On the zeros of a class of generalised Dirichlet
series— VI

R. Balasubramanian and K. Ramachandra

1. Introduction. This note is in the nature of an addendum to [3]. In [1] we
stated that if we follow the method of [3] by working with the auxiliary coefficients

A [l{) (where X=0, 1,>0) in place of the auxiliary coefficients Exp (——f‘;],

n

we get Theorem 1 below. The function 4 is defined for all y=0 by

24ico

—_— 1 w 4k+2 dW
A0 == [, A Exp (W) —,

where k is a positive integer which shall be a fixed constant. By moving the line of
integration to Rew=4 and Rew=—A we see that 4(y)=0(y") and also A(x)=
14+0(x~*) where A is any positive constant and the O-constant depends only
on k and A.

Theorem 1. Let 0<0<+ and let {a,} be a sequence of complex numbers satis-
fyving the inequalities
lagl = (3—0)" and |Zn_,a,|=(3-6)"N°
for N=1,2,3,.... Then the number of zeros of the analytic function ((s)+
in the region

oo —s
Z.pn=1 ann

IV
[IA
(A

o=i+2, T=t=2T
exceeds T(log TY ¢ for all T=T,, where ¢=0 is arbitrary and T, depends only
on 8 and e. The same lower bound also holds for the derivatives (say the I'® derivative

of the analytic function in question) provided T, is allowed to depend on | as well.

The proof of this theorem, with some generalisations, will be given in § 3. How-
ever in § 2 we prove by the method of [3] yet another theorem of a sufficiently gen-
real nature, namely.
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Theorem 2. Let {a,} be a sequence of complex numbers such that the first non-
zero a,is 1 and |a,|=(n+1)4, where A=1 is a constant. The numbers a, can depend
on the parameter T to follow but the first n say ny for which a, =1 should not depend
on T. Suppose 2. (la,*n™%) has a finite abscissa of convergence say 2o, and

n=1

00

o . . . . . 1
that 37 a,n™° can be continued as an analytic function' F(s) in the region azcx——z ,

T=t=2T, and there max |F(s)|<T* (T being a parameter =10). Then a lower
bound for the number of zeros of F(s) in the region referred to is T(log T)'*L2,
where ¢=0 is arbitrary, T=T,=T,(e, A), and

o ) a2 )]
(S E P p 4

s e 1
where oy, oy, 03 are constants satisfying 2a,=oy +0g, and oc—Z<oc1< g < 0lg <.

L=

It is further assumed the parameter X satisfying the following two conditions exists
and is defined, if it exists, by these conditions.

1 1
@ T104 = Y = T104
and
(ii) Dxsn=ox @2 = X4,
where

¢ = limsup {log (3 y=n=syla,l?)dog )7,

and n is a sufficiently small positive constant depending on oy, o,, 03. Moreover
d(n) is defined as usual by (*(s)=>"" (d(n)n‘s).

Lmin=1

Remark 1. It is convenient to call L2 as the loss factor. In the last remark
in part A of [3] we have stated the result with the loss factor L} where

net {ia,ziz n-2% (A (iYn—)]z]
(e

without proof. However the methods for obtaining this are sketched in sufficient
detail there. The method of [3] actually leads to the loss factor L2 and also to Theo-
rem 2 above. It should be mentioned that in the last remark in part 4 of {3] the

Lo:

condition %Z’,é ¥ 8,12 X* should read %Znéx Ja,|2=X 5,
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Remark 2. As a nice application we can point out that e¥T 3 p~Se 2T
where p runs through all primes has =>T(log T)'~% zeros in c=4—1078, T=¢=2T
for all large 7.

Remark 3. However if we apply Theorem 2 to {(s), >, (u(me T n™%) or
> en=r ((1)n™) we cannot get such a nice lower bound. We get the lower bound
T(log T)™°. Here as usual ({()) =", (umn~>).

Remark 4. Define d;(n) by (((s)Y=2",(d;(n)n"%). Then it is possible to
bring in the divisor function d;(n) (j=1 being an integer) or some such other func-

tions in the lower bound for the number of zeros. We mention a result in this direc-
i
tion. A lower bound for the number of zeros is T(log T)'"*(L,)’~%, where the

_J
loss factor (Ly)’~! is defined by

(o)) (355 (3))
a2 N1/2 a2 172
(a1 C)) (om0 E))

where the accent denotes the sum over any subsequence of {a,}, provided the con-
dition 5 _ . _ox 14,2=X°"" is satisfied (£ being defined as before). In particular
if |a,|=0 or 1 and 3, _, ..y 1a,/*>X, we have, by taking j=2, and the accent
to mean the restriction of the sum to those # for which d(n) lies between (log n)'°s2—*
and (log n)'°®**¢, (and using Hardy—Ramanujan theorem on round numbers
which says that almost all # have this property in an asymptotic sense), we get the
lower bound T(log T)™#~* where p=Ilog (‘45) Also another particular case
a,=d;(n) gives the lower bound T(log T)~/*+!=2

L=

2. Proof of Theorem 2. We use finite or infinite series of the type

oo XY, s
SAWE
(where the first n (say n,) for which 4,0 satisfies a, =1 and further 7, is independ-
ent of the range of s in question, and further a, can depend on 7 subject to T=¢=2T

and la,|=@+1)4, X=0, 0<%<11<22<13<..., O<%</1,,+1—}.,,<A for

n=1,2,3,...). We also use series of the type

ol o))
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where O<Y=X. We prefer to call these Hardy polynomials of the first type and
Hardy polynomials of the second type. Both these functions are not actually poly-
nomials but entire functions. We first prove that these functions assume “large
values on a big well spaced set of points”. Next from this result we pass on to a
similar result on the function represented by >~ , (a,4,). From this using Theo-
rem 3 of our earlier paper III of [2], we conclude that the function represented by
2 1 (a,A;%) has “enough zeros”. As stated already we follow the method of [3]

closely. We begin with

Lemma 1. We have,

1 por - = S
T_fT (2n=1A”A” t) (Zu:anﬂ’nt) dt
S (P .
= 37, AB 0 (5 (Sl (Sran B,

1
where 0<—Z</ll<12</12<... , l</1,,+1~/1,,<A, (where A is a positive constant ),

A
(n=1,2,3,..), {4,} and {B,} are two sequences of complex numbers (A,, B,, 4,
independent of t) such that both side make sense. Moreover the O-constant depends
only on A.

Remark. This lemma is the special case of an important theorem of Mont-
gomery and Vaughan. The special case is also important and for a simple proof of
this see [4].

X

Lemma 2. Let Fy(s)=2>", [anln_s 4 (/1

]] Then, we have,

1 por g g e ,1,,] a,|? [X] 2
TfT |F1(O'+lt)] dt = =1 [1+O[T ] }’5 4 T
Proof. Follows from Lemma 1.

Lemma 3. Let 1,=n. Then, we have,

1 T
Tf: |Fy (o +it)|*dt

[z Sy () o [ 3, A ()

[IA
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Proof. Put (Fy(s))*=27, B,n°. We have,

= s ()42
o (2] ous (2]
w4 (5)

From this and Lemma 1, Lemma 3 follows.

2

= d(1) S [

= S [ 4000,

Remark 1. For 1=Y=X=T put
a, X Y
ro =2z (5[0 ()~ ()}
1 2TF _2>1 2TF 12 dt
7/, B+inkz o [ IR+,

2T | oo Y
717 2z (D)

is small compared with the corresponding integral with Y replaced by X. The
same remark applies to the first power mean. As regards upper bounds, for

Then

provided

2

dt

% [37 |[Fy(s)|*dt for instance we have trivially the upper bound

|z 4(3)

Remark 2. A useful version of Lemma 3 (for example that which helps to gen-
eralise Theorem 2) for general A, is not known.
2
a,A ({) n‘z"J
n

From now on we assume T to be large enough.
a, A [X]

where X is as in Theorem 2, Then the number of integers M with T=M=2T—1

for which

4

16 16 it

IF1( It dt+—

2
Lemma 4. Let S,= [ ‘2"] and Sy=2"_, [d(n)

Ju R@Rdt = <5 S0, (s=o+it),

exceeds 1073T(S, S5 2.
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Proof. From Lemmas 2 and 3 we have
21 T 2T ;
fT |R@Pdt =S, and fT |Fy(s)[*dt < 2S2.

From the first of these results, we have,

, pPM+1 T
>, [FOPRd>55,,
where the accent denotes the omission of those integrals over unit intervals of the
form (M, M+1) (where M is an integer) which do not exceed _113 S,. The lemma

now follows by Holder’s inequality.

Lemma S. Let a—;11—<00<0'<a. Then the number of integers M with T=M =

2T—1 for which either
f::-{—l lF(O'0+il‘)l2dt > c0S2X-—2ao+2a’

r fZ+IIF(0'+it)]2dt>coS2, exceeds T(S,S5Y)%*(logT) ¢ for every £=0, and a
suitgble constant c,=0, for all T=T,(s).

Corollary. Suppose S, exceeds a fixed positive power of T. (This does happen
under the hypothesis of Theorem 2). Then there exists T(S,S;Y)*(log T)™* integers
Min T=M=2T—1 for which

M+1 N2 ,
[, |Fo+inPdt > c;S,,

where cy;=0 is a certain constant.

Proof. We have
— 1 w 4k+2 d
Fi(s) = 5— [ Fls+w) X" Exp(W )—W”

where the integration is over a vertical line where Re (W) is fixed to be large enough
and k is a large positive integer constant depending on ¢ and A. Let M be any posi-
tive integer given by Lemma 4. We now cut off the portion |[Im W|=(log 7) with
a small error and move the line of integration to such W for which Re (s+ W) =0,.
The residue at W=0 is F(s). We integrate the mean square of the absolute value
and get the lemma.

To deduce the corollary we start with

(FOP =57 JEOPExp (7 =9%+) s
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where the integration is over the rectangle R with sides Re W=g,, Re W=a large
positive constant and {Im W|==*(log T)®*. We now take the absolute values and
integrate from M to M-1. Every integer M satisfying the second alternative in
Lemma 5 gives rise to at least one integer M’ such that

f ;‘;’“ |F(oo+it)|2dt > ¢} S,
where c; is a positive constant and |M—M’|=(log T)*. This proves the corollary.

Lemma 6. The number of zeros of F(s) in the region {T =t=2T, o%a—%}
exceeds T(S,S;")%(log T)' =

Proof. By the Corollary to Lemma 5, there exist at least =+ T(S,S; )2(log T)~*
points {o,+it,}={s,} which are well spaced i.e. t,.;—2 =1, at each of which
[F(o,+it)| exceeds a fixed positive constant power of 7. But by Theorem 3 of paper
111 in [2] each such point gives rise to >>log T zeros and & being arbitrary this
proves the lemma.

Lemma 6 proves the result mentioned in Remark 1 below Theorem 2. We prove
Theorem 2 by imitating the same idea, but with the first power mean lower bound
and the mean square upper bound for F;(s). The rest of this section is devoted to
the mean first power lower bound. This once again follows the method of [3].

Lemma 7. Let Fy(s)=2" [a,,(d(n))‘ln-sA (%)] Then

n=1

M+1

2T = -
[, \EGld= SN[ IRG)d

M
=1 31 [ IRO RO,

where D=0 is a free parameter (to be chosen later) and the sum is over those unit
intervals I, for which max,;,, |Fs(s)|=0.
Proof. Trivial.

Lemma 8. We have,
21 max|F(s)|* = O(TS,S5)

ot (Y o), =3z a3

and o, and o, are arbitrary constants such that o,<o<0, and 20=0,+0,. Also
X is as in Theorem 2.

(dm)~tn- 2"2] ,

where S,= ,‘:":1[
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Proof. Let s, be the points at which the maximum are attained. We use

1 s dw
(Fo(s))! = 5= [ (Fs0))* 2~ Exp (w—s5?) .
where R is the rectangle bounded by the lines Re w=0,, Re w=0,, Imw=T—
(log T), Im w==2T+log T. Here Z is a free parameter to be choosen later. From
this taking absolute values and summing up with respect to i, we get,

4
2Zmax |Fy(s)]

= O(T(Z =T, +Z"~"J) +K)

oT+log T 1 p2T+loeT

where le—;-f r |Fy(ay+it)]*dt and J2=—T— . {F3(op+it)[*dt. Further

T—log T—log
K is small enough to be ignored for the choice of Z which gives Z%1=9J, =227,
The lemma now follows from Lemma 3.

Lemma 9. Put S,= ,‘,";1[

2
a, A ({—)l (d(n))‘ln‘z"]. Then with X satisfying

the hypothesis of Theorem 2, we have,
1 per
7/, VFO)ld1 = ¢ SH(S:5,8) 77,

where ¢, is a positive constant independent of T.

Proof. By Holder’s inequality the last lower bound in Lemma 7 is (on using
Lemma 8)

AT R@ E@Id0 (5 (5.5,507)
= 5|7 ROFO df|+0[§ (S5, 55)1’2]

T T
= D S$:1+0 (5‘2‘ (828, 55)1/2] s

on using Lemma 1. The lemma in question follows on choosing —é— to be a suitable

constant times S;(S;S;.S;) "2
Theorem 2 can now be deduced from Lemmas 9 and 2, just as we deduced the
result in Remark 1 below Theorem 2, from Lemmas 2 and 3. The result mentioned
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in Remark 4 below Theorem 2 can be deduced in the same way, but we have now to
work with the function

X
Fy(s)=2>" [a,,A [—;] (d(m)* n“s]
in place of F,4(s) and obtain an appropriate lower bound in Lemma 9.

3. Proof of Theorem 1 and generalisations. The notation of this section will be
independent of the previous sections. We now begin by explaining a special type
of Dirichlet series >, (a,b,A;") satisfying conditions (i) to (vii) below.

Let f(x) and g(x) be positive real valued functions defined in x=0 satisfying
() f(x)x® is monotonic increasing and f(x)x~° is monotonic decreasing for every
0=0 and all x=x,(5).

(i) lim, i(;—)= 1.

(iii) For all x=0, O<a=g'(x)=b and O<a§(g’(x))2—g(x)g’(x)§b where a and
b are constants.

Let {a,}, {b,}, {4}, {v,} be four infinite sequences satisfying the following con-
ditions. {a,}, {u,}, {v.} are bounded sequences of complex numbers of which {u,}
and {v,} are real and monotonic. We will set A,=g(n)+u,+v, and assume that
A,>0 for all n.

(iv) |b,| lies between af(n) and bf(n) for all n.

(V) For all X=1, 3y _, oy 1byi1—b,|=B(X).

We next assume that {a,} and {b,} satisfy one at least of the following two condi-
tions (vi) and (vii).

(vi) Monotonicity condition. Lim, .  x~*2> __ a,=h, where h is a non-zero con-
stant (which may be complex) and further |b,|2 % is monotonic decreasing for
every 6=0 and all n=ny(5).

(vii) Real part condition. There exists an infinite arithmetic progression of positive
integers such that if the accent denotes the restriction of the sum to these integers
then,

X oo

. 1
hm lnf (; Z;éln:éZx, Rea,>0 Re a,| = 09
and

. 1
lim (; 2;§ln§2x,Rean<0 Re an] =0.

X—> oo

Then we have the following Theorem 3.
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Theorem 3. Let Fi(s)=23"_, [a,,b,,A (TT-J ln‘s] . Then for o<+ and T=10,

we have,
71;1/?1'|F1(O'-i—it)]dt > ¢, TV~ {(T),

where c,=>0 is a constant independent of T.
Also for 1=X=T, we have,

L per had X ~o—i
7|2 a5 )

2
< ey (Z},ngx [a"b”}“;dlz‘{‘XT Zln%x Ianbnln—a—l/z[] ,

2

dt

where ¢3;=0 is a constant independent of T and X.

Remark 1. The first part of the theorem is nearly explained in [3]. The role of
F;(s) of §2 of the present paper is played by Fy(s) =2’j‘{"§ DT (b, 4,5 (where D,
is a certain positive constant and % denotes the sum restricted to the arithmetic
progression of condition (vii) if it is satisfied, or all positive integers # if condition
(vi) is satisfied), which possesses a gf& power mean with g=g(¢6)>2 if o<+ in

the sense % [3T |Fy(o+it)Pdt=0((T¥2=° f(T))%). This gth power result is easily

deducible from Lemma 6 of paper IV in [2], which is quoted in [3] as Theoremn 4.
T

The rest of the proof follows [3] except that Exp [——';,1) is replaced by 4 [/1—]

Remark 2. Let 6>0. Then RHS in the second inequality of theorem 3, is
n 2 X2 n 2
=c, [Zz,, éx(_fﬂgc;)—i— ?Zlngx —(i—z(a—g—) Using the fact that f(n)»’ is monotonic
increasing and f(n)n~° is monotonic decreasing for n=mny(5), we see that this
is =c, X% (f(X))2 Further if u is a constant satisfying O<p~<+—o, we see that
. 1—20—2u
X1-2a (f(X))2 :Xl—za—Zy(f(X)Xy)zéXl—ZG——zu(f(T) Tu)zz[_;_j) T1—2a(f(T))2
for T=Ty(1) and X=X,(u). Thus if T<«<X<<T and T=T,(u) the right hand side
1-26—2u

in the second inequality of theorem 3 is O [[;) T2 ( f(T))2J if 0<o<4
and u:%—%. However the same result is true for all a<% and o0 is not
used essentially.

We next state (as a corollary to Theorem 3 and the remarks below it),

Lemma 10. Let Fy(s)=2,~ ; [a,,b,, [A [—f—)—A (?T)) /l;s) , where D=0 is a

sufficiently small constant.
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Then if <<, we have,
2

1
L [T Fo+in) i > 6, TV A(T)

and

1 p2r ; 1-2

7/ Faotinide < e T (A,
where ¢ and c, are positive constants independent of T.

As in [3] we deduce from this lemma

Theorem 4. In the notation of Lemma 10, the number of integers M in the range
T=M=2T-1, for which

Ji Fao+inlde = e, 2= A(T)

exceeds c¢,T. Here T=10, and c; and c, are positive constants independent of T.

We now state the main theorem of this section.

Theorem 5. Let T=10 and suppose that there exist positive constants @ (<)
and A such that the series F(s)=_2_, (a,b,2, ") can be continued analytically in
o=@, T=t=2T and that max |F(s)| taken over this region does not exceed TA.
Let a:% (<D+%) and &>0 an arbitrary constant. Then the number of integers
M in the range T=M=2T—1 for which

LX)l de = ey TV A(T),

exceeds T(log T)™° provided further T=T,(c). Here {a,}, {b,}, {A.} satisfy the
conditions (i) to (vii) and cy, is a positive constant independent of T. Further, (on
using an earlier theorem of ours viz. theorem 3 of paper 111 in [2]) the number of zeros
of F(s)in =&, T=1=2T exceeds c;;T(log T)'™° where ¢y, is a positive constant
independent of T.

Remark 1. Theorem 1 is the special case a,=1+a, (where «, is the a, of
theorem 1), b,=1, A,=n. One can verify the conditions (i) to (vii) by taking
f(x)=g(x)=x, and & to be any constant between 0 and + and 4 to be 1. For the
derivatives we have to take b,=(log n)".

Remark 2. It is easy to see that if we have good upper bounds for
1
T ) 2T |F(o+it)[2dt for o<+, then we can improve the lower boundes T(log T)~*

and c,;T(log T)'"* given by the theorem above.
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Proof of Theorem 5. We have, by putting s:% (45 -’}—%)—H‘t,

_ 1 pare w k2 [DW‘I)
Fos) = %fz_im F(s+W)T" Exp (W #+2) | = | dW.
We cut off the portion [Im W|=(log T)° with a small error, and move the rest
of the line of integration to Re W=0. Let M be given by Theorem 4. We now choose
k large, take absolute values both sides and integrate from M to M+1 (confining

to those M in T+log T=M=2T-log T). This proves Theorem 5 completely.
Added in poof. 1t is possible to replace the quality (log T)™* by a constant

multiple of (loglogT) in every one of our theorems. Because we can replace

2
the function Exp (w*®*2), (throughout) by Exp [[Sin [—1—0%]) ] For example in

place of A(x) we use the function

. 2
! f2+’ x" Exp [(Sin W ]]ﬂ

27 J a-iee 100A) J'w
Thus in Theorem 5, the number of genos is > —T—I(EZ—.
loglogT
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