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Norm convergence of normalized
iterates and the growth of Koenigs maps

Pietro Poggi-Corradini(!)

Abstract. Let ¢ be an analytic function defined on the unit disk D, with ¢(D)CD, ¢(0)=0,
and ¢’ (0)=X#£0. Then by a classical result of G. Koenigs, the sequence of normalized iterates
¢n/A™ converges uniformly on compact subsets of D to a function o analytic in D which satisfies
ge¢p=Ac. It is of interest in the study of composition operators to know if, whenever ¢ belongs
to a Hardy space H?, the sequence ¢, /A" converges to o in the norm of HP. We show that this
is indeed the case, generalizing a result of P. Bourdon obtained under the assumption that ¢ is
univalent.

When ¢ is inner, P. Bourdon and J. Shapiro have shown that ¢ does not belong to the
Nevanlinna class, in particular it does not belong to any H?. It is natural to ask, how bad can the
growth of o be in this case? As a partial answer we show that o always belongs to some Bergman
space LY.

1. Introduction

Let ¢ be an analytic function defined on D, with ¢(D)CD, ¢(0)=0, and ¢'(0)=
A#£0. Keenigs’s Theorem provides an analytic map o on D which intertwines ¢ with
multiplication by A,

(1.1) oop=Ao.

The map o is obtained as the limit, uniform on compact subsets of D, of the
sequence ol normalized iterates ¢, /A", where ¢, =do...o¢, n times. Originally
introduced to study the behavior of ¢ near the origin, the function o has recently
found applications in the study of the composition operator Cy(f)=fo¢, induced
by ¢ on the analytic functions f of D, mainly because, by (1.1), o is a formal
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eigenfunction of Cy. Recall that for 0<p<oo, the Hardy space HP is the family of
analytic functions f defined on D which satisfy

27
(12) 17112 = sup / |F(re) P do/2m < oo,
O0<r<1.Jo

The operator Cy is known to be bounded on the Hardy spaces H?, i.e. Cy(HP)C H?
for D<p<oo (this is known as Littlewood’s subordination principle). On the other
hand, the Kcenigs map o does not always belong to HP. When ¢ is univalent, then
o is also univalent, so o€ HP at least for O<p<%. However, when ¢ is an inner
function, P. Bourdon and J. Shapiro in [BS] show that o¢(J,., H? (actually they
prove that o is not even in the Nevanlinna class). Conversely, in {P1] we showed that
when ¢ is not inner, o is always in some HP?, for some p>0. Hence, the property
of ¢ being inner provides a dichotomy for the growth of o. A further description of
this phenomenon will be provided below (see Remark 3.2).

In this context, P. Bourdon in [B] recently asked the following question. When
is the sequence of normalized iterates ¢, /A™ convergent to ¢ in the norm of H*?

Clearly a necessary condition is that ¢ be in H?. Bourdon shows that this
condition is also sufficient if one assumes that ¢ is univalent. We show that the
univalence requirement can be dropped.

Theorem 1.1. For every p>0 such that o€ HP we have

'%

F —a

As mentioned above, when ¢ is inner o is in no H? space. So it is natural
to ask the following question. How bad can the growth of o be in this case? For
instance, how does ¢ behave with respect to the Bergman spaces? Recall that for
0<p<oo the Bergman space L? is the family of analytic functions f defined on D
such that

—0
Hp

as n—oo.

2

11z = [ 1P dA() <o,

where dA is area measure normalized so that A(D)=1.

In the second part of the paper we show that for arbitrary self-maps ¢ (inner
or non-inner), the Keenigs map ¢ is always in L2 for some p>0.

In order to study the behavior of Keenigs maps with respect to the Bergman
spaces, we consider the “growth spaces” G?, for 0 <p<oo, consisting of all analytic
functions f defined on D such that

(1.3) Ifllge = sup |£(2)|(1—|2))/? < c0.
zeD



Norm convergence of normalized iterates and the growth of Kcenigs maps 173

These spaces are related to the Bergman spaces LE by the following inclusions. For
0<p<oo and O0<e<p,

(1.4) LE 5 >GP O L2,

The first inclusion is clear; for the second one, see for instance [R, Theorem 7.2.5,

p. 128]. The space
A= Jer={]J1r
p>0 p>0
is much bigger than the Nevanlinna class. But some parts of the classical theory
can be extended to A, see the work of Korenblum [K]. In particular, the zero
sets of functions in A™°° have been studied extensively. We prove the following
result.

Theorem 1.2. If ¢ is an analytic function of D, with $(D)CD, $(0)=0, and

@'(0)=A#£0, and o is the associated Keenigs map, then
oc U Lr.
p>0

Corollary 1.3. Let Z={a,} CD\{0} be a Blaschke sequence, i.e. a sequence
such that Y oo (1—|an|)<oo, and let ¢ be a function as in Theorem 1.2 which
vanishes on Z. Then the set | J,., ¢;,1(Z) obtained by repeated backward iterations
is an A~ -zero set.

Proof of Corollary 1.3. Suppose weD and ¢, (w)€Z for some n>1. Then

O'('U)) _ )\n+10’(w) - U(¢7l+1(w)) _ g(()) _
Ant1 An+1 Nl

Hence, by Theorem 1.2, | J77, ¢;,1(Z) is a subset of an A~*-zero set. So Corol-
lary 1.3 follows from Corollary 2, p. 129, of [K]. O

0.

Question 1.4. Is Theorem 1.2 sharp? i.e. for every p>0, are there Koenigs maps
o that are not in L7

Added in proof: P. Bourdon has recently answered this question in the affir-
mative (personal communication).

Question 1.5. Does Corollary 1.3 still hold if we drop the requirement that
¢/(0)£0?

Finally, in view of Theorem 1.1, one may ask if the sequence of normalized
iterates ¢, /A™ converges to o in the norm of Lf whenever o€ L?. This turns out
to be a quick generalization of Theorem 1.1.

In Section 2 we describe the key example that led us to the proof of Theorem 1.1.
In Section 3 we introduce the radial maximal function of ¢ and prove Theorem 1.1.
Then in Sections 4 and 5 we deal with the Bergman spaces situation.
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2. A Koenigs map obtained from a covering Riemann surface

Before proving Theorem 1.1, we are going to describe the example that pro-
vided the intuition for the proof. In the univalent case, ¢,/A™ and o have radial
limits almost everywhere on D, so one can restrict the attention to the boundary
functions. Bourdon then shows that ¢,/A™ converges almost everywhere on dD
to o, and uses the fact that o is one-to-one together with Koebe’s i—theorem to
establish

(2.1) ——0|<C|o|, a.e. ondD,

for some constant C'>0. So by the dominated convergence theorem, he obtains that
whenever o€ H?, the sequence ¢,,/\™ converges to o in HP.

It is therefore natural to ask if (2.1) holds in general, for non-univalent func-
tions. First observe that when ¢ is not univalent, the set ¢~'(0) could be infinite
and there could be a point 0#£2,€¢~*(0) for which ¢,;1(z) is non-empty for all
n>1. Pick z,€¢,(20). Then |¢n(2,)/A"|=|20| |\ —00. However, o(z,) must
be zero, by (1.1), since

Mo (2,) = 0(dnr1(2,)) = 7(0) =0.

This suggests that (2.1) may not hold for non-univalent maps. Hence, we set out
to construct an example of ¢ for which (2.1) fails.

As mentioned above, the sequence of normalized iterates ¢, /A\™ converges to a
map ¢ which solves the functional equation (1.1). Keenigs’s theorem, however, also
has a uniqueness part. Namely, whenever ¢ is a function on D satisfying ce¢=2>Ao,
then o must be a constant multiple of lim,, o ¢, /A" (see [S, p. 90]). So, in order
to construct a counter-example, we first produce a map o by geometric means, such
that ¢(0)=0 and ¢’(0)#0. Then we check that there is a map ¢ which satisfies
oop=Ao. Thus, by uniqueness, o=0'(0) lim,, o ¢n /A"

Consider the region ) obtained from the right half-plane II={2€C:Re 2>0}
by punching out the sequence of points {2"}2° ,. Then the universal cover of {2 is a
simply connected open Riemann surface W standing over the right half-plane with
branch points at 2" for n=0, 1, 2, 3,.... We let 7 be the canonical projection of W
onto the complex plane. By cutting W along all points that project onto [1, +00)
we obtain countably many simply connected sheets which look like IT\[1,+o0).
Pick one such sheet Sy and extend it by the Schwarz reflection principle to cover
(IT\[1, +00))UD. We obtain a new simply connected open Riemann surface SOW
covering QUD and branched at {2"}2°,. Moreover, points in § have infinitely
many preimages in S, while every point in DN {z:Re 2<0} has a unique preimage.
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A good way to picture this surface is to imagine a dictionary lying over the right
half-plane with infinitely many pages ligated at the points {2"}22, and such that
the first page has a tag in the form of D sticking out over the left half-plane.

Let €S be the point that projects onto 0, and let G be an analytic and one-to-
one map of D onto S such that G(0)=6. Set c=n-G. Then ¢(0)=0 and o'(0)7£0.
The branch o~ !|p is uniquely defined, analytic and one-to-one onto a neighborhood
of the origin Vy=c!|p(D)CD, and sends 0 to 0. Define ¢o(z)=0"Ip(50(z)).
Then ¢ is analytic and one-to-one on Vj, fixes the origin, and has derivative equal
to 3 at 0. For all zeéD\V, o(2)€Q, hence 30(2)€Q. So, in a disk A of radius
2d(0(2),09Q) centered at 1o(z) one can define a branch of 6 |a to be one-to-
one and analytic. By letting ¢,=0""|a(50(z)) for some appropriate choice of the
branch ¢ !|a, ¢ can be analytically continued along any path in D starting at 0.
Since D is simply connected, ¢g extends to a map ¢ analytic on all of D by the
monodromy theorem. Note that ¢ is locally one-to-one at every point of D, hence
¢'(2)50 for all zeD. Also, at every zeD, qﬁ(z):a’l(%o(z)) for some choice of
o1, 50 (D)CD and oo¢(z)=10(z). Therefore o’(0)2"¢, converges uniformly on
compact subsets of D to . Mereover, the range of & is contained in {z:Re z>—1}.
So, by subordination o € HP for 0<p<1. Finally, ¢ is not inner because, for instance,
it has modulus strictly less than one on the arc of D which is sent by ¢ onto the
left half-circle 8DN{z:Re 2<0} (or apply Theorem 1.5 of [P1]).

We now need to identify a sequence of sheets besides Sp. Let 7,:[0,1]—8
be the path starting at 0 whose projection on C describes a circle in the positive
direction with diameter [0,3-2"71]. Let S, be the sheet containing v,(t) for ¢
near 1. Note that for n>1, S, projects onto IT\[I, +00). Let I, be the segment of
dS,, projecting onto [—i,i]. Then G~ extends continuously to 85, by the Schwarz
reflection principle, and E, =G~1(I,,) COD. Observe that multiplication by % sends
the path m(v,) onto the path m(y,_1). By construction the map 3z lifts to the
map ¢=GopoG~ ' of S into itself. So ¢(Sp)CSo and for all n>1, ¢(S,)CSy, 1.
In particular, for all n>1 we have (;En(ln+1):11. Thus ¢, (F,11)=FE; COD and
|2"¢n|=2" on E,41. On the other hand, |o|<1 on E,41. So for all R>0 we can
always find a set ECOD of positive measure where |0'(0)2" ¢, —c|>R|o|, i.e. (2.1)
cannot hold.

Nevertheless, consider the cross-cut JCS which projects onto (27,27+!) and
separates S from 9,. Fix (€F,, then the path G(r({), for 0<r<1, starts in Sg
and ends in Sy, so it must cross J. Therefore, o(r{)=n-G(r¢{) must intersect the
segment (27,27"1). This means that if we consider the radial maximal function
of o, o*(¢)=supg 1 lo(r()|, we have o*(¢)>2", on E,. Thus the function o*
grows in size like the sequence of normalized iterates. This is the observation that
suggested to us the proof of Theorem 1.1.
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3. The radial maximal function of the Kcenigs map
Motivated by the example of the last section, we now prove the following result.

Theorem 3.1. Let ¢ be an analytic map on D such that $(D)CD, ¢{(0)=0
and ¢'(0)=A#0. Let o be its Kenigs map, i.e. 0=lim, 00 ¢rn/A". For (0D, let
o*(C)=supg <1 lo(r()| be the radial mazimal function of o. Then, there exists a
constant C'>0 independent of n and { such that

‘(ﬁnié)

(3.1)

3 ‘SCG*(C) for a.e. (€ID.

Moreover, if o€ H? for some p>0, then o can be defined on 8D and ¢, /A" converges
to o almost everywhere on dD.

From this we deduce immediately Theorem 1.1.

Proof of Theorem 1.1. Suppose o€ HP for some p>0. By a well-known theorem
of Hardy and Littlewood, see [G, p. 57 (and top of p. 59)], it follows that o*¢€
L?(0D). By Theorem 3.1, there is a constant C'>0 such that

fzal <(C+1)o*, a.e. ondD.
Also, by Theorem 3.1, ¢,/A™ converges to ¢ almost everywhere on 6D. Thus
Theorem 1.1 follows from Lebesgue’s dominated convergence theorem. [

Remark 3.2. When ¢ is inner, [BS| show that o does not belong to the Nevan-
linna class. In view of Theorem 3.1, we see that actually 6*=co almost everywhere
on 0D, since in this case ¢, /A" clearly converges to infinity almost everywhere on
0D, as n tends to infinity.

Proof of Theorem 3.1. We first show (3.1). For a>0, let £, be the com-
ponent of {z€D:|o(2)|<a} containing the origin. Since ¢’(0)=1 and ¢(0)=0, o
is one-to-one on some disk ACACD containing the origin, and o(A) is an open
neighborhood of 0. So there is §>>0 such that the open disk of radius § at 0, B(0,4),

satisfies B(0,8)CB(0,8) Co(A), that is to say Qs CA. Let us write o~ for (o|a)™.
Since the derivative of 01 is 1 at 0, 07 1(2) —2=2%g(z), for some g analytic in a

neighborhood of B(0,6). Let M=M(§) be the maximum of |g| on B(0,6). Then
for zeB(0,6), |o71(2)|<|z|(1+M|z]) <(1+ Mé)|z|. Write C=1+M§. Then for all
weA such that |o(w)|<p<8, we have jw|=|c"1(c(w))|<Cp. In other words, for
every 0<p<9,

(3.2) Q, C B(0,Co).
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Since ¢ is bounded there exists a set W COD of full measure such that every
iterate ¢, has a radial limit at each point of W. Fix a point (eW. If ¢*({)=00,
then (3.1) holds trivially. So suppose that o*(¢)<oo. Then there is an integer
N=N(() such that

(3.3) SNV <o () <8IV,
For n=1,.., N—1,

(3.4) Ao (O S IAIT* S ATV < 207(0).

i

On the other hand, by the second inequality of (3.3), for n>N,
(3.5) sup |o(6,(r¢))| = sup [X\"a(rQ)|=|A"0*(¢) <A™
0<r<1 0<r<1

Thus L(r)=¢,(r¢) for 0<r<1, is a path starting at 0 which stays in {z€D:|o(z)|<
8|A|"~N}, and hence stays in Qsjain-~. So, by (3.2), :(0)<C8IA*N, and, for
n>N,

(3.6) I @n (O <IN d5(C) CSIN™N <CIN 1™ (©),

where we used the first inequality of (3.3). Let C;=max{1/8, C|A|7!}, and notice
that Cy depends only on A and §. Then by (3.4) and (3.6), for every (€W and for
all n>1,

I T6(Q)] < C10™(C).

This establishes (3.1).

Now assume that o€ HP for some p>0. Hence, o* <oo almost everywhere on
0D, and without loss of generality 0*(¢)<oo for all (e W. For each (¢W choose
N=N(¢) as in (3.3). Then, for n>N, ¢,(¢)cQs, by (3.5). Since s is a compact
subset of D, ¢, /A" converges to o uniformly in Qs. So,

e =N\ %y ’

as n—oo. Therefore, ¢, /A" tends to ¢ pointwise everywhere on W. [

4. Kceenigs maps are always in some Bergman space

In this section we prove Theorem 1.2, which says that Kcenigs maps are always
in some Bergman space. Our method of proof is analogous to the one used to prove
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Theorem 2.1 of [P1], which says that the Kcenigs map of a non-inner self-map ¢ is
always in some Hardy space. If v is an analytic function defined on D, we introduce
the following level sets: for a>0, let £2, (1)) be the component of {z€D:|¢(2)|<a}
containing the origin, and let F,(v¥)=0Q,ND. In [P1] we studied the Hardy class
of 1 by looking at the rate of decay as « tends to infinity of the harmonic measure
of F,(¥) at 0.

Theorem 4.1. ([P1, Theorem 2.1]) Let ¢ be an analytic map such that $(D)C
D, #(0)=0 and 0<|¢’(0)|<1, and let o be its Kenigs map. Let w, be the harmonic
measure of the level set F,(c) at 0 in D. Then the following limit exists,

lim log(1/we)
a—oo  loga

=p(o).

Moreover, o€ HP if and only if 0<p<u(o), and u(o)=0 if and only if ¢ is inner.

Now, instead of harmonic measure we will use hyperbolic distance. Recall that
the hyperbolic distance between two points a,beD is defined by

1 _
on(a,b)=log _

For a>0, we let

Our convention is that g, is infinite when F, (1) is empty.

We reformulate the definition of the spaces GP, defined in the introduction, in
terms of g-

Lemma 4.2. Let ¢ and o, be defined as above. Then, for 0<p<oo, YeGP if
and only if there is a constant C>0 such that

O

4.1 — .
(4.1) loga_p log o

Proof. Define M (1, r)=max,|—, [1(z)| for 0<r<1. Then, €GP if and only
if there is a constant C'>0 such that

(4.2) M@y, r)(1-r)r<C

for all 0<r<1. Choose 29 with |zg|=r such that [¢)(z9)|=M (1),r). Then by the
maximum principle, |[¢(2)|<|1(20)| for all z such that |z|<r. Hence, setting a=



Norm convergence of normalized iterates and the growth of Koenigs maps 179

M(#,r), we have rDCQ,(¢) and 29€ F, (). In particular, go=0p(0,2). Since
on(0, z9)<—log(1-r), (4.2) can be rewritten to yield (4.1). O

Let ¢ be a self-map of D as in the introduction and let ¢ be its Koenigs map.
Consider the level sets F,=F,(0) and Q,=Q,{(0). Then {Q,} is an increasing
family of non-empty (because o(0)=0) simply connected regions. The sets F,, are
disjoint for different o’s, and if oy <o, Fy, separates F,, from 0 in Q,,. Thus

(43) On, ZQal +QD(F(¥1;FC!2)'

Observe that, since o satisfies equation (1.1), the following properties hold for all
a>0,

(44) ¢(Qa)CQ|Ma and ¢(Fa)CF]A|a-

Suppose E is a closed set in D\, for some a>0, so that F, separates E from 0
in D. Then by (4.4), F, separates ¢ '(E) from 0 in D, and by the invariant
form of Schwarz’s lemma (Theorem 1.4.1 of [CG]),

(45) QD(FOL)E)SQD(FOL/l)\M(b\l(E))'

Using (4.3) and (4.5) we prove the following theorem.

Theorem 4.3. Let ¢ be an analytic map such that ¢(D)CD, ¢(0)=0 and
A=¢'(0)#£0, and let ¢ be its Kenigs map. Then the following limit exists strictly

positive,
. Ou
1 = >0.
0 foga @)

Moreover, c €GP for 0<p<n(c) and o ¢G? for n{o)<p<oo.

From Theorem 4.3 and the inclusions (1.4) we obtain that o€ L2 for 0<p<n(o)
and o ¢ L?, for 2n(0) <p<oo. In particular, since n(c)>0, Theorem 1.2 follows.

Question 4.4. Is o in LP for n(o)<p<2n(c)?

Remark 4.5. Theorem 4.3 leaves open the question whether o €GP for p=n(o).
Equation (4.10) below implies that

O«
<
logar — n(o)+

log o

which is the other direction of (4.1), and hence does not help. We suspect that one
can find examples in both cases by looking at univalent maps.
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Proof of Theorem 4.3. Without loss of generality, 0; CsD for some 0<s<1
(multiply o by a large enough constant). Fix 8>1 and find an integer N >1 such
that

(4.6) AN <g< AN,
For all a> (3, there is an integer H>1 such that
(4.7) BIA"HUN <o < gIA|THN.

Having set the scales in which we are measuring the sizes of « and 3 we let 1},=
Fgx-nnv and Wp=Qg5-n~ for h=—1,0,..., H—1. Tterating (4.3), we obtain

H-
(4.8) Z (Th-1,T3).
h=0
Notice that by (4.4), ¢, (Fs)NW,=0 and ¢z (F3) DT} So,
op(Th-1,Th) = on(Th-1, b n (Fp)).
Then, by (4.5), for h=0,..., H—1,

on(Th—1, ¢ 5 (Fp)) > op(T-1, Fg).

Finally, using the fact that, by (4.6), 8|\ <1 and thus T, CQ; CsD, (4.8) be-
comes
00 = Hop (), Fp).

Write Ry for op(Q, Fjg). Using (4.7), we obtain

Qo HRg
logae = HNlog(1/|\|)+1log 8°

Letting o tend to infinity, H also tends to infinity. Hence,

Rg
lim inf > .
m in loga Nlog(1/]A])

By (4.6), N'log(1/|A])<log 8+log(1/|A]), so

Ry
4.9 lim inf '
(4.9) griloré loga logﬂ+10g(1/|)‘|)
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This estimate will be used below.
Since ¢ is bounded on sD, there exists §p>1 such that sDCQg for all 3> 0.
By the triangle inequality, the constant Co=log({1+s)/(1—s)) is such that

Rg > 05—Co
for 3> fFy. Thus

_CO
4.1 lim inf Z '
(4.10) gglgé loga log B+1og(1/|Al)

Letting g tend to infinity in (4.10), we obtain

lim inf > lim sup
a—oo IOgOL B—00 Ogﬂ

So, the limit n(o) exists.
Moreover, for 8>08p, Rg>0. Therefore, (4.9) implies that we always have
n(e)>0. O

5. More on norm convergence

In this section we show that Theorem 1.1 can be extended to the Bergman
space case. We proceed as in Section 3 and define the maximal function

o*(z)= 031;121 lo(rz)].

But now we let z be any point of D. Then, Theorem 3.1 still holds (the proof goes
through verbatim), i.e. there exists a constant C'>0 independent of n and z such

that
)\n

<Co*(z) forall zeD.

Notice also that o€ LP implies o* € LP(D,dA). In fact, for every function f defined
on D and 0<r<1 let f.(z)=f(rz), then

(0™)r =(or)".
Hence,

/ o ()? dA(2) / 16l o (omy 7 < C / losll o omy 7 dr = Clo Lz,

where C>0 is the constant provided by the theorem of Hardy and Littlewood.
Therefore, Lebesgue’s dominated convergence theorem yields the following state-
ment.
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Theorem 5.1. Let ¢ be an analytic map such that ¢(D)CD, ¢(0)=0 and

A=¢'(0)#£0, and let o be its Kenigs map. For every p>0 such that c €L, we have

Pn
‘ )\—n—a . —0, asn—oo.
Lo
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