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Introduction

The aim of the present paper is two-fold. Our first aim is to derive a Hardy—
Littlewood type characterization for non-homogeneous Besov spaces defined by Peetre
[13}inthecase O<p<1 viatraces of temperatures on the upper halfspace R"*?, and
thus we answer a question related to the one raised by Peetre [15; p. 258, Remark].
This characterization completes the work of Taibleson [16] and Flett [5] in the
case 1=p=os, and may be also considered as non-periodic version of another
result of Flett [6]. The idea of the proof comes from the classical work of Gwilliam [9]
as was done by Peetre [15] in a characterization of homogeneous spaces via harmonic
functions (cf. also [6]); other tools are a sub-meanvalue property of temperatures
proved in section 1, which is similar to a result of Hardy—Littlewood given in the
paper of Fefferman—Stein [4], and results from interpolation theory. As a con-
sequence of this characterization, we extend some results on translation invariant
operators on Besov and Hardy spaces to the case O0<p=1 (cf. [2], [12], [15]).

Our second (and main) aim concerns pseudo-differential operators. In [15],
Peetre showed that if ¢€C=(R"XR"), 1=p=< and

¢y IDiDEo(x, O] = C,,p(1+1ED7,

then the associated pseudo-differential operator T=0(D) is bounded on B},  (—w=<
s<oo, 0<g=oo). As for the case O<p<], he required a “somewhat stronger”
assumption on the symbol (cf. [15; pp. 285—287]); however, it is not difficult to
prove that T is still bounded in this case under the same condition (1). On the
other hand, Gibbons [7] has proven the boundedness of T on Bj (0<s=<l,
1=p, g=<) under the following assumption on the symbol:

@ "DE(-, Ol = C,(+[ED 2.
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We shall prove in this paper that if 0<p, g=oc, —co<s<o and
&) IDs0 (-, Dlpe,, = Cp(L+1EDTA,

then T=o(D) is bounded on B, ,(resp. F, , p#=), whenever ¢=gp (resp. o)
(see Theorem 3 for details). We also extend the above result of Gibbons to the
case O<p<1 and study symbols satisfying conditions other than (2) and (3).
Although our emphasis is put on the case 0<p<1, some of our results seem new
even in the case 1=p=-co. The proof of the boundedness of T is done by the well-
known technique of decomposing ¢ into elementary symbols (cf. [3], [7]). However,
in comparison to [7] where difference is nsed to deal with Besov spaces, our method
relies heavily on the characterization of Besov (and Triebel) spaces via the spectral
decomposition by Peetre and maximal function techniques ([4], [13], [14], [15], [17]).
In fact, our point of view is influenced by both [3], and [15] and [17] where (ordinary)
multipliers are studied.

The author wishes to thank Dr. Per Nilsson (Lund Institute of Technology)
for useful information and the critical reading of an earlier version of the manuscript.

1. Notation and preliminaries

We use R" and R*'' to denote the n-dimensional Euclidean space and the
upper half-space, respectively; an element of R*' will be generally denoted by
(x, t), where x€R" and t=0. The Fourier transform is defined by

FF(O) =]© = [e7 f(x) dx.

Here x:f{=x,¢,+...+x,&,, and the integral is extended over all of R* unless
otherwise indicated. For a multi-index a=(x, ..., &), let D*=(8/0x;)"...(0/0x,)*.
For convenience, we put D,.,=(9/0t). The Gauss—Weierstrass kernel for R"}*
will be denoted by W, i.e.,

W,(x) = W(x, 1) = (4nt) =" exp (— |x[¥/41), (x, DERY

For any f€%’, the space of tempered distributions (the dual of &, the Schwartz
class of rapidly decreasing functions), the function u=W,x f is well-defined and
it is a temperature on R%'', i.e., a solution of the heat equation A u—D, ,u=0
on R’*'; we shall usuvally call u the Gauss—Waeierstrass integral of f. For a
measurable function w on R%*', we put

Mp(w; t) = ”W( i) t)”pa 0= D= oo,

where | |, is the L,-norm (it is only a quasi-norm in case O0<p<1, but we still
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use the terminology “norm” for the sake of convenience; we shall use this abuse of
terminology hereafter without explanation).

Next we recall the definitions of Besov, Hardy and Triebel spaces. Let ¢ be
a function in & such that supp y={1/2=|¢|=2}, and 25 __y(279¢)=1 for

j=

$#0. Let @ and y;, j=0, £1, £2, ... be functions in & given by
U;@Q=vQ77, j=0, £1, %2, .,
(&) =1-37,9;00.
Following Peetre ([13], [14], [15]) and Triebel ([17], [18]), we define

B, o ={feF"; 1 flsy, = ND%f1,+ Sy QO xf1, )04 <o},

B, =5 1l = (Sl_o @FW S )Y <=},

o = A" 1 fleg, =191, +( [ (S7a (2P Wy 2/ @)1 dx) P <o},
Fr = 11y, = ([(S7oe @12 S/ dx) " <o},

where —oo<g<e and O=<p, g=o. The following characterizations of Hardy
and local Hardy spaces will be used as their definitions ({4], [8]).

H? = {fe"; |flm = | sup_ |2 /G, <=}
B = {5 £l = || sup_1@exf ()], <=},

where 0=p<eand @,(y)=t7"®(y/1).

It was observed in [18; pp. 72—73] that the L ,-norm in the definition of B; ,
(p =) can be replaced by the Fg, ,-norm; the latter is equivalent to the AP-norm
by [1]. As for the space B , (p#<), Peetre [15] showed that the L,-norm can be
replaced by the HP-norm. The following Fourier and ordinary multipliers® criteria
for Besov and Triebel spaces are useful for our purpose. Hereafter, immaterial
constants are denoted by C, ¢, ...; they are not necessarily the same on any two
consecutive occurrences. |

Lemma 1. (Cf. [17], [18].) Let O<p,g=c and —oo<s<oo, .
() If m is sufficiently smooth and T=m, then

IT%flips . = C{ sup sup (L+[xD!D*m )} flps
Psq |#|=N g x€R" Psa

*|=Np

I1T%fllps = C{ sup sup (L+1xD |D*m()}Ifllps , P HEo,
pe1 la| =Np x€R™ b

where Ny and Ny are positive integers that depend on s, p,q and n.
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(i) If op=max(s,n/p—s) and gp=max (s, n/min (p, g§)—s), then
”af”B;’q = C”allggyw“f”z;;,q, Q= 0p
lafllps . = Cliallag _1flps ., €= 0p b o=
Our preliminary result is a sub-mean-value property for temperatures.

Lemma 2. Let u be a temperature on R, (x, )ERY' and r=0 be such
that r*<t. Let R,={(y,s); t—r*=s=t, |x;—y|=r2, j=1,..,n} and U,=
R \R,)s. Then

u(x, 1P = (Cofr™ D) [ [, [u(r, s)Pdyds, 0<p <o

Proof. 1t is easily seen that the result for the case 1=p<< follows from that
for the case 0<p=1 by Hdlder’s inequality. (Note also that a proof in the former
case can be obtained as in Hattemer [10; Lemma 5] where a proof for p=2 was
given.) We may therefore assume that 0—<p—<1 in the rest of the proof. We imitate
the arguments given by Fefferman—Stein [4}. It is no loss of generality to assume

that u# can be extended to be continuous on R"X]0, «[, (x, 1)=(0, ..., 0, 1) and
[ fuJu(y, s)Pdyds=1. For each 0<r<1, let

Ko={(,s); s=1-r% |yl =72, j=1, ..., n}UjL:Jl {(, 9ER,;
I-rr=s=1, |y|=r/2},
M, = ([ l6(r, 91248, (3, )", 0<g<e,
M. (r) = sup [u(y, s)l,

where dS, is the (Lebesgue) surface measure on K, properly normalized (cf. [10]).
We may assume M_(r)=1 for O<r=<1, since the result would follow otherwise by
maximum principle. Let 0O<g<r<1. By known properties of temperatures (cf.
[10)), there exists a kernel H, such that for (z, )€K,

u(z 8) = [ H((z 8), (v, 5)) u(y, 5)dS;(y, ),
where dS! is the measure dS, suitably oriented. Since

Ml (7') = Mp (r)pMm (r)l —p,
and
|H,((z,8), (0, 9))) = C(1—er™)™*, (y,9)¢€K, and (z,0)¢K,

by the explicit formula for H, given in [10], it follows that
M. (0) = CM,(r)’ M (r)) P(1—or—H)—?,
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Taking ¢=r* (A=1 to be chosen later), and using Jensen’s inequality and the
condition [ [ lu(y, s)PPdyds=1, we see that

flllzlog M. ()r-tdr=C,+(1—p) 11/2 log M. (r)r~tdr.
Thus, we obtain
1/2 f g ML ()rtdr = C,+(1-p) f lllzlog M..(ryr=dr.
If 4 is chosen so that 1/A=>1—p, then we derive that

fl log M. (r~—tdr = C,,.

1/2
Hence, there exists 7y, 1/2<ry<1 such that
M. (ro) = C,,

which implies the lemma by maximum principle for temperatures.

2. Hardy—Littlewood type characterization of Besov spaces

In this section, we shall assume that O<p=l, 0<g=c and —co<s<voo,

Theorem 1. Let [ be a tempered distribution, u be its Gauss—Weierstrass
integral and k be a non-negative integer greater than s/2.
@) If feB ,, then '

p.q’°

Bpa) = sup [, Dl + ([ =210 sy (- Dol dr) ™ <

(ii) Conversely, if
By (f) = sup M(u; )+ ( [} [+ M, (D% yu; e i) < oo,
2=t=1/2 o

then f€B, ,.

Furthermore, %, (-) and Bj (-) are norms equivalent to each other and to
el .-

Proof. Let Yo=® and y; (j=1,2,...) be the functions in the definition
of B; , givenin section 1. We observe the following easy consequence of Lemma 1:

For any non-negative integer m and real number 1, there exist constants
C,, and C, such that for all gch® and t=1,

“ 1D W% gllue = Cut ™l gllhe = Crut ™ (S0 W5 * g1 B2,
I glwe = Co(A+ 1) glipo -
(Here (J*h)"=(1+(£[)~*2h for heS”.)



174 Bui Huy Qui

This observation readily implies that
®)
(f, 1F=2 1Dk, Dl de) ™ ~ (S5 @D (-, 27)))e,

where F(h)~G(h) for h in some class H means that there exist C; and C,
such that C,G(h)=F(h)=C,G(h), hcH.

We begin with the proof of (i). Assume first that s<O. Let s, and s; be negative
numbers such that s,/2<s/2<s,/2<k. Let fcBjy,, i=0,1. Then

4
1D, 27Dl = 15 (-, 27w D a (-, 277 2 J=54f
= C2IE R £
psp

for j=0,1,2, ... by (4). Consider the map
T: f {Dfqu(-, 279))70-
Then the above shows that T maps B, into I5**h?). (Here I:(4)={{a;};¢;
H{a M 2= {2520 @ llajl )Y i< e}, where —co<i<os, O0<g=co and 4 is
a quasi-Banach space with norm | -] 4.) Hence T: B} ,~FE**(hP) by interpolation
(cf. [15; Chap. 5, Theorem 3 and Chap. 11, Theorem 10]). Since the proof of the
fact that
sup [lu(-, Dlle ~ lu(-, 12l = Cllflips

2=r=1{2

is similar (in fact simpler), part (i) in case s<0 follows from (5). Next, let s=0
and s§y/2<s$/2=<s,/2=<k. Then the result for the case s<O implies that

27 DE yu (e, 27 = CIIA"fIIB;i—qzk = Clf s -

Thus the desired result for s=0 follows by interpolation as above. The proof of

(i) is hence complete. '
Conversely, assume that the asstmption in (ii) is satisfied. Keeping j=1,2, ...

fixed for a moment, let ¢+=2-%. For simplicity, we write v for D! u. Then

VUixf= tk(Pj*U(', 0,

where @)=y (E)(—1|[) exp (|£[2r). Noting that ¢,(x)=1""*¥(x/Vt) with
PE=Y(E)—EDFexp (|€]?), we obtain

W f()] = 1% 3 ezm PH(0)0* (x—Vru, 1),
where
P*(w) = sup [P (et ),

v*(z, ) = sup |w(z+y, ),
velo vz
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and I, (resp. 1, y;) denotes the cube with center at the origin and with length of
side 1 (resp. V). Hence, it follows that

I fll, = Cppt*M, (v*; ).
Assume first that p=g. For any x€R" and y€l,y;, Lemma 2 gives
lo(e+y, DIP = C20+2) f’/2 S o —aieym lo(z DIPdzdl.

Thus
M,@*; ) =C [ ft ' M3 P2 d,z]”".

Jensen’s inequality then implies that
o rmis 1 _ J
S = (S5 P laf 1)) = C ([ (M, (05 DA da)™.
Next, let g<p. Then, again an application of Lemma 2 with ¢ instead of p gives
t —
M,(*; 00 = C fz/z M, (v; 2)1A"d.
Hence, it follows from Minkowski’s inequality that
L ks . -~ 1
s = [} (=M, 3 D)a2 )"

Since the estimate for [[@ x f1l, is similar, we conclude that f€B, ,, and the proof
of the theorem is thus complete.

Remark 1. (i) Results similar to those in Theorem 1 hold for homogeneous
spaces. More explicitly, if fEB;’ p and u and k are as above, then

o Y
[fo [tk S/2|1Dﬁ+1u(. H t)”HP]qt 1dt]1q ~ ”f”i’;,g;
and conversely, if
([ 1sr2p, (D s Dl de) ™ < o,

then fEB;’ , and the last quantity is equivalent to [f B Using harmonic
functions instead of temperatures, Peetre [15] has given a similar characterization
for Bf,, 8=<1). Our proof of Theorem 1 (ii) is a modification of his.

(ii) A theory of Besov spaces in the case O<p=1 can probably be developed
on the basis of the characterization given in (ii) of Theorem 1 as was done by
Taibleson [16] and Flett [5] in the case 1=p=-<o. In particular, if A>s and u is
the Gauss—Weierstrass integral of an f€%”’, then f€BS _ if and only if

D, 4
o0 G, Ol + ([o 1172, Dl 2] " < oo

furthermore, the above quantity is equivalent to | f] s . The proof of these
assertions is similar to that of Theorem 1.
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3. Translation invariant operators

Using the characterization of Besov spaces given in Theorem 1 and the known
technique from previous papers ([2}, [12]), we extend many results on translation
invariant operators to the case O<p=1. For quasi-Banach spaces X and Y such
that ¥cX, and X and Y are embedded in &, let Cv(X,Y) denote the set
of all bounded and translation invariant operators from X into Y, ie.,

Co(X, Y) = {T€S"; | Tx ¢lly = Cllgllx for all pc&}.

Theorem 2. If O<p=g=1, O<r, s=c and —oo<s,, sy<co, then
(i) Co(By, By Bzt o=,

(i) Co(By,, By =By=o"r = if s=r;

(iii) Co(h?, B,y Blot (P~

(iv) Cuo(h?, B)=Bpt "= if either r=2 or p<q and r=p;
) Coh?, h‘*)cBZf{,{}””;

(vi) Co(W, h)=B;P~V if p<q<1;

(vi)) Co(#?, K)=Cuv(h*, L)=B}"?"Y, p<1.

The assertions (i) and (ii) remain true in case O<p=1l=qg=co,

Remark 2. (i) Theorem 2 is still valid for homogeneous spaces, that is, if we
replace non-homogeneous Besov spaces and local Hardy spaces by homogeneous
Besov spaces and Hardy spaces, respectively, then the corresponding statements
of Theorem 2 hold.

(ii) Note that the assertion (ii) of Theorem 2 for p=q and r=s was obtained
earlier by Peetre [15] (cf. also [18]). The author was informed by Per Nilsson that
a sharpened version of Theorem 2 (ii) was also obtained by him independently.

Before proceeding on with the proof of Theorem 2, we need a lemma.

Lemma 3. (i) If k is a non-negative integer and 1/p+1/p’=1, then
B;,q(pr':+1W(’, l)) = C(1+A7*53-1%) 0<l<oo and —eo<s<oo,
(il If O<p<g=< and sy—n/p=s,—n/q, then
By, C BjY,, 0<r=e,
h? = Fg,z c Bqn’(;/q—llp)’ g <oo,

B),Ch"C By, p=2
(cf. 1, [11), [15], [18]).
(iii) If —wo<s<oo, 0<p=1 and O<qg=oo, then

1% glay , = Clif g, &l agase-n

Sor all feB;, , and g€BiP=Y (cf. [15], [18)).

s
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(iv) If k is a non-negative integer and A=0, then

Dk W {rk—nlw if nf(n+2k)<p<e
" n+1 (' s A«)“hp ~ (1—}—].)"‘—"/21" if 0= p< n/(n+2k),

1D W (-, Dliwe = C(1+1log (A+1)/D) if  p=nf(n+2k)

(¢f- 12D

Proof. The proofs of (ii), (iii) and (iv) are given in the referred papers. The
assertion (i) follows from Theorem 1 and routine computations if one notes that
for any =0, D% W (x, t)=t"*W(x, t) P(|x|?/4t), where P is a polynomial of
degree k.

Proof of Theorem 2. We begin with the proof of (i). Let 0<A=1, T be in
Cu(Bp,, By,) and k be a non-negative integer such that k+s,/24n/2p">0.

Put f=D* +W (-, 4) and u=W, xT. Then it follows from Lemmas 1 and 3 (i) that

—k— —n/2p" = S = g -5 m rp— ir
Ak=so2=nl2p" = B (Txf) = ¢ (fllz (tm 12 Dt u(.,1+t)]]hq) ! 1dt]
= CAm_sl/leD’;j—?u(' H 2)')”11'15
where m is a non-negative integer greater than s,/2. Thus

sup JRHm=Gil=sel2=n2) | DBy (-, A4 = C.
0<A=1
Similarly, it can be seen that
sup Ju(-, Dl = C.

2=t=1/2

The proof of (i) is hence complete on account of Theorem 1 since k+m=>(s;~so+
n(l/p—1)/2.

The equality in (ii) follows from (i) and Lemma 3 (ii) and (iii).

The inclusion relation in (iii) is deduced from (i) by noting that B ,CH?,
whereas the equality in (iv) is derived by using the following two inclusion relations
given by Lemma 3:

h*C By ,C B, r=2,

h? Bqn’(;/q—llp) c Bqn,(rllq-llp), p<gq and r=p.

Next, let T€Cuv(h?, h%) and k be a non-negative integer such that n/(n+2k)<p.
Put f=D! W(.,2),A>0, and u=W,*T. Then it follows from Lemma 3 (iv)
that
IDh2u (e, Dllsa = Cllfllap ~ CATFTAHPR,
Thus
sup AP TRIDL L u (-, Dl = C.

0<i<oo
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Similarly, we see that
(-, 1/2)lne = C,

and hence the proof of (v) is complete.
The proofs of (vi) and (vii) can be done in the same spirit as that of (iv).

4. Pseudo-differential operators

In this section and the next one, we shall assume, unless otherwise indicated,
that —oco<s<eoo and O<p, g=c. Let o=a(x,¢) be a bounded continuous
function on R"X R", which is infinitely differentiable with respect to £. The pseudo-
differential operator T=0(D) with symbol ¢ is defined by

Tf(x) = s(D)f(x) = )" [ e* o (x, OF (D) dE,  fE.
(All symbols hereafter are assumed to satisfy the above conditions.) We say that
T is bounded on X if |Tf|xy=C|fly for all f£&, where X is a quasi-Banach
space of (tempered) distributions containing &; we also sometimes, by a slight
abuse of terminology, say that ¢ is bounded on X. Our aim in this section is to
prove the following theorem.

Theorem 3. (i) If ¢>gp=max (s, n/p~—s) and |Dio(-, E)llge . =C,(1+[E)~1,
then T'=0(D) is bounded on B ,.

(i) If ¢>or=max (s, n/min (p, q)—s) and |Dio(-, e,  =Cs(1+1EN"",
then T=0(D) is bounded on Fj ,(p+# ).

Since the proof of the theorem is rather long, we shall break it into steps.
I. The case where o is an elementary symbol

A symbol o is called an elementary symbol if it can be written in the form

(%, &) = 2o M (%) P ()

where ¢u(&)=0(2°%), k=1,2,... for a €% such that supp o 2~ 4=|¢|=24}
for some A=1, ¢ ¥ and supp @,C {|£|=21}, and sup, [mllze <<= (¢ being
as in Theorem 3). '

Let o be an elementary symbol with the above properties. Then the associated
pseudo-differential operator is given by

Tf(x) = o (D) (%) = 2o mu(X) @y xS ().

We shall prove that 7' is bounded on Bj , and F, ,. Since the estimate for ¥, * Tf

is simpler (recall that we put Y,=¢& for simplicity), we only consider ¥, % If for
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k=1,2,.... The above gives
VexTf (x) = Z:ho Ui [ ¥ my) (@, * I (x)
= [FG) S5m0 Wrxm)x—27 ) (@, /) (x—27*p)dy.

A simple geometric consideration on the supports of W, and [ ;% my) (@ * N
shows that the terms on the above sum vanish except for those where [j—h|=
k+2A4+42. As in [17], we shall only consider three model cases; the other being
similar.

Se() = S0 [ F O xm)(x—27%p) (@ x ) (x—27*) dy,
(6) S2) = Sheo [ F U)W m)(x—27% ) (@4 %) (x—27F p)dy,
S2) = iy [ F W m) (x—27% ) (@, xf) (x—27* y) dy.

Before proceeding on with the proof, we recall the following maximal function’s

inequality initially developed by Peetre [14] (cf. also [4]) in the study of the space
F%, . The present form is taken from [17] or [18].

Maximal function’s inequality: Let ¥ be a function in & such that supp ¥C
{2=R=|¢|=2R}, R being a positive number. Let ¥;, j=0,1,2, ..., be functions

in & given by .
‘?J(é) = T(Z_Jé)n ] = 1, 2; L)

supp ¥,  {l¢] = 27).
For each j=0,1,2, ..., define

* _ llpj *f(x_ Z)I , -
Q) ¥iflx) = ZSEB_ 1+ 27 fe&’, 4 =0.
Then
® 1{2” l//j*f}”lq(LP) =CCyl fllgs, > 4=>n/p,
) 12" ¥ MYle,ap = CCpllFlrg o P #oo, 4> nimin(p, ),
where

Cy = sup sup (1+[x)!*[|D*¥ (x)| + |D* ¥ (x)[]
|| =N x¢R™

and N is a positive integer depending on s, n,p and q.
Let 1, and A, be positive numbers such that ,>n/p (n/min (p, g) when we are
concerned with the F-space). Then, an easy argument implies that

ISE)| = Coie f(x) 35 _o ¥ my (%),
IS2)| = C 3¢ _o Y mu(x) o5 f(%),
ISE@)] = C 35 26-0 Gt da) ik m, (x) @ (%),
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where @}, ... (tesp. ¥jmy, ...) are maximal functions defined similarly to (7)
with A=1, (resp. A;). Then, it follows from the assumption on {my} that

1Six)| = Coi f(x) 27 1V millo = C'0f F(%),

2618 ()] = C2XWI+e—0 (F= (27 @} f(x))) M
and
2ksIS’? (x)] = CZI:;k 2—eh+ (h—Ek) (A1+Az—5) 2hs (pi(x)

= €2 KOt I s it =9 (3 W g f(R)) e,

where =0, 0<dé<1, A; and A, are chosen so that [s|+&—¢<0, g—4;—4s+5=>0
and A+, +8(0—A,—2A,+5)>s, and a=p (resp. ¢) if we are concerned with the
B-space (resp. F-space). The boundedness of T=d(D) on Fj, then follows
from these estimates and (9). On the other hand, choosing s; (=0, 1) so that
so<s<s; and @=max (s;, nfp—s;), we derive from the estimates gfven above for
Si,S7 and S} and (8) that T is bounded on B} ,. Hence, the desired result for
Besov spaces follows by interpolation.
Note that the proof gives

I = Csup limyl 5, _

Remark 3. Though there is a direct proof for Besov spaces (cf. section 5), we
adopt here the above proof based on maximal function technique and interpolation
theorems, since it gives a unified approach to both Besov and Triebel spaces. Our
proof is to some extent modelled after the one given by Triebel for ordinary mul-
tipliers (cf. [17]).

II. The case ¢ has compact support

Lemma 4. Let ¢ be a symbol such that
o(x, &) =0 for |¢|=1¢,
IDEo (-, Dlze, = Cpt=H,

for some fixed t=0 and let m be a positive integer. Then there exist a sequence
of functions {&},cz» and a constant C such that

sup ”akuﬁgﬂ°° =C,
O'(X, 6) = Zkez" (1 + Iklz)—mn ak(x)eiklélt(p(i/t)a

where @€, o=1 on {|¢|=1} and ¢=0 on the complement of {&; —n=§;=m,
j=1,...,n}. Moreover, if o(x, ) is supported in a ring {yt=[{|=t}, O<y<1,
then ¢ can be chosen to be supported in a ring centered at the origin.
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The proof of the lemma is similar to that of [3; Chap. II, Lemme 4 and Co-
rollaire] by using Poisson summation formula.

Let o be a symbol satisfying the properties in Lemma 4 with ¢=1 (for the
sake of simplicity). We shall prove that the associated pseudo-differential operator
T'=0o(D) is bounded on B; , and F, ,. By the decomposition given in Lemma 4,
we see that

q

T (%) = Zhezn A+ kD)™™ a, () (@ %) (),
where ¢ (&)=e™ °p(£). First, we note that
(10) sup A+[EDD*P (O] = Cy(+ kDY, fa| =N
for any k€Z" and positive integer N.
We begin with the Besov space ‘case. Since the proof for the case p=1 is

simpler, we assume that O<p=1. If p=gq, then the above representation for
Tf, Minkowski’s inequality, (10) and Lemma 1 imply that

(Zreo @I Tf 1 )07 = (S50 275 S, L+ kD72 [ % (ax (@i # ) 2)/P)Pl
= 2 (L+|k[H~mme (21 (zjs”% * (a, (@ *f))”p)q)m
= C (3, (1+|k[))Wp—nm)p) [If]l"BI,)’q = C’]If””;’q (m sufficiently large).

An inequality similar to the above can be also obtained in the case p=>gq. The
proof for the B-space case is thus complete.

As for the F-space, we consider only the case O<g=1 and O<p=gq, since
the other cases are similar. Observing that

(2}10 l'ﬁ; * Tf(x)|q)1/q = (Zk cz” (L + |k[2)=mma (ZJ I‘PJ *[a, (@ * )] (x)]q))llq,
we obtain
{270 T Yy = C (S L+ kDT [ (32750 1 % [ (@ %N ()|7)7'2 dx) 17

= C (S (L+ kN2 | L = €| fllgs

(m sufficiently large)
by Lemma 1 and (10) again.
The proof of the boundedness for symbols with compact supports is thus complete.

1. Proof of Theorem 3

We write
oc(x,8) =0a(x f)‘po(f) +2;°=10-(xs f)‘/;}(é)
= 7o(x, &) +Z;°=1’E,-(X, &) =14+1.
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The boundedness of 74(D) is given by step II. Each 7;, j=1,2, ..., satisfies the
assumptions of Lemma 4 with r=2/*' and constants {C,} independent of j.
Therefore, it follows that

T;(X, &) = Dy A+ kD)™ a; ( (x)e2 40 (2-1-1F),

sup fla; sllge = C.
Jsk !

Further, we may assume that ¢ is supported in a ring centered at the origin. Setting

B, (&) = e* o (E[2)(1+ [k[2)~mom,
we see that
sup A+ DD (O] = C, for o] =2my > N,
cR®

where N is the integer appearing in the maximal function’s inequality given in
step I, and {C,} is independent of k. Put

ox(x%, &) = 27, a;, ()P (2770).
Then

(x, &) = Zkez" (1+|k12)_n(m—m°)ak(x: .

The boundedness of operators with elementary symbols and the proof in step 11
imply that (D) is bounded on B, , and F, .

Corollary. If ¢ is a symbol in the class S ,, that is, ¢ satisfies the condition
(1), then o(D) is bounded on B, , and F; , (p#<°).

q

Remark 4. Per Nilsson kindly informed the author that he was able to obtain
the boundedness of symbols in the class S},, 0<é<1, on K. (A symbol
o€C=(R"XR") is in the class 87, if |DDfo(x, &)|=C,, ,(1+]E)~1#1+%) Then,
by using the relation h?=F) ,, he has established the boundedness of these symbols
on Besov spaces. The proof of his result has been given in “Pseudo differential
operators on Hardy spaces” (Technical report No. 12-1980, Lund).

5. More on pseudo-differential operators

Our aim in this section is to extend the result of Gibbons [7] to the case 0<p=<1
and study symbols satisfying conditions other than those in section 4. We shall
be rather brief since proofs are similar to those in section 4 in the spirit. Qur first
result is
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Theorme 4. If o is a symbol satisfying
ID2o (-, Ollpe, . = CpL+ [N (1 =g =e),
1D (-, Ollpsre = Co(A+ENTH (0O <g<1)
for some £>0, then T=a(D) is bounded on B; , for s>max (0, n(1/p—1)).

Proof. We give detailed proofs for only elementary symbols. Again, three
model cases in (6) will be sufficient to illustrate the complete proof. First, we see that

I1S¢ll, = ”2;‘:0 Y[ m) (@ *f)]”p
= C (S, Wxml ) loexfl, = Cllow*f1,.
(Here we use Lemma 8 in [15; Chap. 11]if 0<p<1.) Hence it follows that
u{zksSl}}“Iq(Lp) = C“f”B;'q .

The rest of the proof is carried out only for the case 0<p=1, since the case p=1
is simpler. As for S}, we see that

IS2, = C(Shoo i myllZ @y % £112)7 -
If 0<g=p sothat ¢/p=1, then we see that

1252, = C(Simo 27 32 @Ik mll ) | £y = C'N Flpg ..

If p>g, then Minkowski’s inequality gives the same inequality.
Finally, we estimate S}. Since

IS8, = C2a=1D (3 2wl semy 12 | @y 6 I,
we obtain {2 s2 }qu(Lp) =C|f “B;, a
as above. Here we must have s=>n(1/p—1).

Remark 5. The proof shows that for any elementary symbol ¢, the condition
sup; [lmllgs, ;<o is sufficient to ensure the boundedness of o(D) for all ¢. This
suggests that the number £>0 appearing in the assumption in case 0<g-<1 could
probably be dropped; we only need this stronger assumption to guarantee that
supecznlallps, , =C in the decomposition of symbols with compact supports in
Lemma 4, and thus the difficulty is of a technical nature.

Similar arguments give

Theorem 5. Let o be a symbol and 1=p=c. Then o(D) is bounded on B,
in the following two cases:
(i) s>n/p and
IDE (-, Ollay, = Co1+IED T (1= g=o0),
IDEo (-, llpsre = Cp(1 1D~ 0 <g<1)
for some &=0.
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(ii) s=n/p=0 and
IDEo (-, Olps , = C(A+[ED (g =D),
IDEa (-, Olipsrs = CoA+EDT O <g=<1)
some £=>0.

As in Remark 5, the number ¢>0 in the assumption in case O<g<1 could

probably be dropped. Moreover, the boundedness of elementary symbols can be
also given for O<p<l.

—
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