An H' multiplier theorem
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Introduction. Let H*(R%) and H(T% denote the usual Hardy spaces on
Euclidean space and the torus [18], [19, p. 283]. Given a function in H*(R?) its
Fourier transform is a continuous function on R? which vanishes at the origin.
Thus the transform may be integrable with respect to a measure which is singular
at the origin.

We have two main results. One is a characterization of all such measures and
the other is an application to random Fourier series.

1. Main results. Denote by A the integer lattice in R* and QF° the cube
{x€R?: ex;—&/2=x;<ex;+&/2} where a=(ay, ..., )€ A and &=0.

Theorem 1. Let p be a positive Borel measure on R*N{0}. Then

6] Supflfldﬂ<w
where the supremum is taken over all f in H*(R?) of norm 1 if and only if
2 sup (2 u(Q)H"? = .

Moreover, the corresponding suprema are eguivalent.

Corollary 1. Let {m,)},c 4, be nonnegative numbers and define a measure on R\ {0}
by u=2, .,m,0, where d,is a point mass at x=ao. Then

3) sup Slawol [0 m, < e

where the supremum is taken over all f in H*(T?) of unit norm if and only if u satisfies
condition (2).

Remarks. (a) For d=1, Corollary 1 is an unpublished result of C. Feffer-
man, see [1]. It contains in particular the classical inequalities of Hardy [9] and
Paley [13]. Theorem 1 is a generalization of this result.
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(b) Theorem 1 can easily be generalized by replacing the l-norm condition in
condition (1) by a p-norm for p=1. Corresponding to condition (2} is

(2) sup {Za;eo.“(Qi)z/z—p}z"pﬂp <o, l=p=<2
>0

sup ue = |x| =2¢)!P <o, p=z=2.
=0

The case p=2 is a result of Stein and Zygmund [20].

The space of functions of bounded mean oscillation (BMO) introduced in [11]
are naturally involved in this problem by means of Fefferman’s duality theorem
[6], [7). We restrict our attention to functions defined on the circle (d=1). The
following corollary is a consequence of this duality and a result in [5, p. 105].

Corollary 2. Let {m,}_ . be a square summable sequence of nonnegative num-

bers. The function f with Fourier series > m,e™ is in BMO if and only if condition
(2) is satisfied (for the corresponding measure p).

Theorem 2. There exists an [2-sequence {m,} with the property that 3 J,m,e™
is not in BMO for any sequence {A,} with |1,|=1 for all n.

Proof. Let ECZ™* be a Sidon set which is not a lacunary set, see [10]. It fol-
lows that there exists a sequence of nonnegative numbers {m,}€/? supported on
the set E which violates condition (2). Let f~ > m,e™ be the corresponding func-
tion in L2

By Corollary 2 fis not in BMO. If {4,} is sequence with |4,]=1 then there is
a measure u whose Fourier coefficients fi(n) agree with 4, on the set F [10]. Since
BMO is closed under convolution with a measure it follows that > 4,m,e™¢BMO.

Remarks. (a) The motivation for the last theorem is the well known fact that
the random L2-function is in L? for p<e [21]. Since BMO is contained in all
of the LP-spaces it is natural to extend this result. Theorem 2 provides a strong
counterexample to this conjecture. See also [16].

(b) The existence of the sequence {m,} could have been deduced from the
converse to Paley’s Theorem which was proved by Rudin [14], see also Stein and
Zygmund [20].

(¢) Another curiosity along the same lines is that a lacunary function (Hada-
mard gaps) in BMO has some continuity properties, namely, a lacunary function
in BMO is in the space of functions with vanishing mean oscillation (VMO) intro-
duced by Sarason [15].

2. Proof of Theorem 1. An atom a(x) corresponding to a cube Q is a measur-
able function supported on Q which has zero mean and is bounded by |Q|™* (|- |=
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Lebesgue measure). By a result of Coifman {3] the sufficiency of condition (2) will
follow if there is a ¢<<o with

4 f ldldu = ¢

for all atoms a.

Part of (4) is straightforward. If a is an atom corresponding to a cube of side
length & then by a well-known estimate [4(y)|=c|y|6 for y in Qf where e=5"1.
Here c is a dimensional constant independent of . Now it is not hard to show that
(2) implies

s—lfQ8 Ix|du(x) = ¢ (e >0)

and hence (4) will follow from

OF Srogg 1l A= c

where ¢ is related to a as above. This result is now easily seen to be a consequence
of condition (2) and the following theorem.

Theorem 3. There is a constant c<eo> Ssuch that if a(x) is an atom corresponding
to a cube with side length 6 and ¢=36""1 then

D supldl? = c.
Q5
Proof. We only prove the result for d=1. The general case involves an itera-
tion technique which is somewhat more complicated to describe. In addition, it
suffices to assume that ¢ is smooth and supported in the interval [—§/2, 6/2].
Fix an interval I of length ¢ and assume that f is continuously differentiable

on I It is elementary that sup, |f—b|=[,|f’| where b is the average [I|7'f,f.
Hence

1 ,
suplfr=2 [ [ 1fire f 177
Normalizing the Fourier transform so that | flly=] fll, we obtain

Zsuplar = 2[5 7 e 7]

1 po2 572 .
=2 [?f_m ]alz—l-s‘/'_(s/2 ]mealzdx]

from which the theorem follows.

Remark. The results in [2], [12] concerning the behavior of 4 follow from
Theorem 3.
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In order to prove that condition (2) is necessary we require some examples
of functions in H*(RY). The following lemma is sufficient for our purposes.

Lemma 4. Let g€L?(R%) and assume that $=0 on |yl=1. If f=gXsw1
then feH* and | fllgi=clgls. (Here Xy, is the characteristic function for the
unit ball centered at the origin.)

Proof. Assume that § is a C=-function with compact support in |y|=>1. Then
f is the convolution %X 8,1y and hence is a rapidly decreasing function which
vanishes in a neighborhood of the origin. Thus, fis in H*. If u¢BMO (R%) and
b is its average over B(0, 1) then by the Schwarz inequality

[} = [ su=b)]

_pp2 12
= clele{ [ g )

= cllgl:lullzumo-
The first inequality is a well-known estimate for X, B,y and the second a slight
extension of inequality {1.2) in [7]. By duality the proof is complete.
The proof of Theorem 1 will be complete once we establish the necessity of
condition (2). However, if (1) holds with suypremum 4 then from Lemma 4 we
deduce that

(5) [Tu(y+BO, ))J2dy = c42.

It follows easily that there is an M <e<o, >0 for which ..y u(Q2)*=cA® where
¢ is a dimensional constant., But then a dilation argument gives this inequality for
all =0 and (2) now follows in an elementary way. Thus the proof of Theorem 1
is complete.

3. Proof of the Corollary. The space H(T?) is th: subspace of H'(T?) con-
sisting of functions with zero mean. Given f€H*(R?) we define
Pf(x) = Xoea f(x+0).

Since f€L'(RY) we have PfcL(T% and by the Poisson summation formula it
follows that fla)=(Pf) () for a€A. Here the Fourier coefficients for functions
on T? are given for acA by

F(a) = de F(x) e~ dx

where T is identified with the d-fold product of the unit interval.
The proof of the corollary is an immediate consequence of the following theorem.

Theorem 5. P(H'(R?))=H;(T%.
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Proof. Let ¢ be a nonnegative rapidly decreasing function for which ¢ has
support contained in the open unit ball centered at the origin and ¢(0)=1. Put
@.(x)=ep(ex) for O<e<1. For a polynomial F(x)=> a, e let f,=F-q,.
Then f,c HY(RY) and f,(x)=a, for acA.

Claim. lim,_ o | £l i1 ey = Fll g1 (7a) -

We start with the easily derived fact that
©®) lim [ glod = [ gdx

for all continuous functions g on 79 Observe that [o,|,=1.
Let S;, R; denote the jth Riesz transforms on T¢, R?. Then by (6) we obtain

tim sup [+ 3418, 1] = | Flancrs
+limsup STIR; £, —(S; H) ¢l

so that we must show that the second term on the right is zero. Since F is a poly-
nomial it suffices to fix a€A4 with a0, put

he(v—0) = (v;/ Iyl —ajle) @, (y — o)

for some 1=j=d and show that lim,_|A.]|;=0.

Now @, is supported in the ball of radius ¢ centered at the origin. Thus, we
may assume that A, (y)=m(y)$.(y) where m is smooth, all derivatives up to order
d+1 are bounded by a dimensional constant, and |m(y)|=c|y|. The conditions
on m imply that |DA,Jl,=c where D ="ty 1+ .. +397Ydy"*L. Hence |k (x)|=
c|x|~@+Y. Clearly, lim,.q|A,];=0 so that lim,.,|l4]..=0 and thus the above
estimate implies that lim,_, ||4]l;=0. This proves the claim.

To complete the proof we fix F in Hy (T and note that there are polynomials
F,eHy(T% with 3| F,lgi< and F=> F,. Using the above we find f,€ H'(R?)
with | flljreey<e> and Pf,=F,. Thus, Pf=F where f=2f, is a function
in H1(RY). '

Remarks. (a) Theorem 5 is an extension of a result of deLeeuw [4], see Gold-
berg [8] for a similar result.

(b) A sharpening of the lemma is that given FEH,(T%) and &>0, there éxist
SEHY(RY with Pf=F and

I Fllasae = | fllmws = 14+ Fllayrs .

This is best possible since [[Pf|zn o<l fllg1ge in general.
(c) A similar argument to the above shows that P(L'(R%)=L}(T%.
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