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1. Introduction

Both Phragmén—Lindelof’s and Lindelof’s theorems consider behavior of a
function at a boundary point and, originally, cf. [PL], [L], the proofs for these theo-
rems employ harmonic measure. In local properties the measure theoretic aspect of
harmonic measure plays a minor role and in this paper we show that even for non-
linear partial differential equations and quasiregular mappings it is possible to prove
corresponding results using so called F-harmonic measure, which is intimately con-
nected with the corresponding differential equation or variational integral, cf.
[GLM2].

We shall study the conformally invariant case, i.e. we consider extremals of the
variational integral

f F(x,Vu)dm,
where F(x, h)=|h|" and n is the dimension of the Euclidean space R". Thus the plane
harmonic case is included but the classical harmonic case in space R”, n=3, is not.
In general, our methods only work in the “borderline’”” case F(x, h)=~ |h|".

The proofs for Phragmén—Lindel6f’s theorem in domains more general than
sectors usually combine the method invented by T. Carleman [C], cf. also [T, Theorem
I11. 67), with a principle which we call Phragmén—Lindel6f’s principle. This is a
slight misuse of the name, cf. e.g. [A, p. 40). The principle, Theorem 3.5, relates in
classical terms the growth of a harmonic function with the density of a harmonic
measure at . The density concept extends to the non-linear case and hence the prin-
ciple holds in the more general situation even in a sharp form. Carleman’s method is
based on the study of the Carleman mean

f u?ds
GNSIE)

of a suitably chosen harmonic measure u. For a good account of the development in
the field see [Ha). Via Wirtinger’s inequality [T, p. 112] the Carleman mean can be
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related to the gradient of « and the estimate of the harmonic density at  then makes
ingenious use of differential inequalities. Our method is based on a direct study of
maXg 1% Which, via a refinement of F. W. Gehring’s oscillation lemma [G], is
compared with the gradient of u. The linear structure of solutions is not employed
and no differential inequalities are needed. Instead we make use of an inequality
similar to the so called standard estimate, well-known in the theory of non-linear
partial differential equations. Thus our approach considerably simplifies Carleman’s
method even in the plane harmonic situation. However, we do not obtain the best
possible constants.

The second part of the paper deals with Lindelof’s theorem which in the classical
form states that if a bounded analytic function f: B%—~C has an asymptotic limit at
a boundary point z,€dB?, then it has the same limit in each Stolz angle at z,. For
quasiregular mappings in higher dimensional Euclidean spaces this theorem does not
hold as shown by S. Rickman [R]. However, we shall show that the corresponding
result in all dimensions can be formulated by means of a principle which we call
Lindeldf’s principle. This principle again employs the density of the F-harmonic
measure and it rests on the sub- F-extremality of log | f| for a quasiregular mapping f
and for a suitable kernel F. The principle can be formulated in any domain without
any restrictions on the set along which £ has a limit. It is also best possible for plane
analytic or quasiregular mappings. As a consequence of this principle we prove Lin-
delof’s theorem, Theorem 4.27, in all dimensions.

For the proof of Lindelof’s classical theorem see [N, p. 44} or [A, p. 40} and for
the theory of quasiregular mappings we refer to [MRV) and [GLM1].

The paper has been organized as follows. Non-linear variational integrals and
the F-harmonic measure are considered in Chapter 2. Chapter 3 deals with Phrag-
mén—Lindelof’s theorem and Chapter 4 is devoted to Lindeldf’s theorem. We have
also included basic facts about quasiregular mappings in Chapter 4.

2. F-harmonic measure

2.1. Variational integrals and extremals. Suppose that G is a domain in R" and
let I': GXR">R be a variational kernel satisfying the assumptions:

(@) For each &=0 there is a closed set C in G such that m(G\C)=<e¢ and
FICXR" is continuous.

(b) For a.a. x€G the function h—F(x, h) is strictly convex and differentiable
in R

(c) There are O<a=f-<o such that for a.a. x€G

olh|* = F(x, h) = f|h|", heR™
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(d) For a.a. x€G
F(x, Ah) = |A|"F(x, h), A¢R,heR™

An example of a kernel satisfying (a)—(d) is F(x, h)=|h|"

Let W!(G) denote the Sobolev-space of functions in L*(G) whose distributional
first partial derivatives belong to L"(G). The corresponding local space is denoted by
loc WX(G). A function u€C(G)nlocWG) is called an F-extremal if for all do-
mains DccG

I:(u, D) = vién}' Iz (v, D),

where
I, D)= [ F(x, Vo(x)) dm ()

is the variational integral generated by F and
Z, = {peC(DYAWX(D): v = u in dD}.

A function u is an F-extremal if and only if u€C(G)nloc W(G) is a solution
of the Euler equation
(2.2) V-V, F(x, Vi) = 0
in the weak sense, i.e.

fG V. F(x,Vu)-Vodm =0
for all @cCy(G), cf. [GLMI]
For later reference we recall some basic properties of F-extremals. The form of F

and (d) imply that u+A4 and Au are F-extremals whenever u is an F-extremal and
A€R. Each F-extremal is locally Holder-continuous, more precisely,

(2.3) osc (u, B"(xy, 1)) = c(r/R)* osc (u, B"(x,, R)),

where O<r=R, B"(x4, R)CG, » depends only on nand f/a, cisan absolute const-
ant and
osc (u, A) = sup u~iIA1fu

denotes the oscillation of u on 4. If u is a non-negative F-extremal, then u satisfies
Harnack’s inequality
2.4 sup u = ¢yinfu

in B"(x,, ) where ¢, is of the form
¢o = exp (¢’ (log R/r)™Y),

O0<r=R, B*(x3, R)cG and ¢’ depends only on n and f/a. F-extremals satisfy Har-
nack’s principle, i.e. if #;: G—R is an increasing sequence of F-extremals in G, then

u = lim u;
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is either =+ in G or uis an F-extremal in G. Finally, there are plenty of Dirichlet-
regular sets. Especially if G is a bounded regular domain, i.e. G is without point
components, then for each f€C(dG) there exists a unique u€C(G)nloc W(G)
which is F-extremal in G and u=f in 8G. If feC(G)nW(G), then also u€C(G)n
(G).

For simple proofs of the above facts see [GLM1].

2.5. Sub-F-extremals. An upper semi-continuous function u: G—~RuU {—<o} is
called a sub-F-extremal if u satisfies the F-comparison principle in G, i.e. if DcCG
is a domain and h¢€ C(D) is an F-extremal in D, then h=u in 9§D implies h=u in D.
The PWB-method applies to sub-F-extremals, cf. [GLM3]. Let G be bounded and
let f: 0G—~RuU{—e, =} be any function. The family

&L ={u:G > RU{~o}: En; u(x) = f(y), y€0G, u
is a sub-F-extremal and bounded from above in G}

is called the lower Perron class associated with f. Note that &0, since u=—eo
belongs to Z;. The function H,=sup {u: uc %} satisfies one of the following con-
ditions:
() H; is an F-extremal in G,

(i) H;(x)=<= for all xCG,

(iii) Hp(x)=—eco for all x€G.

If m=f=M, then also m=H,=M and hence only (i) is possible.

A function u: G-RuU {}, G domain in R”, is called a super-F-extremal if
—u is a sub-F-extremal. In a similar way we define the upper class %, of f: 0G-Ru
{—eo,

} Up ={u:G ~RU{o}: lim u(x) = f(»), y€IG, u is

x>y

a super-F-extremal and bounded from below in G}

on a bounded domain G and set H,=inf {u: u€%,}. The function H  also satisfies
one of the conditions (i)—(iii). ‘

The use of sub-F-extremals and super-F-extremals is based on the following
F-comparison principle, cf. [GLM3, Lemma 2]. Suppose that G is a bounded domain
and that u is a sub-F-extremal and v a super-F-extremal in G. If

2.6) Im u(x) = lim v(x)

x>y x>y

for all y€dG and if the left and right hand sides of (2.5) are neither oo nor —ee at
the same time, then u=v in G.
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Finally we note that the above concepts can be used in an arbitrary open set G
of R” or in a bounded open set G of R”, if necessary. The corresponding properties
then hold in each component of G.

2.7. F-harmonic measure. Suppose that G is a bounded open set and that C is
a subset of G. Let f be the characteristic function of C. The F-extremal H, in G is
called the F-harmonic measure of C with respect to G and denoted by w(C, G; F).
The upper Perron class %, associated with fis written as %(C, G; F). Cleatly

O0=w(C, G, =1

and if C’'c=C, then w(C’,G; F)=w(C,G; F). For n=2 and F(x, h)=lh2,
w(C, G; F) is the classical outer harmonic measure of C with respect to G.

In order to form the F-harmonic measure w(C, G; F) the set C should be a sub-
set of G. However, in Chapter 4 the following extension of the definition will turn
useful. Suppose that G is a bounded open set. A set C in R" is called G-admissible,
if GACis closed in G. If a kernel F is defined on @, then the F-harmonic measure
o(CnI(G\C), G\C; F)is defined for all G-admissible sets C in the open set G\.C
and we denote it simply by w(C, G\ C; F), although Cneed notbeaseton §(G\C).
The same notation %(C, G\.C; F) is also used for the corresponding upper class.
Note that any set C in R™ G is G-admissible and that any closed set C in R" is G-
admissible for all bounded open sets G.

The following basic principles will be employed in Chapters 3 and 4.

2.8. Lemma. (Carleman’s principle) Suppose that a set C is both G,- and G,-
admissible, that G;C G, and that the kernel F is defined on G,. Then

o(C, G\C; F) = o(C, G,\C; F)
n G]_\C
Proof. If ¢ Dbelongs to «(C,G,\C; F), then ¢|GN\C belongs to
U(C,G\C; F) and the lemma follows.

2.9. Lemma. Suppose that the sets Cy and C, are both G-admissible with C;C C,.
Then '
@ (Cy, G\Cy; F) = 0(Cp, GN\Cy; F)

in N\ C,.
Proof. Let ¢ belong to the upper class #(Cy, GNC,; F) and let £>0. The
function v=min (¢ 4¢, 1) in G\ Cyand v=1in GN(C,\C;) belongs to %(C;, G\C,;

F). Hence
o(Cy, GNCy; FY=v = @+e

in G\C, which proves the desired inequality.
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If C is a closed subset of the boundary 0G of a bounded open set G, then it is
possible to define the F-harmonic measure w(C, G; F) in a more practical way. Let
@;€C(0G), i=1,2, ..., be a sequence of non-negative functions such that ¢;|C=1,
¢1=@,=... and
1, yedC,

0, yeaG\C.

In [GLM3, Chapter 5] the following lemma was proved under the hypothesis that
G is a regular domain.

fin

lim () = |

2.10. Lemma. lim,.... H, =o(C, G; F).

Proof. For i=1,2,... write l;=H,. Now @;=@;,; yields h=h;., and
since ¢;|C=1, h=H f—w(C G; F), where f is the characteristic function of C.
Hence

ilirg h; =z w(C, G; F).

To prove the converse inequality let ¢>0. Pick v€%, and set
v*(y) = limv(x), y€dG.

xX—y

Then v*: dG—Ru {} is lower sgmincontinuous and since dG is compact and
Q1= @y=..., there is an 7, such that for /=i,

v +e =g
in G. On the other hand v+&€%,.,, and thus v+e=H,.,, in G. Hence for
i=i, we obtain
(211) U+8§HD*+£§hi.

If we let i—>o and then &-0, (2.11) yields v=lim; .. ;. Thus w(C, G; F)=
lim;,.. h; as desired.

If G is a bounded regular open set, i.e. each component of G is a bounded regular
domain, then it is possible to give a variational interpretation of the sequence H
in Lemma 2.10. Let ¢; be a (C, G)-boundary sequence, i.e. (p,EC(G)le(G)
=@, =¢,=...=0, ¢;=1 on C and

(spto; = C,

cof. [GLM2, Chapter 2]. For i=1, 2, ... let #,6C(G)nW(G) be the unique F-extre-
mal in G with boundary values ¢;. The sequence y; is called a generating sequence for
o(C,G; F). Now H, =u; in G and by Harnack’s principle and Lemma 2.10, the
sequence u; converges uniformly on compact subsets of G to @ (C, G; F). Actually,
a little more is true in this case. For the next lemma observe that a regular open set G
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may have point components in its boundary. Especially, a boundary point X,6€dG
need not be a boundary point of any component of G.

2.12. Lemma. Suppose that G is a bounded regular open set in :R" and that C <0G
is closed. Then the sequence u; converges uniformly on compact subsets of G\C.

Proof. 1t suffices to show that the family {i;} is equicontinuous at x,€dG\C.
Choose a ball B=B"(x,,r,) such that BAnC=0 and S"'(x,,1)n9dG=0 for
O<t=r,. Set u;(x)=0 for x¢B\G. Then w,cC(BYnW'(B) for large 7, say
i=7#,, and

fB Vu|"dm = M <

where M is independent of i. This follows from the proof of [M, Lemma 2.8] since
O0=u;=1 and u;=0 in B\G.

Fix iz=i,. Since S" '(x,, 1)ndG=0 for 0=r=r, and u; is monotone in G,
cf. [GLMI, 2.8],

osc (u;, S"1(xq, 1)) = osc (u;, B*(xp, 1)), 0 <1=r,.
Hence for O<r=ir=r,
osc (u;, S" 71 (xy, 1)) = osc (u;, S"(xq, 7))

and F. W. Gehring’s oscillation lemma, see [GLM1, Lemma 2.7} or Lemma 3.2
below, yields for each r, O<r<r,,

osc (u;, B (x4,1))" log% = osc (u;, S"(xg, D) logFT0

= ,[ro 050 (1, 5”72 G, D) dt=A f Vu|"dm = A, M.
=J, f RS IR o
Thus
—1/n
osc (u;, B*(xg, 1)) = (4, M)" [log %)

and since the right hand side is independent of 7 and approaches 0 as r—0, the equi-
continuity of {u;} at x, has been proved.

2.13. Corollary. Let G and C be as in Lemma 2.12. Then lim, ., o(C, G; F)(x)
=0 for all ycdG\C.

2.14. Remark. If we set w(C,G; F)(x)=1, x€C, and o(C,G; F)(x)=0,
x€OGN\C, then a slight modification of the above proof shows that the sequence u;
converges uniformly in G to w(C, G; F) if dist (9G\C, C)=0 and if C is a non-
degenerate continuum. In fact, to prove the equicontinuity of {u;} at x,£C, the
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proof of Lemma 2.12 can be applied to 1 —u. The above proof also implies that u;
converges uniformly on compact subsets of G\2,,C to @(C, G; F) provided that
C is a non-degenerate continuum. Here d,; C means the boundary of C with respect
to 0G.

2.15. Lemma. Suppose that C is a closed and connected set in 0G and that C
contains at least two points. Then

(2.16) £1_{ny o(C,G; F)(x)=1

for all interior points y of C with respect to 9G.

Proof. Let y be an interior point of C with respect to 0G. Choose r=0 such that
0GnB"(y,r)c C and let C’ be the component of {G which contains C. Write
G’ =B"(y,r)\C’. Then G’'cG is a regular open set and if u; is a generating se-
quence for w(C, G’; F), then Remark 2.14 yields

.17 limy w(C, G; F)(x) = 1.

By Lemma 2.8 .
lzw(C, G, F)=w(C,G; F)

in G’ and (2.16) follows from (2.17).

3. Phragmén-—Lindelof’s theorem

The classical version of Phragmén—Lindelof’s theorem [PL] considers a sub-
harmonic function u in the plane sector |arg z]<0/2=n. The theorem states that if
lim z=0 on the boundary, then either u=0 in the whole sector or an asymptotic
growth condition

M(r) = max u(re’®) z r°
holds as r—eo.

In an arbitrary unbounded plane domain G the method of T. Carleman [C],
see also [T, p. 112], can be used to prove an asymptotic growth condition

. dt
M(r) 2 exp (nfwt—H(_t)]’
where 0(t), 0=0(f)=2r, is the angle measure of G on the sphere S(¢) and the star
* indicates that the integration is extended only over those radii ¢ for which dG n S1()
is non-empty.
Let G be an unbounded domain in R” and let 6(¢) denote the angle measure of
GnS"1(t), i.e. "710(2) is the (n—1)-area of G S"~1(¢). In this chapter we shall
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derive an asymptotic growth condition

/o dt
w0 o0 o 5 o i)

for a sub-F-extremal  in G with Tim =0 on the boundary. Here the constant ¢,>0
depends only on n. The proof considerably simplifies that of M. Tsuji. On the other
hand our constant ¢, for n=2 is less than =.

3.1. An oscillation lemma. We start with a refinement of F. W. Gehring’s lemma.
If A is a set in R" and u: A—>Ru {—eo, =} is a function, we recall that osc (u, 4)
is the oscillation of u on 4. With minor modifications the proof of Lemma 3.2 fol-
lows from the proofs of [G, Lemma 1] or [Mo, Lemma 4.1]. A direct proof based on
a slightly different reasoning is given in Yu. Resetnjak’s new book [Re, pp. 57—59].

3.2. Lemma. Suppose that K, is an (n—1)-dimensional spherical cap on S"~(r)
with the (n—1)-area r"=*0. Let u be continuously differentiable on K,. Then

(3.3) osc(u, K,)" = A,r6V=D [ _ IVul"ds,

where the constant A,< oo depends only on n and S is the (n—1)-measure on S"~*(r).

3.4. Phragmén—Lindelof’s principle. Suppose that G is an unbounded domain
in R". Then each component of G,=GnB"(r), r=0, is open and we let w(x; r)
denote the value of the f~harmonic measure @(S"~'(r), G,; F) at the point x€G,
Ix|<r, see 2.7.

The following general principle easily follows from the construction of the F-
harmonic measure, see [GLM2, Theorem 3.10]. We assume that the kernel F satis-
fies (a)—(d) of 2.1 in G.

3.5. Theorem. Suppose that u: G—~Ru {—eo} is a sub-F-extremal with
lifné u(xy =0 forall £€0G.

Then, either u=0 in G or
M(r) = sup u(x)
s

grows so fast that
(3.6) lim M(r)w(x;r) >0

Jor each x€G@G.

Proof. Suppose that u(x)>0 at some point x,€G. By the maximum principle,
see 2.5,
M) = sup u(x) =0

x€G,
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at least for r={x,. Let v be any super-F-extremal in the upper Perron class
w(S"-*(r), G,; F).
By (2.6)
u
M(r)

=v

in G, and hence
u(xp) = M) w(xo; 1)

for r>|x,]. We have shown that (3.6) holds for x=x,.
If x, y€G, then Harnack’s inequality (2.4) and the form of ¢, give a constant
L<e such that
o(x;r)=Lo(y;r)

for all sufficiently large r and L is independent of r. Hence if (3.6) holds at some point
X€G, it holds for each point x¢G as desired.

The following simple examples of plane harmonic functions illustrate Phrag-
mén—Lindeldf’s principle and also show that it is the best possible:

(1) Suppose that G is the infinite annulus 1=<|z|<< in the plane and that
F(x,)=1h%.. Then o(z; r)=loglz|/logr for 1<|z]<r and (3.6) takes the form

lim MOy,
roo logr

The functions 4 log |z|, A=0, show that it is not possible to replace (3.6) by

im M(Pw(x; )=y
for any y=0. The same example can be used in all dimensions # for the kernel
F(x, hy=1h|".
(2) Suppose that G is the upper half plane Im z=0 and F as above. Now

1 z—r
w(z;r) = 2[1 ——arg z—l—r}

and the condition (3.6) takes the form

fim M(r)

r->oco r

= 0.

This is again the best possible as shown by the functions A Imz, A=0.

3.7. A standard estimate near the boundary. Suppose that G contains no point
components. Then G, is a regular open set and the F-harmonic measure w{x; )=
o($"'(r),G,; F) is in C(G,), O<t<r, when extended as =0 to 9Gn B"(r),
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see Corollary 2.13. The proof of the next lemma shows that o is actually in W*(G)),
O<t<r, and, moreover, it gives a useful estimate for

f _ IVol*dm.

3.8. Lemma. Let R>0 and let

m{) = max o(x;R).
|x]=t, x€G
Then for O<r<ry<R

n n ﬁ Ty d o
39 S g WYoltdm =n E[f , tm(t)"/("‘”te(t)l/("'l)] ’

where w(x)=w(x; R).

Proof. Choose a generating sequence u;,=u,=... of F-extremals in C(Gy)n
W(Ggr). By Lemma 2.12 the sequence u; converges uniformly on compact subsets
of GRANGNS"H(R) to w. We recall that w(x)=0 for xEIG\GNS" " (R).

Consider a test-function { for the condenser (B"(ry), B*(r)), see [GLMI,
2.3]. Especially, (|B"(r)=1, 0=({=1, and {|R™\B"(ry)=0. The proper choice of
a radial { will be specified later.

The function

v; = 1=y
has the distributional gradient

Vo, = (1~ " Vuy— nl" 1y, VL.

Now the functions v; have the same boundary values as u; in G,, for large 7 and
hence by the extremality of «;,

(310) IF(uia Grz = IF(vi, Grg)'
The convexity of F and (c) yield
F(x, Vv) = (1={") F(x, V) +Bn"|u; V()"

for a.e. x€G, . Integrating this inequality over G,, and using (3.10) we bave the
estimate

Jo CFVuydm=pnt [\l (V0 dm

for i=1,2,.... Thus
(3.11) of . Vol dm = g [ ., || V¢ dm
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by the well-known lower semicontinuity, cf. e.g. [GLM1, Theorem 3.10],

f [Vol*dm = lim f \Vu,” dm

i+co

and by (¢) of 2.1.
Next we choose

=t = [f,lx] 1 2y T 1)@(:)1/(" 1)] [f r My 1)0(01/(" 1)] ’

r<lx{<ry, and {(x)=1, |x|=r, {(x)=0, |x|=r,. Then { is a radial test function;
observe that if the integral in the denominator is zero, there is nothing to prove.
Using the definition of m(t) we can now write (3.11) in the form

G12 a [, Vol dm = p* [ m(@r | @10 dr,

where we have used the same symbol for the radial function {(¢)={({x|) as for the
function (. The inequality of the lemma follows from (3.12).

In the next lemma the star is used to indicate that the left hand side integral in
(3.14) is taken only over those radii ¢ for which dGn S"~1(¢) =0.

3.13. Lemma. for O<ri<r<R

Y om() dr .\
(3.14) S T = Ay fG, Vool dm,

where the constant A, is the same as in Lemma 3.2.

Proof. Consider the radii t meeting the boundary of G, i.e. G S"~(1)=0.
For almost all such radii #, 0<#< R, the inequality (3.3) via an obvious approxima-
tion argument, cf. [GLMI, Lemma 2.7], yields

m(@)" = osc"(w, K) = 4,t(Ox )1 [ _IVol"ds,
where K, is an open cap in G nS"~!(¢) chosen so that at the midpoint x, of K,

w(xo) = _ cJmax o (x)

and K, meets dG. Moreover, t”‘leKt is the (n—1)-area of K,. Since 6, =0(r), the
above inequality yields

m ()"

B = =4 f Vol"dS = A, |Voo|" dS.

GNs-1()

An integration now completes the proof.
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3.15. Carleman’s theorem. The following theorem gives a counterpart of T.
Carlernan’s method to the non-linear case.

3.16. Theorem. Suppose that G is an unbounded domain in R* and that the kernel
F satisfies (a)—(d) in G. Let u: G—~RuU {—<} be a sub-F-extremal in G such that
lim u=0 at each boundary point of G. Then, either u=0 or the quantity

M (r)- max u(x)

grows so fast that
1/« dt
(3.17) lim M) exp [—c,, I/ —B-lf* W/(_"‘T] >0
Here c¢,>0 depends only on n and the set of integration is {1, r]n {t: 0G n S"~2(2) =0}

Proof. First observe that it suffices to prove the theorem for regular domains.
In fact, given &>0 the function u,=max (v, €)—¢ is a sub-F-extremal in G and
lim #,=0 on the boundary of some regular domain G, contained in G. Moreover, G,
approximates G from inside. If the growth condition (3.17) holds for u, and G, for
all >0, then clearly it holds for u in G.

Next assume that G is a regular domain. Now (3.17) follows from the next lemma
and Phragmén—Lindelof’s principle; Theorem 3.5.

3.18. Lemma. Suppose that G is a regular domain. Then

(19 0() = 4exp |, (%]l [ f ]

Jor x€Gg. Here w(x) denotes the value of the F-harmonic measure w(S""*(R), Gy; F)
taken at the point x.

Proof. The proof is a technical interpretation of Lemmas 3.8 and 3.13. First,
by the maximum principle

m(f) = max {w(x): X€G,}, 0<1t=<R,
and thus
mt) =m(ly), =t

Hence (3.9) and (3.14) yield

A"nn - [ZE:S] [f * t0(t)1/<" 1>] [rfr 2 t()(t)cli/t(”“l)]n~1

=(mea) LU




116 S. Granlund, P. Lindqvist and O. Martio

for O<ry<r<r,<R with an obvious abbreviation on the last line. Now choose

r, I;<F=<ry, such that

f* =(n-1) f* :

r l'1
Then
(3.20) m(ry) [, = Km(ry),

where K= AY"n2(n—1)*—"/"(BJa)t/m,
Let x€Gy and set r=|x|. It suffices to prove (3.19) for m(r). We may assume

that
R

[.=o

r

since m(r)=1 and the inequality follows in the opposite case trivially.
To this end we iterate (3.20). Choose radii

O<r=rg<r<..<r,=R
such that

n Ty T

fim fimem fim2 .

Yo ry Tr-1

Applying (3.20) successively to each pair of consequent radii we obtain the upper

bound
R

(3.21) m(r) (711-{— f*] =m(R) = 1.

Finally we choose a positive integer k so that

R
(3.22) e(k—1) = kl— [, <ek,
where e is Neper’s number. Write
1 R

If k=1, then o<e and hence
de7%¢ = 4e~1 =1 = m(r).
Thus the inequality (3.19) follows with

¢y =K el = A7 M p—2e=t(p—1)-Dim,
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If k=2, then
1 —'k
[“ﬂ =4

and hence by (3.21) and (3.22)

o
m(r):(g) = m = 1——?- e = 4e < de

and (3.19) again follows with the same ¢, as before. The proof is complete.
3.23. Remark. If n=2, then A,=1, and hence c,=1/4.

3.24. Remark. Phragmén—Lindel6f’s theorem for subharmonic functions can
be used to study the growth of analytic functions, see e.g. [N, p. 43]. In view of 4.1
and Theorem 3.16 these results can be extended to quasiregular mappings in a natural
way. We leave these quite straightforward applications to the reader.

4. Lindelof’s theorem

Suppose that f: B*~R? is a bounded analytic function in the unit disk B2
and that f has an asymptotic limit at x,€0B, i.e. there exists a path y: [0, b]>B?
such that y{0,5)c B2, y(b)=x, and

lim £(7©) = wo.

Lindelof’s classical theorem [L] states that f has the same limit w, in every Stolz
angle with vertex at x,. There are various generalizations of this result, see e.g. [He].

This chapter is devoted to study this problem for quasiregular mappings in any
Euclidean space R", n=2. In the classical formulation the theorem is not true for
quasiregular mappings of B3, see [R] for an example. However, our approach is
based on the density concept of the F-harmonic measure and the method works in
the same way in all dimensions. In particular, it can be used to prove the aforemen-
tioned Lindeldf’s theorem in the plane. Our main result, Theorem 4.21, seems to be
new even for analytic functions. Theorem 4.27 exhibits, together with Rickman’s
example, some basic differences in the boundary behavior of quasiregular mappings
in R? and in R*, n=3.

4.1. Quasiregular mappings. A mapping f: G—>R" is called quasiregular (qr)
if the coordinate functions of f belong to C(G) nloc W*(G) and for some K=1

“4.2) L l" = KJ (%, /)
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a.e. in G. Here | 4| is the supremum norm of a linear map 4: R*~R" and J(x, f)
is the Jacobian determinant of £ at x. For the basic theory of qr mappings we refer
to [MRV]. We remind the reader that if n=2 and if (4.2) holds with K=1, then f
is analytic.

We shall employ the following property of qr mappings f: G—R". Suppose
that G’ is a domain in R” and G’>f(G). Let F: G’XR"—R be a variational kernel

satisfying (a)—(d) in G’. Define f ¥F: GXR">R as
y oy = { T TG DL, 560 ) £0,
’ lh", if J(x, f)=0 or J(x,f) does not exist.
Here A* means the adjoint of a linear map A4: R*—R". It follows from [GLMI,

Lemma 6.4] that ¥ F satisfies the same assumptions (a)—(d) in G possibly with dif-
ferent o« and . Note that for n=2, f: G—~R? analytic and F(x, h)=|h|? the kernel

I b F (x, k) will again be the classical Dirichlet kernel |42 in G. In fact, we shall only

use the kernel F(x, h)=|h" and the induced kernel # F of a qr mapping f: G—~R".
Suppose that u: R"—~Ru {co} is a super-F-extremal in R" and that f: G-~R"

is gr. Then [GLM1, Theorem 7.10] implies that uo f: G—~Ru {=} is a super-f’ ¥ F-
extremal in G. It is easy to check that the function

u(x) = —log |x|

is a super- F-extremal in R” for the kernel F(x, h)=|h|". For this one merely calcula-
tes that u satisfies (2.2) in R™\ {0}. Hence

4.3 uof(x) = —In | f(x)|

is a super-frF F-extremal in G. This is the only property of quasiregular mappings
employed in the Lindeldf-type results.

4.4. ‘Cones and Fharmonic densities. et G be a bounded domain in R". For
X%,€0G and AcG we use the abbreviation

Ar = AﬁEn (x(): r)\{xO}s r=0.
If E is an open, non-empty subset of G, we let
K(E, xp) = {x=txo+(1-0x: 0=t <1, x€E}
be the open cone generated by E with vertex at x,. The cone K(E, x,) is a Stolz-cone
in G if for some 0=0
K(E+B"(8), x) < G,
where E+B"() is the d-inflation of E, i.e.

E+B*(8) = {x€R": d(x, E) < 6},
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Suppose that the kernel F satisfies the assumptions (a)—(d) in G. Let x,€0G
and let CcG be a G-admissible set. For r=0 the F-harmonic measure

u, = o(C,, G\C,; F)

is defined in the open set G\ C,, cf. 2.7. If 4 is a subset of G with x,€ A4, then the
double limit
4.5) D(xy, C, 4; F) =1lim lim u,(x)
RSN

is called the lower F-harmonic density of C along A. If x,¢ ANC, we set D(x,, C,
A; F)=1 and call this situation the trivial case. Observe that for O<r=¢" Lemma
2.9 implies #,=u, in G\ C and hence the first limit in (4.5) exists.

Let y€G and suppose that the segment

L(y,xp) ={ty+(1=0x: 0 <t =1}

lies in G. The number D(x,, C, L(y, xo); F) is called the lower F-harmonic radial
density of C along L(y, x,). Together with this concept we shall mainly use the lower
F-harmonic density of C along a Stolz-cone in G.

4.6. Density in the plane. Since the definition for D (x,, C, 4; F) is complicated,
we compare it in the classical plane case with more familiar concepts. Let B2 be the
unit disk in the plane and let F(x, k)=1k[* be the classical Dirichlet kernel. Suppose
that x,60B? and that AcCB? with x,€4.

4.7, Theorem. If C is a subset of 0B?, then

D(x,,C, A; F) = lim u(x),
Yed
where u=w(C, B?; F) is the classical outer harmonic measure of C with respect
to B2

4.8. Remark. If C is Lebesgue measurable in B2, then the function u in Theo-
rem 4.7 has an ordinary Poisson representation in terms of the characteristic func-
tion of C. For a general kernel F the authors do not know if the theorem holds in B”,
n=2, with u=w(C, B*;, F) even for a closed set C in dB".

Proof. First note that points on dB? have zero F-harmonic measure and the
classical outer harmonic measure is sub-additive. Hence u=u,+#, in B? where

i, = o(C\B2(x,, 1), B?; F)
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and since lim #,(x)=0 as x tends to x, along 4, cf. Corollary 2.13,

lim u(x) = lim «,(x) + lim 4,(x) = lim #,(x).
X—>Xqg X—>Xg X—>Xq X—+Xq
x€Ad x€A4 x€Ad x€4

Now r—0 yields the non-trivial part of the desired result.
4.9. Radial density and the density in a Stolz-cone. In this section the lower F-

harmonic radial density and the lower F-harmonic density along a Stolz-cone are
compared.

4.10. Lemma. Suppose that G is a bounded domain in R" and that C is G-admissible.
Let E be an open connected subset of G, y€ E and x,€0G. If K(E, x,) is a Stolz-cone
P G and if D(x,, C, L(y, xo); F)>=0 then D(x,, C, K(E, xo); F)=0.

For the proof technical preparations are needed. First we present a useful esti-
mate for F-extremals.

Let D be a domain in R”; z,€8D, r,>0 and yp,€D. Suppose that there is a con-
nected set Kin {D such that B"(z,, r,) ndD <K and K~ S""1(z,, ry)=9. Suppose,
furthermore, that there exists a rectifiable curve p: [0, I]—D, arclength as parameter,
with y(/)=y,, y(0)=z, and
4.11) d(y(1), ODNK) = at, a =0,
for all #€[0,]. In this situation we prove

4.12. Lemma. Suppose that u: D—{0, 1] is an F-extremal in D with

lim u(x) =c¢ >0
x>y

for all yeKnoD. Then
u(po) =’ =0

where ¢’ depends only on n,. a, ¢, Bla and max (lfrg, 1).
Proof. Since z,£0D, a=1. Set a’'=af2 and let
ty = sup {z€[0, I}: d(y (D, K) = a’t}.

Pick z,¢K such that
by (19— 25 = d(y (%), K).

r(t)—zgl = a't,.

Then

Let y, be the straight line segment from z; to y(#,). The curve y,=ypi[l—ty, [J+7;:
[0, b]—D joins z; to y, and we parametrize y, by arc length starting from z,. Observe
that

ly=1—to+1;
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where ], is the length of y;. We shall prove that

4.13) d(ys(1), OD) = a’t
for all #€[0, ).
To this end note that (4.13) clearly holds for 7€[0, /] since a’=1/2. Next
suppose that L<t=/,. Then
d(y.(t), D) = d(y(t~ 1l +1,), D)
z=a' (t—L+t)=a't
since
(4.14) L=t
for I>t, contradicts the definition of ,.
Set ry=a’ro/4. We shall show that S"~'(z;, ) meets dD for all O<t<r, and
that
(4.15) ODNB"(zg, rg) < K.
If zy€ B"(zy, ro/2), then this follows from the assumptions made. If z¢ B"(z,, r,/2),
then 7,=r,/4, for t,<ro/4 would imply

|20~ 23| = [zg—y ()| + [y (fo) — 2l
= tota ty<rp/d+ro/8<r,/2.
Hence
(4.16) d(z5, 0D\K) = d(y(ty), ODNK)—1, = aty—a't,
= a’ty = ary/4 = ry.
On the other hand K is a continuum which contains z, and zj, thus " *(zg, ) 0
OD#p for O<t<ry and (4.16) clearly implies (4.15).
After these preliminaries we shall complete the proof. Letting o=

1 . C . .
—max (0, c—u) we obtain a sub-F-extremal v: D~{0, 1] which is monotone in
¢

D. The proof for Lemma 4.4 in {GLM2] can be used to conclude that there is x€(0, 1)
and ¢;<1 both depending only on # and f/a such that
v(x) = ¢y <1, x€EDNB"(z4, %rg).
Hence u satisfies
417 ux)zc(l—c¢) =¢y, >0
for all x€D N B"(zy, #ry) and ¢, depends only on n and f/a. Next choose points
to=ury, t;=(1+af4)'ty, j=1,2, ..., and let k be the first j such that t,>1,. Write
a _
512'))2(1‘1), rjz‘z t] and Blan(EJ’ rJ) for j=0, ...,k"‘l. Then EJEBJ"'].’ i=1, een

... k=1, and by (4.13)
B'(;,2r)C D
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for j=0, ..., k—1. Harnack’s inequality implies

supu = ¢zinfu

B; B;

where ¢;€(1, o) depends only on » and B/a. Hence

(4.18) u(y) = inf uz—l—supuz—l inf uzé sup u
By -y €38, C3 B, _, C3 By

Z...=SUPUEZ— 6
C3 B, 3

where (4.17) has been used in the last step. On the other hand, #,_,=/, or in other
words
A+a/df xa'rfd =1, =1

by (4.14). Hence k£ has an upper bound in terms of max (//ry, 1), a,n and f/« and
(4.18) gives the desired result.

Proof of Lemma 4.10. We may assume x,=0. Since K(E, x,) is a Stolz-cone in
G and G is bounded, E is compact in G. Pick r’'>0 so small that B"(+')nE=0.
Let O<r<r’ and set

v, = o(L(y, x5),, GN\NL(y, x,),; F).
We shall show that there exists ¢=0 independent of r such that

(4.19) o) Z= ¢, PV (1) = K(E, xg)y2\L(y, Xo).

Fix y,£V(r). The sets K(5)=S"" s)NK(E, xy), O<s=r’, are similar do-
mains in §"~'(ss) and their ds-inflation for some 5=0 is contained in G. Hence it is
easy to see that the point z,=]y,/y/]y| can be joined to y, with a rectifiable curve
y: [0, 1]>8""*(|yo]) satisfying ‘

d(y(0), 0G) = at, t€[0, ], I = M|y,

where a=>0 and M-<oo are independent of r. We use Lemma 4.12 in the domain
D=G\L(y, xy) with K=L(p, x5),. The number r, in Lemma 4.12 can be chosen
equal to |y,|6. By Lemma 2.15 lim, ... v,(z)=1 for all z’€ L(y, X),», hence Lemma
4.12 yields (4.19).

To complete the proof we first consider the non-trivial case, i.e. x€ L (¥, xo)\C.
Fix r=0 such that r<r’ and

ﬁ@ ur(x)>m:D(-x09 C,L(%xo), F)/2>Oa
*€LG, xPNC

where u,=w(C,., G\C,; F). Let ¢ belong to the upper class %(C,, G\C,; F).
Fix O=s<r with u,(x)=m for x€L(p, x)) \C. Now the function Y=¢/m
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belongs to the upper class %(C, U L(y, x¢)s» G\.(C, U L(}, X¢),); F), hence by Lemma
2.9, v, =y in G\(Cu L(y, xp)). Thus (4.19) yields ¢=cm in V(s)\C and, conse-
quently, w,=cm in V(s)\C. By continuity

lim u, = cm,

x—»x

x € K(E, %)\C
which is the desired inequality since ¢m=0 is independent of r.

In the trivial case xo¢ L(p, x\C, #.=v, in G\(CUL(y,x,)) for small
r=>0 and the result follows from (4.19). This completes the proof.

4.20. Lindel6f’s theorems. We begin with a theorem which may be called Lin-
deldf’s principle. Let G be a bounded domain in R” and let F: R"XR"~R be the
kernel F(x, h)=|h]".

4.21. Theorem. Suppose that AcG and that x,€AndG. Let CcG be a
G-admissible set and let f: G U C\{x,}—~R" be a continuous bounded mapping which

is quasiregular in G. If D(x,, C, 4; f *FY=0 and if
lirg J(x) = w,,

xe€C

then f has the same limit wy at x, along the set A.

Proof. If x4¢ ANC, then there is nothing to prove and we may assume that the
trivial case is excluded. We may also assume that x,=0, that |f(x)|<1 for all

x€G and that w,=0. Write 6=D(xy, C, 4; f¥F) and for r=0 let u,=w(C,,

G\C,,f F), see 4.4.
Set v(x)=In (1/|f(x)]). Thenvisa super-f# F-extremal in G, see 4.1. Let M =0
and choose r =0 such that

(4.22) v(y)= M for all yeC,.

Fix r, O=<r<r’. Since v=0, (4.22) implies that v/M belongs to the upper class
U(C,, G\C,;f*F F). Hence v/M=u, in G\C and thus

lim v(x)=M lim u(x)
x>Xq X%
x€ ANC x€ANC

and letting r—0 we obtain
lim v(x)= Mé=0.

x—»xo
x¢ ANC
Hence
Im [f(x)] = e M

XX

x EA\C
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and thus M~ yields f(x)~0=w, as x—>x; along A\ C and since the limit is
w, along C, the theorem follows.

4.23. Remarks. (a) Let ¢: [0, <)—~[0, =) be an increasing function with
lim,_ o @(#)=0. For x€G let D(x, t) be the ball centered at x of radius ¢>0 in the
quasihyperbolic metric of G, cf. [V3, 2.8]. Write C’=C n G where C is as in Theorem
4.21. If a bounded quasiregular mapping has a limit as x--x, along C’, then it has
the same limit in the set

Co = xLEJC/D(x, @ (Ix—xq)),

cof. [V1, Lemma 4.5]. Hence the set C in Theorem 4.21 can always be replaced by a
larger set (CnIG)V C,,.

(b) If n=2 and fis analytic in Theorem 4.21, then f #F=F s the classical
Dirichlet kernel and D(x,, C, 4; f tr ) reduces to the usual lower harmonic density
of C at x, along the set 4. .

Theorem 4.21 implies several results on the boundary behavior of quasiregular
mappings. These results are well-known for plane analytic functions.

4.24. Corollary. Let f, C and x, be as in Theorem 4.21. Suppose that K(E, x,)
is a Stolz-cone in G and that E is connected with y€E. If D(xo, C, L(y, X);
f¥F)=>0 and if
lim f(x) = wo,

X—>Xg
x€C

then f has the same limit wy as x—x, in K(E, x,).

Proof. By Lemma 4.10, D(x,, C, K(E, xo); f¥ F)=0 and the corollary follows
from Theorem 4.21.

4.25. Corollary. Suppose that f. B"—>R" is a bounded quasiregular mapping.
If f has a radial limit at xo€0B", then f has the same [imit in each Stolz-cone
K(E, xg)CB" at x,.

Proof. We may assume that E is connected, since otherwise we could replace E

by a larger connected open set. Now D(xq, L(0, xo), L(0, xp); f ¥F )=1, the trivial
case, and the result follows from Corollary 4.24.

4.26. Remarks. (a) In [MR] Corollary 4.25 was proved using a normal family
argument. In [V3] another proof based on Remark 4.23 (a) has been given. Note
that Lindeldf’s principle, Theorem 4.21, covers the tangential and non-tangential ap-
proach at the same time.

(b) The sharpness of the condition D (x4, C, L(p, x¢); f ¥ F)=0 in Corollary
4.24 can be easily proved in the classical analytic case for a closed set C on the boun-
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dary 9B? of the unit disk B2 such that the symmetric derivative of the measure
XcdB exists at x,€ C. Let Lbetheradius {tx,: 0=r<1}. In view of Theorem 4.7

and Remark 4.23 (b) the condition D{x,, C, L; f # F)=0 takes the form

lim my(CnB2(x,, r)) —0.
r—>0 2r

Now this condition is also necessary for a radial limit of a bounded analytic function
at x,. Indeed, if the above limit is =0, then there is a function u€C=(dB>\ {x,})
such that u belongs to L' on 0B2, u=0, u(x)—~< as x—x, along the set C and
the upper symmetric derivative of the measure udf at x, is finite. Let u be the
Poisson-representation of u in B2, v its conjugate function and define
f=exp (—u—iv). Then fis continuous on B™ {x,}, |f1=1 and f does not have the
radial limit O at x, although f(x)~0 as x-x, along C.

For quasiregular mappings f: B2-~R2? the condition D(x,, C, L; fﬁ F)=0
is sharp as well since f=goh where g: B?—~R? is analytic and h: B*->B? is a
homeomorphism quasiconformal in B2 with h(x,)=x, provided that #(C) satis-
fies the above condition. Now

D(xy, C, L; 1% F) = D(x,, h(C), h(L); h=f* F)
= D(XO’ h(C), h(L)’ F):

cf. [GLM2, Theorem 5.4], and since the quasiconformality of h shows that h(L) re-

mains in a Stolz cone with vertex at x,, the condition D(x,, C,L; [ #F)>0 takes
the form

2
lim my(h(C)NB2(x,, 1)) —o.
r>0 2r

Thus the above construction can be repeated in the plane quasiregular case. It remains
an open question in which sense the condition D(x,, C, L; f¥ F)>0 of Corollary
4.24 is necessary for the radial limit of a quasiregular mapping f: B"—>R”", n=3.

Next we apply Theorem 4.21 to prove the classical Lindelof’s theorem for plane
analytic functions and its counterpart for quasiregular mappings in R", n=2. Let G
be the domain

G = B*n{xtR%: x, >0}, n=2

G=B\{xéR": xy = x3 =...=x, =0}, n=3.

The essential difference of the domain G for n=2 and for n=3 is that the line
{x€R": xy3=x3=...=x,=0} cuts for n=2 the ball B" into two parts. Let y: [a, b)) ~G
be a path such that y(#)-~0 as 7—b.
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4.27. Theorem. (Lindeléf’s theorem) Suppose that f: G-R" is a bounded
quasiregular mapping and that

lim £(3(1)) = w.
Then f has the same limit at x,=0 in each Stolz-cone K(E, 0) in G.

Proof. For each i=1,2, ...,n we let L; denote the x;-axis and L;" its positive
half. We write T+ for the two dimensional positive x,x,-half plane x,=>0 in R".
For AcG the set S(A4) is the rotation of 4 about L, in G, i.e.

S(4) = {x€G: d(x, L)) = d(y, L), x, = y; for some ycA}.

Observe that for n=2, S(4)=A4. We also recall that for a set AcCR” and r=0,
A,=B"(r) n AN\{0}.

We shall show that
(4.28) D(,y, L} nB"; f¥ F) >0,

where F(x,h)=|h[". Since + e,€E represents no restriction, Corollary 4.24 will
then complete the proof. To this end choose =0 such that $"~'(r) meets y and
let u,=w(y,, G\Y,; f# F). By Lemmas 2.9 and 2.15, lim,,, %, (x)=1 for all y¢
(ynd(G\y)) " B"(r), hence we may extend u, as a continuous function to B"(r) ny
by setting

(4.29) u(x) =1, x€B"(r)ny.

Next we shall prove that there is ¢’>0 independent of r such that
(4.30) u(yy) =¢

for all y,€S(7,/2). The inequality (4.30) is the crucial step in the proof. Note that for
n=2, S(7,2)=7,, and (4.30) follows from (4.29).

To prove (4.30) we fix po€S(y,2)\7 and employ Lemma 4.12 in the y,-compo-
nent D of G\y. Now y,€S(zy) for some zy€y,,OD and for a curve y in Lemma
4.12 we choose a circular arc from z, to y, in the set S(z,). Lemma 4.12 together with
(4.29) then implies (4.30).

To complete the proof of (4.28) we again use Lemma 4.12. It suffices to show that

(431) ”r(yo =c, yOE(L;)rM\S('y)’

where ¢>0 is independent of r, since (4.30) takes care of the points in S(y,). Fix
PoELD\S(¥). Now a component K of S(y), separates y, either from L; or from
the negative half of L, in (T'+),. Let D be the y,-component of B"(r/2) nG\K and
write u for the f1$ F-harmonic measure (K, D,fﬁ F). By (4.30), u=u,/c’ in D
and it suffices to prove (4.31) for u. To this end let y;: [0, /]-D v {z,} be a circular
arc in the half plane T+ with |y, (?)|=1yol, t€[0, ], joining a point z€K to y,.
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The curve y; has been parametrized by arc length from z,. Now /=7|y,|/2 and the
number r, in Lemma 4.12 can be chosen equal to |y,|/2. Since d(y(1), 0DNK)=
t/4 for all #€[0,!] and since lim,., u(x)=1 for all y€0D n K B"(r/2) by Lemma
2.15, Lemma 4.12 finally gives the estimate (4.31) for u. The proof is complete.

4.32. Remark. Rickman [R] showed that a bounded quasiregular mapping f
of the upper half space H * into R” has a limit in each Stolz-cone K at 0 provided that
the limit

lim /()

xcT

exists, where T is a smooth (r#—1)-dimensional relatively thick tangential surface

ending at 0. It is not difficult to see that D(0, 7, K; f ¥ F)>0 and hence Rickman’s
result follows from Theorem 4.21.
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