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0. Introduction

Let (X,0)c(C**",0) be a germ of reduced analytic hypersurface in (C"+%, 0)
defined by f=0, where f€Ucni1, is a germ of analytic function in C**' at 0.
We shall prove the following:

Main Theorem. Assume that outside an analytic subgerm (¥,0) of (X,0) of
dimension at most n—2 the only singularities of (X, 0) are normal crossings then the
local fundamental group of the complement of (X, 0) in (C**', 0) is abelian.

Remark. Using Milnor fibration theorem ([M] theorems 4.8. and 5.11.) this
theorem implies that under its hypothesis the Milnor fiber of (X, 0) has a fundamental
group which is free abelian of rank the number of analytic components of X at 0
minus one. In particular, if (X, 0) is analytically irreducible, the Milnor fiber is simply
connected. This result extends a result of M. Kato and Y. Matsumoto ((K—M])
which says that if the singular locus of (X, 0) has codimension 2, the Milnor fiber of
(X, 0) is simply-connected.

We shall still denote by X and Y representants of (X, 0) and (¥, 0) in a suffi-
ciently small neighbourhood of 0 in C**1,

We notice that, if ¢>0 is small enough, the balls B2"** of C"*! centered at 0
with radius &=0:

Bin+2:= {zeC"*Y, | z] < ¢}

— make a fundamental system of good neighbourhoods of 0 in C*+* with regard
to both X and Y in the sense of D. Prill (¢f. [P] definition 1) by using the local conic
structure of an analytic set (cf. [B—V] lemma (3.2.).
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Thus the local fundamental group of the complement of (X, 0) in (C"*%, 0)
(cf. [G] exposé XIII p. 15 and commentaires p. 26) is 7, (B>"**— X, x), when &=>0
is small enough and x€ B"**— X (cf. [ P] proposition 2).

By using a theorem of [H—L,] (theorem (0.2.1.)) it is enough to prove our the-
orem in the case n=2.

Our proof is strongly inspired by [D;] (see [D,] too) and, of course, the theorem
above will imply the fact proved by W. Fulton and P. Deligne (cf. [F] and [D,])
that the fundamental group of the complement of a complex projective plane curve
with only nodes as singularities is abelian, as we shall see below.

Our main theorem above gives a positive answer to a question of [S] (2.14).

1. Proof of the main theorem in the irreducible case

In this paragraph we shall assume (X, 0) to be irreducible.

(1.1.) As we have said above, we may suppose n=2.

(1.1.1.) We notice that, because of the local conic structure of analytic sets
(cf. [B—V] lemma (3.2.)), B¢ —X has the homotopy type of S]—X when &=0 is
small enough and S?=aB¢ is the sphere boundary of B¢. Actually one proves that
B — X is: diffeomorphic to (S? —X)X][0, 1].

(1.1.2)) Let X be the singular locus of X. Now let us choose &=0 such that
for any &, e=¢’ =0, S° is transverse to X— X and X and hence, as above, S}, —X
is a deformation retract of BS —X.

(1.1.3.) We call K,:=XnS®. Then K, is a manifold outside 0Z,:=2nS3.
Now 92X, is a 1-dimensional compact submanifold of S? which is the union of em-
bedded circles in S2. Thus S$®- 9, is simply connected because dim S7=5 and
S?% is simply connected.

Locally at every point of 9Z, the space K, looks like two embedded 3- dlmenclonal
manifolds cutting transversally along 0Z,. (Fig 1).

We call K}:=K,—0Z,. Let T(K}) be a tubular neighbourhood of K* in S2.

Because (X, 0) is irreducible, K} is connected. We can apply Van Kampen’s
theorem to S*?—0X,=(S?—X)UT(K). As (S:—X)nT(K))=T(K))—K}, we
have the cocartesian diagramm:

7'E1(Sé5““X, X)

/* \
nl(T(Ks*)_K:’ X) 7[1(585—(()25, x) = {1}
8
Ty (T(Ks*)y x)
with x€T(K¥)—KZ*.
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Fig 1.

(1.1.4.)) Notice that T(K]) retracts on K} and in the above diagram the homo-
morphism f§ is induced by the punctured discbundle T (K))—K*—K;. Thus
the kernel Ker # of § is a quotient of Z and B is surjective. Actually we shall prove
below that this kernel is isomorphic to Z, but what we shall need now is that it is
an abelian group.

By diagramm chasing one finds easily that the normal subgroup generated by
the image a(Ker f) in 7, (S? — X, x) is 7,(S? — X, x) itself. Thus, if one proves that
a is surjective, as Ker § is a normal subgroup of (T (K})—K, x), its image by
o is normal. Then the surjectivity of a would imply that the restriction of « to Ker
is already surjective and this implies that m,(S} —X, x) is abelian as announced.

Now, if 7;(S? —X, x) is abelian, using the fibration theorem of Milnor ([M]
Theorem 4.8.) in this case when (X, 0) is irreducible we obtain that 7;(S,— X, x) is
isomorphic to Z and the Milnor fiber of (X, 0) is simply connected. This shows
altogether that Ker f is isomorphic to Z.
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(1.2.) In this case where (X, 0) is analytically irreducible, it remains to prove
that the homomorphism o of the cocartesian diagramm of (1.1.3.) is surjective.

To show this surjectivity we shall proceed analogously as in [Dy].

(1.2.1.) Let n: X~ X be the normalization of X.

Consider Z:=(Bf —X)X((X —X)nB¢) and Z,:=(B!—X)Xn " (XnB—{0}).
Let 4 be the diagonal of Bé X B¢, and we denote by 4*:=4—{0}.

Let us define:

Vs(4) = {(x, y)EB{ X B, |x—y| = 6}
with O<d<<e, where | | is the Euclidean norm of C3. We shall denote:
Vs(4):= {(x, »)€ Bi X B}, | x—y| = 6}
For any x¢€B? — {0}, we define V; , by:

Vs, = {¥€BS, (x, Y)EV;(D)}.

These form a fundamental system of neighbourhoods of x as 6=0 and J<e.
Denote T5(X):= U cx Vs, x

(1.2.2.) Now we define a complex non-Hausdorff 3-dimensional analytic mani-
fold by T5(X) as an union of charts V; ,,, with xén™ (B{nX), where two points
PEV 5, nxy and g€V, ., are identified when p=g¢ as points in B? and x and y belong
to the same connected component of n~1(XNV5;, ).

The space n~1(B®nX) is naturally immersed in T5(X) by the correspondence
i: x€En Y (B,nX)—>x"€T;(X), where x is represented by n(x) in the chart ¥ ..

The natural correspondence of charts from the chart ¥, ., of T5(X) to the
chart V5 ,x) of B, induces an étale map:

@ TJ(X) - T5(X)

such that the composition of ¢ with the above immersion i induces the map
n~1(B¢nX)~B®nX defined by the normalization.
(1.2.3.) Let ¢, &, such that e=eg,>¢,>0. We denote by"

B, .= {z€C e =z| =&}
Xsl,lig = XnBel,sz’ Xel,ag = n—l(X£1,£2)
Té(Xel,sg) = Té (X)mBel,sz

Té (Xsl,sz) = QD_I(T(; (Xel,ez))

(1.2.4) Lemma. Let &, ¢, such that e¢=g,>e,>0. There exists J,=0 such
that, for any 6, 8y=0=0:
1) The space Ty(X, . ) is a Hausdorff manifold;

2) The immersion i induces an embedding of XEP , into T, 5()_(21,82);

&
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3) The image i(X, ,) of X, ,, by this embedding is a deformation retract of
T5(X . s,:);
4) The space X, , isa iipformati_on retract of Ts(X, ,);
5) There is a subspace T; of T5(X, . ) such that:
«) ¢ induces a homeomorphism of Ts onto a tubular neighbourhood of
81,82—2’
B T,—i(X s,,sz) is a deformation retract of Té(X-sl,sz)—q)_l(Xel,ez)'

Proof. Let V be a neighbourhood of the singular locus ZnX, in B, such that,
for any connected component V; for ¥V, the space V;nXnX is connected and
n~1(V;nX) has exactly two components. As B, , is compact, if 6=0 is small

enough, for any 1€Ts(X, ), there is a neighbourhood U, of ¢ such that, for any

nil(.VimXel, 62)

n (VN Z,,,e)

Zojer

Fig. 2.
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t’e€U,, n™1(V;s, »nX) has the same number of components which is equal to one or
two, and, if it is two, ¥, is contained in some component ¥; of ¥ and each of the
components of n1(V; .nX) is contained in each of the components of n 1(V;nX).

Let x;, x, be two distinct points of Té()_( o). If their images in T,(X, 5) are
distinct, because T,(X, ..¢,) 1S @ subspace of C3 it is Hausdorff and one ﬁnds eas1ly
neighbourhoods of x, and X in Te(X, epey) to separate x; and x, there. Thus the only
case to be really considered is when x=¢(x;)=¢(x,). By definition, as x;x,,
the points x; and x; belong respectively to the charts Vinwy and Vs oy and, y,
and y, belong to different components of n='(V; .nX). Now let U, and U, be the
neighbourhoods of x; and x, in T(,()T,S ,¢,) the images of which are both equal to a
neighbourhood U of x in T,(X,,.) contained in VooV ompynUs. Let X’€U
and xj, x, the correspondmg pomts in U, and U,. If one proves x]#x,, then
UnU,=0. As x GV‘;,,,(M and x EVJ,,,(yz) it is enough to prove that y; and y, lie
on different components of n~(¥;, ..nX). Because U is contained in U, for any x’
in the open set U, the number of components does not change and is equal to two,
as it is two at x. As y; and y, belong to different components of n~1(¥; ,nX), they
lie on different components of n=1(V;nX) if V; ,cV,. Thus they must lie on diffe-
rent components of n~1(V; .nX) for any x’€ U, because it is clear that V, . .CV,
and by choice of § each of the components of n=1(V; .~ X) is contained in each of
the components of n=*(V;,nX).

To prove the second assertion we consider the following commutative diagramm:

nYBNX) L Ty(X)

b b

BénX < T,(X)
where n, is induced by the normalization n. As n, is an isomorphism outside ¥, the
immersion i restricted to n~'(B¢nX—X) is an embedding. Thus it remains to prove
that the restriction of 7 to X8 e, H(2) is an injective map when ¢ is sufficiently
small. AsXs e, TH(Z) I8 compact for any & small enough and any x¢X, 2r\n“l(Z)
n (X mI/(,,,,(x)) has two connected components and this proves our second assertion.

Let ¢ be the function defined on T4(X, ) by:

VZE T& (Xel,gz)’ G(Z) =

Actually one can prove that this function is real analytic in a neighbourhood of
(X ot ). As 0=0 coincides with z(X‘g e) and the boundary of X £ty is real analytic,
there is 0, small enough such that for any §, 0<§=4,, the space o= (5 is smooth and
cuts the boundary of Xe ¢, transversally. This shows that for any 9, &', 0<d’<d6=0,,
T5(X, »e,) Tetracts by deformatlon on T,;(X,s s) For 0<6=6,, the T,,(Xs o)
deﬁne a fundamental system of good nelghbourhoods of z(X£ ,e,)» because z(Xs s)
is compact; thus they define good neighbourhoods of i(X e, a) in the sense of D.

z (lo (@)~ @3).

inf
REXNIHV, 4 (zy)
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Prill ({P]) and retract on it by deformation. This proves our third assertion. Actually
one may obtain that T5(X, . ) is diffeomorphic to Xgl,ezxf) where D is an open
2-disc.

As o is étale, for any 6, 0<6=4,, the restriction of ¢ to the boundary of
T(,(X'al,sz), defined by ¢=4, is an immersion. As the singularities of X— {0} are
normal crossings, the self intersections of ¢ (6=4J) are normal crossings if 0<6=4,
for 5, small enough. If &, is well chosen, there is a submanifold with corners
of T5(X.,,.,) the corners of which are the self intersections of ¢(o=35) and which

is a neighbourhood of ZnX, , .
Eyr8y Xq " ) Tﬁ (Xahtz)

Znsz

Ts(Xey, )
s

Fig. 3

Because the spaces Ta(Yel,ez) define a fundamental system of neighbourhoods
of i(Yel,ez) when 6=0 is small enough, one obtains that the T, 6(Xepsz) define a
fundamental system of neighbourhoods of Xsl,ez. As X e, is a CW-complex, to
prove the fourth assertion it is enough to prove that the T5(X;,,.,) define a funda-
mental system of good neighbourhoods of Xe e, in the sense of D. Prill ([P]), i.e.
if 6,9 are small enough, 6=6">0, then Ts(X,,,) is a deformation retract of
T,,(Xgl,ez). To prove this fact one builds up a vector field on B, .., the integration
of which gives the deformation retraction: actually one obtains a diffeomorphism
of manifolds with corners. Precisely we have :

As ¢ induces an étale mapping from T,(X, ,) onto Ts(X, ) when 6>0
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is small enough, we may find a covering (U,),c4 of T5(X, ) such that either
U.NZ, =0 or UnZ, ,#0 and:

1) 1f U.nZ, . =0, there is a real analytic function o¢,: U,~R such that
T,(X;,,. )nU,={0,<3}, and Tp(X; . ) U,=(0,<&} for any 6=¢=0 and
X ,e,nUy={0,=0};

i) if U,nZ, , #0 there are two analytic functions ¢,: U,~R and o): U,~R
such that: Tu(X, e)mU {o,<dYulo, <&} for any 6=8=0, X, e, Uoi=
{o,=0}u{0,=0} and for any 6=¢'=0, the spaces {s5,=¢'} and {0 _5} are
submanifolds of U, which cut transversally.

Let us fix =0 small enough such that properties above are satisfied. Now
consider &, >0¢">0. In each U, we build up a smooth vector field v, such that:

iy For any x€U, m(T,;’( ped T T (X, 82)) v,(x)=0 for some §,,d, such
that 6,>0>6">6,=0, and va(x) 0 in Ta( ey for some 0=§;<3,.

iy If U, 2NZ, ., =0, for any xcU such that 0,(x)#0 one has do,(v,(x))<O0,
and for any x€U, m(')T,;(Xe 12)> Va(X) 18 tangent to IT(X, ¢,.e,) Where (9T5( ;) 18
the image of the boundary of T5(X, ), inverse image of 3X€ . XD by the dxffe-
omorphism of T(;(Xs ,¢,) onto Xe ey ><D where D is an open 2- disc (notice that the
boundary BT‘;(XS 8) lies on S, uS -

i) If U, mZe o, 70, for any x€U, such that v,(x)#0, we have do,(v,(x))=<0
and da(v a(x))<0 moreover at any point x€ U, such that ¢,(x)=0/(x) we have
do,(v,(x))=da(v,(x)) and at any point x of U, N9(0T5(X, .)), v.(x) is tangent to
@(aTa(Xa .s)) 0T, (X, s)

Now Iet (Peca be a partition of unity associated to the covering (U,),c 4 of
T5(X,, ,e,)» We have a vector field v=2,c, 0,0, on T;(X, .,,e,) the integration of
Wthh gives the diffeomorphism of T;(X,,.) onto T, (X, s) for any 6=6'=0.
This proves the fourth assertion of lemma (1 24. ).

The space T(;(Xs Pl 0 ¢ ¢e,) 18 readily a tubular neighborhood of
X8 e, ~ 1 (2) (wich is dlffeomorphlc to X8 — by ¢) minus its center, i.e.
X8 5, N 1(2) itself. Besides of it its projection 1nto T,(X e, E) by ¢ has overlappings
near the singularities X. Therefore for the fif:h asser‘rlon one may take, T; to be
the interior of the space {z€T;(X,, ,,):0(z) = inf {o(x):x€97(0(2))}}. To prove
) and B) we proceed as above, using vector fields.

Actually we have a more precise result than the one of 5) o) of Lemma (1.2.4.):

(1.2.5.) Lemma. Let &', e,=¢'=¢,. The space ¢(TnSE=T(K2) is a tubular
neighbourhood of (X—ZX)nSy=K} in S}. Moreover ¢(T;) is diffeomorphic to
le1, &] X T (K)).

This lemma comes from the fact S, is transverse to ¢ (75) and Lemma (1.24.).

(1.2.6.) Let P, . :=B; XB; —B; XB; for g=>8>0 and B; XB;  being
the interior of B; ><B6
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Let 6, be the constant defined in the lemma (1.2.4.) for e=eg,>¢,. Then let us
choose g, and & such that J,=J and e,=¢,=¢ +0.

Let W; be the inverse image of V(4% by y: BEX(n ™ (XnB%))~B;XB;
where the first component is the projection and the other is induced by the compo-
sition of the normalization and the inclusion of XnB® into BY. We denote
ASEIATD))

We have the inclusion u: ZinWsny (P, )CZin (P, 0) and the
mapping ¢: Z;nY (P, ) > B, —X induced by the first projection.

(1.2.7.) Lemma. The composition qou factorizes through Ts(X 80,52)—(p’“1 (X):

Z AWy (P, ) 2 To(X,, ) — 0 (X)
/
/
qouN /tpo
\ieg—x

(1.2.8.) We have the following commutative diagram:

where @, is induced by ¢.

Z WL (P,, ) 2 T5(X,, o) — 0 (X)) <22 Ty—i(X,, )
[ l
u qou L7 L2
\ *

Zl('\l,b_l (Pso,sz) q BEWX = (p(Té_i(Xsl,sz))
A
b I
u U

S X & ST(KY)—K

where T is defined by Lemma (1.2.4.) 5-o;) where in this case =g, ¢, is induced by ¢
and, i, j, a, k, u are inclusion.

All the spaces above are connected and denoting by * the adequate base point,
the above diagramm gives for the fundamental groups the following commutative
diagramm of groups:

nl(ZlmW(imlzb_l(Pag,sg)s *)_hi’ nl(Té(ysbsz)ﬂq)_l(X)a *) “&-7'51(75— i(Ysl,sz)5 *)

Uy (gou) [(‘Po)* (O

¥ ¥
nl(Zlnlp—l(Pso,sg H *) TC]_(Bg-—X, *) D nl(q)(Tﬁ—'i(Xel,ag)’ *)

A
Jx ix

s (Sg _X: *) = nl(T(Ks*)_Ks*: ale)

Ix
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As j, is an isomorphism because of the local conic structure of X at 0 (cf. 1.2.2.)),
ixis an isomorphism because of lemma (1.2.5.), (@,)«is an isomorphism because of 5)—
o) of lemma (1.2.4.) and k« is an isomorphism because of the 5)—p) of lemma (1.2.4.)
we obtain that « is an epimorphism if and only if (@)« is an epimorphism. From (1.1.5.)
to prove our main theorem it remains to prove the surjectivity of (¢g)s. Obviously
if uvis surjective, (o)« is surjective, because, Z,ny = (P, . ) containing B —-X)X{y}
for any yen™'(XnB, ,), and Z;:=(Bi—X)Xn"*(XnB;—{0}), ¢« is already
surjective.

(1.2.9.) To prove the surjectivity of ux, one considers the following commu-
tative diagramm :

ZNL'nSY — ZnV;nSP <~ ZnVnP, ., — Z,oWsnyX(P, )
T 1 i
\\ y

¥
ZﬁSal,l c—s—-r Zﬁl)a > Zlmw_l(Pso,m)

0s E2 r

where r is induced by the identity on B,— X and the natural section of n over X —2Z2
and u, v, w, w,, s are inclusions. Moreover ¢ and ¢, are chosen such that S?CPEO,E2
and (ZnS};)x]0, 1] is homeomorphic to ZnB,. Then L’ is a linear 3-space of
C2x C? going through O such that ZnL'nSY is contained in ZnV ;NS .

Now r« is surjective because the complement of 7 (Z NP, ;) has real codimen-
sion two in Z;Ny 1 (P,,,.,)- On the other hand s will be shown to be a homotopy
equivalence (cf. (1.2.12.)). Thus to prove the surjectivity of u. it will be enough to
get the surjectivity of (wg)«.

(1.2.10.) Now let &” be small enough, &>£">0 such that the inclusions:

ZNBY D ZnB? > ZnSH

ZAL'NnBE D ZnL'nSY
— are homotopy equivalences. From [H—L,] (compare to H—L, (théoréme (0.2.1.))
and [D,] (Assertion 1.3.))if L’ is sufficiently general for x€¢ ZnL’nB, the homomor-
phism:

(ws: 1(ZnL'nB2, x) — n (ZNBYE, x)
induced by the inclusion is an epimorphism because Z is non singular and
dim ZnL'=2.
Moreover one can show that the inclusion of ZnL'nSY into ZnL'NnBY

induces an epimorphism:

(e T (ZNL' NS, x) - n(ZNnL' B, x)

for any x€ZnL'nSY.
To prove this last fact first notice that the closure of Z~L’ is a surface and
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ZAL —ZAL is the intersection of BSX(Z N B)UXX X and L'nB¢ X BS. By a gene-
ricity argument one sees that, if L’ is sufficiently general the intersections of XXX
and B® X (Z n B%) with L’ are transverse at any point in B?— {0}. Thus inside B2 this
intersection is a non singular curve outside 0. Actually outside of 0 the components
of the intersection of L’ with X XX are composed of non singular points of ZnL’
and the other components of ZnL —Zn~L’ are self intersections of ZNL~ which
are normal crossing points of two non singular components outside of 0. Notice
moreover that this curve (ZAnL —ZnL")nB* is defined by complex analytic equa-
tions on a neighbourhood of B}?. Finally, for a general 3-plane L', ST' cuts ZnL’
transversally, because S cuts Z transversally and the space of complex hyperplanes
which are not transverse to Zn.SY has a real dimension at most equal to 9. For the
same reason S%' cuts (XX X)L and (C3X Z)nL’ transversally if L’ is sufficiently
general.
Now our assertion will be a consequence of’:

(1.2.11.) Lemma. Let V be a complex analytic surface closed in an open neigh-
bourhood U of O in C" and 0€V. Suppose that the singular points of V are normal
crossings with two non singular components outside 0. Let I be a curve contained in V
which contains the singular locus of 'V, which is non singular outside O and which is
defined by complex analytic equations in U. Suppose B is a closed ball centered at 0
contained in U, such that its boundary S cuts I and V—TI transversally. Then the
inclusion SN(V—IYcBn(V—TI) gives an epimorphism:

n(Sn¥—I), x) > n(Ba(V—T), x)
for xe SOV —T).

Proof. We essentially use Morse theory on a manifold with boundary to prove
this lemma.

First notice that if B” is a sufficiently small ball the inclusion of (B—B)n(V —TI)
into Bn(V—TI') gives an isomorphism of the fundamental groups: if O does not
belong to I, BA(V—T) is obtained from (B—B")n(V—T) by adding the 4-cell
B’nV if B’ is sufficiently small, because B’'nI'=0; if 0¢I', we use the conic struc-
ture theorem already quoted (cf. [B—V] loc. cit.) to show that the above inclusion
is a homotopy equivalence (actually in that case (B—B")n(V—T) and Bn(V —T)
are homeomorphic).

We fix such a ball B”: notice that its boundary S” cuts I” and V' —1I transversally
as any other spheres centered at 0 contained in it.

Now let us consider the restriction of the distance function to 0 on I'. By even-
tually replacing it by the distance function ¢ to a point near to 0, we may assume
that the restrictions of ¢ to I and V —TI" are Morse functions. If » and #* were the
radii of B and B’ for a point chosen near enough to O the sets ¢ *(r)n(V —-T),
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{o=r}n(V=T), {r'=0=r}nV—I are respectively homeomorphic to Sn(¥'—TI),
Bn(V—T) and (B—B)n(V—T).
Let f;=0 i=1, ...,k be the equations of I' in U. Let ¢ be the restriction of
£ L Ifil? to V. We shall denote by T,(«€R*) the sets {p=o} and IT,={p=a).
Thus Ty=I". One sees that for a=>0 small enough, 4T, is transverse to S and S’.
Moreover if « is small enough the inclusion (V—T,)n(B—B)c(¥V —I)n(B-B’)
is a homotopy equivalence, as well as (V—T)nSc(V—TI')nS.

We are going to do Morse theory on the manifold with corners (V' —1T,)nB
(compare to [H—L,] (§3)). Actually, because of the above remark, one must con-
sider (V—T,)n{o=r} instead. To be simple and avoid cumbersome notations we
shall assume that the function ¢ is actually defined by the distance function to 0.
The Morse function considered is then —o.

We shall prove that (¥ —T,)n(B—B’) is obtained from (¥ —7,)nS by adding
cells of real dimension V2 at least and this will prove our lemma.

Actually in our proof the restriction of the Morse function —¢ has no critical
point on the corners. Thus these corners do not bother. The restriction of —&
to V' —1I has critical points of indexes at least 2 because of the well-known result of
A. Andreotti—T. Frankel (cf. [A—F]). It remains to consider the critical points on
the boundary. It is known that in that case the only critical points giving cells are
the ones for which the gradient of —o is entering our manifold (compare to [H—L,]
(§3)). We shall show that precisely for these points the indexes are at least 2 (for
that purpose the method indicated is very similar to [H—L,] (§ 5)).

Let x be a non-degenerate critical point of the restriction of —¢ to I'. For «
small enough the critical points of the restriction of —¢ on 97, can only appear
near to a critical point x of the restriction of —o¢ on I'. Because if —o is transverse
to I' at some point y€I" then for o small enough —o¢ is transverse to o7, in a
neighbourhood of y€I' in V.

Actually, in the case x is a non singular point of ¥, the non-degeneracy of the
critical point x of the restriction of —¢ on I' makes that, for any o small enough,
it appears two critical points x, and x,, of the restriction of —¢ on 9T, which tend
to x as « tends to zero. By using the implicit function theorem one shows that, for
a=>0 small enough, x, and x/, lie on a real non singular curve going through x.

Proceeding as in [H—L,] (§5) (compare to [H—L,]) the index of the restric-
tion of —¢ on JT, at x, or x,, is equal to the index i at x of the restriction of —¢
on I' or to i+1 according to the fact the gradient of —¢ is going out or entering
(V—T,)n(B—B’). Using again the quoted result of A. Andreotti and T. Frankel
(cf. [A—F]), we obtain that /=1 and at critical points of the restriction of —¢
on dT,, when «>0 is small enough, and with entering gradient into (V —T,)n(B—B"),
the indexes will be at least 2.

In the case the critical point x of the restriction of —o to I' lies on the singular
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locus of V, as, at x there are two non-singular components having distinct tangent
planes, we make the above argument on each of the components. In that case there
will be four critical points of the restriction of —o to 0T, which tend to x when o
tends to O and at two of them the gradient of —o is entering (V' —T, N(B—B)
and the indexes are at least equal to 2.

This ends the proof of lemma (1.2.11.).

From the commutative diagramm of inclusions:

ZALnSHce, ZnSH
N N

2 J

ZNL'NBF — ZNBY
2
Icz jbz
¥)
ZNL'0BJ —— ZnB}?
1
we obtain the commutative diagramm of fundamental groups:

T (ZAL' ASH, %) 290 1. (ZASY, %)

(edx l(bl)*
Y
1 (ZNL nBE, %) oo M (ZNBLE, *)
4 : 3
(cps l(bzo*

7 (ZNL' nB2?, *)TWT)? m(ZNBE, %)

As (w,) is an epimorphism and (b))+, (b,)+ are isomorphism, (wy)« 18 an epimor-
phism, thus (wg)« 1S an epimorphism, because we saw that (c¢;)« is an epimorphism.

This implies the surjectivity of a and proves the main theorem when X is irre-
ducible at 0.

(1.2.12.) To complete the proof of the main theorem in the case X is irreducible
at 0, it remains to prove that s: ZnS,<ZnP, . is a homotopy equivalence.

To prove this last fact we notice that, for ¢=0 small enough, the following
stratification of XnB, obviously satisfies the Whitney condition:

XnB, = (X—2)nB)u((E ~ (0))nB,)u{0}.
From this results immediately that the stratification of Zn(B,XB,) given by the

following 12 stratas satisfies the Whitney condition (to avoid too many notations
we assume X and X to be closed in B,):

B,~ X)X (X-3), X-2)XX-Z), (B,—X)x(E—{0},
X=DXE-{O), C-PHxE—{0), B-20x{0}), KX-2)x{0},
C—{OPx{0), E—-{HhxX—-2), {O}xEX—I), {0}xE-{0}), {o}
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Now if one chooses gg<¢, for any ¢ 0<¢ <g, we have that the boundary and
the corners of B2 X BY cut this stratification of Z transversally. Thus as it is shown
in [B—V], the polydiscs B X BS,, for 0<g <g,, will define a fundamental system
of neighbourhoods of 0 in Z relatively to Z—Z. As the balls BY} define already
good neighbourhoods of 0 in Z relatively to Z—Z, this shows, using again the conic
structure of the singularity (cf. [B—V] loc. cit.) that for &, small enough the inclusion
ZnS ’c:Zr\PSO,62 i8 a homotopy equivalence.

2. The reducible case

In this paragraph we show how to get the main theorem when (X, 0) has several
analytic components from the case when there is only one component.

(2.1.) We could have proceeded as P. Deligne in [D,], but actually we prove a
result similar to the one obtained by M. Oka and K. Sakamoto in [O—S]. In fact
this last result was proved in the projective case. To adapt it to our situation which
is local, we shall see we need to be much more technical. Thus our main theorem,
as stated in the introduction, will be a consequence of the result already obtained
in the first paragraph for irreducible hypersurfaces and the following lemma:

(2.1.1.) Lemma.. Let X be an analytic hypersurface in an open neighbourhood U
of 0in C3? and 0¢ X. Suppose it decomposes locally at O into two analytic hypersurfaces,

ie. if U is chosen small enough:
X = X,0X,

moreover suppose that at any point x€ X;0X,—0 both X, and X, are non singular and
intersect transversally. Then for ¢>0 small enough there is a canonical isomorphism:

(B~ X, x) > 7, (B,~ Xy, X)Xn,(B,—X,, X) with x¢B,—X.

(2.1.2.) Remark. Notice that X; and X, might be non-irreducible and have
“bad” singularities. Moreover using the quoted result of [H—L,] (théoréme (0.2.1.))
there is a similar lemma for hypersurfaces in C".

Proof. Suppose X; and X, are defined in U by the analytic equations f;=0
and f,=0:
X;i={(x, y, 2)€U, fi(x,y,2) =0} i=1,2,

For the sake of simplicity in the proof we may suppose U to be a ball centered at 0.

(2.1.3.) We recall that from the work of [H—L,] if H, is a sufficiently general
plane of C? going through 0, for ¢=0 small enough and for affine planes H, parallel
to H, and near to H,, Hy,=H,, the fundamental groups of (B,—X)nH, and
(B,—X;)nH, (i=1, 2) are respectively isomorphic to the ones of B,—X and B,—JX;
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(i=1, 2). From [L,] for instance, one finds it is enough to assume HynX and HynX;
(i=1,2) to be reduced to get the preceding property.

(2.1.4.)) Let us choose coordinates in a way such that fi(x,0, O) #0 and
£2(0,y,0)£0 and moreover the topological type of the plane curve fi(x,0,z)=0
at 0 is the one of a general plane section of X; at 0 and such that the topological
type of the plane curve f,(0, y, z)=0 at Ois the one of a general plane section of X, at
0. (Recall thata general plane section of X; at 0 (i=1, 2) has a well defined equisin-
gular type by using the fact that reduced plane sections of X, define a family of
plane curves for which there is a well defined general equisingular type at 0 (cf. [Z,])).

Following M. Oka and K. Sakamoto in [O—S] we consider the hypersurface
Z of DXU, where D={tcC, |t|=1}, defined by:

X ={t x,y, 26DXU, fi(x,1y,2) fr(tx, y, z) = 0}.

Notice that we have a natural mapping Z-2~D induced by the projection.
Then p~*(0) is given by the union of two cylinders f;(x, 0,z)=0 and £,(0, y, z)=0,
and p~1(1) corresponds to our original hypersurface X. We shall denote by X;(¢)
and X,(?) the hypersurfaces of U defined by fi(x,ty,2)=0 and fi(tx, y,2z)=0
respectively and X(#)=X; (1)U X,(?).

(2.1.5.)) Now let H, be a general hyperplane going through O defined by
z=ax+by, with a and b sufficiently general and both non zero, such that H,nX
has at 0 the topological type of a general plane section at 0.

We shall denote C;(#)=X;(t)nH,.

According to (2.1.3.), for ¢=0 small enough, if H.={z=ax+by+c}, with
0=<|c|=<e, the fundamental group of (B,—X)nH, is isomorphic to the one of B,—X.

The intersection of p~*(0) with {0} X H, is given by two curves C; and C, in
general position, i.e. with tangent cones without common components if a and b
have been conveniently chosen, and C; has at 0 the topological type of a section of
X; by a general plane (i=1, 2).

As the intersection of p~*(¢) with {t}X H, is given, for all ¢ except a finite num-
ber, by two curves having respectively at O the topological types of general plane
sections of X; and X, at O, we shall prove that for all # except a finite number, the
topological type at 0 of p~t(t)n({t} X H,) will be the one of p~(0)~({0} X Hy).
Actually we notice that the Milnor number u(t), of p=*(#)n({t} X H,) at (1, 0) equals
patpa+2(Cy (1) - Co(t))y— 1, where p; is the Milnor number of (Cy, 0) or (C;(t), 0)
(i=1,2) and ( - ), denotes the intersection multiplicity at 0. As the lowest value
of u(?) is obtained when ¢=0, using a known result proved by [L,] (Corollaire 7)
(cf. [L—R] (§ 3) too), we obtain that, for all # except a finite number, the equisingular
type of p~1(¢) at (¢, 0) is the one of p~*(0) at (0, 0). In particular for these values of ¢
necessarily the tangent cones of C,(t) and C,(¢) have no common components.

Moreover notice that in {0} X U, the plane {0} X H, cuts the singular locus of
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p~4(0) transversally. Thus for ¢ small enough, {¢t}X H, cuts the tangent cone of
the singular locus of p~1(¢) transversally. This implies that for ¢ small enough, there
is &=>0 such that for any ¢, O<|c|<s¢,, the singular points of H.nX;(t) (i=1,2)
are the ones where I, cuts the singular locus of X;(¢) and for 70 their corresponding
equisingular type is the one of X;(¢) along the corresponding branch of the singular
locus.

On the other hand, if &=0 is small enough, because of the assumptions in
(2.1.4.)that f;(x,0,0)#0 and f;(0, y,0)=20, forany ¢=0 small enough, X,(0)nH,
and X,(0)nH, cut transversally inside B, at (Cy(0)-C4(0)), points. Thus for 770
small enough, for any ¢#0 small enough, X;(¢)nH,_ and X;(¢)n H, cut transversally
at (C1(0)- C4(0))y=(C1(?) - Cy(1)), points inside B,,.

(2.1.6.) From the preceding observation we find a real analytic path «: [0, 1]—D
such that:

1° a(0)=0 and «(l)=1;

2° For =1 the equisingular type of p='(a(1))n({x(?)}XH,) at («(), 0)
is the one of p~1(0)n({0} X H,) at (0, 0);

3° For ©€]0, 1] the plane H, cuts transversally at 0 the tangent cones of the sin-
gular loci of X;((7)) and X;(a(2));

4° For 1€[0,1], there is &,=0 small enough, such that for any o,
0<|c|<se,, thecurves H.nX,(a(r)) and H,n X,((r)) cut transversally inside B, at
(Ci(a(7)) - Cofa(7)))y points.

(2.1.7.) Now the coordinates are fixed as it was described in (2.1.4.), the hyper-
plane H,:={z=ax+by} is given by (2.1.5.) and the real analytic path is defined as
in (2.1.6.).

According to (2.1.3.) there is ¢=0 such that:

1° The local fundamental group at 0 of the complement of X in C3 is given by
the fundamental group of B,— X

2° There is y,>0 such that for any ¢, 0<|c|=y,, the fundamental group of
H.n(B,—X) is isomorphic to the one of B,—X, and moreover the curve XnH,
cuts S, transversally;

3° The singularities of the curve XnH, are the ones of X;nH, and X,nH,
and the intersections points of X;nH,. and X,nH,, the number of which is
(XinH,- X,nHy), are ordinary double points.

Let us first fix such an ¢>0. There is 1,1 near enough to 1 such that:

1° For any ty=1=1, the curve C(x(1))=C;(x(7))uCs(a(r)) (Where (i=1,2):
Ci(a(1))=X;(«(r))nH,) cuts transversally S, and there is 7, such that for any c,
O<lc|=y;, the curve (X;(x(1))NXx(x(1))NH, cuts S, transversally.

2° As X;nH, and X,nH, cut transversally each other in H,nB,, we may ask
that for any 7, 7,=t=1, the curves X,(a(7))nH, and X,(«(x))nH, cut transversally
each other in H.nB, at (X;nH,- X,nH,), points.
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Then we have:

(2.1.8.) For any 7, 1,=t=1, and any ¢, O<|c|=inf(y,, y]) the fundamental
groups of (B—X (a(x)))nH, are isomorphic to the local fundamental group at 0
of the complement of X in C3

Actually one proves that the pairs (B,nH,, B,nH,nX («(r)), are homeomorphic
for any 7, t,=t=1, and any ¢, O<|c|=inf (y,, y7)-

This result comes from the fact that, for any t and ¢ as considered, the
curves H.nX(a(7)) cut S, transversally and the sir g ilarities of these curves inside B,
are equisingularly the same for the considered 7 and c.

(2.1.9.) A standard argument of equisingularity theory allows us to build-up
explicitly a Lipschitz vector field in o([7,, 1])X(B,nH ) which realizes by integration
the searched homeomorphisms.

(2.1.10.) According to (2.1.3.) again there is ¢'>0, ¢ =e, such that B, — X(«(,))
has its fundamental group isomorphic to the local fundamental group at O of the
complement of X(«(7,)) in C? and there is y,=0, such that, for any ¢, O<[c|=7,,
the fundamental group of (B,—X(x(t)))nH, is isomorphic to B,—JX (2(7)).

Now to end our proof of lemma (2.1.1.) we need a more precise description of
our fundamental groups by generators and relations.

(2.1.11.) One knows the following fact (cf. [H—L,] Lemme (4.2.3):

If L, is a sufficiently general line going through O defined by /,=/,=0 (where /;
are linear forms), for ¢>0 small enough and O<n<e, if T,:={L[*+|L2=n}
the inclusion:

T,nB,—Xc B,—X

is a homotopy equivalence (actually one may prove these spaces are homeomorphic).
One may choose L, in H, (and /;=z—ax—by) and then if ¢=0 is small enough,
O<n<e, 0<y]<n, O<|c|=v{ the inclusion:

H(T,nB,—X) c H.N(B,—X)

is a homotopy equivalence (again here, one may prove these spaces are homeomor-
phic).

(2.1.12.) One sees from this last statement how one can obtain the fundamental
group of H.n(B,—X) by generators and relations, because if ¢ is small enough,
I, induces a mapping i: H.N(T,nB,—X)—~D; where D;:={z€C, |z*=n—|c[*}
which is a C* fibration outside a finite number of ‘‘critical” points. Thus by an
argument due to Van Kampen in the projective case (cf. [V—K]) the generators of
the fundamental group of H.n(T,nB,—X) at a point x are given by a base of the
free group 7 (A71(A(x)), x) if A(x) is not one of the quoted “‘critical” points, and
the relations are obtained by considering the monodromy of the above generators
around the “critical” points (compare with [C—L] theorem (1.2)). Notice that if ¢
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is small enough, among these critical points are the values of /, at the singular points
of XnH, in B,.

(2.13.) Now let us choose L, and Hy, ¢>=0 and & =0 such that the conditions
of (2.1.7.) and (2.1.10.) are fulfilled and such that we obtain these results simulta-
neously for X and X (x(7,)). Moreover we may assume that for any 1, t,=1=1,
(Lo~ X(2(7)))y equals the mualtiplicity of X («(r)) at O which does not depend on 7.
This last condition implies that, if ¢>0, e=& =0 are conveniently chosen, and
O<n<eé, O<y<p there is L defined by ;=c¢, I,=¢ such that:

1° 0<le|=y, [¢[=n—lc:

2° For any 1, tp=1=1, L cuts X(u(r)) transversally in B, at (L,- X(a(1))),
points and B,nL n X (o(1)) CB,-;

3° The inclusion H.~(T,nB, ~X)CH.~{(B,—X) is a homotopy equivalence;

4° The inclusion H.n(T,nB, —X (a(to))) C H .n(B,—X(x(7,))) is a homotopy
equivalence.

Because of 2° above the vector field constructed in (2.1.9.) can be built in such
a way the image of B,nL— X (a(ty)) is B,nL—X(x(7)) forany t,=t=1 by the family
of homeomorphisms obtained by integration.

" As the inclusion B,nL—X(a(t))CB,nL—X(a(1y)) is obviously an homo-
topy equivalence because LnX((14))N B, is contained in B,., the loops, which gene-
rate 7, (H.N(T, B, — X (2(7y))), x) and thus 7,(B, —X(«(1,)), x), give a base of the
free group, fundamental group of LnB,—X and thus generators of the fundamental
group of B,—X.

(2.1.14.) Let us suppose that we can choose a base of the free group
7, (BN L—X(a(,)), x) defined by loops at x contained in BynL—X(a(z,)) turning
simply around the points of B,nLnX(x(z,)) such that the loops turning aroung
points of B,nLnX,(x(ty)) give generators which commute in 7, (B, — X (a(7y)), X)
with the ones defined by other loops at x turning simply around the points of
BynLoX,(a(zy)).

Now using (2.1.12.) we see that our lemma (2.1.1.) is a consequence of the
hypothesis (2.1.14.).

To be more precise, let g; (i=1,...,7) and h; (j=1,...,s) be the elements
of the base of n, (LN B,— X, x) coming from the loops having the property in (2.1.14.).
The g; will come from the loops turning around the points of LnX;(a(te))NB,
and the h; will be the ones coming from the loops turning around the points of
LoXy(x(te))NB,. As the inclusion B, —X(a(t))<B,— X(x(t,)) gives an epimorph-
ism of the fundamental group and as B,—X(x(t,)) is homeomorphic to B,—X
by an homeomorphisnr which sends (L — X («(to)))nB, onto (L—X) N B,, the images
g, and Ej of g;and h; (=1, ...,r, j=1,...,s) in the fundamental group of B,—X
commute. According to the hypothesis in (2.1.14.) we have &h;=h;§ (i=1,...,r,
Jj=1,...,5) in the fundamental group B,—X. Now from (2.1.12)) the group
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71,(B,— X, x) is obtained from the free group n;(LnB,—X, x) by dividing by the
normal subgroup generated by:

g ouamen i=1,..,r
ji=1,..s

hiYWuhgppt k=1,..,v

where o, (i) and ¢,(j) are the indexes obtained from i and j by the monodromy
around the k-th “critical” point described in (2.1.12.) and ¢, and Y are words in
&1s .oy & B,y ..., hy which describe the monodromy.

As g, and ﬁj commute in m;(B,— X, x), this last group is the quotient of the
direct product G X H of the free groups generated respectively by the g; (i=1, ..., r)
and the h; (j=1,...,s) by the image in GXH of the above normal subgroup of
7 (LNB,— X, x)=G H (free product of G and H). Now the image &, of ¢, in
G X H can be written in G X H:

Pu= O PR
where #% is the image of a word ¢ in G and &2 is the image of a word ¢ in H.

Similarly: ¥, =0 ¥%? in GXH.

Thus 7, (B,— X, x) is isomorphic to the quotient of G X H by the normal sub-
group generated by:

PGP
By Ry R

It is now an exercise to see that the fundamental group of B,— X, is isomorphic
to the quotient of G by the normal subgroup generated by:

g 0W oy O~

and the fundamental group of B,— X, is isomorphic to the quotient of H by the
normal subgroup generated by:

hi YW@ ¥R

This obviously gives our lemma (2.1.1.).

It remains to prove that we may assume (2.1.14.). For this purpose we shall
investigate the geometry of 2’ -2~ D as we go to 0 along the path «.

(2.2.) We fix Hyas in (2.1.5.).

(2.2.1.) According to the definition of a in (2.1.6.) the germs of curves
(X (a(r))nH,, 0) are equisingular when 0=t=1,.

Thus we can choose ¢”>0 such that ¢”=¢" and the spheres S.7 are transvcrse
to X (a(7))nH, for any 51 , 0<gj=¢" and 0=t=1, (cf. [Z,] or [Ly)).

Let us fix such an ¢”. By a compacity argument there is y,>0 such that for any t,
0=t=1, and for any ¢, 0=|c|=y; the curves H.nX(a(7)) cut S, transversally.
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(2.2.2.) By a construction similar to the one quoted in (2.1.9.) we find that
v3>0 can be chosen in such a way that, for any 1, 0<7=1,, and any ¢, O<|[c|=7,
the pairs (B, nH,, BynH.nX(x(r))) are homeomorphic. In particular the
B, nH,—X(x(t)) are homeomorphic when 0<7=1,.

(2.2.3.) The same argument as in [L,] shows that there is a natural epimorphism
of the fundamental group of B,,nH,—X(0) onto the one of B,,nH,—X(« (1))
when O<|c|=v; and 7,0 is small enough.

More precisely one can find a line L, in H, such that (L,- X(«(7))), is equal
to the multiplicity of X at O for any 7, 0=t=1. Then choosing &” accordingly to
Lyand (2.2.1.) as in (2.1.13.) for =0, one may find L in H, such that, in the above
epimorphism, the generators of the fundamental group of B,,nH,—X(0) coming
from loops in LnB,-—X(0) which give a base of its fundamental group are sent on
generators of the fundamental group of B,.nH,—X(u(t;)) which are represented
by loops in LNB,. — X (a(1,)).

(2.2.4) As in (2.1.13.), we notice that the homeomorphisms of (2.2.2.) built simi-~
larly as in (2.1.9.) may be constructed such that the image of (LnH.—X (a(t,)))NB,~
is (LnH,—X(a(zy)))NB,». Thus to find a base of the free group, fundamental group
of (LnH,—X(a(zy)))NB,~, which satisfies the hypothesis (2.1.14.), the inclusion of
B,-—X(a(ty)) into. B,—X(a(7y)) for O<e”=¢ being a homotopy equivalence, it
is enough to prove:

(2.2.5.) We can choose a base of m;(B,-nH,.— X (o(7y)), x) defined by loops at x
contained in B,-nL—X(x(z,)) turning simply around the points of B,.nLNX(x(7,))
such that the loops turning around points of B,-nLnX;(x(t,)) give generators which -
commute in 7, (B, — X (2(74)), X) with the ones defined by the other loops at x turning
simply around the points of B,,nLnX,(x(ty)).

It remains to prove (2.2.5.).

XNH,
XN H,
QO)QHO Q(Tx)mlfo W
ﬁ)/gguw %>
XO)NH,

=0 T=Tp

(2.3.) Actually notice that, X(0) being the union of two cylinders on X, (0)nH,
and X,(0)nH,, if £”=0, is such that S, cuts X(0)nH, transversally, it cuts the
non singular part of X(0) and its singular part transversally. Thus as, for any &,
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O<e=¢", Sg cuts X(0)nH, transversally, the fundamental group of B, —X(0)
is isomorphic to the local fundamental group at O of the complement of X (0) in C3.

Let L, chosen as in (2.2.3.) and let L; be a line in the plane z=0 such that
(Lo- X(0))o=(Lo- X(0))y which is the multiplicity m(X, 0) of X at 0. One can show
that there ¢” >0 such that, for any L and L’ near and parallel to L, and Lj respectively
and cutting X' (0) in m(X, 0) points there is an homeomorphism of B, onto itself which
induces a homeomorphism of B,,—X(0) onto itself and a homeomorphism of
B,.nL—X(0) onto B,.n L' — X(0). Thus, if we can build up the loops in B,.nL" —X(0)
(instead of B,nL—X(0)) to obtain similar properties as (2.2.5.), we bring these
loops into B,NL—X(0) by the above homeomorphism to obtain (2.2.5.). But L’
is contained in a plane H’ parallel to the plane z=0 and, if L’ is sufficiently near
to Ly, we see that H'nB,.nX,(0) and H'nB,.nX,(0) are given by parallel lines
which cut transversally one another. In this situation the construction of the loops
in I’nB,.— X(0) to obtain the desired property is obvious.

H’' N BN X,(0)

H' NB.NX(0)

This ends the proof of Lemma (2.1.1.).
(24.) As it was quoted in the remark (2.1.2.), using the result of [H—L,]
(Theorem (0.2.1.)) we have:
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(2.4.1)) Corollary. Let X be an analytic hypersurface in an open neighbourhood
U of 0 in C" and O€ X. Suppose it decomposes locally at 0 into two analytic hypersur-
faces, i.e. if U is chosen small enough:

X = X,UX,.

Suppose that there is an analytic subspace Y of codimension 2 in X such that at any
point xXEX 1N X,—Y both X; and X, are non singular and intersect transversally. Then
the local fundamental group at 0 of the complement of X in C" is isomorphic to the
direct product of the local fundamental group at 0 of the complement of X, in C" and
the one of the complement of X, in C".

3. Some consequences

(3.1.) Application to projective hypersurfaces. The following result was first
stated by O. Zariski in [Z,] and proved by P. Deligne and W. Fulton (cf. [D,)]):

(3.1.1.) Theorem. Let C be a complex projective plane curve in P2 Suppose
that C has only nodes as singular points. Then the complement of C in P? has an abe-
lian fundamental group.

Proof. One can consider this theorem as a consequence of our main theorem.
In fact one considers the cone C; in C? which lies over C. Then the local fundamental
group at O of the complement of C; in C3 is isomorphic to the fundamental group
of the complement of C; in C3. But the complement of C, in C?is a locally trivial
C*-fibration over the complement of C in P2 Now using the exact homotopy sequence
of this fibration and our main theorem we obtain the above Theorem (3.1.1.), because
obviously C, satisfies the conditions of our main theorem.

Using another result stated by O. Zariski in [Z;] and proved by H. Hamm and
Lé Diing Trang in [H—L,] (0.3.) the theorem above can be stated for hypersurfaces:

(3.1.2.) Theorem. Let H be a complex projective hypersurface in P". Suppose
that there is a codimension 2 subvariety Y in H such that the singularities of H—Y
are normal crossings, then the complement of H in P* has an abelian fundamental group.

Using again the result stated by O. Zariski in [Z,] (cf. [H—L,] (0.3.)) and pro-
ceeding as in the proof of (3.1.1.), our Lemma (2.1.1.) give the following consequence:

(3.1.3.) Theorem. Let H, and H, be two complex projective hypersurfaces in P
Suppose there is a codimension 2 subvariety Y in H,VH, such that for any point
x€H,nHy,—Y the hypersurfaces H, and H, cut transversally, then if L is a sufficiently
general hyperplane of P* the fundamental group of the complement of HyOH,UL
in P" is isomorphic to the product of the fundamental groups of the complements of
H\OL and Hy,OL in P
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(3.2.) Another application of our main theorem is to give a partial answer to a.
question of K. Saito in [S] ((2.14.) Note).

Let us formulate the question again here:

Let U be a domain in C" and X be a closed hypersurface in U. One defines the
sheaf of logarithmic 1-forms Q}(log X) on U along X and the residue map
res: QL (log X)—>n«(Mg) where n: X—X is the normalization of X and M, is
the sheaf of meromorphic functions on X (cf. [S] (1.2.), (2.2.)).

Then the following question was asked in [S] ((2.14) Note and (2.13)):

(3.2.1.) Question: The following conditions on X are equivalent:

i) The local fundamental groups at any x€X of the complement of X in U
are abelian;

ii) There is a subvariety ¥ of codimension 2 in X such that X—Y has at most
normal crossings;

iii) The residues of any elements of Q% (log X) are holomorphic on X (i.e. weakly
holomorphic on X).

The implication: “i) implies ii)” is coming from the fact that along any codi-
mension one component of the singular locus at any general point of this component
X is equisingular (cf. [Z,]) and a computation of O. Zariski which shows that the
only germs of plane curves which have a local complement with abelian fundamental
groups are the non singular germs and the germs of an ordinary singularity. Our
main theorem shows that ii) implies i).

The implication ii)=>1ii) comes from an easy computation. The implication
iif)=>ii) is still open. We only know a weaker assertion.

(3.2.2.) Theorem. (Cf. [S] (2.11.)) Let C be a germ of plane curve in C* at 0.
Then the residues of the elements of Q' (log C) at O are holomorphic on the normali-
zation of C if and only if C is either non singular at 0 or with an ordinary double
point at 0. '

(3.2.3.) It is an interesting problem to find a direct relation between the condi-
tions i) and iii) of (3.2.1.).
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