that for any bounded closed ball BCR™(0, 0, 0), and
any C7(B) function ¢, we have @i=0.

But (;E =@ *ucL?(R® since @€L'(R®) and u€LP(R®), so we may assume
supp (&) is compact. Without loss of generality, we may assume that

supp (@) € E = {(rcos0,rsinf,r); 0 =0 =210 <¢ =r=c, <} C M.

Denoted by Tandlet U={(0, r); 0=0=2n, 1 <r<2}. We define T,¢%’(R") by

T, = <T, fo(-:—cos(qo—-()), <sin (¢ —0), %] a(scos 0, ssin 6, 5)dg =),
feZR").

Here a is a smooth function in R” with compact support. Note that 2#=1D 2 for

all n=3. We see that T, is well-defined since (T, f(x,y,z)—f(rcos 8, rsin@, r)y=0
by lemma 2.

It is not difficult to check again by lemma 2 that T, is a nice measure on the cone
M with the density function a€Cy (M),

(6, 5) = <T’a(cos(9 it sin ’ cos 8 ye sin 8 x,i)>‘

s s s s s
Now our lemma 2, a linear transformation of (&, &,, &), and Minkowski’s
inequality for integrals yield

( fmlf},(é)ll’dé]l"’ sCf U ( fRa 1T(&)?d¢’) " a(scos 0, ssin 0, 5) doi‘?-

=C(f . 17@wrd)”.

Here C stands for a uniform constant.
Thus we have proved
23-1)

(*) "ﬁ”pf—-cufup for l=p=4-= 3
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If the density function « of T, is not identically zero, we want to show that
T.cL?P(R?) if and only if p>4. This fact together with the inequality () implies
both parts of the conclusion in our theorem 3.

Since we may assume that supp (7)) is very small, we can have small §, and &,
such that

supp(a) c V
={0.7); 6, <0 <0y, ;<r<r<r<1,0=<6,—0,<8,0<r—r <d}

We now examine the asymptotic behaviour of
T(f) _ frzfog e—i(§1r6050+§:’5i“9+§z’)a(@ r) dgﬂ
a rnvae ? r
Noticing that for r fixed, the integral
0, . .
bi&s, o) = [, emitareosorarsnda(, r)do,

is nothing but the Fourier transform of a smooth measure on a small piece of a
circle (with non-vanishing curvature), if we check the proof in [10] carefully, we see
that for £; sufficiently small, the asymptotic behaviour of T,(¢) for the fixed &, is
C((1+E3+£2)Y%)~"2, where 0<C=<oo is is independent of 8, r, ¢, &, and all the
small &,. It follows that for a small &, as a function of &, and &,, T,6L?(R?) iff
p>4. Thus T(£)€L”(R®) only if p>4. The fact that T,(&)¢LP(R%) for p=>4 is
a simple consequence of the expression of T,(¢) and the above argument. This
finishes the proof of theorem 3.

Remark 3. Note that in the proof of theorem 3 we only used the rotation and
the dilation on the cone, so the whole space R" in the condition u€L?(R") can be
replaced by a solid cone, which is the condition contained in [7].

Now we give an example to show that the curvature assumption upon M in
the basic estimate cannot be removed completely.

Example 5.1. Let x=(x;, x;)¢R? and x,€R? with |x,|=3. Let U,={x; |x|<1},
U= {x; lx—xo| <1}, Uy ={x; |x|<3} and U;={x; [x—x,| <%} Let U={x; |x]<5}
and choose a(x)€Cg(U) such that a(x)=1 on U;u U} and a(x)=0 on U\(U,uU).
Define ¥ (x)€ C*(U) by letting y (x)= (2~ |x|%)"2a(x) for x€ Uy, ¥ (x)=(x3+x2)"%a(x)
for xeU,, Yy (x)=0 for xc UN\(UyuU,).
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Let E= {(x, Y(x)), xeU }, then E contains a sphere-piece
E, = {(x, (2—[x[»)'7?); x€ U;}

and a cone-piece E,={(x;, X, (X}+x3)"%); (%1, x)€U,;}. Choose a nice measure
T on E with a non-zero smooth density function contained in the piece of the sphere,
then from Littman’s estimate we have T¢ L?(R®) for p=>3. Let p=4, then lemma 2
yields that T vanishes on J°(E). So if the basic estimate is true for E, then we would

have from lemma 3 that ) .
[Tlls = ClITs-

We can apply lemma 3 several times to make T, a measure on E such that the
C* density function a,(s) is not identically zero on the piece of the cone. Choose
@ (x)eCy (R®) such that ¢T, is contained in the piece of the cone and non-zero,
then we have since @€ FL(R?)

P ~ Py
loThlls = ¢ *Thlls = CThlls-

But from theorem 3, we see that 7,0 and QD/T\;.EL” (R®) if and only if p=4,
so we must have ¢T7,=0, which contradicts the choice of ¢ and T7;.
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