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Continuity and differentiability of Nemytskii
operators on the Hardy space H11(T?)

John F. Toland

Abstract. Let H1'1(T!) denote the Hardy space of real-valued functions on the unit circle
with weak derivatives in the usual real Hardy space H!(T!). It is shown that when the weak
derivative of a locally Lipschitz continuous function f has bounded variation on compact sets the
Nemytskii operator F, defined by F(u)=fou, maps H!'}(T!) continuously into itself. A further
condition sufficient for the continuous Fréchet differentiability of F' is then added.

Introductory remarks

Let L'(T?!) denote the Banach space of real-valued Lebesgue integrable ‘func-
tions’ on the unit circle T'=R/27Z and let Llog* L be the linear space of functions
v for which |v]log(1+|v|)€ L*(T?!). For ve L}(T?!), let Cv denote the Hilbert trans-
form of v, also known as the function conjugate to v, whose value at z€T? is given
almost everywhere by the Cauchy principle value integral

Colz) 1 /" z(y) dy 1 /" v(z—y) dy
2

"o ), tan(X(z—y)) = 27 J_n tan(y)

A function v€L!(T?!) is said to be in the real Hardy space H!(T?!) if Cve L}(T?)
and, for ve L}(T!), Zygmund’s lemma implies that |[v|€H!(T') if and only if ve
Llog™ L. (Zygmund’s lemma [6, Vol. I, VII, (2.8) and (2.10)] states that if u>a>
~o00 and u€H!(T!) then u€ Llog* L.) The Hardy space H'(T") is a Banach space
with the norm |Ju||3 11y =lull L1 (1) +|Cul| L1¢T1).

Let f:R—R be a function and define a Nemytskii operator [4] F on spaces of
functions u by F(u)= fou. (Nemytskii operators are sometimes called superposition
operators [1], [3].) The mapping v+~ |v| is a Nemytskii operator which maps L!(T*)
to itself but does not map H!(T?) to itself.

Let H'1(T!) denote the Banach space of all real-valued absolutely contin-
uous functions u on T! for which v'€H(T"'), where the norm is |ullyr.1(r1y=
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lull22 (1) + 11w’ |32 (1) In [2, Remark 1, p. 200] Janson used TH(T?) to denote our
space H1'}(T!) and observed that a Nemytskii operator F maps I H(T!) into itself
if and only if f is locally Lipschitz continuous. (In fact Janson’s proof yields the
stronger result that a Nemytskii operator maps H!'1(T?) into the space W11(T?!) of
absolutely continuous functions on T! if and only if f is locally Lipschitz continuous,
in which case it maps H}(T?) into itseif.)

Here we are concerned with sufficient conditions for continuity and differen-
tiability of F on H»!(T'). Marcus and Mizel [3] have shown that any Nemytskii
operator from W'1(T?) to itself is continuous. While it is not clear whether such
a result holds for H'1(T!), we will see that f’ being locally of bounded variation
ensures that F maps H1'(T!) continuously into itself. (In particular, u+ |u| maps
HY(T!) continuously into itself.) We also show that if f” is locally Lipschitz
continuous then F' is continuously Fréchet differentiable on #!*(T?).

The present remarks arose as a natural extension of observations, motivated by
questions about functions on the unit disc. in the case f(t)=3t* [5]. Recall that for
veH!(T') the complex-valued function v+iCv can be interpreted as the boundary
values of a holomorphic function V' on the unit disc D in the complex plane. It is
well known [6] that the image of D under V is a connected set, the boundary of
which has bounded variation (v+iCv has bounded variation on T} if and only if
v+iCv is absolutely continuous. This in turn is equivalent to the fact that v/, the
weak derivative of v, is in H!(T?) in which case (v+iCv)' =v'+iC(v).

The treatment here, which is independent of [2] and {3], is self-contained and
elementary.

Continuity

Suppose that f is a real-valued function on R which is locally Lipschitz (Lip-
schitz continuous on every compact interval) and u is an absolutely continuous
function on T!. It follows from first principles that the composition fou is abso-
lutely continuous on T!. Therefore, for almost all z€T?, the classical derivative of
fou at z exists. Note also that f is differentiable at t for almost all ¢€R. Suppose
now that t€R is a point at which f is not differentiable and suppose that u{z)=t.
Then if u is differentiable with non-zero derivative at z it is easily verified that fou
is not differentiable at z. From these observations it follows that, no matter what
finite value is assigned to f'(t) at points ¢t where f is not differentiable, the formula

(1) (fou)'(x) = f'(u(z))u'(x)

holds for almost all z€T?, where ’ denotes the classical derivative at points where it
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exists. This formula also gives the weak derivative of fou almost everywhere on T"!.
(The example f(t)=|t| and u=0 illustrates the point discussed in this paragraph.)

Now consider the case when f is convex. At each point teR, let f;(t) repre-
sent the right derivative of f at ¢t. The right derivative always exists and is finite
because of convexity, and coincides with the classical derivative almost everywhere.
Moreover, at points where the classical derivative f’ exists, t— f (¢} is continuous.

If, more generally, f’ has bounded variation on every compact interval I, or
equivalently if f is the difference of two convex functions on I, the right derivative
f1(t) is well-defined for all t€R.. In this case we write f€ DC and put f'=f} in (1).
If u is absolutely continuous and f€ DC we see from the above discussion that, for
almost all z€T!, the function G(u): T! xT! =R defined by

(2) Glu)(z, y) = f(u(y)) - f(u(x)) - £ (u(@) (u(y) - u(z))

is differentiable with respect to y at y=z, and (98/9y)G(u)(z,y)|y=- is zero for
almost all values of z. The following slight variant of the dominated convergence
theorem will be useful.

Lemma 1. Suppose for a sequence {(gn,hn)}3%, in L} (T')xLY(T?!), that
|gn| <h, almost everywhere. Suppose also that there exists (g, h)€ L*(T?)x L}(T?)
such that every subsequence {(gn,.hn. )}, of {(gn,hn)}5=, has a subsequence
(also denoted by {(gnshny)}is;) with (gn,, hn,)—(g,h) pointwise almost every-
where and [*_hy, de— [7_hdz, as k—occ. Then g,—g in L(T?). In particular,
if the hypotheses are satisfied with g, =h,,, then h,—h in L'(T?!).

Proof. Suppose that g,/g in L'(T!), as n—o00. Then there is a number «
and a subsequence with ||g,, —g||z1¢r1)>a>0 for all k. From the hypothesis we
may assume that (gn,, hn, ) — (g, k) pointwise almost everywhere. Hence, by Fatou’s
lemma,

v kg
/ 2hdr < lim inf/ (h+hn, =|gn, —9]) dz
. k—o20 —n

™ ™
=/ 2hdx+liminf—/ |gn, — 9| dz.
—r k—oc —
It follows that 0<— limsup;,_, o |gn, —gll L2 (11) £ =<0, which contradiction proves
the claim. [

Recall the properties of C and of integrability-B, which is defined in Zyg-
mund [6].

(i) That v,—v in L}(T?!) implies that a subsequence Cv,, —Cv pointwise al-
most everywhere.



386 John F. Toland

(ii) For ve L*(TY), |Cv|lP'e L}(T?) for all p€(0.1), where tPl=min{t,t*} for
t>0.

(iii) If ue L*(T?!) then u is integrable-B and the two integrals coincide. (We
write this as [ udr=(B) [7 udz.)

(iv) If ue L(T?') then Cu is integrable-B and (B) f”_Cudz=0.

(v) If » and v are integrable-B, then u+v is integrable-B and

(B) /7r udz+(B) /7r vdx =(B) i (u+v)dz.

The key is the following observation.

Proposition 2. For ve L}(T!), veH!(T') if and only if the positive part of
Cu is in L}(T1).

Proof. The ‘only if’ part is clear from the definition of #!(T!). Suppose that
veL!(T!) and that u=(Cv)*€L!(T!), where w*(z)=max{w(z),0} for any func-
tion w. Then u—Cv>0 almost everywhere. Therefore, for all p€(0, 1), (ii)-(v) give
that

/ i (u—Cv)lPl de = (B) i (u—Cv)¥#l dz

-7

S(B)/1r (u—Cv)d:c-——(B)/7r ud:c=/7r udz.

-7 -7 -

When p_ 1 we learn from Fatou’s lemma that u—Cv€L!(T?). Since ue L}(T?),
the result follows. O

Remark. A trivial consequence of this observation and Zygmund’s lemma is
that if u€ L'(T!) and Cu>a for some a€R, then CueLlog* L. O

For any absolutely continuous function u and f€DC, let F(u) be defined for
almost all z€T! by

3) F)(z) = fi (u(x))Cu'(z) —C(fi (w)u') ().

Proposition 3. Suppose that f is convex on R and u is absolutely continuous
on TY. Then F(u)(x)>0 for almost all z€T*.

Proof. Let z be a point at which the partial derivative of G(u)(z. y) with respect
to y at y=r exists and is zero. From (2) and the convexity of f, G(u)(x,y)>0 for
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all yeR. Therefore, by definition,

T (filu(x) = fL(w(y ) (y)
o tan(3(z—y))

™ (9/0y)G(u)(z,y)

27{ -7 tan( (x—y))
_ 1 [ Gu)(z.y)
CAm g sin? (Y (z—y))

fi<u<x))c’u'(x>—c<f:<u>u'><x)=al;

dy>0. O

Proposition 4. Suppose fe DC. Then foue H1Y(T!) for all ue H'}(TH).

Proof. Suppose that u€H!(T!). Then there is a compact interval I such that
u(z)€l for all zeT!. Since f€ DC it suffices to restrict attention to the case when
f is convex on R. Since u'€H!(T") and

C(f1 () = FL{u)Cu' — F(w).

we find, from Proposition 3, that (C(f(u)u’))*€L!(T!). Hence f(u)u'eH}(T*),
by Proposition 2. However f;(u)u’ is the weak derivative of f(u). Hence f(u)e&
HEHTYH., O

Remark. Suppose that u€ H!'1(T!). Then it follows from elementary calculus

<3 [ W@l

that

(4)

u(:t:)—§17—r /7r u(z) dz

-

and therefore

/uCu’d:rS%”u”%tl.l(Tx). veH"(T!). O

-7

Corollary 5. For ucH“!(T?)

u(z) ~u(y) )2 / RPN P
0= & dydr= Cu' dr < Z||lul|31p1y-
_SW/_W/_,T(sm (A (a-v)) yar= | utt z < Sllullp e

Proof. This follows from taking f(¢)=3t? in the proof of Proposition 3 and
integrating over [—m, 7], using Proposition 4 and the preceding remark. [

Next we have the following result.
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Corollary 6. H'!(T?!) is an algebra in which multiplication is continuous.
Proof. Let f(t)=34t?, t€R, in Proposition 3. For ue H'!(T") let
0< Qu(z) =u(x)Cu'(z)-C(uv)(z), z€T.

Hence (C(uu'))* <|uCu'| and that ||(C(uu’))*||Lr(11) < §l|ullFpr 1y follows. Since
JT_C(uu')dz=0 it follows that NC((@®))lLr ¢ty S2lull3gn(xr)-  The result fol-
lows. O

Let WH1(T?) denote the Banach space of real-valued absolutely continuous
functions on T' with norm ||ulfy 1. erry=|ul L2 ¢ty + w21 (1)

Remark. When f is locally Lipschitz, the Nemytskii operator F maps W11(T?)
continuously into itself [3], but a simpler result is sufficient here; for completeness
we include the proof.

Lemma 7. Suppose that fEDC. Then F:WY(T!)—>W1(T?) is continu-
ous.

Proof. Since f€DC it suffices to consider the case when f is convex on R. In
this case, by our earlier discussion, (F(u)) = f1 (u)u’ almost everywhere. Let u,—u
in WH(T?). It suffices to show that f/ (u,)ul,— f1(u)u’ in L}(T?!). Since ul,—u’
in LY(T') and f! is bounded on bounded sets, it is enough, using Lemma 1, to
show that every subsequence { f} (un, )uy,, }32, of {fi (un)u,}3, has a subsequence
which converges pointwise almost everywhere to f! (u)u’.

Every subsequence of {u;,, }3%, has a subsequence (also denoted by {uj, }32;)
which converges to u’ on a set U of full measure. Let ECU denote the set on which
u' exists, let Eg={reE:u/(z)=0} and let E;=E\Ey. Clearly f|(un,(z))u,, (z)—
0= f(u(x))u'(z) for z€ Ey. Moreover, the earlier discussion ensures that f'(u(z))
exists for almost all € E1. Therefore, for almost all z€ E, the function t— f! (¢) is
continuous at t=wu(x). Hence f (un, (z))u,, (z)— fi(u(x))u'(z) at all such points.
We have shown that f{(un, (z))u, (z)— fi(u(z))u'(z) for almost all zEE. Since
E has full measure this completes the proof. O

Proposition 8. For feDC, the Nemytskii operator F: HV'(T!)—H 1 (T?)
18 continuous.

Proof. As with the proof of Proposition 4 and Lemma 7, it suffices to prove the
result for convex f. Also, by Lemma 7, it is now enough to show that C(f} (u,)ul)—
C(fi(u)u') in LY(T*), as n— 00, where {u,}22, is a subsequence of a sequence con-
verging to u in 11 (TY). Let gn=(C(f.(un)ul))* and let 0<M =sup{f} (un(z)):
z€T!, neN}<oo. Then by Proposition 3,

0 < gn = (C(fi (un)up))™ <|f1(un)Cup| < M|Cuy|
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almost everywhere, for all n. By Lemma 7 and (i), every subsequence of {g,}32,
has a subsequence which converges almost everywhere to g=(C(f}(u)u’))*. Let
subsequences be indexed by n and let h,, =M|Cu/,|. Then h,—h in L!(T!), where
h=M]|Cv/|. Now an application of Lemma 1 shows that g,, —¢ in L!(T!). By Propo-
sition 4, C(f} (un)ul,)€L(T?) and has zero integral (by (iii) and (iv)). Therefore
for a subsequence of the negatlve parts, (C(f}(un)uy,)” = (C(f}(u)u')~ almost eve-
rywhere and ["_(C(f} (un)up,)™ dz— [7_(C(f.(u)u')" dz, as n—o0. The result now
follows from the last statement in Lemma 1. O

Remark. From the preceding proof it follows that if f is convex,

i 7"
| ew@ide<e [ if @) @)
and therefore that F maps bounded sets into bounded sets in #*-*(T!) when f’ is
locally of bounded variation. O

By contrast with the mapping u+ f (u)u/, which is continuous from W1!(T?)
to L'(T?!), we now show that ur—s f’ (u)Cu' need not be continuous from H(T?)
to L*(T!). (As a consequence of this remark and Proposition 8, F: HV1(T!)—
L'(T!) is well defined but not necessarily continuous when f€DC. If, in addition,
f’ is continuous then it follows from Proposition 8 and the dominated convergence
theorem that F: H!(T?)— L!(T"') is continuous.) First a simple observation.

Lemma 9. Let u:T'>R be a non-negative smooth function which is zero
on an open interval I, but not identically zero. Then for all z,yel with x>y,
Cu(z)—Cu(y)<0. In particular, Cu'#0 on I.

Proof. Let x>y, x,y€l. Then, since u=0on I,
1 (™ u(z~2)—uly—2) / (8/02) [, u(t) dt
C -C = = —
u(z)—Culy) or ), tan(% ) dz o tan(éz) dz
G .

Cu(t)
47T o sm2(%z)

dz<0. O

Proposition 10. Suppose that f(t)=|t|, teR. Then F:HV(T!)—»LY(T!) is
not continuous.

Proof. Let ucH1(T!) be as described in Lemma 9 and let veH'(T!) be
a non-negative, smooth function which is non-zero and has compact support in I.
Now for z in the support of v and >0,

(i (utev)C(u+tev)], =sgn(e)(Cu'(z)+eCV (x)).
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The result now follows since Cu’#0 on the support of v, by Lemma 9. This shows
that wr f! (w)Cw’ is not continuous from H!(T!) into L!(T!) which, by Propo-
sition 8, is equivalent to the required result. O

Remark. We finish this section with a useful inequality. Suppose that f is
convex and that there exists 0<a <23 such that a(a—b)?><(a—b)(f}(a)—fiL(b))<
B(a—b)? for all a,beI={u(z):x€T'}, where ucH!(T!). Then

0<a / uCu' dz < fiw)C' dz<B [ uCudz.

- -7 —m

To see this simply note by symmetry and the proof of Proposition 3 that, for all
zeT!,

f+(U(:L°))CU( ) dx [f+( (@))Cu(z)—C(fL(uw)u')(x)] dz

"I /_" /_,r sn?(U)(; yy))) dy d

™ G(u)(x.y)+G(u)(y. x)
“8r /_,r - sin ( y)) dydz
(

-1 (fi( fi(w(y)) (u(z) —uly))
"~ 8n /—7r - sm2(% r—y)) dy dz.

This identity in the special case when f(u)=3u? (see (5)), and the general case when

f4 satisfy the hypotheses of this remark. combine to give the required result. [

Fréchet differentiability

Suppose now that f” is locally Lipschitz. We will show that the Nemytskii
operator F is continuously Fréchet differentiable on #!-'(T!). For ueH!}(T?),
the obvious candidate for the Fréchet derivative of F at u is the linear operator L,
defined by the product

Ly=vf'(u), veH“(T).
Proposition 11. When f” is locally Lipschitz the operator F on H'*(T?) is
continuously Fréchet differentiable and L,, is the derivative of F' at u.

Proof. For ue HV}(T?), f'oucH!'}(T!) depends continuously on u, by Propo-
sition 8. Hence, for veH'}(T'), the product vf'(u)eH'(T') depends contin-
uously on u,ve€HV(T?!), by Corollary 6. It remains only to show that L, is
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the Fréchet derivative of F' at u. In other words we have to show that when
an”Hl,l(Tl)—)O,

lim | F(utvn)— F(u)— Lyvall31 (1) _

0.
n—o0 ”Un”’H“(T‘)

It is easy to see, from the intermediate value theorem and the hypothesis on f, that
the mappings
ur—s f(u), u— (), ur— f'(u)Cu’

are Fréchet differentiable from H!'1(T?') into L!(T') with derivatives
6) v Wy, vr flapdot ), v (1 @C Yot @)C.

Therefore it suffices to show that the mapping u—C(f’(u)u’) is Fréchet differentiable
from HY!(T?) to LY(T') with derivative

v— C((f" (w)u'v+ f'(u)v").

However, because of the definition of F(u), given in (3), it suffices to show that
F:HLY(TY)— LY(T?) is Fréchet differentiable at u where, as in the proof of Propo-
sition 3,

™ Fue) =g [ —GlED g,

ar J_, sin?(L(a—y))

Note first that G(u)(z,y)=H (u(z), u(y)) where, by Taylor’s theorem,
H(a,b)= f(b)~f(a)—f'(a)(b—a) = § f"(£)(b~0a)?

for some £ between a and b. Let

H(a,b) .
ha.b) = { o—a)?’ if a #b,
1f"(a), ifa=b.

Then h is continuous on R?, and continuously differentiable on the open set where
a#b. At such points

Ohy _H{a,b)—H(ba) _1f"00-f"(0)

b l(ap) (a—b)3 B azb x, ¢ € {a, b},
oh| _ H(ab)-3/"(a)(b=0a)* _ f"(6)—f"(a)
da (a,b)_2 ((,2__0)3 = b—a £€a,b].
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(Here [a,b] denotes the closed interval with end-points a, b, whether a<b or not.)
Since f” is locally Lipschitz, it follows that Vh is uniformly bounded on bounded
sets of points (a, b) with a#b. Note that for a#b,

Oh _ha,b)-hba) | Oh_ 2 .o
b s and === (h(a,b)—h(a,a)).

(8)

For definiteness in formulae later we use the convention that Vh(a,a)=(0,0). Now

H(a+a',b+b)—H(a,b)—2(a—b)(a'—b')h(a,b)—(a—b)*Vh(a,b)-(a’,b')
(9) = (a—b)?[h(a+a’, b+b')—h(a,b)—Vh(a,b)-(a’,b')]
+2(a—b)(a’—b)[h(a+a’.b+b) —h(a.b)]+(a’ —V)*h(a+a’, b+b').

When a=b and (d/,b')€R?, then
H(a+d ,b+b)—H(a,b) = (a'—b')%h(a+a’,b+V).
Now for a#b and (a',b')€R?2 let
k(t)=h(a+ta’,b+tb')—h(a,b)—tVh(a,b)-(a’,b"), t€[0,1].

Then k is Lipschitz on [0,1] and is continuously differentiable except possibly at
one point ¢€(0,1]. Therefore for (a’,b')€R? and a#b

Ki(a,b,a',b'):=h(a+a’,b+b')—h(a,b)—Vh(a,b)-(a’,b') =k(1)—k(0)

(10) :(a',b’)-/l(Vh(atha’,b+tb’)—\7h(a, b)) dt,
0

where

1
/(Vh(a+ta',b+tb’)—Vh(a.b))dt
Q

is bounded for (a, b,a’, ') in bounded sets in R*, and. by the dominated convergence
theorem, converges to 0, as (a’, ) — (0. 0). for fixed a#b. Let K1(a,b,a’,b’)=0 when
a=b and let

(11) Ks(a,b,d',b') = h(a+a’,b+b')—h(a,b) —»0. as (a’,b'),—(0,0),

uniformly for (a,b) in bounded sets.
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Therefore, by (9), for all u,veH(T?!) and z,yeT!,

H(u(z)+v(z)u(y)+o(y) - H(u(z). u(y)) —2(u(z) —u(y)) (v(z) —v(y) h(u(z), u(y))
= (u(z) ~u(y))*Vh(u(z), u(y))- (v(z), v(y))
= (u(z) ~u(y)) K1 (u(z). u(y). v(). v(y))
+2(u(z) —u(y))(v(z) —v(y)) K2 (u(z). u(y), v(z), v(y))
+(v(z) —v(y))*h(u(z) +v (). u(y) +v(y))-

It now follows, from Corollary 5, with (7), (8), (10), (11) and the domi-
nated convergence theorem, followed by an integration by parts, that F: H!1(T!)—
LY(T?!) is Fréchet differentiable at u with derivative

1 /" 2(u(ﬂﬂ)—u(y))(v(

L7 (u@)—u(y) (h(u ( ) ( ) —h(u(y). u(z)))
- sin?(1(z—y))
i /7r (u(z) —u(y)) (h(u(z), w(y)) —h(u(z). u(x)))
- sin?(3(z—y))
_ 17 (ule) —u()o(e) /" (u(e)) +o(y) (F (u(y) - f'(u(2))) ,
ir J_, sin? (1 (z-y))
=i/” (" (u(z))v(z) - " (u(y))v(y)w' (y) + (' (u(z)) - F(uy)v'(y) ,
27 tan(3(z—y))
u

xIr—
= [ (wpvCu’ + ' (u)Cv'[(z) ~ [C(f" (w)v') +C(f' (w)v")](@)-

v(y) dy

Y

In the light of (6), this is what is needed to conclude that F: H!'!(T!)—HV1(T?)
is Fréchet differentiable at v with derivative L,,. O
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