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Multipliers from H! to L”

Andreas Nilsson

1. Introduction

We shall prove the following theorem combining the multiplier theorem of
Hérmander-Mikhlin [5] for Hardy spaces with a result of Johnson, Corollary 2.1
in [6]. The original version of Hormander—-Mikhlin’s multiplier theorem states that
under the assumptions of Theorem 1 below with g=1 the operator is of weak-type
(1,1). The H' case was proved in [4] about a decade later by Fefferman and Stein.
To simplify we will use the notation A;={2/"1<|¢|<271}.

Theorem 1. Assume that meC*(R™\{0}) and

/ > P Dam()P dg <20l ez,
A

7 o] <k

where k 1s the least integer >n(2—q)/2q, and 1<q<2, then the convolution by K=m
maps H' to L9,

As noted above the case g=1 is the theorem of Hormander—Mikhlin, and the
case g=2 gives us a weakened version of Johnson’s result. The actual theorem of
Johnson states that if
[ m@ra<c,

3

then convolution with 7 maps H' to L?. However, one can easily see that our proof
goes through in that case even if we drop the derivatives in the assumptions. John-
son also inverts the result, i.e. he proves that every convolution operator mapping
H' to L? is of this type. One should also observe that if the kernel K has compact
support then the operator maps H' to itself. Finally, if we take m(&)=[¢|® then
we obtain the result of the Hardy-Littlewood—Sobolev theorem, i.e. the operator
maps H' to LY if g=n/(n—a).

Related results could be found in Bagby [1] and de Michele-Inglis [3].
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2. Proof
The proof interpolates the methods in Hérmander (5] and Bjork [2].

Proof. Tt suffices to prove that the L? norm is bounded for atoms (with a bound
that is independent of the atom). Let a be an atom with support in a ball with
radius r. This means that a also satisfies the following conditions

/a(x) dr=0, |a|pe<r "

As the operator is translation invariant we can assume that the atoms are centered
at the origin. Since 2/(2—q) is the dual index to 2/q it is easy to see that

1/q
(1) laxK||re < (/ | K xa(z)|? dx) +r"(2_q)/2q||a*K[|Lz.
|z|>2r

We decompose m=>_ m; by setting m,(£)=m(£)¢(277¢) where ¢cCg° has support
in the set  <|¢|<2 and for £5£0

By Leibniz’ formula we obtain

/ Z |2j|°‘|Damj 12 de < C2mi-a)/a,

|| <k

Using Parseval’s formula and putting K;=m, it follows that

(2) /(1+22j|x|2)k|Kj|2 dz < CaniC—)/a,
Thus
(2—q)/2q
(3) 1K || e < C2MC—)/2a dz i
T (14227 || 2)k(a/(2—) .

In the same way (2) implies that

1/q
</ | K9 dx) < C(th)n@ﬂl)/?q—k7
|| >t
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which shows

1/q
(/ |K;(z—y)—K; ()7 dx) < C‘(2jt)”(2*qv2q_k',
[z|>2¢

under the assumption that |y|<¢. Together with the following estimate, easily
proved by S. Bernstein’s inequality (which says in particular that the L?-norm of
the first derivative of a C*°-function could be estimated by the radius of a ball,
centered at the origin and containing the support of the Fourier transform of the
function, times the L%-norm of the function itself),

1/q
</|Kj(w—y)—Kj(w)lqdfc> <C2HYt for |yl <t

this proves that if |y|<t¢

1/q oo
(/‘ - |K(:r—y)—K(x)|qdz> <C Z min(27t, (27¢)M2-9/2-ky < O,
x| >2t

j=—o00

Since a is an atom it is easy to see that this proves the required estimate for the
first term in (1). It remains to show that

| K *al|p> <Cr—m2-0/2,

Since the m;’s have bounded overlap it follows that

||K*a||L2<C Z /Imy £)a(g

j=—o
(2-9)/q
<C Z [EraiE ( / la(g)|?e/ - d&)
j=—o0 B4
(2—q)/q
< E C’(/ (&)|?e/ 2~ ‘I)df) ,
j=—00

using (3) for the last inequality. Thus we have reduced to showing that

) (2—q)/q
Ji= 3 ( / a(e) 22/ @0 d§) < Crn-a/a.

j=—o0 Aj



382 Andreas Nilsson

We start with the case g=1. We get
J<Clla|2. <Cr .

In the case ¢g=2 we want to estimate

o0

> swla@)

j=—oo D

by a constant. For this we divide the sum into two pieces

Jii= > supla()P,

2§ >p—1 AY]

Bi= 3 suwla(©)P.

29 <p—1 Aj

To estimate J; we introduce a function ¢eCg® which is assumed to be 1 on the
support of a and ||¢|| .2 <Cr™/2. We may assume that ¢(z) =1 (x/r), where 19 €CS°
is independent of r. We cbserve that

a(€) = ax(€).

Thus we have to show that

(4) > sup

23 >r—1 A

2
<C.

[atmite-man
Let £€A;. If ngA=A; 1UA;UA; 4 it follows that £ —7|>272. Hence

/RR\A; (- dUS/ L |1[J(?7)}2d77:r2“/ do(rm)I2 dn

In|>29- | >29 2

< C’I"_Q/ 7,]—271—2 d’f] < Ol’f'_22_j(n+2).
n|>27—2

By Schwarz’ inequality the part of (4) where n¢ A} is bounded, because n+2>0

—n/2

and ||a||p2<r . We also have

Z sup

2i>p—1 Aj

<y / (O dellpI3 < Clal3a 91,

20 >r—1

/*d(n)?ﬁ(ﬁ n) dn
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since |la||z2 <r~™? and ||9|| > <r"/? this finishes the estimate for J;.
For J; we use the fact that |a(&)|<r|¢], from which it follows that

Jo=C ) supla(@)P<Cr® Y suplgP<C.
27 <=1 79 2 <r—1 B
The J; and J3 estimates together provide the required estimate in the case ¢g=2.
We shall now interpolate to get the general case. Let p=2/{1—60) where 0<6<1,
let ¢;=|lax;| L~ and d;j=|lax;|[r2, where x; is the characteristic function for A;.
By interpolation we know that

||dX] “LP < C?dﬁ_a.

The g=1 estimate shows that ||d;||;z <Cr~"/2 and the g=2 estimate that ||c;||;z <C.
This implies that

lax;lizs |2 < llefdj 0l < [e27d2 /2
<llesliz sl s * < CO(Crmn/2) =0 = Crrie.
So when we put p=2¢/(2—¢) the proof is complete. [
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