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Harmonic measure on simply
connected domains of fixed inradius

Dimitrios Betsakos

Abstract. Let DCC be a simply connected domain that contains 0 and does not contain
any disk of radius larger than 1. For R>0, let wp(R) denote the harmonic measure at 0 of the
set {z:]z|>R}NAD. Then it is shown that there exist >0 and C>0 such that for each such D,
wD(R)gc’e_ﬂR, for every R>0. Thus a natural question is: What is the supremum of all 8’s, call
it Bp, for which the above inequality holds for every such D7 Another formulation of the problem
involves hyperbolic metric instead of harmonic measure. Using this formulation a lower bound for
Bo is found. Upper bounds for 3; can be obtained by constructing examples of domains D. It is
shown that a certain domain whose boundary consists of an infinite number of vertical half-lines,
i.e. a comb domain, gives a good upper bound. This bound disproves a conjecture of C. Bishop
which asserted that the strips of width 2 are extremal domains. Harmonic measures on comb

domains are also studied.

1. Introduction

The inradius R(D) of a domain D is the radius of the largest disk contained
in D. More precisely
(1.1) R(D) = sup dist(z,0D).

zeD

Let B be the class of all simply connected domains that contain the origin and have
inradius 1. Several extremal problems for domains in B have been studied. The
most famous is the problem of determining the univalent Bloch constant U. This
problem can be formulated as follows: Let o(z, D) be the density of the hyperbolic
metric on D with curvature —4, that is, o(z, D)=|f'(z)|, where f is a function that
maps D conformally onto the unit disk D, with f(z)=0. It follows from Koebe’s
%—theorem that U:=infpeginf,ep O'(Z,D)Zi. The univalent Bloch constant U
remains unknown. For a brief history of the work on U we refer to [BC] (which

also reviews some other problems involving inradius). Here we mention only the
following lower bound due to Zhang [Z]: U >0.57088.
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We will study a similar problem for harmonic measure. For a domain DeB and
for R>0, let wp(R) denote the harmonic measure at 0 of the set dDN{z:|z|> R}
with respect to D. It is obvious that wp is a decreasing function of R. In fact,
one can prove that wp decreases exponentially. This follows, at least intuitively,
from the probabilistic interpretation of harmonic measure as hitting probability of
Brownian motion in D: A Brownian particle starting from the circle |z]=r and
stopping when it hits the boundary of D has small probability to reach the circle
|z|=r+2, because of the inradjus condition R(D)=1. Now repeated applications of
the Markov property shows that wp decays exponentially. Of course, this argument
can be made rigorous, see Proposition 3.4. Our purpose is to study more precisely
the exponential decay of wp.

For a domain D, let 8(D) be the exponent of decay of wp, that is

B(D)=sup{B >0: for some C >0, wp(R) < Ce P~ for all R>0}.
Our problem is to determine or estimate the exact value of the number
Bo=1inf{8(D): D € B}.

Thus fy is the smallest possible (in the sense of infimum) exponent of decay of wp
for some DeB.

C. Bishop conjectured that ﬂ():ﬂ(S):%ﬂ, where S is a strip of inradius 1, i.e.
of width 2. We will disprove Bishop’s conjecture by presenting a domain D* for

which §(D*)~20.4287. Thus (Theorem 9.14)
Bo <0.42851.

The domain D* is a comb domain, i.e. its boundary consists of an infinite
number of vertical half-lines. Certain extremal lengths on comb domains can be
computed explicitly. These computations lead to estimates of harmonic measure
via Beurling’s inequalities relating extremal length and harmonic measure. We
will study harmonic measures on several types of comb domains: parasymmetric,
periodic and symmetric comb domains (see Figure 1).

AR ? ’

Figure 1. A parasymmetric comb domain, a periodic comb domain and a symmetric

comb domain, respectively.
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A lower bound for By is found in Section 4 (Theorem 4.16):
Bo >2U,

where U is the univalent Bloch constant. This bound follows from a characterization
of By in terms of hyperbolic distance instead of harmonic measure.

The exact value of [y remains unknown. We can determine, however, the
value of a related constant. Let B, be the subset of B consisting of all domains D
symmetric with respect to the real axis and convex in the y-direction. The latter
condition means that each vertical line intersects D in a single vertical interval. We
will prove that the class of all symmetric comb domains is dense in B, in the sense
of Carathéodory convergence. Then we will show (Theorem 8.4) that a certain
periodic comb domain Dg has the smallest exponent of decay B(Dg) among all
domains in B,:

min{B(D): D € B.} = B(Dy) = 0.457x.

As we mention above, we will use extremal length to prove estimates for har-
monic measure. In the next section we review some results on extremal length.

2. Extremal length and Beurling’s inequalities for harmonic measure

Let D be a plane domain and Fy, E; be two disjoint closed sets on 0D. Let F
be the family of all rectifiable curves in D joining Ey to 1. We consider nonnegative
Borel functions o(z) in D and define

L(g,F)= inf / oldz| and A(g, D) :// 0% dz dy.
YEF ~ D
The extremal distance A(Ey, E1, D) between Ey and E; with respect to D is

L(o, F)?
2.1 Eo E.. D) =sup 27/
(2.1) MEqg, Ey, D) Sl;p (0. D)’

where the supremum is taken over all ¢ with 0< A(g, D) <.

Extremal distances on the upper half-plane C, can be computed explicitly.
Let a, b, ¢ be positive numbers. The extremal distance A([—a,0], [b,b+¢],C,) can
be expressed in terms of elliptic integrals. Precisely, we have (see [O, §2.26])

(22) /\({ﬁa‘ao]’ [b,b+0],c+):4l/( m;)%@)’
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where

1K (V1-r?)
4 K(r)

(2.3) vir)= and K(r

! dzx
)‘1A V(=221 r22?)

is the complete elliptic integral of modulus r€(0, 1).
The function v(r) plays an important role in the theory of quasiconformal
mappings because it is equal to the modulus of the Grotzsch ring D\ (0, ], i.e.

(2.4) v(r) = A([0,7], 8D, D).

It follows from (2.4) that v is a decreasing function. Also, the expression (2.3) of v
in terms of elliptic integrals implies

(2.5) vir)v(v/1-r2) =15.

We mention some more formulae for v taken from [O]:

(2.6) V(r)Z/(l_r) _1

1+r 8’
1 21
2. - —u 2
(2.7 i —v(34),
1 4
(2.8) v(s)=—1log —+o(1), ass—0,
2n s
4
(2.9) V(s)_lz—logi—ko(l), as s — 1.
T 1-s

Using (2.2) and the conformal invariance of extremal length we can compute ex-
tremal distances on some simply connected domains. We do two such computations:
for the strip S and for the unit disk D.

Proposition 2.10. Let S={z:x<Rez<y} with x,ycR. Consider the sets
A={z:Rez=z, |Imz|<a}, a>0, and B={z:Rez=z, |Imz|<b}, b>0. Then

(2.11) MA, B, S) = {@(ﬁ}?)]l,

where )
X:exp<—7ﬂ)7 Y:exp<i>.
Yy—x y—x

Proof. The function

fl(z):iexp<y’f$ (;:-%))
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maps S onto C, and the function

fa(2) :Z‘FQXP(_—Wb)
Y-z

maps C, onto itself so that foo f1(A)=[Y +X,Y+X ! and foo fi(B)=[Y -Y 1,0
Using (2.2) and (2.5) we obtain

- YY) (X-1-X) ) X+Y ¥
)\(A,B,S)4V<\/(Y_1+X)(X—1_|_y) ) _4;,( 1_(1+XY> )
4 1 1

16 [/ X+Y \ Xty \’
v 4y
1+ XY 1+ XY

and (2.11) is proven.

Proposition 2.12. Let A={e:t€[-0,0]} and B=—A={—-(:{€A}. Then

(2.13) MA, B,D) = 5@%7,

where g(6)={1+sin B}/ cosb.

Proof The function f(z)=—i(z+i)(z—i)"! maps D onto C, with f(A)=
[9(0)~", 9(6)] and f(B)=[-g(6), —g(8)~*]. So (2.2) and (2.6) give

A(A, B,D) = @((@:ﬁ@i> @(kﬁﬁiﬁ

(2.14) , 9(9i+9(9) ! 1 1+9(0)~2
SO D  2(0) )

and the proposition is proven.

Now we present some inequalities {due mainly to Beurling) that relate harmonic
measure and extremal length. These inequalities will be used several times in the
subsequent sections.

Let D be a simply connected domain in C and let F consist of a finite number
of arcs lying on 0D. Fix zp€ D and choose a crosscut -y of D that contains zy and
joins two points of 8D. Then

(2.15) w(z0, E, D) < Ce ™0, E.D)
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where C is an absolute constant. The inequality (2.15) is a special case of Theorem 3
in [Be, p. 372]. Some related results appear in [K].

Next we investigate the possibility of an inequality opposite to (2.15): Let D,
29 and E be as above and assume in addition that E is an arc (of prime ends)
on 8D. We map D onto D by the conformal mapping f so that f(z5)=0 and
f(EY={e":0c[t,t]} for some t€[0,7]. Let yp=Ff"1([-1,0]) and Tp=f~*([—1,1]).
We will refer to vg as “the geodesic of D opposite to E” and to T'g as “the geodesic
of D perpendicular to vg at zo”. It follows from [K, p. 100] that

(2.16) w(zg, E, D) > Ce ™. E.D)

with an absolute constant C'>0.
We will now prove a similar inequality.

Lemma 2.17. Let D be a simply connected domain, zo€D and A be an arc
on 0D such that w(0, A, D)<%. Let v, be the geodesic of D opposite to A and T4
be the geodesic of D perpendicular to va at zg. If E is a subarc of A, then

(2.18) w(zo, B, D) > Ce ™ 'a,E,D)
where C is an absolute positive constant.

Proof. By conformal invariance we may assume that D=D, T 4=[—i,4], A=
fe:e[~Lm 3n]}.

If |E|>¢6 for some fixed >0, then we have nothing to prove. So we assume
|E|<6. The exact value of § will be determined later.

Because of (2.16) it suffices to prove two estimates:

(i) AT 4, E,D)>A(T4, E*,D)—C, where E*:{eiezﬁe[—%|Ek,%|E|]} is the
circular symmetrization of F, and C is an absolute positive constant,

(ii) AT 4, E*,D)>A(y4, E*,D)—C, where C is an absolute positive constant.

Proof of (ii). Let |E|=2s. A square root transformation (see [K, p. 98]) shows
that
(2'19) )‘(7A7E*7D):)‘(FA7ET7D)7

where Ef={e":0c[—1s, As}} Also by symmetry, 2A\(I'4, EF, D)=\(—E}, Ef,D)
and 2A(T4, E*,D)=A(—FE* E*,D). By Proposition 2.12, the extremal lengths
AM—Ef, Ef,D) and AM(—E*, E*, D) can be computed in terms of the function v:

1

2(1/g(3s)")

1

2v(1/g9(s)%)’

(2.20) N~E}, B, D)=

(2.21) A(—E*,E*,D) =
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where g(t)=(sint+1)/ cost.

Now we use the remark involving é at the beginning of the proof. Given £>0,
we choose § small enough so that the asymptotic formula (2.9) for the function v
gives, for s<é,

14 8
(2.22) A—ET,E}, D)< -——-log ————— +¢,
220 1 g3
and
14 8
2.2 M=-E"EF*D)>-—log ——— —
( 3) ( 3 3 ) ~99r og 1—1/g($)2

The estimate (ii) follows from (2.22) and (2.23) by elementary calculus.

The proof of (i) is very similar: we express A(I'4, E1,D) and A(I'4, E*,D) in
terms of the function v and then we use the asymptotic formula for v.

3. An extremal problem for harmonic measure

We will use the following notation for harmonic measure: If DcCis an open
set and KCC, w(z, K, D) is the harmonic measure at z of the set clos KNclos D
with respect to the component of D\clos K that contains z.

We consider the following class of domains:

(3.1) B={D cCC:D is simply connected, R(D)=1 and 0€ D}.
For a domain DeB and for R>0, let

(3.2) wp(R)=w(0,0DN{z:|z| > R}, D),
wp(R)=w(0,{z:|z| =R}, D).

Every DeB is a BMO domain, i.e. the boundary function f(e*) of any ana-
lytic function f:D—D is a function of bounded mean oscillation. This follows from
work of Baernstein, Hayman, Pommerenke, Stegenga and Stephenson, see [B1] and
references therein. Thus wp(R), as a function of R, is expected to decrease expo-
nentially (the John—Nirenberg phenomenon). This is actually proved in the next
proposition (cf. [B1, p. 22}).

Proposition 3.4. There exist positive constants [ and C with the property
(3.5) wp(R)<Ce PR, DeB, R>0.

For the proof of the proposition we need two lemmas.



282 Dimitrios Betsakos

Lemma 3.6. There exists a constant 6€(0,1) such that for all DEB, 5>0,
and zo€ DN{|z|=s}, w(zo, {|z|=s+2}, D)<6.

Proof. By the maximum principle

w(20, {|2| =s+2}, D) <w(z, {lz—20| =2}, D)
=1~w(zp, 0DN{|z—29| < 2}, DND(2,2)).

Now by the Beurling-Nevanlinna projection theorem (see [N])

w(zo,0DN{|z—20| < 2}, DND(20,2)) > w(0,[1,2], D(0,2)) :=n.
Then w(zg, {|2|=s+2}, D)<1—n<1, since n>0. Choose any § in the open inter-
val (1—n,1). For such a 6 we have w(zg, {|z|=s+2}, D)<é.

The next lemma states the strong Markov property for harmonic measure. This
property follows from the probabilistic interpretation of harmonic measure. We will
use only a special case of the Markov property. One can actually prove it using the
potential-theoretic definition of harmonic measure, see [HK, p. 114].

Lemma 3.7. (The strong Markov property for harmonic measure.) Let O
and s be two domains in C. Assume that Q1 CQy and let F C Oy be a closed set.
Let 0=00,1\0Q2. Then for 2€Qy,

(3.8) w(z, F,Q2) =w(z, F, Ql)+/ w(z,ds, Q)w(s, F, Q).

g

We explain the notation w(z, ds, {11) that appears in (3.8): The harmonic mea-
sure w(z, -, ;) is a measure for fixed z€€;. Call this measure pf*. In integrals
the usual notation is du¥ (s) where s is the variable of integration. Instead of this
notation we will use the notation w(z, ds, 1), i.e. dul’(s)=w(z,ds, Q).

Proof of Proposition 3.4. Let DeB and s>0. By the Markov property there
exists 21 €{|z|=s} such that

(3.9) wp(s+2) <w(z1,{|z| =s+2}, D)op(s).
By the lemma above, w(z, {|z|=s+2}, D)<§€(0,1). Hence (3.9) implies
(3.10) wp(s+2) <8wp(s).

Now let R>4 (if Re(0,4] the theorem holds trivially). Let R=2k+gq, where keZ*
and ¢€(0,2). By iterating (3.10) we obtain

Op(R) <6op(R—2) <6°H(R—4) < ... <6*Tp(R—2k) = 6*Gp(q) < 6%/29/2,
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Therefore
(3.11) @p(R) < CeloeOR/2 — Cg= PR,
where 3=1/210g(1/6)>0 and C=§"". By the maximum principle wp(R)<@p(R).
Hence (3.11) implies wp(R)<CePE.
The above proof is similar to a proof in [HP].

Definition 3.12. Let DeB. The B-ezponent 3(D) of D is defined by

B(D)=sup{B>0: for some C >0, wp(R) < Ce ?F for all R>0}.

The S-exponent of a domain DeB indicates how fast wp(R) decays as R in-
creases to oo. Proposition 3.4 shows that for all DeB, 8(D)>C for an absolute
constant C'>0.

The strip S={z=z+iyeC:—1<y<1} of width 2 has B-exponent B(S)=1ir.
This can be proved by a direct calculation of wg(R) using the conformal mapping

1 _e7rz/2
J&) = mr
that maps S onto D.
Now we consider the number
3.13 = inf .
(313) o= jnf B(D)

Problem 3.14. Find the exact value of f.

C. Bishop [Bi, p. 296] conjectured that Bng(S):%w, where S is a strip of
width 2. In Section 9 we disprove Bishop’s conjecture. We do not give a complete
solution to Problem 3.14 but we find a lower and an upper bound for Fy. The
problem of the existence of a domain DeB for which Go=0£(D) also remains open.

4. Lower bound for Gg

We give two additional characterizations of fy, in terms of Green function and
hyperbolic distance. A lower bound for 8y will then come from an estimate of the
hyperbolic density.
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Proposition 4.1. There exists §>0 and C>0 with the following property:
For all DEB,

(4.2) sup g(0,2,D)<Ce PR R>1.
|z|=R

Proof. Let (e{|z|=R}ND. We may assume that (=R. Note that g(0, z, D) is
subharmonic in {z:0<|z|<oco}. Hence the maximum principle, the Poisson integral
representation of harmonic functions and a standard inequality for the Poisson
kernel give

(4.3) g(0,R,D) < R /%9(0, (R—1)e™, D) dt.
T Jo

We use the following identity of Baernstein [B3]:

(4.4) L7 400, Re®, D) do = / wp®) gy R0,
27 — R
This and Proposition 3.4 give
(4 ) 1 2 ( ( ) 0 )da ee] efﬁt d e—ﬁ(R—l)
5 —/ 0,(R—1)¢¥, D g/ t < .
21 Jo 7 r1 ¢ (R-1)p
Inequalities (4.3) and (4.5) give
(46) g(oa R7 D) S CeiﬂR7

with an absolute constant C, and so the proposition is proven.

Based on this proposition, we define, for DeB,

B51(D) :sup{,@>0: for some C' >0, sup ¢(0,z, D) <Ce PE for all R > 1}.
lz|=R

The proof of Proposition 4.1 implies
(4.7) B1(D) > B(D).

Actually equality holds:
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Proposition 4.8. For all DeB, 51(D)=08(D).

Proof. We use again Baernstein’s identity (4.4). Since wp(t) is a decreasing
function, (4.4) implies

1 e ) R+1 1
= [ ¢(0,Re®, D) d02/ wp(t) s wpBED
27T - R t R+1
Hence
(4.9) wp(R+1) <(R+1) |H[1a}1§cg(0’ z, D).

Let £>0. The inequality (4.9) and the definition of 31 give

(4.10) wp(R+1) < RCe~PrP)=)R R~
Therefore
(4.11) wp(R+1)<Ce BrD)=29R - R~

for a constant C' that depends on ¢ but not on R.
The inequality (4.11) implies 3(D)> 3 (D)—2¢e. Now letting e —0 and using
(4.7) we conclude 81(D)=0(D).

In Section 1 we defined the hyperbolic density o(z, D) on D. The hyperbolic
distance d(z1, 22, D) between z; and 29 in D is

(4.12) d(z1, 22, D) = inf /o(z, D) |dz|,
yel y

where I' is the family of all curves in D that join z; to zs.

Proposition 4.13. Let DeB and 3>0. The following are equivalent:

(i) There exists Co>0 such that for R>1 and z€{|z|=R}ND, ¢(0,z,D)<
Cge_ﬂR.

(i) There exists C3>0 such that for R>0 and z€{|z|=R}ND, d(0,z,D)>
1BR-—Cs.

Proof. Let R>1 and z€{|z|=R}ND. Then

1+e—2d(0,z,D)

(4.14) 90,2, D) =log - g5y
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If z€(0,1) and D=D, this identity follows at once from the formulae

1 1
d(O’Z’D):§IOg%3 and g(0,z,D)=—log|z|.

In general it holds by conformal invariance. Now with a little calculus one shows
that (i) is equivalent to (ii).

For DeB, let

B2(D) :28up{b>0: for some C >0, \zilrifRd(O’ 2, D) >bR—C for all R>0}.

Propositions 4.8 and 4.13 imply
(4.15) BD)=p1(D)=02(D), DeB.

We use (4.15) to get a lower bound for Gy.
Theorem 4.16. We have

(4.17) Bo > 2U >1.14176,
where U is the univalent Bloch constant.
Proof. Let DeB, R>1 and z€{|z|=R}ND. Then

(@18)  d(0,2,0) = inf / o(z, D) |d=| 2 it {opl(7)} > oplz| = opR 2 UR,

where I is the class of all curves in D joining 0 and z, op=inf,ecp o(z, D), 0(z, D)
is the hyperbolic density on D and () is the length of .

Hence, by (4.15), 0 >2U. As noted in Section 1, the bound U >0.57088 is due
to Zhang [Z].

The inequalities in (4.18) are rather crude and it is unlikely that Go=2U.

5. An extremal problem for extremal length

In this section we formulate and solve an extremal problem:
Let z€[—1,0], ye(z,1] and S={z:z<Rez<y}. Consider two boundary sets
of S:

(5.1) ACISNDN{Rez =2z},
(5.2) BcadsSnDN{Rez=y},
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and let A(z,y, 4, B):=A(4, B, S).

Problem 5.3. Find
.. A2,y,A,B)
inf —=—""1 "~
z,y,4,B y—x

We start with some reductions of the problem:

Since A(z,y, A, BY>\(z,y, A, B’), where A’=0SNDN{Re z=z} and B'=05N
Dn{Rez=y}, we may assume that A=A’ and B=DB’, and write \(z,y, A, B)=
Az, y).

If y<O then Az, y)>Xz—y,0). So, without loss of generality, from now on we
assume that y>0.

TN
-0

B

4
S

Figure 2. The vertical segments A and B on 8S.

Applying (2.11) we obtain

Xty \]*
. A —
(5.4 @)= (Ser)|
where
a1 72 12
X:exp(ﬂ_ V) yzexp(i_* vy)
y—x Yy—x
Claim 5.5. We have
(5.6) limy M:%
y—o 4%

Proof. When £—0 and y—0, (X+Y)/(1+XY)—0. We use the asymptotic
formula (2.8)

1 4
(5.7) v(s)= 7 log ;—ko(l), as s —0.
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We have
. X+Y\ 1. 4(11XY)
1 — = _ il
zlg}](y x)y<1—|—XY) ilg})(y x) [27r log Xy }
y—0 y—0
. 1
= i%(y—x) [% log(X—#Y)}
y—0
= lim ﬁi(yfx) log {e”\’ 1—2? /(y—z) Lo ™V 1—y?2 /(ygm)]
z—0 27
y—0
Ay —) — .3
_ lirr%) (g z) —mV/1-—x
v—o T y—=
+ lim (v—2) log [1+e(”\/ 1-y? +7T\/T—Z_2)/(y—w)}
=0
=1+0=3.
So
1
(5:8) i 2®Y) _ 1 :

and the claim is proven.

We extend the function A(z,y) to [—1,0]x[0,1] by setting A(0,0)=5. Con-
tinuity implies that the infimum in (5.4) is attained for a pair (xg,%0), where
(zo,y0)€[—1,0]x[0,1]. A numerical computation shows that the value of the in-
fimum in (5.4) is approximately equal to 0.457443. We will return later to this
numerical result. For now, we will use only the fact that A(—0.4,0.4)/0.8~0.45<0.5.

Claim 5.9. There exist zo€(—1,0) and yo<(0,1) such that

A A
(510) min ('T7y) — (37071/0)’
Yy Y- Yo—Zo

where the minimum here and below is taken over all x€[—1,0] and y<[0,1].

Proof. 1If z=—1 or y=1 then Az, y)=+oc.
If —1<xz<0 and y=0, then, because of symmetry,

May) _ A, —z)

Yy—T —2z
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If x=0 and 0<y<1, then similarly

The minimum of the function A(z,y)}/(y—z) cannot be attained at (0,0) because
as we remarked above A\(—0.4,0.4)/0.8~0.45<0.5. The above remarks show that
the minimum is attained for a point in the interior of the square [—1,0]x {0, 1] and
the claim is proven.

Let (29, y0)€(—1,0)x (0,1) be a minimizing pair whose existence is asserted by
Claim 5.9. We write Ag=A(zq, %o) and ap=yo—xg so that ape€(0,2) and

by
(5.11) min 28:Y) _ Ao
oYy Y= o41]

Claim 5.12. We have zo=—yp.
Proof. We have

(513) min )\(mvy) — )\(Io, yO) _ &

Yy Y= Yo —Zo ay

In particular

in )\(’Q’*O&Q,y) — &

?

5.14
( ) n%! (o)) (e7})

where the minimum is taken over all y€[max(0, ap—1), min(ag, 1)).
Let g(y)=My—ag,y)/op. The function g attains its minimum for y=y,. By
(5.4) we have

5.15) o) = [0 250)]

where

ap &74)

X:exp<_ﬂvlﬁ(y\a0)2>, Y—exp(ﬂ).

Since v is a decreasing function, g is minimal when F(y):=(X+Y)/(1+XY)
is minimal. So F'(yo)=0. We differentiate and obtain

(5.16) X'+Y' = XY +Y?2X',
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Because of symmetry, we may assume that yOZ%ao. We set yOZ%oc0+€ and F:=
1—e2—ad so that

(5.17) 1-(yo—)*=E+eay and 1-y3=FE—cao.
With this notation {5.16) becomes
(5.18)

(6= Lap)e-™EFeB0 /00 (o y Lag)emVE a0 /a0

+
vVE+eag vVE—cag
(€+ %a0)67271'\/E+ao¢0 /Oéue‘ﬂ'\/E—EDlo (é_i %ao)e~2ﬂ\/E<€ao /aoefw\/E—f»eao

- VE—cag + vV E+eag

After some algebraic calculations (5.18) becomes
VE+eag (%a0+8)e*”‘/E_—€°‘°/"‘° [1—6_2“*/E—+8°‘—°/”‘°]

=/E~cag (%ao—s)e’”‘/mmo [l—e‘hmmo].
Each of the four factors in the left-hand side of (5.19) is positive and at least as
large as the corresponding factor in the right-hand side, with equality if and only

if ¢==0. Hence (5.19) implies e=0 and therefore yo=4ao. So To=—3ap=—yo and
the claim is proven.

(5.19)

Using (5.4) we can find a numerical solution of Problem 5.3. The identity
(5.4) expresses A(z,y) in terms of the function v. Recall from Section 2 that v(s)=
K'(s)/4K(s) where K’ and K are the complete elliptic integrals of modulus v/'1—s?
and s, respectively. These integrals are built into Mathematica, which is thus able
to give the following result:

A
(5.20) min 28 6 457443,
Ty Y—T
This minimum is attained for y=—x~0.403 and r=1.

We summarize our results on Problem 5.3 in the following proposition.

Proposition 5.21. Letx, y, A, B be as in the beginning of this section. There
exists a number yo€(0,1) such that

)‘(xv Y, Aa B) > )\(4y07 ZIO) _ ﬁ
y—x T 2y ap
The following approximate equalities hold: yo~0.403, Ag/cp=0.457443, ap~0.806.

Remark (1). We observed that

(5.22)

N A(—cosﬁ,cos E) N
(5.23) A(g) - ﬁe— ~0.457443,
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that is, the numerical solution of the extremal problem agrees with the number
A(m/e) in its first six decimal digits. It would be interesting if one could prove that
y=cos(m/e) is indeed the minimizing value in (5.22).

(2

) Is the number yo in Proposition 5.21 unique?
(3) Proposition 5.21 will play an important role in Section 8.

6. Periodic comb domains

A periodic comb domain is a domain of the form

(6.1) D:D(ZO)ZC\U{(QJ'—D@“O‘H'Z/:|y|2y0},
jEZ
where zg=x¢+1iyq with xo>0, yo>0.

If DcB, then z2+y5=1, and conversely. We denote by B, the class of all
periodic comb domains in B. We write D=D(x¢) for D(zp), if DeB,.

Let D be a periodic comb domain. For j€Z, we define the crosscuts I'; of D
by T';={(2j —1)zo+iy:|ly|<yo}. Let S={z:—zo<Rez<wo}. There exists a unique
conformal mapping f and a unique number A>0 such that f maps S onto the
rectangle G= ( 1, 1)\) (——z —z) with f(T'g)= [ %)\f%i,f%)d-%i] and f(T'1)=
[% f»i —A—}— ] Notice that A=A(T"g,T'1,5). By repeated reflections f extends
to a conforrnal mapping of D onto the strip G :{z:] Im z| <%} Using the mapping
f one can easily estimate harmonic measures at 0 on D.

Proposition 6.2. Let DeB, and x9, A be as above. Then for all R>0,
(6.3) wp(R) > Ce PE,
where B=min(m/2xy, 7A/2xg) and C is an absolute constant.

We study now the conformal radius R(0, D) of a domain DcB,. Note that for a
simply connected domain D and for z€ D, R(z, D)=0(z,D)~'. Let D=D(xo)€B,.
We will compute R(0, D) as a function of xg.

Recall that S={z:—zo<Rez<zg} and A=A(To,T'1,S). The number A can be
explicitly computed using Proposition 2.10 and (2.6),

A \ 1—e~TWo/%o 1 5
(6:4) :4y<1+6‘”y0/m0) :21/(6*7@0/360)’ Yo=1/1—=5.

We will use elliptic functions (see [A]). Set k=e "V1~%8/% and k'=+/1—k2. The
function

65) fu(e)—iexp [_g__ V1-23) }

2I0
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maps S onto C, so that fi(0)=i/Vk, fi(zo—iv/1-23)=1, fi(zo+iy/1-32)=
1/k, fl (—1}0*7:\/ 1—:1)(2)):—1, f1 (—$0+i\/ 1—1‘% ):—1/k5

The Jacobi elliptic function g(z):=sn(z, k) maps the rectangle II=(—K, K) %
(0, K’) onto C, with g(—K)=-1, g(K)=1 and g(iK')=i/vk. Here

(6.6) K=K(k) 2/1(1—$)1/2(1—k2x2)1/2 dx,

(6.7) K’:K( /l—kz):/1(1_m)-1/2(1*(k/)212)_1/2d.”l}.

Hence the function F=g 'of; maps S onto II. By repeated reflections we
extend F to a function that maps D(xg) onto the strip S1={0<Im2z< K’} which
has conformal radius 2K’ /7.

So, for the conformal radius R(0, D):=0(0, D) ! of D at 0, we have
2K’ 1 2K’ 1 2K g (i/VE)]

m |[F'0) 7w (gt f)O) 7w [f1(0)]
2K (14+k)/[VE _ dao(1+k) K’
T w220k 2
In the computation above we used some formulae for the derivative of the function
sn(z, k), see [A, p. 208]. Since k and K’ are known functions of =g, (6.8) is the
expression we sought.

Using Mathematica we found the following result.

Let R(zg)=R(0, D(xp)). Then

R(0, D) =
(6.8)

(6.9) max R(zp) =1.39304.
zo€(0,1)

The computations of Mathematica suggest that this maximum is attained uniquely
for 2=0.4227. The computation of R(zo) gives an upper bound U< R(z)~* for
the univalent Bloch constant U. The best (approximately) upper bound we obtain
is /<1.39304 '~0.718 and this is worse (larger) than the upper bound U <0.6566
obtained by Goodman [Go}.

7. Harmonic measure and convergence of domains in B

Let {D,} be a sequence of domains in B and assume that D,,— D€, as n— o0,
with respect to 0, in the sense of Carathéodory. This means (see [P, p. 13]) that:

(i) For every z€D there exists an open set O that contains z and lies in D,
for all n>ng, ng may depend on z and O.

(ii) For €D, and each n, there exists ¢, €8, such that (,—¢, as n—oo.
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In this section we will study some problems related to the following question:
Let BoD,—DeB. Is it true that wp, (R)—wp(R)?

First we need a result of Baernstein [B2]. Let S be the family of all univalent
functions f:D—C with f(0)=0 and f'(0)=1. Let HP, 0<p<oo, be the Hardy
space on the unit disk (see [D]). For 0<p<1, H? is a complete, separable metric
space with distance function

(7.1) d(f.g)~ / " e —g(e )P db.

From the subharmonicity of f,—f in D, one sees that if f,— f in HP, then f,—f
locally uniformly in D. Baernstein’s result asserts that for 0<p<% the converse
holds, too. This follows from the following theorem.

Theorem 7.2. (Baernstein) For 0<p<3, S is a compact subset of H?.
Since this theorem is not published we include a proof taken from [B2].

Proof. By Holder’s inequality, it suffices to consider 2<p<i. For these p, by
a theorem of Feng and MacGregor [FM]|, we have

27 ) A
(20N D < P
(7.3) /0 | £ (re*)| dg_(l—r)&’*l’ 0<r<l,

where the constant A, depends only on p.
Now 3—1/p<1, if p<%. So, by an argument of Gwilliam [Gw],

(7.4) /027r |f(re®)— f(e)|P db < Ap(1—7)17%, Zap<i.

Since S is a normal family, compactness of H? follows easily.

Corollary 7.5. Let f, be a sequence in S and assume that f,—f locally
uniformly on D. Then

2
(7.6) im [ |fa(e?)—f(e)PdO=0, 0<p<j.

n—00

We will use this corollary to prove the following theorem. Its proof is also due
to Baernstein.
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Theorem 7.7. Let {D,}5%, be a sequence in B and assume that D,,—Dy€B
with respect to 0. Then for all >0 and R>0

(7.8) lim wp, (R) <wp,(R) < lim wp, (R—¢).

n-—00

Proof. Let f, be the function that maps D conformally onto D,,, n=0,1,2, ...,
with f,,(0)=0 and f(0)>0. By Carathéodory’s convergence theorem (see [P, p. 13})

(7.9) lim f,=fo locally uniformly on D.
n—00

So, by Corollary 7.5,

27
(7.10) lim [fr (€)= fo(e)PdO=0, O<p<i.

n—00

Fix O<p<% and let m denote the Lebesgue measure on dD. Since L' convergence
implies convergence in measure, (7.10) implies that for every ¢>0,

(7.11) T m({6:1f2() ~ fole)P > 2}) =0.

Now since (a+b)? <aP+b* for a>0, 6>0, we have

(7.12) {fulP 2 at+e} C{fn—fol? 23U {| o]’ > a}
and
(7.13) {IfolP > a} C{|fn—fol? 2 e}U{|folP > a—e},

for all >0 and all £>0. Since m({|fo|?>a})=wp, (a'/?), (7.11) and (7.12) imply

(7.14) lim wp, ((a+e)'/P) <wp,(a®/?).

n—0oo

Similarly, (7.11) and (7.13) imply

(7.15) lim wp, ((a~)Y7) > wp,(al/?).

n—>oG
Setting o!/P=R, we see easily that (7.14) and (7.15) imply

(7.16) lim wp, (R+e) <wp,(R) < lim wp, (R—¢).

n—oo
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The left-hand side inequality can be written as

(7.17) lim wp, (R) <wp,(R—¢).

T—>00

Now letting € —0, and using the fact that wp is continuous from the left, we obtain

(718) E wp, (R) SwDO (R),

n—0o0

and (7.8) is proven.

Remark. For DeB, wp(R) is not in general a continuous function of R. Tt
is, however, a decreasing function and so it can have at most a countable number
of discontinuities. It is easy to see that if D is a comb domain then wp(R) is a
continuous function.

Before stating the next theorem we need some definitions.

Definition 7.19. A symmetric comb domain is a domain D of the form

(7.20) D=C\ | J{zj+iy:lyl >y},
JEZ

where {z;};cz is an increasing sequence of real numbers and {y,}cz is a sequence
of positive numbers.

If, in addition, there exists d=d(D)>0 such that =41 —z;>d for all j€Z, then
D will be called a symmetric a-comb domain.

Definition 7.21. A domain DCC will be called convex in the y-direction, if for
all zeR the set Dy={z+iy:ye€ D} is connected.

We will use the following notation:

B, is the class of all symmetric comb domains that belong to B,

B, is the class of all symmetric a-comb domains that belong to B,

B, is the class of all domains that are symmetric with respect to the real axis,
convex in the y-direction and belong to B.

Recall that B, is the class of all periodic comb domains in B. With the above
notation we have B, CB, CB,CB..

In the next section we will study the harmonic measure wp(R), R>0, and
the O-exponent 8(D) of domains DcB.. Here we prove that any DeB, can be
approximated in the sense of Carathéodory by a sequence of domains in B,. More
precisely we will prove the following proposition.
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Proposition 7.22. Let DcB.. There exists a sequence {D,}CB, such that
D,,— D, with respect Lo 0, in the sense of Carathéodory.

Proof. For z€ D, let f(z)=sup{y:z+iyeD,;}. Tt is easy to see that if 7 is a
closed interval lying in RND, then either f(z)=+o0 for all €1, or there exists at
least one point x; €1 such that f(xr;)=mingcs f{z)<oo.

Fix an integer n>>10 and consider the intervals I, x=[k/n, (k+1)/n], k€Z. If
I,y CRND and f#+oo on I, 1, let 2, 4 be a point of minimum whose existence
was asserted above. Let also a=inf(DNR), b=sup(DNR).

The domain G,, is the symmetric comb domain whose boundary is defined as
follows:

Let Spx={2nr+iy:[y|>f(@nr)}, k=..—4,-2,0,2,4,....

If a=—o00 and b=+o00, then G, =/, Sn k.

If a=—o00 and b<+oc, then 0G,={J, Sn rU{z:Rez=b+1/n}.

If a>—o00 and b=+o00, then 0G,=J,, SnrU{2:Rez=a—1/n}.

If a>—o00 and b<+o00, then 0G,, =lJ,, Sn xU{2:Re 2=a—1/n or Rez=b+1/n}.

So we have constructed a sequence G, of symmetric a-comb domains. It is
easy to see that (i) DCGY, for all n and (ii) for all (€D there exists ¢, €0G,, such
that lim,,—« (»=(. Hence G,,— D, as n—co.

The inradius of G,, may be larger than 1, but the triangle inequality implies
that

(7.23) R(Gn <14 2.

Let D,=G,/R(G,). Then {D,}CB, and D, D, as n—co.

8. Domains which are symmetric and convex in the y-direction

We will use the results of the previous section to study the harmonic measure
and wp(R) and the f-exponent 3(D) for D€B,.. We will show that a certain domain
Dy B, has the smallest F-exponent among all DeB,. This extremal comb domain
Dy has an additional symmetry: it is a periodic comb domain defined as follows:

In Section 5 we defined the numbers oy and A¢ and we proved that (see Propo-
sition 5.21)

(8.1) Ao/ =6 < 3.

Let Dy=D(La), ie.

(8.2) D0:C\U{Z:Rez:%(2j~1)ao, | Im 2| 2./1—ag/4}.

JEZ
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From Proposition 6.2 it follows that

{8.3) Ce R <wp, (R).
Theorem 8.4. For all DEB,,

(8.5) wp(R) <Cwp,(R), R>0,

where C is an absolute constant.
From Theorem 8.4 and Proposition 6.2 we obtain the following corollary.
Corollary 8.6. For all Del,, ,B(D)zﬁ(Do)zw)\o/ag.

Remark. Since Ag/og=20.457443, Corollary 8.6 implies ﬁ(Dg)<%ﬂ'. This fact
disproves Bishop’s conjecture. A smaller upper bound for 0y will be obtained in
Section 9.

The rest of this section is devoted to the proof of Theorem 8.4.

Proof. The proof has three steps.

Step 1. In Steps 1 and 2 we prove (8.5) with the additional assumption DeB,.
The class B, was defined in Section 7. Let

(8.7) D:C\U{:cj+iy:|y|2yj}€l3a.
JEZ

We may assume that y; <1 for all jeZ. Otherwise, we replace D by the domain
D' obtained from D by deleting the half-lines {x;+1y;:|y|>y;} with y;>1. Then
DcD' and R(D')=L1.

We will construct a domain D* €8, that contains D and has additional prop-
erties. We may assume that z; >0 for j€Z* and z; <0 for j€Z~U{0}. The domain
D* is obtained from D by deleting certain half-lines of dD. It has the form

(8.8) D*=C\ | J{=+iy: vl >y} },
JEZ

where {z}};cz and {y;};cz are subsequences of {z;};cz and {y;};cz, respectively.
They are defined inductively as follows:

Set x¥=x1 and yF=y;. Let A;=D(£, 1) be the disk satisfying

(i) z1+iy1€0A,,

(i) £>as.
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By a simple argument (involving a renumbering of the sequence {z;};ez) we
may assume that A;N{z:Rez<€}CD. Then, since R(D)=1, there exists a finite
number of points z} <z?<...<z? in {z;}32, with £ <z} such that &) +iy] eclos Ay,
j=1,2,..., k1. We set :(;;:x’fl and ygzyfl.

Applying the same construction starting from z% and y3 we define the sequences
{zi 25, @y, Yz 320, {uth 95, -, YUy -} C {5132, and the sequence of disks
{A1,Ag, ..., Ay, L}

Similarly, working from right to left we define the sequences
{maﬁxilv 7xin> } - {xj};:ogv {y())k)ytb IR 7yin7 } - {yj 3,_:08

and the sequence of disks {Ag, A_1,...,A_,,..}.
By the construction the domain

(8.9) D*=C\ | J{z}+iy: vl > 5}
FEZ

is & comb domain in B,, contains D and satisfies

(8.10) {xj+iy;, 2 Fiyja ) Celosdy, jEZ.

Step 2. We continue to assume that DeB,. Let

(8.11) D=C\{zj+iy: vl 25}

We again assume that z; >0 for j€Z* and ;<0 for 5€Z~U{0}. Set dj=xj41—x4,
Ij={Rez=xz,}ND, S;={z:x;<Rez<z;i1}, jEZ

By Step 1 we may assume (by replacing D by D*) that for all j€Z, the points
z;+iy; and ;41 +iy;1 lie in the closure of a disk A; of radius 1 centered on R.
Now we may apply the solution of the extremal problem of Section 5 (Proposi-
tion 5.21) to get

A )
(8.12) Al T4, 85) > a—z(xnl—xj), j€Z.
Let R>10 and Dr=DnN{|z|<R}. Let E; be the component of DN{|z|=R}

that intersects R* and let Ey be the component of DN{|z|=R} that intersects R~.
Let k be the largest positive integer with the properties 2y <R—1 and

(8.13) clos By N{zg+iy: Jy| > yi } #0.
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Since R(D)=1, it follows that

(8.14) R-3<zy, <R-1

Then, by the maximum principle,

(8.15) w(0, By, D) <w(0, T, D).
Similarly we have

(8.16) w(0, B2, D) <w(0,Ty, D),
where k' is the smallest negative integer with the property
(8.17) clos ExN{zw +iy: |yl >yw } 70

Next let A;={|z|=R}NSY;, k' <j<k—1. The set A; has two components.

Claim 8.18. The harmonic measure w(z,Aj,D)SCe_“(”f_l)/df, 1<j<k—-1,
where C is an absolute constant, z€T'; and uj:min{lmz:zeA;T}:(Rz—x?+1)1/2.

Proof. By the maximum principle it suffices to prove that
w(kdj+i, A3,Q) < Cems—D/d;,

where Q=C\{iy:y>1}\{d;+iy:y>1} and Af={z+iu;:2€[0,d;]}. By Beurling’s
inequality (2.15)
w(kd;+i, A3,Q) < Ce™™ (0450,

where y={z+i:z€[0,d;]}. But A(y, A},Q)=(u;—1)/d; and hence the claim is
proven.

Next, let
(8.19) w;j=w(0,4;,D), K+1<j<k-1
By the strong Markov property (Lemma 3.7)

(8.20) wj <maxw(z, A;, D)w(0,T;, D).

zcl;

By Beurling’s inequality (2.15) and the subadditivity property of extremal distance
(see O, Theorem 2.10])

(8.21) w(0,T;, D) < Ce ™ T0.T3.D) < (1= Ximo MnTng1.80)
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Using (8.12) and (8.21) we obtain
(8.22) w(0,T;, D) < Ce~™o(@i—w0)/a0_

Claim 8.18, (8.29) and (8.22) yield

1 .
(8.23) w; < Cexp (— m(y;—1) — mhoT; ) ,
dj ap

with an absolute constant C. Recall that §=nAg/ao. Then (8.23) and the fact
zj1—x; <2 give for 1<j<k~-1,

—1
wy §Cexp(—6wj w(ugl )> <C’exp< (52334_1-2(%—_—2)
] J

1
:C’exp(&(xk Tjp1— :vk)—di) C exp(— (59:k)exp(6(:ck-a:3+1) W—(%Jl-—l)
7 j

< Cexp{—dR) exp (5(mk —Zjy1)— m%j—)) ,
]
where we used (8.14).
Now z? ,+u5=R*. So ;41 +u;j—1>R—1>z;. Hence
- m .
(8.24) w; <Ce 6Rexp(—(xk—xj+1)((—1;—6)), 1<ji<k-1.

Similarly we show

(8.25) w; < Ce™F exp(—(mkr —Tj 1) (%—6)), EF+1<j<—1
3

For [=0,1,2, ..., let

(826) Jg:{j21253$;§*1—$3’+1 <l+1}

Then

(8.27) Zw3< ZwJ+ZwJ+ZZwJ
j€Jo je 1=2 jeJ;

Let meZ™* be such that R—7<x,, <R—>5. By Beurling’s inequality (2.15), the
subadditivity property of extremal distance (see [O]), and (8.12)

(8.28) Z wi+ Z w; Sw(o, Lo, D) < Ce—vrA(I‘n,I‘m,D) < Ce~™oR/a0 _ 1 ,—6R
j€Jdo JEJL
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By (8.27), (8.28) and (8.24) we get

k-1 o
j‘;wj < Ce OR ; ; exp(—(xk_l —L;p1) (% _5)) +Ce OB
(8.29) - jed
<Ce " Z Z e~ ln/d;=6) | 1p—6R
=2 jeJ

=l(r/d;—

Now we will estimate Y >, > jea € %) by an absolute constant. We need the

following lemma.

Lemma 8.30. Let f be a positive function, convez, increasing on [0,2] and
smooth on (0,2). Assume also that f(0)=0. Let

N
(8.31) gldy, da, .., dn) = f(dy).

Then the marimum of g under the conditions dy+da+...+dn<2 and d; >0 for all
j=1,2,...,N is attained when d;=2 for some j.

"The proof of the lemma, follows easily from the theorem on Lagrange multipliers.

We apply the lemma to f(z)=exp[—{(r/x—5)]. Note that > . ; d;<2. It is
easy to check that f satisfies the other conditions of the lemma if [€{2,3,...}. So
we have

(8.32) D et/ <m0 =23,
j€d

Therefore, since §< %71',

(8.33) i Z e~ ln/di=6) < i elr/2-8) <
=2

=2 jeJ;

for an absolute constant C.
Now (8.29) and (8.33) give
k—1
{8.34) Zw}» <Ce R,
j=1

Similarly we use (8.25) to find the estimate

k—1
(8.35) Y wy<Ce R,
=K'
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Also wy<Ce . This follows from Claim 8.18 and the fact /dp>3m>6. Hence

k—1
(8.36) &p(R) <w(0,E1, D)+w(0, By, D)+ Y w; <Ce °F.
=K'

Recall now that

(8.37) Dy=C\ U {z:Rez: 5(2j—Dag, [Imz| > \/1—04%/4}.
JEZ

By Proposition 6.2

(8.38) wpy(R) > Ce ™ oftfa0 — Cp=0R,

The inequalities (8.36) and (8.38) imply

(8.39) wD(R) < CUN.)D(R) <Cuwp, (R), R>10.

This holds actually for all R>0.

Step 3. In Steps 1 and 2 we have assumed that DeB,. Here we drop this
assumption.

Let DeB, and consider a sequence D,, in B, which converges to D, in the sense
of Carathéodory. The existence of such a sequence was proved in Proposition 7.22.
By Step 2 we have for all n and R

(8.40) wp, (R) <Cwp,(R).
By Theorem 7.7 and (8.40) for each >0, we have

(8.41) wp(R) < lim wp, (R—¢e)<Cwp,(R—¢).

nN—00

Now since Dy is a comb domain, wp, is continuous. Hence, letting e —0 we obtain
(8.5) and the theorem is proved.

9. Parasymmetric comb domains. Upper bound for Gg

As we saw in Corollary 8.6, By<mAo/ap<0.467. Now we find a better upper
bound for .
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i

Figure 3. The parasymmetric comb domain D(z1).

Definition 9.1. A parasymmetric comb domain is a domain D=D(z1,y1) of
the form

D= C\(U {2kz1+iy:y >y JU U {@2k+1)z1+dy:y < —yl}),
keZ keZ

where x1, y; are positive numbers.

A parasymmetric comb domain D(x1,4;) belongs to B if and only if z; €(0,1)
and y1:%(1+\ﬂfﬁ). Thus the parasymmetric comb domains in B form a one-
parameter family. We write D=D(z1) when DeB.

We extend each half-line of #D(z) and obtain a decomposition of D(x1) into
an infinite number of vertical strips. Let S={z:0<Rez<z1}, A={iy:y<y:} and
B={z,+iy:y>—1y1}. We compute the extremal distance A=A(z1)=A(4, B, 5).

Lemma 9.2. Let A, B, S be as above. Then A=4v(®), where ®=(x1)=
(1+e—7r(m+1)/w1)*1/2'

Proof. We map S conformally onto the upper half plane C,. A function that
does this mapping is f(z)=e~""(=21)/21 Then f(A)=[-e™/*1,0] and f(B)=
[e~™1/%1 400). By conformal invariance of the extremal distance we have (see 2.3)

e—TY1/®1 + e /1

. emy1/T1
(9.3) Mz1) = A(f(4), f(B),C,) =4y< )

=4v((1+e 2™ /=)~ 1) = 41(P(x1)).
Next we consider the following extremal problem: Find

(9.4) min (xl)
21 €(0,1) 27

D
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Mathematica gives

(9.5) min A1)

—=0.428517,
z1€(0,1) 1

and this minimum is attained only for z;~0.660895=:2*. We will not provide
a proof of the existence of the minimum. Below we will only use the fact that
A(0.66)/0.66~0.428517.

For k€Z, let Ax={2kx*+iy:y<y*} and Bp={(2k+1)z*+iy:y>—y*}, where
y*=1(14+/1—(2*)2)=0.875239. The sets Ay and By are vertical crosscuts of the
parasymmetric comb domain D*=D(z*).

Claim 9.6. We have
Alz*)

m*

(9.7) B(D*) <

Proof. We could prove this claim by using a conformal mapping obtained by
repeated reflections. Instead we give a proof based on Lemma 2.17.

Let R>100. Then z*k<R<(k+1)z* for some k€Z*. We assume that k is
even. The case k odd is treated similarly.

Let Er be the component of D*N{|z|=R} that intersects R*. It is obvious
that for all (e Eg,

(9.8) w(¢, {12 = RYnaD*, D7) > §

for some 6>0. So the strong Markov property (Lemma 3.7) gives

wp(R) [ w(0.d¢, D\Eru(C. 2] 2 R)n9D", D7)

9.9)
25/ w(0,d¢, D\ ER) = 6w(0, Eg, D).
Er

By the maximum principle
{9.10) w(0, Eg, D} > w(0, By, D) >w(0, By, Dx),

where Dy, is the component of D*\ Bi\ B_j, that contains 0.

Now we apply Lemma 2.17. We map Dy onto D so that 0 goes to 0 and Ap
goes to [—i,i]. Since R>100, By is mapped into {e*:t€[—gm, $7]}. So we may
apply the lemma with I'y = Ay and obtain

(9.11) w(0, By, Dy) > Co—m™\(A0,51.D") 5 (rg=mAB-1, 51 D7),
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By symmetry we have
(9.12) A(B-1, B, D*) = (k+2)Mz*).
We combine (9.9), (9.10), (9.11) and (9.12) to obtain
(9.13) wp(R) > Cre~Er2AE") > Cye FmAE) > Gpe ™ @R/

with absolute constants, which implies the claim.
Thus we obtain the following upper bound for Gy.
Theorem 9.14. We have 87<1.34622<0.42867.
Conjecture 9.15. It is true that Go=p(D(z*)).

Remark. (1) R. Goodman [Go] constructed a domain G€B which is important
for some extremal problems involving conformal radius, the first eigenvalue of the
Laplacian and the expected lifetime of Brownian motion, see [Go] and [BC]. We have
proved that the S-exponent of G satisfies the inequality (@) > log 2~0.6937 > —é—w.

(2) By disproving the conjecture of Bishop, we showed that the strip S of width
2 is not an extremal domain. However, S is the extremal domain for the following
problem: Find inf{3(D):DeB and D is convex}. This fact can easily be proved by
using an old theorem of Szegd (see [BC]).
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