Extremal mappings for the Schwarz lemma
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Introduction

Part of the classical Schwarz lemma states that if f: D—D is a holomorphic
mapping of the openunit disc D in the complex plane C to itself, and if
f(0)=0, then

W 17/ O=1,

@ii) | f/(0)|]=1 if and only if f has the form f(z)=Az for some constant A
with |A|=1.

There are now many extensions of this result to higher dimensions (see
Dineen [5]). An early result was the following one due to Carathéodory [3] and
Cartan [4].

Theorem 0.1. If 9 is a bounded domain in C", if f: D—~2 is holomorphic and
if flay=a (a, a point in @), then
() |detf (a)|=1,
(i) the following are equivalent:

(@) [detf"(@)|=1;

(b) the eigenvalues of f*(a) have modulus 1;

(c) fis a biholomorphic automorphism of 9.

A similar result has been obtained for holomorphic mappings from bounded
symmetric domains into the (Euclidean) ball by Kubota [10, 12] and Travaglini [18].
Our purpose is to generalize these results as well as results of Alexander [1] and Lem-
pert {13]. Our methods lead us to connections with ideas in the geometry of (finite
dimensional) Banach spaces, such as the Banach—Mazur distance and minimal
volume ellipsoids. A central role is played by the existence of a unique invariant
inner product on the spaces we consider.
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1. Invariant Inner Products

All Banach spaces we consider will be over the complex field C, unless other-
wise stated. The open unit ball of a Banach space X will be denoted by By.

Definition 1.1. An inner product {-,-) on a Banach space X is called invariant
if (Sz, Swy={z, w) for every isometric isomorphism S: X-X.

Proposition 1.2. Every finite dimensional Banach space X admits an invariant
inner product.

Proof. We denote by I(X) the (compact Lie) group of linear isometries of X
and by p normalized Haar measure on I(X). Let {.,.) denote some inner product
on X and define

(1.1) ) = [0, (5% SP)A(S)  (x, y€X)

It is easy to check that (.,.); is an invariant inner product on X. J

Definition 1.3. A Banach space X is said to have the unique invariant inner
product property if there exists an invariant inner product (-,-) on X such that
() {-,-) generates the topology of X, and
(ij) if {.,-), is any invariant inner product on X with property (i), then there is
a constant ¢=>0 such that

X, 1 = c(x,¥).
(Of course condition (i) is automatically satisfied if X is finite-dimensional.)
Example 14. ([6]) If X is a finite rank JB*-triple (finite- or infinite-dimensional)
which is irreducible (that is not expressible as a nontrivial direct sum X;®. X3),

then every invariant inner product on X is a multiple of the algebraic inner product
of Harris.

Definition 1.5. Let ey, e,, ...,e, be a basis for a finite-dimensional normed
space E. The basis is called 1-unconditional if

125 el = | 2 4]

holds for all choices of scalars a; and A; satisfying |1;]=1 (1=j=n).
Given a norm [ -||; on C" for which the standard basis is 1-unconditional
and normed spaces X; (1=j=n) we can define a norm on X= 59;=1 X; by

ICees Xz oos X = [[xally Bl e IxaD]]e-

We refer to this as an absolute norm on the direct sum and say that X has an ab-
solutely normed direct sum decomposition.
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Proposition 1.6. Suppose a Banach space X has an absolutely normed direct sum
decomposition EB;=1 X; such that each X, has the unique invariant inner product prop-
erty. Let (-,-); denote an invariant inner product on X;. Then every invariant inner
product on X has the form
(12) <(x15 xz: (ERE] xn), (yl’y29 ,yn)> = 2;=1 cj<x,i’ yf>j
Jor some ¢;>0 (1=j=n).

Proof. Fix 1=j=n. Let T, denote the isometry of X which multiplies the jth
coordinate by e, Invariance of the inner product implies that, for kj,

<xj+xk, XJ+xk> = <e'0xj+xk, elOXj+xk>

from which (x;, x,)=0 follows easily.

Because the norm on X is absolute, every isometry S of X; extends to an isometry
T of X by

T(xy, X5 ooy X) = (X105 s Xjo1, S(X) Xjp1s oo s Xn)e

From this and the unique invariant inner product property of X;, it follows that

(%55 X5) = €;(x;, Xp);

for some ¢;>0.

The result follows by combining these two observations. [j

Propesition 1.7. Let X be a finite-dimensional Banach space with a symmetric
basis (e;);, — that is one satisfying

”Z;-—-l 4;a; en(j)” = ”2’}=1 a; ej”
Jor all permutations n of the indices 1,2, ...,n and all scalars a;, A; with |;|=1
(1=j=n). Then X has the unigue invariant inner product property and
<2;=1 a;¢j, Z;=1 b]ef> = 21;=1 a; b

is an invariant inner product on X.

Proof. The same argument as that used for the proof of proposition 1.6 shows
that an invariant inner product on a space with an unconditional basis must have
the form

(o a5 2 bie) = 25 1€ia;b;.

Invariance of the inner product under permutations of the indices forces ¢,=
c=...=¢,. ||
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Examples 1.8.

() If a Banach space X has the unique invariant inner product property, then X
is necessarily reflexive and it is not hard to check that its dual space X’ must
also have the same property.

(i) Let X denote the space of all nXm complex matrices with a norm satisfying
Z|=UZV| for all nXr unitary matrices U and all mXm unitary V.
Such a norm is called an ideal norm and the normed space is called an opera-
tor ideal,

Then X has the unique invariant inner product property and an invariant inner
product is given by

<Z, W) = Zj,kzjk Wig.

2. The Banach—Mazur Distance

The Banach—Mazur distance between two isomorphic Banach spaces X and
Y is defined to be

d(X,Y) = inf{|T||T-Y: T: X - Y a linear isomorphism}.

A more geometric description follows from the observation that if T: X—Y is a
linear isomorphism between Banach spaces X and Y (and ¢=0), then the follow-
ing are equivalent:

@) ITI=1 and [T =¢
@2 T(By) C By C oT(By)
.3) éB, C T(By) C By
2.4) —:;uxu = |Tx] = ||,
Hence

d(X,Y) =inf{o = 1: (1/¢) By © T(Bx) C By, T: X - Y a linear isomorphism}.

From the definition, it is clear that d(X, Y)=d(Y, X). The infimum (in the
definition) is certainly attained by some 7 when X and Y are finite-dimensional.
We use the notation e(X) to denote the Banach—Mazur distance from X to an
isomorphic Hilbert space (e for eccentricity). We let e(X)= « if X is not isomorphic
to a Hilbert space.
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Proposition 2.1. If X is a finite-dimensional Banach space, then there exists an
invariant inner product {-,.) on X which satisfies

(2.5) X = (x, x) = Ix]® (x€X).

s
e(X)?
Proof. Let T: X—~H be an isomorphism from X to a Hilbert space H (with
the same dimension as X) which satisfies |T||=1 and ||T~}|=e(X). The inner
product (.,-) defined on X by

, (%, 9) = (T(), T()u
satisfies

1 i
X7 [lx]? = (X 1T~ *oTx|i?

1
= 5 TP Il = 1Tl = (o) =

Now the averaging process (1.1) produces an invariant inner product (-,-)
on X and it is not hard to check that

1
(0" %)% = <x, x) = <1 B

Corollary 2.2. If X is a finite-dimensional Banach space with the unique invariant
inner product property and {-,.) is any invariant inner product on X, then

2 .
e(X)* = sup. (x, x)/ inf (x,x),

and there is a unique invariant inner product on X satisfying (2.5).

Examples 2.3.

(i) For X=/¢7 (thatis C* with the norm [(x),l,=(Z;x;/*)'’, 1=p<e and
[(x);ll.=sup; |x;|) proposition 1.7. and corollary 2.2 easily imply the well-
known result that

e(¢h) = nli2=1Pl (1 = p =eo).

(ii) Let E denote C* with a symmetric norm and let X be a finite-dimensional Banach
space with the unique invariant inner product property. Let E(X) denote the
direct sum of n copies of X, absolutely normed by E. From proposition 1.6 and
the fact that permutations of the coordinates give isometries of E(X), it follows
that E(X) has the unique invariant inner product property. Then we can cal-
culate (using corollary 2.2) that

e(E(X)) = e(E)e(X).
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(iii) Let X;, X,, ..., X, denote finite-dimensional Banach spaces with the unique
invariant inner product property and suppose 1=p< <. Using propositions 1.6
and 2.1 and Lagrange multipliers, one can show that

e(Xl @sz @p @p Xn)2 = “(e(XI)z’ e(X2)21 ey e(Xn)2)||r
where 1/r=|1-2/p|. In particular, if p=2,
e({;@p{;”)z = (nP/‘I'lq—2l/Il’-2l+mP/S'|5—2l/|P—2l)|P"2[/P.

Example 24. If X is a JB*-triple of rank r, then the algebraic inner product
(see [6] and example 1.4) satisfies

ixl® = <x, @) = rix)®

and equality occurs in both inequalities for nonzero values of x. A rescaling of (2.4)
shows that e(X)=}r. Since X contains ¢, isometrically (see [6]) we have, by ex-
ample 2.3(), e(X)=e(¢".)=}r. Hence e(X)=yr.

3. Determinants and Ellipsoids

Let X and Y be Banach spaces of the same finite dimension . Let (e;)7_, and
(f)}=, denote fixed bases for X and Y’. Then the determinant of a linear operator
T: XY is defined as the determinant of the nxXn matrix ( f;'(Te;));,. Changing
the bases changes the value of the determinant det(7) by a multiplicative factor
independent of T.

Remarks 3.1.

(i) Let (e}); be the biorthogonal basis for X” (that is, €}(e,)=0 if j=k and €(e;)=1).
If §: X—X is an operator and its determinant is taken with respect to (e;);
and (e);, then

det TS = det T'det S.

(ii) If S is an isometry of X, then [|S"|=1 for all n€Z. Since the unit ball of the
space of operators on X is compact and the determinant is a continuous func-
tion, we can conclude

sup |det (S7)] = sup |det (S)]" <eo.
ncZ n€Z

Hence |det (S){=1.

(iii) For mappings T: H-—Y with domain a Hilbert space, we will generally choose
an orthonormal basis for H when taking determinants. Using a different ortho-
normal basis would not affect the absolute value |det (T)|. Similar remarks
apply when the range is a Hilbert space.
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The following proposition is due to John[9]. Generalizations are given by
Lewis [14] (see also [16]).

Proposition 3.2. Let X be an n-dimensional Banach space and let H be an n-di-
mensional Hilbert space. Then there exists an operator Ty: X—~H such that
1Tl =1 and

|det (To)| = sup {|det(T)|: T: X — H linear, |T|| = 1}.

The operator T, has this property for any choice of determinant function — that is for
any choice of basis in X.

Moreover, if T: X—H has |det (T)|=|det (T;)] and |T|=1, then T=UT,
Jor some unitary operator U on H.

Remark 3.3. We may use the chosen basis in X to transfer the standard volume
on C"=R* to X. Then the ellipsoid T, *(By) has volume [det (T;)| =2 Vol (By).
(This is just the change of variables formula, taking into account that the matrix
of T,™! is a matrix with respect to a basis over C.) It follows that T,”*(By) is an el-
lipsoid in X containing By of minimal volume. The conclusion of proposition 3.2
means that there is a unique minimal volume ellipsoid containing By.

Corollary 3.4. With the notation of proposition 3.2, the inner product on X

<x’ y> = <I;)x7 Toy)u

is an invariant inner product.
Moreover, {x€X: (x,x)=1} is the minimal volume ellipsoid containing By,

(3.1) xx) = [x[* (xeX),
and
3.2 {xeX: |x]2 = (x,x) = 1} = 0.

Proof. If S: X~ X is any isometry of X, then 7y S has norm 1 and [det (T,S)|=
|det (T;)| by remark 3.1. Hence T,S=UT, for some unitary operator U on H, and

<X,y> = <];)x5 IZ)y>H = <UT;)X: UT(')y>H
= (T,8x, T, Sy = (Sx, Sy). 1

Remark 3.5. We will use the notation C(X) for the set in (3.2), as this is the set
of contact points between the unit sphere of X and the surface of the minimal vol-
ume ellipsoid containing B,. It is known that C(X) spans X in general (see [14]).

The dual versions of proposition 3.2 and corollary 3.4 are also valid and we
have the following result.
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Proposition 3.6. Let X be an n-dimensional normed space and H an n-dimensional
Hilbert space. If T,: H—~X satisfies |T,|=1 and

det (T;)| = sup {|det (T)|: T: H —~ X linear, |T| = 1}

then the inner product
xy) =Gy

is an invariant inner product on X.

Moreover {x€X: (x,x)<1} is the maximal volume ellipsoid contained in By,

(33) x| = (x, %) (x€X),
and
3.9 {xeX: |x|? = (x,x) = 1} = 0.

We now consider these results when X has the unique invariant inner product
property. Let (-,-), (-,-) and (-,-); denote the invariant inner products con-
sidered in proposition 2.1, corollary 3.4 and proposition 3.6 respectively. In view
of the inequalities satisfied by these inner products (which are sharp in the sense
that equality holds for some nonzero x¢€X) it is easy to see that

(x, X)) = (X, X)p = ;(—%2- (x, X)3 (x€X).

Let &={xcX: (x,x),=1}. Then & is the minimal volume ellipsoid containing
By and (1/e(X))& is the maximal volume ellipsoid contained in B, . The fact that
the maximal and minimal volume ellipsoids are dilations of one another is a con-
sequence of the unique invariant inner product property, and is not true in general
finite-dimensional spaces (see corollary 3.10).

A further simplification occurs as a result of the unique invariant inner product
property — the Banach—Mazur distance e(X) from X to a Hiibert space is uniquely
achieved (modulo rescaling and a unitary change of variables on the Hilbert space)
by the same operator which realises the minimal (or maximal) volume ellipsoid.
(This strengthens corollary 2.2.)

Theorem 3.7. Let X be a finite-dimensional Banach space with the unique in-
variant inner product property and let T: X—~H be a linear operator from X to a
Hilbert space H with the same dimension as X. Suppose |T||=1 and |T | =e(X).
Then there exists a unitary operator U on H such that T=UT, and T ~(By) is the
minimal volume ellipsoid containing By .
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Proof. Let (x,y)=(Tx,Ty)y for x,ycX. By (2.4),
1
X F Ixl* = |Txlg = (x, x) = |x|* (x€X).
If (-,-) is the invariant inner product got from (-,-) asin (1.1), then

S P = (e = el (e,

As in the comments preceding the theorem, &={x€X: (x, x);=1} is the minimal
volume ellipsoid containing By and (1/e(X))&; is the maximal volume ellipsoid
contained in B,.
Let &={xcX: (x,x)=1}. By (2.2), BycT 1(Bg)=& and hence
Vol & = Vol &;.
Again by (2.2),
1 1 1

-1
) Bx 2 e T B = g3y &
and therefore

&= Vol1

Vel (X) X%

Hence
Vol &; = Vol é.

and proposition 3.2 implies the desired result. [

Theorem 3.8. Let X be the direct sum (X;0X,®.. GBX,,), of n finite-dimen-
sional Banach spaces each with the unique invariant inner product property. Suppose

1 2 - -
2=p=o, 7+;= 1, dij=dim (X)), d=2;d;=dim (X) and {-,-); is the invariant
inner product on X; which satisfies

il = (g0 X33y (%;€X5)

with equality for some nonzero x;.
For an n-tuple c=(c,, ¢;, ..., ¢,) of positive numbers let

3.5 <2]xp ijj>c= chj<xj’yi>i‘
(i) The unit ball for (3.5), c;=1 (all j), is the maximal volume ellipsoid contained
in By.
(i1) The unit ball for (3.5),

¢ = (ﬁ)“’ 1
’ d e(X;)?

is the minimal volume cllipsoid containing By .
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(iii) For the map T, of proposition 3.2 we have

B
ettt = a4+ 113, ()
J

where we are taking as basis for X one which is orthonormal with respect to (-, ),

c;=1 allj.

(iv) The inner product (3.5), c;=1/e(X)? all j, is the only invariant inner product on

X which satisfies
(36) S PP =) 5 (re)

Proof. Let H denote the vector space X endowed with the inner product {-,-5,
and let T denote the identity mapping from X to H. By proposition 1.6 all invariant
inner products on X are of the form (-,.), for some c¢. By corollary 3.4 and prop-
osition 3.6 it suffices to consider operators of the form T and T " in calculating the
ellipsoids of minimal and maximal volumes.

A calculation using Lagrange multipliers shows that

3.7) ITE = [[ee (X2, ese (X, ..., coe(X))
(3.8) IT= = sup .

Take a fixed basis for X to be of the form {e;: 1=j=n, 1=k=d;} where
()4, is orthonormal for X; with respect to ¢-,-);. (This choice will not affect
the absolute values of determinants in (iii).) Then

Sk (Isj=n lsk=d)
ch
is an orthonormal basis for H. With these bases we have
(3.9) (et (T)] = [T, (c,)%
(3.10) |det (T—Y)| = [T, (c;)~%"

To check (i) it suffices, by proposition 3.6, to find the value of ¢ which maximises
[det (T} for |T-Y=1. By (3.8) and (3.10) this clearly occurs when ¢;=¢,=...
=c,=1.

Some calculations, using Lagrange multipliers, show that

sup {|det (T)[: IT} = 1}

occurs when ¢;=(d;/d)'"e(X;)~? for all j. This proves (ii) and (iii) then follows
from (3.9).
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Since every invariant inner product (-,-) on Xis (-,-), for some c, we can
rephrase (iv) to say that if |T||=1 and [T~ =e(X)* then c¢;=1/e(X)? all .
This is true by example 2.3(iii), (3.7) and (3.8). |

Remark 3.9. The case 1=p<2 can be handled in a similar fashion. We keep

. - . 12
the same notation and normalisations as in theorem 3.8, except that —=——1,
r

Then the minimal volume ellipsoid containing B, is the unit ball for (-,-) with
c;=1/e(X;)? all j. The maximal volume ellipsoid contained in By is the unit ball for
(+5+) with ¢;=(d/d;})'"". Hence

et ()] = [T}, e(X)~%"

j=1

. d djl2r
det )l = Moy ()
J

In the setting of theorem 3.8, where p=2, {det(T})|=1 because we chose a
basis for X which turned out to be orthonormal for the inner product giving the
maximal volume ellipsoid contained in B, . The ratio of the volume of the minimal
volume ellipsoid containing B, to the maximal volume ellipsoid inside B, is
[det (T3)| 2 |det T3|? which is

ar e ()Y
@ 117 [<5E)
whether p>2 or p<2, provided we take 1/r=|1—2/p|.

Corollary 3.10. For X=(X,0X,®...®2X,), the minimal volume ellipsoid con-
taining B, is a dilation of the maximal volume ellipsoid contained in By if and only if

(dj)”r e(X,)? = (d)"e(X. j)2
for all j and k (where 1jr={1-2/p|).

Proof. This follows immediately from (i) and (ii) of theorem 3.8 for p=2. The
preceding remarks show that it also holds for 1=p<2. |}

4. Extremal Problems

We now consider nonlinear versions of the Banach—Mazur distance and the
minimal volume ellipsoid, where holomorphic mappings f with f(0)=0 replace
linear operators. We show that the linear and holomorphic concepts are closely
related and show that in certain circumstances the extremal holomorphic mappings
are necessarily linear operators.
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We restrict our attention to domains 2cX of complex Banach spaces X
which are balanced — that is if 269, AcC and [A|=1, then Az€9D. The following
generalizes to Banach spaces a version of the Schwarz lemma due to Sadullaev [17].

Proposition 4.1. Suppose 9, and P, are bounded balanced domains in Banach
spaces X and Y and that 9, is pseudoconvex. If f: D,~2D, is a holomorphic mapping
with f(0)=0, then

6y 17 (0X(2,) € D,.
(ii) feZ)ce2. O<e<1)

Proof. Fix z€9,. Since the domains are balanced and f(0)=0, the function
of one variable

o) =

f(2)
A

is analytic from a neighbourhood of the closed unit disc in C to Y.
Let R, () denote the gauge (or Minkowski functional) of 2,, that is

Ry, (y) =inf{g = 0: (1/0)y€D,} (y€Y).

Since 2, is balanced pseudoconvex domain, Ry, is plurisubharmonic on ¥ ([2]) and
consequently Rg’ogo is subharmonic on a neighbourhood of the unit disc. Since
{o(A): |A|=1} is a compact subset of 2,,

Rs,(p(A) <1 for |4 <.

Hence ¢(1)€9, for all |A|=<]1.
In particular

0(0) = £ (0)(2)€2,
S(02) = 09(0)€0D,- N

Definition 4.2. Let 9,cX and 2,CY be balanced bounded domains in finite
dimensional Banach spaces X and Y of the same dimension n. A holomorphic
mapping f: 2,+~2, with f(0)=0 is called C-maximal if

and, for 0<p<1,

4.1) |det (1" (0))] = sup {|det (¢’ (0))]: g: 2, ~ 2 holomorphic, g(0) = 0}.

Suppose that f* 9,~2, is a holomorphic embedding (by which we mean
that fis a biholomorphic mapping from 9, onto its range). To say that fis C-maxi-
mal is then equivalent to asserting that if h: f(2,)~2, is holomorphic and h(0)=0,
then |det (/' (0))|=1. The latter states that f(9,) is a maximal part of 9, according
to the definition of Carathéodory [3].
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If f: 9,~2, is holomorphic, 2, pseudoconvex, f(0)=0 and fis 2-maximal,
then proposition 4.1 implies that f”(0) is also C-maximal. Moreover, we have the
following result.

Proposition 4.3. If 9,CX and 2,CY are bounded balanced domains in finite
dimensional Banach spaces X and Y of the same dimension n and 9, is pseudo-
convex, then

sup {|det (/" (0)|; f: @1 ~ D, holomorphic, f(0) = 0}
= sup {|det (r (O))I; f1 9~ D, a holomorphic embedding, f(0) = O}
= sup {Idet T]; T: X ~ Y linear, T(2,) < D).

Proof. 1t follows immediately from proposition 4.1 that the last supremum is
at least as big as the first. Clearly the first supremum is bigger than the second and
the second is in turn larger than the last. |j

Now we consider a nonlinear version of the Banach—Mazur distance which
has been considered implicitly in [1, 13] (see also (2.3)).

Definition 44. For 9,CX and 2,cY bounded balanced domains in Banach
spaces X and Y, the holomorphic Banach—Mazur distance d,(2,,9,) between 2,
and 9, is the infimum of all ¢>0 such that there exists a holomorphic embedding
[ 9,2, with f(0)=0 and

(4.2) -:)—92 c f(2) © 2.

The infimum is interpreted as o if the set of such p=0 is empty.

A holomorphic embedding f of 9, into @, which satisfies (4.2) for 0=d,(2,, 2)
is called extremal for d,(2,, 9,).

Propesition 4.5. If 9,cX and 2,CY are bounded balanced pseudoconvex
domains in Banach spaces X and Y, then

(i) (D1, )
= inf {Q > 0: there exists T: X ~Y a linear isomorphism with —2)—@2 cT(2,) < @2};

(ii) (D1, D) = di(D2, D)

(iii) if all extremal holomorphic maps for d,(D,,D,) are linear, then all extremal
holomorphic maps for d,(D,,D,) are linear.
(iv) For any Banach spaces X and Y,

dy(Bx, By) = d(X,Y) = dy(By, By).
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Proof. (i) Suppose f: 2,—2, is a holomorphic embedding f(0)=0 and

—é—@g < f(2) C D,.

By proposition 4.1,
(4.3) £0)2,) c 2,.

Since f is an embedding, f7(0) is a linear isomorphism from X to Y. Since
(1/0)92,C1(9,), the restricted inverse map

. |
fd_]: ;gg — '([1

&

is holomorphic and satisfies f~1(0)=0. By proposition 4.1
vrofie)ce.

Since (/1) (0)=(f7(0))"%, this implies

4.4) %@2 < f1(0)(Zy).

Combining (4.3) and (4.4), we get (i).
Since (4.3) and (4.4) are together equivalent to

L g, < S@) < @,

where S denotes (of”(0)) " '=(1/2)(/ 7Y (0), we see that (i) implies (ii). Clearly (i)
also implies (iv).

To prove (iii), let r=1/d,(2,, %,)=1/d,(Z,, P;) and suppose that G: &,—~Z,
is extremal for 4,(2,,2,). Then r2,CG(2,). We define F: @,-2, by

F(z) = G™(r2).

By proposition 4.1, G(r@,)crZ, and hence rZ,CG~Y(r2,). This means that
r?,CF(2,)C 9D, and thus F is extremal for d,(2,, Z,). By hypothesis, F is linear
and consequently G must be linear. |J

We now consider the problem of when the C-maximal holomorphic functions
of Definition 4.2 and the extremal functions in Definition 4.4 must be linear map-
pings. We need several restrictions to be able to make progress on these problems.
We will restrict our attention to the case where one of the two domains &, or 2, is
the open unit ball of a Hilbert space H. In the case when Y=H and 2,=B, we
will not need any restriction on Z, except a mild regularity assumption on the bound-
ary of &, — that the gauge R, (x) is continuous on X. The idea is that, by changing
to an equivalent norm on X, v;e can assume that B, is the convex hull of 2,. Then
we can apply the results concerning minimal volume ellipsoids outlined in section 3.
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When X=H and 2,=B;, we will need to assume that 2, is convex, which
means that we may as well assume 2,=B,.

We will use the notation H>=(Z,, Y) for the space of all bounded holomorphic
mappings from 2, to Y (normed by the supremum norm). The following result due
to Harris [8, Proposition 2] gives a general criterion which can be applied when
the linear solutions to the extremal problems are understood.

Proposition 4.6. Let 2, be a balanced bounded domain in a Banach space X
andlet T: X—Y be a linear map from X to a Banach space Y with T(%,)c By. Then
every holomorphic map f: By—~B, with f(0)=0 and f'(0)=T is linear if and
only if T is a complex extreme point of the closed unit ball of H” (%, Y).

Proof. The proof given by Harris [8] for the case when 2,=B, needs no
modification for this slightly more general setting. |

Theorem 4.7. Let X be a finite-dimensional Banach space with the property that
the set C(X), the set of contact points between the unit sphere of X and the minimal
volume ellipsoid containing By, is not contained in the zero set of any nonzero poly-
nomial on X. Let 9C X be a balanced pseudoconvex domain with a continuous gauge
which has convex hull equal to By and let Y=H be a Hilbert space with the same
dimension as X. Then every C-maximal holomorphic mapping f. G —~By is linear.

Proof. Let f be a C-maximal map. From propositions 3.2 and 4.3 we can as-
sume that f/(0)=7, is also C-maximal. To show that f must coincide with f7(0)
we apply proposition 4.6. To this end suppose that g: 2—~H is a bounded analytic
function and |T;+gll.=1 for |A]=1.

Let x€C(X) be fixed. Then [x||=|T,x||;=1. Observe that the closed unit
ball By is the convex hull of the closure of 2. We claim that x must be in the bound-
ary of 2. If not, we could write x=(x;+x,)/2 for some x,, x,€ Bx\{x}, hence
Tox=(Tyx; +Tyx,){2, which would contradict strict convexity of By. Since 2 has a
continuous gauge, {x€2 for (€C, |{|<1.

Now g({x) is a bounded analytic function on the unit disc {{¢{|<1} with values
in the finite-dimensional space H. Consequently the boundary values g(e'’x) are
defined (as radial limits) for almost all values of 6¢{0, 2n]. For the values of 6,

e?To(x) + Aig(e®x)EBy
for |Al=1. Hence g(e'?x)=0 (for almost all 8). We deduce g({x)=0 for [{|<]1.
Now consider the Taylor series expansion about the origin
gEx) = 3,08, (0 =0 (] = 1),

Hence g,(x)=0 for all n. Since g,(x) is a homogeneous polynomial of degree n,
the hypotheses now imply g,=0 for all n and hence g=0.
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This shows that T; is a complex extreme point of the unit ball of H*(2, H).
By proposition 4.6, f=T;. |}

Proposition 4.8. Ler X=(X,9X.D...®X,), where p=2 and each X; is a
finite-dimensional Banach space. Suppose !

(i) each X; has the unique invariant inner product property, and

(ii) C(X;) is not contained in the zero set of any nonzero polynomial on X;.
Then C(X) is not contained in the zero set of any nonzero polynomial on X.

Proof. We refer to theorem 3.8 for notation. For each j, let (-,-); denote the
invariant inner product on X; satisfying

X% = {x;, x;); = (X2 (x;€X)).
Then

1
C(X,) = {XJ-EXJ-.' 1= ”x_,-”2 = —e(—X"J‘)—z“<xl, x_,'>j}.
By Holder’s inequality (with exponents r and p/2),

. (Y"1 (4 . :
(45) 2]’:1 (7’”) _6—(1Y_-)§‘<xj, xj>j = Zj:l (7] ”xj”2 = (2j=1 ”x_/”p)2 P

and the points 3, x, € X where both the left and the right sides of (4.5) are equal

to 1 are precisely the points in C(X) (by theorem 3.8(ii)). Suppose J; x;€C(X).
1

Then from (4.5) we see that —(X—)z<xj’xj>j:”xj”z for 1=j=n. For p>2,
e(d;

the condition for equality in Holder’s inequality implies that f]xjilzzt(dj/d)z“’ for
some 7>0. Since 3 |lx;?=1, we have r=1.
Let a;=(d;/d)"/?. We have shown that

CX) = o, C(X) X2, C(Xp) X ... X, C(Xp).
In the case p=2, the second inequality in (4.5) is an equality and

C(X) = U{B.C(X) X BC(X) X ... X Bu(X,): 2 5 = 1},

Now suppose P(x) is a polynomial on X which vanishes on C(X) and let x;
and y; denote arbitrary points in X; and 2;C (X)) respectively. The mapping x;—
P(x;+ps+...+y,) is a polynomial on X; which vanishes on «,C(X;) and there-
fore vanishes identically on X,. Considering next the polynomial on X, given by
Xgr>P(X;+X3+y3+... +¥,), we see that it must also be identically zero. By induc-
tion it follows that P=0. [

We now present our generalization of theorem 0.1.
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Theorem 4.9. Let X=(X,®X,®...0X,), where each X; is a finite-dimen-
sional Banach space and p=2. Suppose each X jphas the unique invariant inner product
property and C (X)) is not contained in the zero set of any nonzero polynomial on X;.
For each j let {-,-); denote the unique invariant inner product on X; which satisfies

Ixl? = G xy); = eGP I1? (x,€X))
(where e(X)) is as defined in section 2). Let d; denote the dimension of X;, d=2;d;
the dimension of X and 1/r=1-2/p.
Let
Cixp 2y = 2% i
for 3 x;, 2;y;€X andlet H=(X,{-,-)).

Let f: By—~By be a holomorphic mapping with f(0)=0. Then, using a basis
Jor X which is orthonormal for (.,.),

()
w7 )"
’ —d/ n
(4.9) [det f(0)| = d ]]f=1(e(Xj)2] .
(i1) the following are equivalent
(a) equality holds in (4.6);
(b) fis a linear map T where T satisfies

(T +xe+ oo %), TOx + X+ oo+ X008 = (3 4;%5, 33 A;%5)
Jor x;€X; and A;=(d;/d)"™ e(X;)7.

Proof. (i) follows from theorem 3.8 and proposition 4.3.
If (ii)(a) is true, then proposition 4.8 and theorem 4.7 imply that f=f"(0) is a
linear mapping which we can denote by 7. By proposition 3.2,

<Tx, Ty> = <7;)x, T;)y>

and thus theorem 3.8(ii) shows that (ii)(a) implies (ii)(b).
To show that (ii)(b) implies (ii)(a) is a simple computation (see the proof of
theorem 3.8). ||

Examples 4.10. We give various examples of finite-dimensional Banach spaces
X with the unique invariant inner product such that C(X) is not contained in the
zero set of a nonzero polynomial.

(i) Clearly X=C satisfies both conditions required of the component spaces in theo-
rem4.9. By examples 2.3(ii) and proposition 4.8, £}, (p=2) and (£ l®...BL),
(p=2, g=2) also satisfy the conditions.

(i) If Xis an irreducible finite-dimensional JB*-triple system then (see example 1.4)
X has the unique invariant inner product property. The algebraic inner product
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(-,+), satisfies
IXI? = (x, x)a = e(X)? 1 x|*

(note that the rank r=r(X)=e(X)?). Moreover
C(X) = {Z’_,4;e;: 14,1 = 1 all j and e; orthogonal minimal tripotents}.

Suppose P is a polynomial on X and P vanishes on C(X). If x€X, then there
exist orthogonal minimal tripotents (e;)j_, such that x=27_, c;e; for some
scalars ¢;. The distinguished boundary of the polydisc

R={Z,7e;: 17l <1}

is a subset of C(X). Thus P vanishes on R and on the linear span of the e;. Hence
P(x)=0. Since x was arbitrary, we have P=0.

Taking the X; of theorem 4.9 to be irreducible JB*-triples and p=o, we
recover the results of Kubota [10, 12] and Travaglini [18].

(ii)) Suppose X has a symmetric basis (e;)}., and C(X) contains one point

x=2)x;e; which has x;=0 for 1=j=n. By proposition 1.7, X has the
unique invariant inner product property. Since C (X) is invariant under isometries

of X (see corollary 3.4)
Zj 6"’1 x}' ejEC(X)

for all choices of 0;. Thus we can argue as in (ii) to show that C(X) is not in
the zero set of any nonzero polynomial on X.

There is a dual version of theorem 4.7 which applies to holomorphic mappings

f: By—~By from the unit ball of a finite-dimensional Hilbert space to the unit
ball of a Banach space Y of the same dimension. As before we consider C-maximal
mappings f (with f(0)=0), but C(X) must be replaced by the set of contact points
between the unit sphere of ¥ and the boundary of the maximal volume ellipsoid
contained in By. Moreover we need to assume that all boundary points of the unit
ball of ¥ are complex extreme points.

This argument applies in particular to the case where Y=¢} with 1=p=2.

Thus every C-maximal mapping f: BBy is linear in this case.

Examples 4.11.

(i) For 1=p<2 there are nonlinear C-maximal mappings from the unit ball

of £} to the umit ball of /7.
In this sitnation 7, is the map

1y: (Zj)7=1 — (Zj);!:l

and a holomorphic map f of B to By is C-maximal if and only if f"(0)=UT,



Extremal mappings for the Schwarz lemma 79

for some unitary U. An example of a nonlinear C-maximal £ is

(@))) = (i +ezzd, 22, o0 20)

with O=<g<2%P(1-2'-%P)/3, To see this, when n=2, let x=|z;|, y=|z,l,
and note that

(x+exp?)P 492 = ¥4 2ex?y? 2 X2yt 4 1% < x4 3ex? i+ 0

By using Lagrange multipliers one finds that x243ex2y®+y? has its maximum
on the surface x’+)yP=1, O=x,y=1, when x=p or when x=0 or y=0.
When x=y=2""? we have

X2 43ex2 4 y? = 2(27P) 4 3274 < |,

Hence the maximum does not occur when x=y.
We thank the referee for noticing an error in our original version of this example
and for suggesting the appropriate correction.

(i) For 2<p= there are nonlinear C-maximal maps from the unit ball of /2 to
the ball of /2.

Proposition 4.12. Let X be an n-dimensional Banach space and Y=H an n-dimen-
sional Hilbert space. Suppose that every C-maximal embedding of By in By is known
to be linear and suppose in addition that X has the unique invariant inner product
property. Then every extremal function for d,(By,By) is linear.

Proof. By proposition 4.5(1) and theorem 3.7 the map T=f"(0) has the prop-
erty that T—1(By) is the minimal volume ellipsoid containing B, . Thus, by prop-
osition 4.3, f is C-maximal. Hence [ is linear by hypotheses. |}

Example 4.13. For 1<p=<, X={(}, H=/}, the extremal maps for d,(By, By)
are linear. For 2=p=-<o this follows from proposition 4.12, example 4.10(i) and
theorem 4.7. For 1<p<2, the result follows from the remarks following exam-
ples 4.10.

For p=oo this is due to Alexander [1] and Lempert {13].

So far all our examples have been finite-dimensional and of course C-maximal
mappings are only defined in a finite-dimensional setting. Qur final example con-
cerns the holomorphic Banach—Mazur distance which can be discussed in an in-
finite dimensional context.

Proposition 4.13. Let X be a finite rank JB*-triple (finite or infinite-dimensional)
and H an isomorphic Hilbert space. Then every extremal function for d,(By, By)
is linear.

Proof. If X is irreducible and finite-dimensional then this result already follows
from proposition 4.6, theorem 4.7, proposition 4.12 and example 4.10(i).
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The algebraic inner product (-, - ), satisfies
1% = {x, x)a = r|Ix|*

where r=e(X)? is the rank of X. Suppose (-,-) is any other inner product on X
which satisfies an inequality

“@.7) Ix)? = (x, x) = Cllx|?

with equality for some nonzero vectors on both sides. By the definition of the Ba-
nach—Mazur distance, C=r. Let (e;)j_, be a set of » mutually orthogonal mini-
mal tripotents. The finite-dimensional subspace E spanned by (e;); is isometrically
isomorphic to ¢7_. If C=r, then {-,-) and (-,-), coincide on E. Since X is the
union of subspaces of this kind, we find that the algebraic inner product is the only
inner product on X satisfying (4.7) with C=e(X)?. We can now apply the method
of theorem 4.7 — the one difference is that we use the fact that a Hilbert space H
has the analytic Radon—Nikodym property (see for instance [5]) to obtain the
existence of (almost everywhere) radial limits for g. The approach of example
4.10(ii) completes the proof. [|
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