CHAPTER 11

ELEMENTARY TRUTH
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. a new theory, however spe-
cial its range of application, is
seldom or never just an increment
to what is already known. Its as-
similation requires the reconstruc-
tion of prior theory and the re-
evaluation of prior fact, an in-
trinsically revolutionary process
that is seldom completed by a
single man and never overnight.”
Thomas Kuhn.

This chapter marks a change in emphasis towards an approach that will
be more descriptive than rigorous. Our major concern will as usual be to
analyse classical notions and define their categorial counterparts, but the
detailed attention to verification of previous chapters will often be
foregone. The proof that these generalisations work ‘“‘as they should” will
thus at times be left to the reader.

11.1. The idea of a first-order language

The propositional language PL of §6.3 is quite inadequate to the task of
expressing the most basic discourse about mathematical structures. Take
for example a structure (A, R) consisting of a binary relation R on a set
A (i.e. R€ AXA). Let c be a particular element of A and consider the
sentence “if every x is related by R to ¢, then there is some x to which ¢
is related by R”. If the “range” of the variable x is A, then this sentence
is certainly true. For, if everything is related to c, then in particular c is
related to ¢, so c¢ is related to something. To see the structure of the
sentence a little more clearly let

a abbreviate “for all x, xRc”
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and

B abbreviate “for some x, cRx”.
Then the sentence is schematised as
a>f.

Now the semantical theory developed for PL in Chapter 6 cannot analyse
the above argument, i.e. it cannot tell us why « > g is true. To know the
truth value of the whole sentence we must know the values of @ and f3.
However these function as “atomic” sentences (like the letters ;). Their
structure cannot be expressed in the language PL, and the PL-semantics
does not itself explain why B must have the value “true” if a does. In
order then to formalise @ and 8 we introduce the following symbols:

(i) a symbol V, known as the universal quantifier, and read ““for all”’;

(il) a symbol 3, known as the existential quantifier, and read “for
some” or ‘“‘there exists”;

(iii) a symbol ¢, called an individual constant, which is a ‘““name” for the
element c;

(iv) a symbol R, a (two placed) relation symbol, or predicate letter,
which names the relation R;

(v) a symbol v, called an individual variable whose interpretation is,
literally, variable. It may be taken to refer to any member of A. (We shall
help ourselves to an infinite number of these variables shortly, but for
now one will do).

We can now symbolise a as (Vv)vRe, and B as (3v)cRo.

A language of the type we are now developing is called a first-order or
elementary language. The word “‘elementary” here means “of elements”.
The variables of a first-order language range over elements of a structure.
In a higher-order language, quantifiers would be applied to variables
ranging over, not just elements, but also sets of elements, sets of sets of
elements, etc. However in saying that the sentence

(Vv)vRe > (v)eRo

is true of the structure or “interpretation” (A, R, ¢) it is thereby under-
stood that the variable v ranges over the elements of A. Thus we need
not include in our first order language any symbolisations of locutions like
“for all x belonging to A”. That is, the use of an elementary language
does not depend on a formalisation of set theory.

The language we have just sketched is but one among many first order
languages. The one we use will depend on the nature of the mathematical



232 ELEMENTARY TRUTH CH. 11, § 11.1

structure we wish to discuss. If we wanted to analyse BA’s we would need

— constants 0 and 1 to name zero and unit elements;

— functions letters for the Boolean operations. These would comprise a
one-place letter f for complementation, with f(v) read “the comple-
ment of v, and a pair of two-placed function letters, g and h, for
meets and joins, with g(v,, v,) read ‘“‘the meet of v; and v,”, and
h(v,, v,) read “the join of v, and v,”;

— the identity symbol =, with v, ~uv, read ‘“v, is identical to v,”.

Then, for example, the sentences

(Vo) (g(v, £(v))=0)

and
(Yo)(h(v, f(v))=1)

would be true of any Boolean algebra — they simply express the defining
property of the complement of an element. '

In principle, functions can always be replaced by relations (their
graphs). Correspondingly, instead of introducing a function letter, say h
above, we could use a three place relation symbol S, with S(v,, v,, v3)
being read ‘““v, is the join of v, and v,”. The last sentence would then be
replaced by

VYv)S@A, v, f(v))

The most important mathematical structure as far as this book is con-
cerned is the notion of category. This too is a ““first-order concept” and
there is some choice in how we formalise it. We could introduce two
different sorts of variables, one sort to range over objects and the other
over arrows, and hence have what is called a “‘two-sorted language”.
Alternatively we could use one sort of variable and the following list of
predicate letters:

Ob(v) “p is an object”
Ar(v) “v is an arrow”
dom(v,, v,) “v; =dom v,” '
cod(v,, v,) “v,=cod v,”
id(v,, v,) “v;=1,,"
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com(v,, U,, U3) V=10, ° V37

Amongst the sentences we would need to formally axiomatise the
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concept of a category are

Yo ((Ob(v) v Ar(v)) A ~(Ob(v) A Ax(v)))
(V0,)(0Ob(v,) = (Fvy)id(v4, V)
(Vv,)(Vv,)(dom(v,, v;) 2 Ob(v,) A Ax(v,))

(Yv,) ... (Vog)(com(v,, vy, v2) Acom(vs, V4, V3) AcOm(Vs, Vs, V3)
> com(vs, vy, Vs))

The last sentence expresses the associative law—(v;°v,) o vz3=
(vy © (v, © v3). The interpretation of the others is left to the reader.

Notice that with the aid of the identity symbol we can express the
statement (v,) that an individual v, is the only one having a certain
property ¢ (this of course is vital to the description of universal proper-
ties). We put $(v1) = (¢(v1) A (Vv,)(@(v,) D v, =1,)), i.e. “v, has the prop-
erty, and anything having it is equal to v,”. The formula Jv,¢¥(v,) is
sometimes written (3!v,)¢(v;) which is read, “‘there is exactly one v, such
that ¢(v,)”.

The language just outlined is rather cumbersome in distinguishing
arrows from objects. A simpler approach, mentioned earlier, is to elimi-
nate objects in favour of their identity arrows, and so assume all individu-
als are arrows. We would then use the predicate com as before, as well as
the function letters D(v) — “dom v”’, and C(v) - “cod v”’. Thus dom v is
now an arrow, namely an identity arrow. But the dom and cod of an
identity arrow ought to be itself, so we can define Ob(v) to be an
abbreviation of the expression

D@W)=v)A(C(v)=0).

An extensive development of this type of first-order language for
categories is presented by W. S. Hatcher [68], who uses it to discuss
Lawvere’s earlier work [64] on an elementary theory of the category of
sets. Hatcher also gives a rigorous proof of the Duality Principle, which
after all is a principle of logic (caveat — composites in Hatcher are written
the other way around, i.e. what we have been calling “g o f”’ is written

“fg”).

Exercise 1. Express the Identity Law in the above languages.

Exercise 2. Write down a first order sentence expressing each of the
axioms for the notion of an elementary topos.
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11.2. Formal language and semantics

All of the examples just given have a common core, one shared by all
such languages.

Basic alphabet for elementary languages

(i) an infinite list v;, v,, vs, ... of individual variables;

(ii) propositional connectives A, Vv, ~, D;

(iii) quantifier symbols V, 3;

(iv) identity symbol =;

(v) brackets ), (.
Given this stock of symbols we can specify a particular language, intended
to describe a particular kind of structure, by listing its relation symbols,
function letters, and individual constants. Hence a first-order language is,
by definition, a set of symbols of these three kinds. For BA’s we employ
the language {0, 1, £, g, h}, while for categories we could use {com, C, D}.
In order to discuss semantic theories for elementary logic we will work
throughout with a particularly simple language, namely

Z={R,c}

having just one (two-place) relation symbol, and one individual constant.
This will suffice to illustrate the main points while avoiding complexities
that are technical rather than conceptual.

Terwms: These are expressions denoting individuals. For & the terms are
the variables v, v,, ... and the constant c.

ATomic FORMULAE: These are the basic building blocks for sentences. For
& they comprise all (and only) those expressions of the form t=~u, and
tRu, where t and u are terms.

ForMULAE: These are built up inductively by the rules
(i) each atomic formula is a formula;
(i) if ¢ and ¢ are formulae, then so are (o AY), (eVv), (¢ D),
(~o); '
(iii) if ¢ is a formula and v an individual variable, then (Vv)¢ and
(3v)e are formulae.
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SENTENCES: If a particular occurrence of a variable in a formula is within
the scope of a quantifier, that is said to be a bound occurrence of the
variable. Otherwise the occurrence is free. Thus the first occurrence of v,
in (v; =v,)v~(3v,)v;Ru, is free, while its third occurrence is bound. A
sentence is a formula in which every occurrence of a variable is bound. A
formula that is not a sentence, i.e. has at least one free occurrence of a
variable, is called an open formula.

We will write ¢(v) to indicate that the variable v has a free occurrence
in ¢ — thereby formalising a notation we have used all along. This may be
extended to ¢(v,, ..., v; ) to indicate several (or perhaps all) of the free
variables of ¢.

INTERPRETATIONS OF ¥: To ascribe meanings to $-sentences we need to
give an interpretation of the symbols R and ¢, and then use these to
define interpretations of formulae by induction over their rules of forma-
tion.

A model for &, or a realisation of £, is a structure A =(A, R, ¢)

comprising
(i) a non-empty set A;
(ii) a relation RS AXA;

(iii) a particular individual c € A.

Now if ¢ is the sentence (Vv,)v;Re, then we may ask whether ¢ is true or
false with respect to 2. The answer is—yes, if every element of A is
R-related to ¢, and no otherwise. On the other hand if ¢(v,) is the open
formula v,Re it makes no sense to ask whether ¢ is true or false
simpliciter. We would have to give some interpretation to the free
variable v,. We could thus ask whether ¢ is true when v, is interpreted as
referring to the individual c. The answer then is—yes, if cRc, and no
otherwise. The general point then is that to give an open formula a truth
value relative to a model we have first to assign to its free variables
specific ““‘values” in that model.

‘We now introduce a method of interpreting the variables ‘“‘all at once”
in A. Let x be a function that assigns to each positive integer n an
element x(n), or simply x,, of A. Such a function is called an 2-valuation,
and is represented as an infinite sequence x =(x;, X, . . ., X;, . . .). The i-th
member x; of this sequence is the interpretation of the variable v;
provided by the valuation x. In what follows we will have occasion to alter
valuations like x in one place only. We denote by x(i/a) the valuation
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obtained by replacing x; by the element a € A. Thus

x(i/a) =<x1, Xosenns Xi—15 Q5 Xj415 - - ')'

Once variables have been interpreted, we can discuss matters of truth.
We are going to give a rigorous definition of the statement “‘the formula ¢
is satisfied in A by the valuation x”, which is symbolised

AkEp[x].

The definition of satisfaction is intuitively almost obvious, but to set it out
precisely is rather laborious. That such a rigorous definition really is
needed was first realised by Alfred Tarski, who gave one in [36], thereby
opening up what has become a substantial branch of mathematical logic,
known as model theory.

Atomic FORMULAE: Given a valuation x, each term ¢ determines an
element x, of A, defined by

_ {xi if tis the variable v,
X ¢ if tis the constant c.

Then
(1) AEt=u[x] iff x, is the same element as x,
(2) AERtRu[x] iff x,Rx,.

Thus the symbol = has a fixed interpretation on any model. It denotes
the identity relation A ={(x, y): x =y}

ForRMULAE:

3) Areny[x] iff Ake[x] and AkY[x] -

@) Ak v[x] iff Ak@[x] or AEY[x]

(5) AE ~o[x] iff not AFe[x]

(6) Ak > Y[x] iff either not AF@[x] or AEY[x]

(7) AE(Vv,)o[x] iff for every ac A, Ak p[x(i/a)]

(8) AE@v,)p[x] iff for some ac A, Akp[x(i/a)].
In fact the satisfaction of a formula depends only on the interpretation of
free variables in that formula, as shown by the

Exercisk 1. If x and y are valuations with x; = y; whenever v; occurs free
in ¢, then

Akop[x] iff WUkel[yl O
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In view of this fact, if ¢ is a sentence (no free variables) then one of two
things can happen: either
(i) ¢ is satisfied by every valuation in 2, or

(ii) ¢ is satisfied by no valuation in 2.

In case (i), we simply write A F ¢, read “o is true in A, or ‘U is a model of
@”. In case (ii) we say that ¢ is false in U, or that ¢ fails in .

Now there are some open formulae that we might want to say are
simply true in . One such example is v,=~wv, —it comes out true no
matter how it is interpreted, i.e. it is satisfied by every valuation. To make
this usage precise, and to reflect the fact that only interpretations of free
variables are required we consider satisfaction of formulae by finite
sequences. The index of a formula is defined to be the number of free
variables that it has. If ¢(v;,..., v, ) has index n, with v;,...,v; con-
stituting all of its variables, we write AFo[x,, ..., x,]if AE[y] for some
(equivalently any) valuation y that has y, =Xy, y, =X,, ..., y; =X,. This
means that ¢ is satisfied when v, is interpreted as x;, v, as X,, etc. Then ¢
is said to be true in U, Ak ¢, iff for any x,, ..., x, €A, Ak o[xy, ..., X, ]

ExERcisE 2. AF@(v,, ..., v,) iff ANV )(Vv) ... (Vv )e.

Exercise 3. Ak (Vo)e[x] iff AE ~ o)~ ¢[x].

11.3. Axiomatics

An $P-formula ¢ is valid if it is true in all £-models. To axiomatise the
valid formulae we need to consider substitutions of a term ¢ for a variable
v in a formula ¢. We write ¢(v/t) to denote the result of replacing every
free occurrence of v in ¢ by t. This operation will “preserve truth” in
general only if v is free for t in ¢. This means either that ¢ is the constant
¢, or that ¢t is a variable and no free occurrence of v is within the scope of
a t-quantifier. This means then that t does not become bound when
substituted for a free occurrence of v.
The classical axioms for &£ are of three kinds.

ProrosiTioNaL AxioMs: All formulae that are instances of the schemata
I-XII of §6.3 are axioms.
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QuanTrFier Axioms: For each formula ¢(v), and term t for which v is free
in ¢,

(un) Ve 2 ¢(v/t),
(ec) @(v/t)>3ve
are axioms.

(The names stand for ‘“‘universal instantiation” and ‘‘existential general-
isation”.)
IpENnTITY AX1OMS: For any term ¢,
(I1) t=t is an axiom.
For any ¢(v), and terms t and u, for which v is free in ¢,
(I2) (t=u)re(/t)> @(v/u), is an axiom.
The rules of inference are,
DEeTacHMENT: From ¢ and ¢ 2 infer ¢,

and two quantifier rules:
V) From ¢ 2 ¢ infer ¢ > (Yv)y, provided v is not free in ¢

@ From ¢ 2 infer (Av)e = ¢, provided v is not free in .
Writing k< ¢ to mean that ¢ is derivable from the above axioms by the

above rules, we have
o iff for all £-models A, UE¢.

This fact, that the class of valid ¥-formulae is axiomatisable, is known as
Go6del’s Completeness Theorem, and was first proven for elementary
logic by Godel [30]. There are now several ways of proving it, and
information about these may be found for example in Chang and Keisler
[73] and Rasiowa and Sikorski [63].

Exercise. Show that the following are CL-theorems:
t=u>du=t, (t=u)A(u=u")>(t=u'"),
~@Av)~e2>(Vv)e, (Vv)e>~(Fv)~e.

11.4. Models in a topos

The interpretation of &£ in a topos is, like its classical counterpart, both
natural in its conception, and arduous in its detail. It is based on a
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reformulation in arrow-language of the satisfaction relation

Are[x1,..., %]

In fact it is convenient to deal first with a more general notion. An integer
m =1 will be called appropriate to ¢ if all of the variables of ¢, free and
bound, appear in the list v,, v,, ..., v,. Notice that it is permitted that
the list include other variables than those occurring in ¢, so that if m </,
then [ is also appropriate to ¢. Now given an appropriate m, we can

discuss satisfaction of ¢ by m-length sequences. We put Ak ¢[x4, . . ., X.]
iff Akp[y] for some (equivalently any) valuation y that has y,=x;
whenever v; is free in ¢ (such a v; will then occur in the list v,, . . ., v,,).

Now given a model A =(A, R, c¢) and a particular m, each ¢ to which m
is appropriate determines a subset, ¢™, of the m-fold product A™.
Namely,

" =Xy, X Uk @[xy, .., X, 1}
is the set of all m-length sequences satisfying ¢ in 2.

To know all the ¢™’s, for appropriate m’s, is to know all about
satisfaction of ¢ in %. Moreover the rules for satisfaction for the proposi-
tional connectives correspond to the Boolean set operations on subsets of
A™. Thus the complement of ¢™ (i.e. the sequences not satisfying ¢) is
the set of sequences satisfying ~¢, the intersecting of ¢™ and ™ consists
of the sequences satisfying ¢ A, and we get

m

(~e)"=—¢
(erP)™ =™ NyY™
(pviP)m =™ UyY™  etc.

(We see now the point of dealing with appropriate m’s. If m is approp-
riate to ¢ and ¢ it will be to ¢ A also, although the three formulae
might all have different indices.)

It would seem then that we could interpret ¢ in a topos as a subobject
of a™, for some object a, and then use the Heyting algebra structure of
Sub(a™) to interpret connectives, and hopefully quantifiers as well. This
approach to categorial semantics has been set out in dissertations by
students of Gonzalo Reyes and André Joyal at Montréal. The theory for
elementary logic is presented by Monique Robitaille-Giguere [75].

The alternative approach is to switch from subobjects to their charac-
teristic arrows. This accords with the propositional semantics of Chapter
6, and has the advantage for us that the interpretation of quantifiers is
more accessible to a “first principles” treatment. This latter theory has
been developed by Michael Brockway [76].
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Returning to our ¥-model U, we replace ¢™ by its characteristic
function [e]™: A™ — 2, where

1 if Akoe[xy,..., %]
0 otherwise

|I(P]]m(<x1, AR xm)) :{

Using the correspondence described in Theorem 1 of §7.1, we find that
[~el" =—c el
longl™ =lol" Ayl (= o del™, [yvI™)
[ovyl™ =lel™ Llyl™
where 1, ~, U are the classical truth functions on 2.
To treat quantifiers in this manner we consider an example. Suppose
that ¢ has just the variables v,, v,, and v; and (with m =3), [¢[P: A®—>2

has been defined. We wish to define [Vv,o[P: A®>— 2. So, take a triple
(x4, X5, X5y € A® and let

Bz'——{x e A: Ak @[x,, x, x5}

={xeA:[eP(xy, x, x3)) = 1}.

The satisfaction definition tells us that

AEVv,0[xy, x5, x5] iff B,=A,
so we want
1 if B,=A
0 otherwise.

'IVUZ(P]P«XD X2, x3>) = {

Now the assignment of the subset B, of A to the triple (xi, X,, X3)
establishes a function |¢|3 from A® to P(A). We now define a new
function V, : #(A) — 2 by putting

1 if B=A
V. (B)=
a(B) {o if B#A (ie. BCA)

Then the definition of [Vv,¢P becomes

Voo Va IIVUz‘P]P =V, ° “PB
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Under the isomorphism P(A)=2" we may construe |¢|5 as a function
A*—2%, and hence it becomes the exponential adjoint (cf. §3.16) of a
function f: A®XA —2, ie. f:A*—2. Then f assigns a 1 or a 0 to a
4-tuple (x;, X,, X3, X,)€ A* according as the function |@[3((x;, X,, X3)) = Xxa,
assigns a 1 or a 0 to x,, i.e. according as [eP((x,, x,, x5)) equals 1 or 0.
Thus if we define Ta:A*— A3 by T5((x1, X2, X3, X4)) =(X1, X4, X3), WE
have that

T3

A* A®

lol®

commutes. But T can be given a categorial description. Recall from §3.8
that whenever j<m, we have a ‘“j-th projection map” pri":A™ — A
taking each m-sequence to its j-th member. In the present case, the effect
of T is to place the result of the 4-th projection of a 4-sequence in its
2nd position. But (83.8) this process can be described as a product
map — T is the map

A {pri,pra,pr3) A3
Consequently we get a categorial definition of f, and hence of |¢l3. To
complete the picture we need such a definition for V 4. This was given by
Lawvere in [72], where he described V, as “the characteristic map of the
name of true,”. In §4.2 we described ftrue,': 1 — 2*, the name of true,,
as the arrow that picks true, out of 2*. Since true, =x,:A —2, we
identify true, with {A}<=%(A). But the character of this last subobject is,
by definition, V 5. "true,! itself is the exponential adjoint of the composite

pry true ,

1xXA A

2, where pr,(0,x))=x.

In summary then, [Vv,oIF =V, ° |¢[3, where V, is the character of the
exponential adjoint of true, ° pr,, while |¢l; is the exponential adjoint of
e © (pri, pra, pr3).
For existential quantifiers, by analogy we have
AETv0[x,, X5, x5] iff B,#0

and so we put

IIHUZ(P]P«xla X2, X3)) = {1 i B, 79

0 otherwise
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and hence

A3 L P(A)

EN
[[v,0P
2
commutes where
1 if B#0
1,(B)=
A(B) {o if B=¢.

It follows that 3, is the character of the set
C={B: B#0}
={B:for some x€ A, x € B}.
But then if € , = ?(A) X A is the membership relation on A (§4.7), i.e.
€,={B,x): B A, and xe€ B},

we see that applying the first projection p, ({B, x)) = B from #(A) X A to
P(A) yields p,(€ 4)=C.
Thus 3, is the character of the image of the composite

€, S> P(A)X As P(A).

This places our account of quantifiers on an “arrows only” basis. The
general definition of [Vv;e]™, and [Jv,e]" comes from the above by
putting m in place of 4, and i in place of 2.

The function [t =u]™: A™ — 2 has

1 if x=
[[tzu]]m<<x1,...,xm>)={ T
0 otherwise

)
Am (o, P A2

[t~ul %
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commutes where pitAM— A, pi:A™ — A, and 6, have

P (Xs - - - X)) =%,
PuX1, s X)) =X,
and

1 if x=y

N P

x,y € A.
85 (the “Kronecker delta”) is the character of the identity relation
(diagonal) A ={(x, y): x=y}< A? Notice that A can be identified with
the monic {(14,14): A — AZ?, that takes x to {x, x).

To define p7", let f,:{0}— A have f.(0)=c.

Then

prit:A™— A if t=v
p'= , ‘.
fel:AmM—1—5A if t=c.

(Similarly for p}).
To deal with the predicate letter R, let r: A>— 2 be the characteristic
function of R< A X A. Then

Am <p:n: ﬂT) A2'

[tRul™

2

commutes. The final notion to be re-examined is truth in a model. If
¢(v,, ..., v, ) has index n, then defining [l : A" —2 by

1 if Ake[x,...,x,]

0 otherwise

Tohxs, - - .5 %)) ={

we have

Ak iff for all x,,...,x, €A, lol(xy, ..., x,N=1
iff II‘P]]u:XA"
iff [oly=true,-.
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To describe [@ll by arrows, we observe that if m is appropriate to ¢,
Ak@[x4,...,x,] iff for any y;,..., Yy, having

yille" .. ’Yi,,zxna
AE@[y1s - s Yml-
Thus

An f Am

ol el

2

commutes for any f, provided only that

f Am
\ /pr;;j prite f=pry for 1sk<=n.

n
ri
A

A
p

This description fits in with the definition of truth of sentences. A
member of A", i.e. an n-length sequence, can be thought of as a function
from the ordinal n={0, 1,...,n—1} to A. Thus, with n =0, A° is the set
of functions from the ordinal O (the initial object @) to A. Thus

A°=A’={p}=1.

So if ¢ is a sentence, with index n=0, [l :A°—2 is a truth value
1— 2. We have

true if ke
el = )
false if notUAFe.

But then for any m=1, any f:1— A™ makes

1—f A
[[q:llg\ /Icp]l’"
2

commute, for if Ak then [e]™ is the “constant” function that outputs
only 1’s, while if not AFa, then [¢]™ outputs only 0’s.
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ExXERcIsE 1. Suppose that ¢(v;,,...,v;) has index n, and m is approp-
riate to ¢. Explain why

M]N A}]ﬂ ,
2
commutes, where f((y1, - -« Ym)) =Vip> - - -5 Vi)- O

The general definition

Let € be a topos, and a an &-object. We define several arrows related to
a.

DerFmrTION 1. A, :a>—> aXa is the product arrow (1., 1,)
‘ 8, :axXa—  is the character of A,.
DEermNiTION 2. YV, : 2% — () is the unique arrow making
ltrue,1

Qa

Y

a

1 true Q
a pullback, where 'true,' is the exponential adjoint of the composite
true, o pry:1xXa—a— 0.

DerFmntTION 3. 3, : 0% — O is the character of the image arrow of the
composite p,°€,: € >>N*xXa—>N°% where p, is the first projection
arrow, and €, (§4.7) is the subobject of 2*Xa whose character is the
evaluation arrow euv, : 2% Xa — . Thus we have a diagram

€
e>——— ()*Xa
Pa

Pa o €a(e) >, e
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where the bottom square is a pullback, and the top an epi-monic
factorisation.

DEermrtioN 4. For each m and i, with 1<i<m, T"*':a™*" — a™ is the
12
product arrow

+1 +1 +1 - +1 +1
<pr,in a---ypr:ril ,prm+1’pr?}l—1 ,"'7prm >'

An &-model for &£ is a structure
A={(a,r,f.), where

(i) a is an &-object that is non-empty, i.e. &(1, a) #@;
(i) r:axa— Q is an &-arrow;
(i) f.:1—a is an “&-element” of a.
Then given a term t we associate with each appropriate m an arrow p;",
where,

m_{pr{“:a"‘—»a if t=vy
P f.elia™m—a if t=c.

Then for each ¥-formula ¢ and appropriate m we define an &-arrow
[e]™:a™ — Q inductively as follows:

(D) [t=ul™=8, > (pI", P

a™ o o7 a

[t=ul™ a
0
2 [Rul™=r (™, pI)
3) le Ayl =leI™ Alyl™ = ~ © {ol™, [¥I™)

@ leovel™ =lel™ oyl
5) [~eI™ == [eI™
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(6) lo=2>uI" =lel" = [uI™
(N Voel™ =V, ° ol

am I(Pli 0°
v,
Vo0 “
0

where |@|" is the exponential adjoint of the composite of

Tm+1 [oIm
am+1 am Q

(8) [Fvel™ =3, ° lel™
Now let ¢(v;, . .., ;) have index n. Then let g be any arrow from a™ to
a. Choose a @-appropriate m, and let f:a"™ — a™ be the product arrow
<p19 R pm>3 where
pre:a” —a, if j=i, some 1l<k=<n
b= .
g otherwise.

Then define [ely:a™ — Q by

Toly [ol

Q

ie. [el=[¢l™ o f. Then we define “U is an €-model of ¢ by
At=o iff loh=rtrue,

Notice that if n=1, we could take g as any of the projection arrows
a™ — a, while if n =0, we need the assumption that a is non-empty for
there to be a g:1—a at all.

The demonstration that the definition of [¢ly does not depend on
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which g is chosen, or which appropriate m, depends on some lengthy but
straightforward exercises:

ExercisE 2. If f,h:a" = a™ have
pri;of=priioh=prg, forall 1<k=n,
then [@I™ o f=[¢]™ o h, for ¢(v,,...,v,) of index n.

Exercist 3. If m and [ are both appropriate to ¢, then

a” —— a'
/
[el™ / lol
0

commutes provided that pr! o f = pri", whenever v; is free in ¢. Show that
such an f exists.

ExeRrcisk 4. If go(vh, ..., ;) has index n, and m is appropriate to ¢, then
n s pr'") a"
HCN A]x
commutes (cf. Exercise 1). O

From these results we obtain:

TaeoreM. If ¢ has index n, and m is appropriate to ¢, then
AL o iff [ol™ = true,

Proor. By Exercise 3 of §4.2, any arrow that ‘‘factors through true is
true”, i.e. if

b —& - ¢

\ /o

commutes, then h =true,. But by the definition of [¢]ly, and Exercise 4,
each of [¢ly and [o]™ factor through each other, hence

loky=true,» iff [o]™ = true,-. o
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11.5. Substitution and soundness

An $-formula ¢ is called €-valid, €F ¢, if A F¥ ¢ holds for every €-model
A.

TuaeoreMm 1. If €E@ and k@ 2y, then EE .

Proor. Let A be any €-model. Then AE ¢ and Ak @ > ¢, and so taking an
m appropriate to (¢ 2 ), we have [o]™ 2 [¢I™ =l¢ 2 ¢I™ = true,~ (by
the Theorem at the end of the last section). But true,~ is the unit of the
HA g(a™, Q), so (Exercise 8.3.8) in that HA, [e]™ =[y]™. But since m is
also appropriate to ¢, and ke, we also have [¢]™ = true,~. Thus in
g(a™, Q), [yI™ =true,~ and so as m is appropriate to s, AF . O

So the rule of Detachment preserves &-validity. Since the propositional
connectives are interpreted as the truth arrows in a topos it should come
as no surprise that any instance of the schemata I-XI is valid in any &,
while there are topos models in which XII fails (an example will be given
later). We shall write F;; ¢ to mean that ¢ is derivable in the system that
has all the rules and axioms of §11.3 except for XII. Without I'1 and I2,
this is the system of intuitionistic predicate logic of Heyting [66]. Axioms
for identity equivalent to the ones given here are discussed by Rasiowa
and Sikorski [63].

SouNDNESSs THEOREM. If by ¢, then for any &, &k .

We will not prove all the Soundness Theorem, but will concentrate on
setting up the machinery that lies behind it. The method as always is to
show that the axioms are &-valid and the rules of inference preserve this
property. The strategy for the first part is to show that if ¢ is an axiom
then relative to U, [¢]™ = true,~, for some (or any) appropriate m. The
Theorem of the last section then gives UF ¢.

To establish validity of the quantifier and identity axioms we must look
at the categorial content of the substitution process. If ¢ = ¢(v,/t), then in
Set, interpreting t in ¢ as x, is the same as interpreting v; in ¢ as x,, i.e.
WEP[xy, ..., % ] T AEQ[X1, ..., X1, Xi» Xig1s-- - X ], and so

m Am

N /onm
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commutes, where f({Xy, ..., X)) =(X1, -+ o5 Xii1s Xip Xik1s -+ > X )-
Correspondingly, in a general topos &, if i<m and t is a térm to which

m is appropriate (i.e. if =v; then j<m), the arrow 8™[i/t]:a™ —a™ is
defined to be the product arrow

<pr'in’ R pr;‘rila p:n, pr?-:—l, s prrr:>~
SusstITUTION LEMMA. In any topos, the diagram

am™ Sm[l/t]

lI«p(v/t)]l\ ﬁpﬂ"‘

commutes whenever v; is free for t in . O
ExERcisE 1. pri*e 8[i/v;]=pr[* o 8™[i/v;]=pr}".
ExErcisE 2. If f:b— a™ has pri" o f=pr{"  f, then

b

N

m 8m[l/‘vi] am

commutes. (Interpret this in Set.)

Exercisk 3. For i, j<m,

a
(T, prii l

commutes.

Exercise 4. If v; does not occur in ¢, then

le(o/o)I™ o TP =[el™ o TP,
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and hence
[Fvje (/o)™ =[Av,el™
|IVUJ<P (v/ Uj)]]m = IIVUi<P]}m-

Consequently [o]™ =[¢]™ if ¢ and ¢ are “bound alphabetical variants”
of each other. O

To use the Substitution Lemma to show validity of the identity axioms
we examine the properties of the Kronecker delta.

TueoreMm 2. For any pair f,g:b—a, 8, °(f, g) is the character of the
equaliser of f and g.

Proor. Consider
h

c>—— b

. &

(1,1,
a —2 % 5 aXa

1 —— 0
The top square is obtained by pulling (1., 1,)=A4, back along (f, g). By
the universal property of that square qua pullback, it is an easy exercise

to show that h equalises f and g. But the bottom square is the pullback
defining §,, so by the PBL and the Q-axiom, &, ° {f, g)= xu. O

CoOROLLARY. &, © (f, f)=true,, for f:b— a.
ProoF. true, = x,, and 1, equalises the pair (f, ). O

From this Corollary we obtain immediately the validity of I1, i.e.
gkt=~t. For, [t=t]" =6, o (pr", pt"), where pi*:a™ — a.
Now in Set, the formula (¢ =u) determines the set

D, ={x1, ..., % ): UEE=u)x1,..., X1}
={(x1, . -5 X )t X, =X, )

Correspondingly in € we define d,, :d >> a™ to be the subobject whose
character is [t ~u]™.
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TueoreM 3. For appropriate m,
8™[i/t] o dy, =8™[i/u] > dy.

Proor. Since [t=u]™ =8, ° {p, p.):a™ — 2, Theorem 2 tells us that d,,
equalises p, and p,, hence p, ° d,, = p, ° d,.. Then

(Pris- -5 Po- - Plm) © duy,
=(pr1°oduy, .- 30 °duy s Pl © dy)
=(pry°dus -5 Pu © dus - - -5 Pl © du)
=Pl s> Pus- > Pl © duaee O

CoroLLARY. If m is appropriate to t, u, and ¢(v;), with v, free for t and u in
@, then

lo (/O™ Alt = ul™ =le(w/u)I™ Alt = ul™

Proor. Using the Substitution Lemma, we have

lo/OI" © dy =[el™ ° 8™[i/t] > du,
=lel™ ° 8™[ifu] ° d,,
=|I(P(vi/u)]]m ° dtu'

Since x,_ =[t=~ul™ Lemma 1(2) of §7.5 yields the desired result. O

Now in order to have AE[(t=u) A o(v/t)] > ¢ (v/u) we require that for
some appropriate m,

[t = ul™ Ale (/DI Ele (v/w)™

in the HA &(a™, 2). But this follows from the Corollary, by lattice
properties, and so the schema I2 is &-valid.

We turn now to the validity of the quantifier axioms. For this we elicit
the basic properties of the quantifier arrows.

Tueorem 4. (1) (V, © p,) > ev, =truegas,
(2) eva i (aa °© pa) = trueﬂ“)(a
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PrOOF. (1) Consider

d N SN 0%x%a

Pa
1 Ttrue,! s

Va
1 true Q

The top square is obtained by pulling 'true,' back along p,. A now
familiar argument tells then that x; =V, ° p,. But by definition of 'true,’'
as the exponential adjoint of true, o pr,, the diagram

Ttrue 1 x 1
I1Xa —2—25 Q%Xa

true, ° pr, a

0

commutes, which says precisely that the perimeter of

Ttrue,' x 1,
1Xa
pr, \u e
a( e >—2— N%Xa
a

1

commutes, yielding an arrow 1Xa — € that makes 'true,' X1, factor

through €,.
But consider the diagram-
d )\fA
(o p2°f)[ Q%Xa
%‘X 1a

1Xa

where p,:0%Xa — a is the 2nd projection.
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Using Exercise 8 of §3.8 we find that

(rtmea1x1a)°<ld7 p2°f>
=<rtmea] ° Id: 1a °p2° f)

=(pa°f,p2°f)

=PwsP2) ° f (Exercise 3.8.2)
=1gexa°f (Exercise 3.8.3)
=f

Thus f factors through 'true,' X 1,. Since the latter factors through €,, in
Sub(02° X a) we have f< €,. Hence (Theorem 7.5.1),

Xf = Xe, = U qasg,

which is the desired result.
(2) Exercise —use the diagram given with the definition of 3, to show
€, < g where x, =3, ° p.. O

Now in Set, if we take the sequence (x4, . . ., X, ), form (x4, . .., X,,, X.),
and then apply T™*' we end up with (X;, ..., % 1, X Xig1r-- > Xm)—
the overall effect is to perform 8[i/t]. Abstracting, we have

THEOREM 5. Let U™ :a™ — a™*" be the product arrow {1,~, pI"), Then

@

am U:n am+1
8'"[i/tJ\ / et
am

commutes, and

(@)

o e

commutes for any f as shown.

Proor. (1) Exercise —you will need to know 1,~ =(pry, ..., pri).
(2) By definition of the product arrow fX1,,

Pa © (FX1,) o (Agm, p)=F o pr o (1om, p,)
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(where pr:a™ Xa — a™ is projection)

:fo 1a"‘
=f O

Part (1) of this theorem, with the Substitution Lemma, gives

le/OI™ =lel™ o T/ - U,

and since

—Tol

elmeoTmr1

commutes, by definition of |¢|" as exponential adjoint to [o]™ o T***, we
get

lo@/OI" =ev, ° (lol**x1,) e U™
Moreover by taking f=|¢|" in Theorem 5(2), we have
lel" =pa © (ol *x1,) e U™

Using these last two equations, and putting (Jo|"x1,) e Ul=g, we
-calculate

Vv 2 (/)] = = o (Vviel™, [o(v/OI™)
= o (V, °|e[", ev, © 8)
=>o(V,°op, °gev, °g)
=> (Vo psev,)° g
=(Vaopa=>ev,)°g

=truepexy © g (Theorem 4)
= true,m (a™ —£> 0% xa)
Hence the axiom ur is valid. O

Exercise 5. Show that BG is valid by an anologous argument using the
second part of Theorem 4. |

The soundness of the rules (V) and (3) are left for the enthusiastic
reader. The details have been worked out in Brockway [76].
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11.6. Kripke Models

The algebraic and topological interpretations of intuitionistic proposi-
tional logic extend readily to first-order logic. The truth-value of a
formula becomes a function [¢]™ : A™ — H, where H is a suitable Heyt-
ing algebra, e.g. the lattice of open sets of some topological space. A
comprehensive study of this type of model is undertaken by Rasiowa and
Sikorski [63] (cf. also its application to intuitionistic analysis by Dana
Scott [68].)

In his 1965 paper, Kripke gave a semantics for first-order IL that
generalises the classical notion of ¥-model described earlier in this
chapter. The basic idea is (or can be seen to be) that for a given poset P, a
model assigns to each pe P a classical model ¥,. Atomic formulae have
their truth value at p determined by their classical truth value in %, and
then the connectives can be dealt with as in the propositional case (§8.4).
In fact Kripke’s theory did not discuss individual constants, or the identity
predicate, so in order to do so ourselves we introduce a slightly more
general notion of model than that considered previously.

Let P be a poset. An £-model based on P is defined to be a structure U
consisting of

(a) for each peP a classical £-model A, =(A,,R,,¢,);

(b) for each arrow pq in P, a function A, :A, — A,, such that

() if p=q then A, (c,)=c,

(i) if pq then xR,y only if A,,(x)R,A,,(y)

(ii)) A,, is the identity 1: A, — A,

(iv) if pCqCr, then

A, _i’ Aq
AN %
A,

commutes. Thus (i) requires that A, take the interpretation of ¢ at p to
its interpretation at g, while by (ii) A,, ‘“preserves” the truth of atomic
formulae of the form tRu. Notice that the collection {A, :p € P} of sets
together with the transition maps A,, constitute a functor A :P — Set, i.e.
an object in the topos Set®. This is a consequence of the definition, rather
than the motivation for it. The reason why £-models are defined as above
is that this seems to be the natural way to treat =~ as the relation of



CH. 11, §11.6 KRIPKE MODELS . : 257

identity of individuals. Kripke’s definition has in place of (b) the require-
ment that
pC=q implies A,cA, and R, <R,

This amounts to putting A, as the inclusion A, & A,. As pointed out by
Richmond Thomason in [68], if ~ is interpreted as identity, such a model
would validate (t=u)v ~ (t=u), for distinct individuals are left distinct
by inclusions, and so remain ‘‘distinct forever”. Thomason’s solution is to
interpret =~ as an equivalence relation E, on A,, with perhaps E,# A.
However by introducing the transitions A,, we are able to give=its
natural interpretation and still not have the above instance of XII come
out valid. For it is quite possible to have x,#x, in A, but A, (x,)=
A,,(x,). We thus give an account of the notion that things not known to
be identical could come to be so known later, and also formalise some of
the discussion of §10.1.

Now if ¢ is an £-formula to which m is appropriate, we may define the
relation

%[?cp.[xl,...,xm]

for x,,...,x, €A, of satisfaction of ¢ in ¥ at p.

In the interest of legibility we will abbreviate A,,(x) to x°.

(1) If ¢ is atomic, Ak, @[x, . .., %, ] iff A, Fe[xy, . .., x,,] in the classi-
cal sense.

2 Ak, e AY[xy, ..., %, JIEAE, @[x4, ..., x,]and A E, Y[x,, ..., X, ]

B Ak, ovih[xy, ..., %] Iff AE, @[x4, ..., x,,] or AE, Y[xy, ..., x,.].

4 Ak, ~¢[xy, ..., x,]iff for all g with pCq, not Ak, o[x7, ..., x%].

(5) Ak, @2 Y[xy, ..., x,] iff for all g with pCq, if Ak, o[x], ..., x0]
then Ak, Y[x], ..., xq]

(6) Ak, Jve[xy, ..., x,] iff for some acA,, AE, o[x4,...,%_1, a,
Xit1 + -+ > Xm]-

(7) Ak, Voolx,, ..., x,] iff for every q with p_gq, and every ac A,
Ak, o[xy, ..., x0q, a, xPq, ..., x0]

Thus Jove is to be true at stage p iff ¢ is true of some individual present
at stage p, while the truth of Vv at p requires ¢ to be true not only of all
individuals present at p but also all that occur at later stages.

If o¢(v,...,v,) has index n, we put AF, o[x,,...,x,] iff
AE, ¢[V1s- -, Y] for some (hence any) appropriate m and yi,..., ym
having y; =x4,..., ¥, =X,

Then we put Ak, ¢ (¢ is true at p) iff Ak, o[x,,...,x,] for all
X1,.-., X, EA,, and finally Ak (A is a model of ¢) ift for all peP,
Ak, ¢
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Exercise. 1. Show that this definition reduces to the classical notion of
¥-model when P has only one member. "

Exercise 2. Show that if UAF, ¢[xy,...,x,] and pCgq, then
Ak, o[x],...,x3], any ¢. O

Now the P-model ¥ is turned into a Set® model A* =(A, r, {.), by taking
(i) A :P— Set as the functor associated with U described earlier.
(i) r:AXA —Q as the natural transformation with components
r,tA, XA, =, given by
r,((x, y)={q: p=q and A, (x)R,A,,(V)}-
(iii) f.:1-> A as the arrow with components (f.),:{0}— A, having

(f)(0)=c,.

ExeRcisE 3. Show that r,((x, y)) is an hereditary subset of [p).

ExErcisE 4. Show that xR,y iff r,((x, y)) =[p) and hence (cf. §10.3)

is a pullback.
EXERcISE 5. Verify that r and f, are natural transformations. O

The exercises tell us how to reverse the construction. Given a Set®
model (A, r,f.) we specify U, by defining c, by the equation (iii) in
Exercise 2, and defining R, by the equation in Exercise 4. This estab-
lishes a bijective correspondence between £-models U based on P and
Set®-models A* for &£.

Undoubtedly the reader has anticipated that corresponding models
have the same formulae true in them. Indeed the connection is much finer
than that. Let us calculate [o]™, relative to A*, for ¢ an atomic formula.
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‘We have

Am (P,, ‘pu> A2

[[tRu]]'"\ /
Q

where A™ is the product functor having A'=(A,)™ etc.,, and
p,:A™ — A has components

(p), AN — A,
where
(pt)p(<x19 cees xm)) = X

From this we see that the component [{Ruly':A}'— Q, assigns to
(X1, ..., %ny the set

(%, x,)={q:p=q and x{Rx7}
={q:p=q and A = tRulx],..., x3 ]}

This situation is quite typical, as expressed in the:

TrutH LEMMA. For any ¢, and appropriate m, then relative to UA* the
Set®-arrow [@]™: A™ — Q has p-th component

lel-Ar—Q,
where

lely(xy, ..., %) ={q: pE=q and A & @[x], ..., x%]}

Given the analysis of Set® in Chapter 10, the proof of the Truth Lemma
for the inductive cases of the connectives should be evident. For identities
and quantification we need to examine the arrows 8,, V,, and 3,, for a
Set®-object A :P — Set.

THEOREM 1. 8, : A XA — Q has
(Ba)y A, XA, —Q,

given by
(8a),((x, y)={q: p=q and x* =y}
PROOF. A4 :A — A XA has (A,), as themap (14,14 ): A, = AZ. (4,),
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then can be identified with the identity relation A, ={(x,y): x=y}c
A, X A,. The characteristic function of this set is (8, ),, and so (cf. §10.3)

(SA)p ((-xa Y>) :{q: p ;q and <qu (x)a qu (Y» € Aq}

as required. O

ExercisE 6. Use Theorem 1 to prove the Truth Lemma for the case that
¢ has the form (t=u). O

The definition of V, uses the operation of exponentiation in Set®.
Given functors F and G from P to Set, this operation produces a functor
G* :P — Set consisting of a collection {(GF), : p € P} of sets indexed by P,
together with transitions (GF),, : (GF), — (G¥), whenever p=q. Now for
each p we define the restriction of F to the category [p) to be the functor
F | p:[p) — Set that assigns to each object q €[p) the set F,, and to each
arrow q — r in [p) (i.e. pCqCr) the function F,,. Similarly we define the
functor G | p, and then put

(G"),={o:Flp—G | p}

to be the set of all natural transformations from F | p to G | p. Thus an
element o of (G¥), may be directly described as a collection {o,: pCq}
of functions, indexed by the members of [p), with o, : F, = G,, such that

g,
E, ., G,
qu JGQr
I,
F— G,

commutes, whenever pCqLCr.

Now one way of obtaining such a o would be to take an arrow
7:F— G in Set® and restrict it to the subcategory [p), ie. let o=
{7,: p=q}. This process also yields the transition map (GF),, when pCgq.
For o €(G"), we put

(G")pqlo) ={0,: q=1}.

The arrow ev: G¥ XF— G has p-th component
ev, :(G"), xXF, — G,

given by

ev, (o, x)) = 0, (x),
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for each
o0e(G"), and xe€F,.

Exercise 7. Verify that (GF),,(0) is a natura. ransformation F | q —
G |aq.

Exercise 8. Relate this construction to its analogue for Set® in Chapter
9. O

Now for an arrow 7:H X F — G the exponential adjoint

#:H—>G"

has as p-th component a function
7,1 H, = (G"),.

For each y in H,,
T,(y)={r5: pE=d}

is a natural transformation
Flp—=G!lp.

Its g-th component
m:F,— G,

has, for each x € F,,
73(x) = 7, (H,q (%), X).

The reader should now take a deep breath and go through that again.
Having done so he may test his understanding of the definition in some
further exercises:

EXERCISE 9. frue, © pra :1X A —  has as p-th component {0} X A, — O,
the function assigning [p) to each input (0, x).

Exercise 10. The p-th component 'true,', :{0} — (2*), of "true,':1—
0* may be identified with the natural transformation c:A [ p—>Q |'p
that has o,:A, — ,, where p_g, given by o,(x)=[q), all xe A,. Thus
o, =true, © l,, ie. "true,',(0) ={true, 1, :pC=q}. O

THEOREM 2. V, : 0% — O has

(Va1 (2%), > Q,
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given by
(Va),(0)={q:pEq, and for every r with qCr,
and every x € A,, o,(x) = [N}
Proor. For oe(2%),, since V, is the character of 'true,' we have
(Va)p(0)={q: p=q and (Q*),,(c) = "true,',(0)}

={q: p=q and {o,: qCr}={true, ° |, :qCr}}
={q:pCg,and if qCr then o, =true, o 1, }

from which the theorem follows. ™

If, for each p, we define €,<=(2%),XA, to be the set €,=
{(o, x): 0, (x) =[p)} then

€, C(eA)P (QA)p XAp

Jv l(evA)p

true
1%, 0,

is a pullback, by §10.3, and the description of ev, given above. Thus the
inclusions (€, ), are the components of the “membership relation” on A,
i.e. the artow €, : € >> Q” X A whose character is ev,. '

Exercisé 11. The collection {€,: pe P} gives rise to a functor (Set’-
object) € as just mentioned. What are its transitions €,,?

ExERcISE 12. Show that-the component (p, © € ), of the composite of
€4 and the first projection p, : 2% XA — 024 has (p, °€,4),({0, x))=0.

Exercise 13. Let ¢ be the image arrow of p, ° €. Show that the p-th
component of ¢ is the inclusion

KL< (%),
where

i, ={o: for some x€ A, {0, x)e€,}. : O

Tueorem 3. 3, : 0% — Q has
(3a): (2%, > Q,
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given by
(34),(0)={q: p=q and for some x€ A,, a,(x)=[q)}

Proor. d, is the character of the image arrow of p, © € 4. Using
Exercise 13 then,

(3a)p(0)={g: p=q and (2%),,(0) €y}
={q: pEq and for some x€ A,, (¢',x)e€,}
(where o' = Q5 (o) ={0,: qCr})
={q: pq and for some x€ A,, o4(x)=[q)},
and since o, =o,, the result follows. O
The descriptions of V, and 3, in Theorems 2 and 3 reflect the

structure of the satisfaction clauses for V and 3 in Kripke models. The
explicit link is given by

THEOREM 4. For each ¥-formula ¢ and appropriate m, the Set*-arrow
ol A" = 04
has as p-th component the function
o1 Ap = (Q%),
Wwhich assigns to (x4, ..., X,)€ A} the natural transformation
follxss - - X)) ={0,: pEq} from A T pto Q T p,
with o, : A, — £, having
o ()=l ((xs, ..., XL, X, XEqs .-, X0)) O

Exercise 14. Prove Theorem 4.

Exercise 15. Show that [Fuell': Al — (O, assigns to (x,...,X,)EAY
the collection

{q: p=q and for some x€ A,
II‘PE]”((xg’ L] x?—l} X, xiq+13 MR x?n)) = [Q)}-

ExeRcISE 16. Derive the corresponding description of [Vv,el in terms of
the [ol”s.

Exercise 17. Hence complete the inductive proof of the Truth Lemma.
U
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11.7. Completeness

Our first application of the Truth Lemma is a description of [¢ly: A" —
0, in Set®, where ¢ has index n.

TueoreM 1. [, : AL — Q, has
lel, xs, - - -, x ) ={q: p=q and Ak=e[x], ..., x1 1]
Proor. Exercise —use the fact that there is a commuting triangle

Ay — AR

W

whenever m is appropriate to ¢. O
TueOREM 2. For any ¥-model U based on P, and associated Set® model
A*, we have for all L-formulae o,

Set?

ke iff A=

Proor. Take any p, and x4,...,x,€A,, where n is the index of .
Then

pelel,(xy, ..., %)) iff lel,(xq, ..., x)=[p)

by properties of hereditary sets (§10.2, Exercise 3(ii)). Thus by Theorem
1 .

9’[ }?‘P[xb e xn] iﬁ II(P]]p(<xl7 s xn)) = (trueA")p
(%1, -+, X))

Since this is the case for all n-length sequences from A, we have
Ak=e iff [el, =(trues-),.

Since that is the case for all pe P,
ke iff [oly=true,-. O

Now by the methods used by Thomason [68] (and also by Fitting [69]),
we can construct a canonical poset P, and a canonical model U based
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on P, such that for any ¢,

A Fo iff Ko

(Thomason’s models interpret =~ as an equivalence relation E, on A,.
However by taking A, instead to be the set of E,-equivalence classes,
and A,, the transition that maps the E,-equivalence class of x to the
E,-equivalence class of x, we realise 2, as a canonical IL-model on which
= is interpreted as the diagonal relation A.)

Now if A% is the associated model in the topos &<, = Set®, by Theorem
2 we have

W= iff |T @
Hence, with the Soundness Theorem we get
EeFo iff g e

From this follows a general

CoMpLETENESS THEOREM. If ¢ is valid in every topos, then Fy ¢.

An example of a topos model in which the Law of Excluded Middle
fails is now readily given. We take P as the ordinal poset 2= {0, 1}, <).
A has

%IO = ({ba C}> RO’ C)
9Il = <{C}’ Rla C>,

where b and c¢ are two distinct entities, R, and R; are any relations on
Ay=1{b, c} and A,={c} of the reader’s fancy, and A, :{b, c} —{c} is the
only map it can be. Then if ¢ is the sentence (Vv,)(v;=¢), ¢ is true at A,
but false at U,.

Thus we have not U F, ¢, but we do have A F, ¢, so not A k, ~ ¢, hence
not Ak, oV ~ .

Now we saw in §7.4 that, for propositional logic, a topos can validate
all instances of av ~a (since Sub(1) is a BA) but still not be Boolean
(since Sub(2) is not a BA). This occurs for example in the topos M,.
Similarly we have M, F¢ v ~ ¢ whenever ¢ is an £-sentence, since then
[ely is a truth-value 1 — 2. However the situation is not the same for
open formulae.
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TueoreM 3. If €k Vv ~ ¢ for every L-formula ¢, then & is a Boolean
topos.

ProOF. Let U be a £-model of the form (£, r, true), i.e. a model in which
¢ is interpreted as the element true : 1 — 2 of . Let ¢(v,) be the formula
(v;=c). Then [oly:Q2—Q is 8,°(14, true,). By Exercise 2 of §5.1,
the equaliser of 1, and true, is true 1— Q so (Theorem 2, §11.5) [l =
Xerwe =10 But Ak @ v~ @, s0 [ v ~ ol = true,, i.e.

lekw (o [l = true,
ie.
1o u(m° 1) =true,

which by Theorem 3 of §7.4 implies that Sub({2) is a BA. O

ExEeRrcise. The proof of Theorem 3 used the fact that &£ had an individual
constant. Show that this assumption is not needed, by considering the
process of “‘adjoining” a constant to a language. O

11.8. Existence and free logic

The assumption of non-emptiness, (£(1, a) # @), for £-models in a topos
has been needed, not just for interpreting constants, but also for our
definition of [¢Jk and hence of truth in a model. In Set of course the only
empty object is the null set @, and if that is admitted as a model, then as
Andrzej Mostowski [51] observed, the rule of DETACHMENT no longer
preserves validity. Informally we regard any universal sentence Vv, or
any open formula ¢(v), as being true of @, since there is nothing in @ of
which ¢ is false. On the other hand an existential statement Jve is false
in @ since the latter has no element of which ¢ is true. More formally,
since 2°={0}, V:{@} — 2 is simply the map true, while 3,:{@} — 2 is the
map false. Moreover if ¢ has index n=1, then ¢" =@, so [ely:0—2 is
the empty map, i.e. the map truey. Thus, e.g., the open formulae

(v1=v,) 2 30v,(v,~0y)
and

(v;=0vy)
and true in @, while the sentence

Fv,(v,=v,)

is false.
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There are two basic methods that have been developed of doing logic
when empty models are allowed (so called “free’ logic). Mostowski modi-
fied the rule of DETACHMENT to read:

From ¢ and ¢ = s infer ¢, provided that all variables free in ¢
are free in .

(Alternatively we allow ¢ to be detached only if v(v =wv) has also been
derived for each variable v that is free in ¢.)

This approach is used in the topos setting by the Montréal school (cf.
Robitaille-Giguére [75], Boileau [75]). The other method is to introduce
a special existence predicate E, with E(t) read ““t exists”, and to modify
the definition of satisfaction to accommodate the possibility that “¢t may
not denote anything”. This notion has been studied by Dana Scott and
Michael Fourman [74], and has a very interesting interpretation for
sheaves and bundles, as well as Kripke models.

Let us consider an object a = (A, f) in the topos Bn(I) of bundles over
I. An element s:1—a of a is a global section s:I— A of the bundle,
picking one ‘“‘germ” s(i) out of each stalk A;. But if the stalk is empty,
A; =0, then no such s(i) exists. So we see that if a has at least one empty
stalk (because f is not epic), that is enough to prevent there being any
elements 1 — a. (We also see that Bn(I) has many significant and non-
isomorphic objects that are empty in the categorial sense). At best we can
consider local sections s:D — A, with fes=DS I, defined on some
subset D of I. This possible if A;# 0 for all i € D. Recall (§4.4 Example
6) that the set D = I can be regarded as a subobject of the terminal object
1 under the isomorphism

P(I)=Bn(I)(1, 2)=Sub(1)

that obtains for Bn(I).

A similar situation arises in the context of a Set® model (A, r, f.). If the
object (functor) A has element f. : 1 > A, then for each p, (f.),(0)e A, so
A,#0. So if just one A, were empty, A would have no elements.
However even if A does have elements, it may be undesirable to
interpret a constant as an arrow of the form 1 - A. We may for instance
wish to expand our language &£ to include a ‘“‘name” ¢, for a particular
element ¢, of some A,. ¢, would then be interpreted (as cg) only in those
U, for q €[p). Notice that [p) being hereditary can be identified (Exercise
2, §10.6) with a subobject D>~1 of the terminal object in Set®. The
interpretation of ¢, then yields an arrow f. :D — A with (f. ), : D, = A,
picking out c} whenever pCgq, i.e. D, ={0}, and (f.), =!:9 — A, other-
wise.
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We are thus lead to replace elements 1 — a of an object a by arrows
d — a whose domains are subobjects d >> 1 of the terminal 1. Such
things are called partial elements of a. This comes from the more general
notion of partial arrow. In Set we say that f is a partial function from A to
B, written f: A~ B, if f is a function from a subset of A to B, i.e.
dom f<c A and cod f = B. In a general category € we put f:a~b if fisa
%-arrow with cod f = b, and there is a ¥-monic dom f > a. Thus a partial
element of a is an arrow s:1~aq.

Now in the Set case, if f: A~ B there may be some elements x € A
with x¢ dom f. This is often expressed as “f(x) is undefined”. But if we
introduce some new entity *, with * ¢ B, and write “f(x) = *”’ whenever
x¢ dom f then we can regard f as being defined on all of A (we need
* ¢ B, or else “f(x)= %" could be compatible with x €dom f). A conve-
nient choice for * would be the null set @ (f(x) =0 means “x has null
denotation”). However it may be that ) € B. We can get around this by
replacing each element y of B by the singleton subset {y} and replacing B
by the collection of these singletons, i.e. we replace B by its isomorphic
copy B'={{y}:ye B}. Then #¢ B’ so we add @ to B’ to form

B ={{y}: ye B}U{f}.
Then given f:D — B, with D < A, define f: A — B by
~ {fx)} if xedomf=D
fx)= .
[0] otherwise
It is clear then that

D—— A

fJ
s

B8

f

commutes, where ng(y)={y}, all y € B.
Moreover the pullback of m and f has domain

{y, x): {y}=F(x)}}={y, x): xe D and y =f(x)}
={{(f(x), x): xe D}=D.
Thus, knowing f, we pull it back along m; to recover f. In fact (exercise) it
can be shown that f as defined is the only map A — B making this

diagram a pullback. Thus the arrow mg:B — B is a generalisation of
true: 1— 2. It acts as a “partial function classifier”’, providing a bijective
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correspondence between (equlvalenoe classes of) partial maps f A~B
with codomain B, and “total” maps f: A — B with codomain B.

PARTIAL ARROW CLASSIFIER THEOREM. If & is any topos, then for each
&-object b there is an -object b and an arrow m, :b>> b such that given
any pair (f, g) of arrows as in the following diagram, there is one and only
one arrow T as shown that makes the diagram a pullback.

d>%.a
b MNp 5

O

The proof of this theorem is given in detail by Kock and Wraith [71].
To define m,, the arrow {-},:b— Q" is introduced as the exponential
adjoint to 8,:bxb— 2 (in Set {-}, maps y to {y}). {-}, proves to
be monic, and so is (-}, 1,):b— 2°x b. The latter has a character
h:Q°xb — Q and this in turn has an exponential adjoint & : 2® — Q° (in
Set h is the identity on singletons and maps all other subsets of b to 9).
It is then shown that h o {-}, ={-},, so

)
r)l
2

=
o
S mmmmmemy S

.
[
o

defining b as the (domain of the) equaliser of 14+ and h, m, is the unique
arrow factoring {-}, through b.

ExercisE 1. Examine the details of this construction in Set.

ExEeRcISE 2. Show that
M- 1 i i.
is a subobject classifier in any topos. O

Returning now to free logic, a semantical theory in the classical case
may be developed by allowing variables and constants to be interpreted in
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a model A=(A,...) as elements of A U{*}. The existence predicate E is
interpreted as the set (one-place relation) A, i.e. for ac AU{*}

AEEWw)[a] if acA,
while the range of quantification remains A itself, ie.
AEVve iffforall acA, Ukelal

Under this sémantics, DETACHMENT preserves validity, while the axioms Ul
and EG are modified to
(Vo) AE(t) 2 @(v/t)

and
e(/t) AE(t) 2 (v)e

More details of this type of theory may be found in Scott [67]— where, as
is often done, E(¢) is taken to stand for a formula of the form Jv(v=t).
Moving to models A ={a, . . .) in a general topos, we see that instead of
dealing with partial elements 1~>a as suggested by the examples discus-
sed earlier, we may deal with elements 1 — a of the “object of partial
elements of a” (a always has elements, since a has at least the partial
element 0>>a). The interpretation of the predicate E becomes the
character e:a — 2 of the monic m, :a > a, and each formula ¢ deter-
mines an arrow [oly:(@)" — Q. Then given a partial element f,: 1~>q,

domf, >——1

fe f

1 true Q

we have [E(c)]=e ° f,, and so as the diagram indicates,
[E(c)] is the character of dom f. > 1.
Hence
AEE@) iff [E(c)]y=true
iff domf.>>1=1, in Sub(1)

iff f. is a “total” element of a.
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In the case of a bundle a =(A, f), d is a bundle of (disjoint) copies of the
sets A,, with n, acting on the stalk A; being the map 7, : A; — A, An
element f.:1— d is essentially a partial element f.:1~ma, ie. a local
section f, : I~> A, with

dom f. ={i: f.(i)#¢ in A}
Identifying truth values with subsets of I we may then simply say that
[E(©)]y =domf,,

and
AEE() iff f, is a global section.

Now the set A is isomorphic in Set to A + 1, the latter being the disjoint
union of A and {0}. The iso arrow in question is the co-product arrow
[na, B4 ], where @, :{0}— A has @,(0)=@. Thus @, “is” the element of
A corresponding to the partial element !:(}— A of A. The obvious
question then arises as to whether a is isomorphic to a+1 in general. If
this were so, we would have in particular 1=1+1. But (Exercise 2 above)
1 is an object of truth values, and we know that 2 =1+1 only in Boolean
topoi.

To formulate the situation precisely, let §§, : 1 — a, where a is an object
of topos &, be the unique &-arrow making

0>——1

b

a—2, g

a pullback, and form the co-product arrow

—
—

Q
IS

S ¢mmmpoe-

N> D]
Na 1)

a

LemMa. In Sub(a), 9, is the pseudo-complement of m,.
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ProoF. If —m,:—a>—a is the pseudo-complement of m,, then m, N
—n. =0; (§7.2) and so

—a
[-n
MNa a

>

o

o -

is a pullback. But the Partial Arrow Classifier Theorem then implies that
—mn, is the only arrow that makes the diagram thus a pullback.
Now consider

0 —— —¢

The top square is a pullback (exercise), and the bottom square is the
pullback defining ,. Hence by the PBL the outer rectangle is a pullback.
In view of the unique role of —mn, just mentioned, it follows that

—a

commutes, showing that —m, < (,. But the pullback square defining @,
shows that m, NP, =0,. In view of the description of —mn, as the largest
element of Sub(a) disjoint from n,, we get then @, = —mn,, and altogether
Qa = _na' D

THeEOREM. In any topos &, the following are equivalent
(1) For all €-objects a, [n,, §,]:a+1—a is iso
) [, 0.1:1+1—1 is iso
(3) & is Boolean.
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Proor. Clearly (1) implies (2). But @, is defined by the pullback
0o ——
g M
which shows that when mn, is used as subobject classifier, i.e. m, = true,
then @, is the arrow false. Hence (2) asserts that the co-product [true,
false] is iso, which yields Booleanness as we saw in §7.3.

Finally, if (3) holds, then applying the Lemma to any &-object a, we
have

1

el ——
-

naUQaznaU_naz1&'

But m, and @, are disjoint monics, so the Lemma following Theorem 3 of
§5.4 implies that [n,, @,] is monic, and hence is its own epi-monic
factorisation, i.e. m, U@, =[n,, #,] in Sub(a). Thus 1; =[n,, 8.], and so
the latter is iso (Exercise, 7.2.1). (]

ExercisE 3. Let a=f:A — B be an object in the topos Set™ of set
functions. Form the co-product function

[f.idg ]
A+B— B,

and let [f,idg]” :(A+B) — B be defined by the ~ -construction in Set.
Then

A—2 - (A+BY

f [f, idB T

N .B~

B

commutes, where g is the composite of iy : A — A+B and Ny p-
Show that m, :a — @ is a partial arrow classifier with respect to a in

Set”, where a is the function [f,idz] and m, is the pair (g, ng).
Apply the construction just given to the terminal 1 in Set™ to recover

the description of the subobject classifier for Set™ given in Chapter 4.
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11.9. Heyting-valued sets

Building on the ideas of the previous section, we might regard an object
in a topos as a “‘set-like” entity consisting of potentially existing (partially
defined) elements, only some of which possess actual existence (are
totally defined). The variables in a formula that are bound by quantifiers
are then taken to range over actually existing elements. In the context of
this “logic of partial elements” we distinguish two concepts of sameness.
The sentence Jv(v = ¢) is tantamount to the assertion that the individual
c exists, in that it asserts that there actually exists an individual that is
equal to c. So the sentence '

@) E(@=3v(v=c)

is valid on this account. Here the symbol = is the biconditional connec-
tive read ““if and only if”’. The expression ¢ =4 is formally introduced as
an abbreviation for the formula

(e2P)A(W> o).

In arriving at (i) we have implicitly invoked the principle that anything
equal to an existing entity must itself exist. But more strongly than this we
are going to require that elements can only be equal if they exist. Equality
implies existence, and we thus have

(iD) (v=w)>E(W)AE(w)

The other notion of sameness, for which we use the symbol =, is a
weaker concept of equivalence which does not differentiate elements in
regard to their lack of existence. Thus v and w will be equivalent if
neither of them exists, or if they both exist and are equal (=). We can
express this in a positive form as “if either of them exists then they are
equal” (and hence the other exists by (ii)). Thus equivalence is character-
ised by

(iii) (v=w)=E@W)VE(w)Dv=w).

But then we see, conversely, that we may describe equality in terms of
equivalence, since equal elements are those that exist and are equivalent,
ie.

(iiia) (v=w)=((v=w)AE®() AE(Ww)).

These notions are simply illustrated in the topos Bn(I). Let f and g be
two partial elements I~ A of a bundle A — I over I, and put

[f=gl={iel: f()=g@)}
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Then [f = g], being a subset of I, is a truth-value in Bn(I). We regard it as
the truth-value of the statement “f = g”°, or alternatively as a measure of
the extent to which f and g are equal. The expression “f=g” is
interpreted to mean that f(i) and g(i) are both defined (i.e. i is a member
of the domains of both f and g) and they are the same element of A. In
particular we must have

[f~gl<dom fNdom g
and so by the analysis of 11.8 we can put

[f = gl<[ENINIE(e)]

which accords with (ii) above.
Notice that

If = f1={i: f() = f(i)} = dom f = [E(f)]

and so [f=f] is a measure of the degree of existence of f.

For the weaker concept of sameness, we regard the local sections f and
g as equivalent if they agree whenever they are defined. Thus as a
measure of the extent of their equivalence we take those i where neither
is defined, together with those where they are both defined and agree.
Thus

[f=gl=—(dom fUdom g)U[f=¢l
=—[ENIVE@DHUlf~=¢l
which corresponds to (iii), since —BUC =B = C in P?(I).

Analogously, in Top(I) we define a measure of the degree of equality
of partial elements (continuous local sections) of a sheaf of germs by
putting

If = gl={i: f(i) = 2 (D))",
applying the interior operator ( )° to ensure that [f~g] is an open set,
i.e. a truth-value. [E(f)]=[f~=f] remains as dom f, since local sections
always have open domains. For equivalence we put

[f=¢l=[ENIVIE@I]=>[f=¢],

where B> C=(—BU C)° is the relative pseudo-complementation of
open sets in I. Notice that whereas [f~f] may be a proper subset of I
(“f=1f is not totally true) we always have [f=fl=1
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Emerging from this discussion is a generalised concept of a ‘“‘set” as
consisting of a collection of (partial) elements, with some Heyting-
algebra-valued measure of the degree of equality of these elements. This
notion admits of an abstract axiomatic development in the following way:

Let (€2, ©) be a complete Heyting algebra (CHA), i.e. an HA in which
every subset A c 2 has a least upper bound, denoted | |A, and a greatest
lower bound, denoted [ |A, in £. (Recall the definitions of L.u.b. and g.1.b.
given in §8.3). An Q-valued set (-set) is defined to be an entity A
comprising a set A and a function A X A — () assigning to each ordered
pair (x, y) of elements of A an element [x ~vy], of (), satisfying

[x~=~ylaly=xls
‘and

[x=ylarily =zl Clx = zIs
for all x, y, z€ A. These two conditions give the (2-validity of the
formulae

(x=y)=>(y=x)

(x=y)A(y=z)>(x=2z)
that express the symmetry and transitivity of the equality relation. The
element [x =~ x], will often be denoted [Ex],. We introduce the definition

[x =yl =(Ex]a[Eyly) > [x=yla

The A-subscripts in these expressions will be deleted whenever the
meaning is clear without them.

Exercise 1. Prove that the following conditions hold for any (2-valued
set:

[x =~ yIl=lEx]

[x = yl=[x = yImlExI~[Ey]

[Ex]IM[x = yl=[Ey]

[x=x] is the unit (greatest element) of (2

[x=yl=ly =x]

[x=ylnly=zIlc[x = z]

pClx=yl if prlEx]clx=y] and prilEyl=[x=yl. O
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The justification for using the subobject-classifier symbol for our CHA
is that the 2-sets form the objects of a category, denoted 2-Set, which is a
topos, and in which the object of truth-values is 2 itself! More precisely,
this object of truth-values is the (2-set ) obtained by putting

[p=qla=(@ < q)

for each p, q € , where

reg=@P=>9m@=>rp)

is the -operation that interprets the biconditional connective =. Since
the members of  are going to serve as truth-values we will use the
symbols L and T to denote the least (zero) and greatest (unit) elements of
() respectively.

Exercisk 2. [p=qlo=T iff p=gq.

Exgrcise 3. [Eplo=T.

Exercist 4. [p=Tlo=p.

Exercisk 5. [p~Lla=—p O

An arrow from A to B in 2-Set may be thought of in the first instance
as a function f: A — B. Its graph would then be a subobject of A X B and
so should correspond to a function of the form A X B — (). We interpret
the latter as assigning to (x, y) the truth-value [f(x) = y], giving the degree
of equality of f(x) and vy, i.e. a measure of the extent to which y is the
f-image of x. With this idea in mind we turn to the formal definition.

An arrow from A to B in 2-Set is a function f: A X B — ( satisfying

@iv) [x = x"Taf(x, yDEFUX', ¥))
) flx, y)m ly=yTe=f(x, y')

(vi) flx, y)flx, yNEly =~ y'ls
(vii) [x =~ x]s=LIf«x, y): ye B}

The first two conditions are laws of extensionality (indistinguishability of
equals) and assert the Q-validity of the formulae

(x=x)A(f(x)=y)2(f(x)=y)
FE)=yA(y=y)>(f(x)=Yy")



278 ELEMENTARY TRUTH CH. 11, §11.9

(which are instances of the axiom I2 of §11.3). Condition (vi) gives the
validity of the ‘“unique output” property for the arrow f. It can be read
“partial elements y and y’ are each the f-image of x only to the extent that
they are equal”. To understand condition (vii) we note that the complete-
ness of the HA 2 can be used to interpret an existential quantifier, by
construing the latter as a (possibly infinite) disjunction (l.u.b.). That is, the
sentence “there exists a y € B such that ¢(y)” is construed as “¢(y;) or
@(y,) or ¢(ys) or...” where y,, y,, . . . run through all the members of B,
and hence is given the truth-value
LIle(y)]: yeB}, or y|;l3 leI.

(Dually, construing a universal quantifier as a conjunction, the sentence
“for all y € B, ¢(y)” would be interpreted by

[M{le(y)]: ye B}, or WB[[qv(y)]l.)

Thus we see that (vii) gives the validity of the statement that each x€ A
has some f-image y € B, i.e. f is a total function. By giving an equation of
the form [Ex]=[¢] the suggestive reading ‘““x exists to the extent that ¢,
we may read (vii) as “each element of A exists to the extent that it has an
image in B”.

In summary then, an arrow from A to B is represented, via its graph, as
an extensional, functional and total 2-valued relation from A to B. But
then it is not hard to see that the equality relation on A satisfies these
properties, i.e. the function (x, y)+>[x ~y], is an arrow A — A accord-
ing to (iv)—(vii). And indeed it will be the identity arrow for A, with the
truth-value of “id(x)=y” thus being precisely that of “x=y”, as it
should be.

The composite of arrows f:A—B and g:B— C is the function ge°
f:AXC— Q given by

g o f((x,z))= L;L (f(x, yDm1g(y, z))

(compare this to the statement “for some y € B, f(x)=y and g(y)=2z").

These definitions complete the description of (2-Set as a category. In
order to describe its topos structure we will from now on use the
notations f({x, y)) and [f(x) = y] interchangeably in reference to an arrow
f:A—B.

Terminal Object: This is the 2-set 1 comprising the ordinary set {0} with
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[0~0]=T. The unique arrow f: A —1 is given by
[f(x)=0l=[Ex]

i.e. “f(x) equals O to the extent that x exists”.

Products: A XB is the product set A X B with the -valued equality
Ix, yy =,y =lx =x'Tarly ~y'ls

The projection arrow pr, :AXB— A has
[pra (x, y) = z]=[x =~ zJ[Ex]—[Ey]

i.e. “the A-projection of (x, y) equals z to the extent that x and y exist
and x equals z”.

Pullbacks: To realise the diagram

’

D—£:%-B
A
—C

as a pullback we define, for x€ A and yeB
Ep({x, y) = LJC ([fx)=cImlg(y)=cD

(cf. “there exists ¢ € C with f(x)=c and g(y)=c”, i.e. “f(x)=g(y)”).
Then D is the product set A X B, with

[x, yy={x', v = Ep({x, y))
AE,(x, y)lx=xT,ly=y'Ts
Then in fact,
[E(x, y)lb = Ep({x, y))

i.e. “(x, y) exists in D to the extent that f(x)=g(y)”.
The “projection” f is given by

If €x, y) = z]=Ep (x, y)rllx = zls
and similarly for g'.
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Subobjects: In Set, the pullback is a subset D of A X B specified by the
condition “f(x)=g(y)”. We have just seen that in 2-Set, D is a kind of
subobject of A XB that has the same partial elements as the latter but
with degrees of existence determined by the pullback condition. This sort
of phenomenon is typical of the description of subobjects in (2-Set.
Intuitively, a subset of A may be represented by a function of the form
s: A — . Such a function assigns to each x € A an element s(x) of Q,
which we think of as the truth-value of “x €s”, or as a measure of the
extent to which x belongs to the “set” s. Thus we also denote s(x) by
[x € s]. Formally, a subset of an £2-set A is a function s : A — (2 that has

(viii) [x e slmlx=yl=ly e sl (extensional)
and
(ix) [xeslclEx] (strict)

ExampLE. Let E: A — (2 be given by

E®x)=[x=x]=[Ex]
E represents the set of existing elements of A. Since

[Ex]=[xeE]
we have that “x exists to the extent that it belongs to the set of existing
elements of A”. O

Now an arrow f:A —B can be shown to be monic just in case it

satisfies

[f(x)=zImlf(y) = zI=[x = y]

for all x, ye A and z € B. Such an arrow corresponds to a subset of B (the
“f-image” of A), and hence to a function s;: B — . This is given by

se(y)= U [f(x) =yl
x€A
i.e. “y belongs to s; to the extent that it is the f-image of some x € A”.

Thus s;(y) is the truth-value of “yef(A)”.

Conversely, a subset s:B— () of B determines a monic arrow
fs:A,>>B. A, has the same collection B of elements as B, but with
equality given by

[x=yls =[x eslnlyeslmlx~yls



CH. 11, § 11.9 HEYTING-VALUED SETS 281

i.e. “x and y are equal in A, to the extent that they are equal in B and
belong to s”. The ““inclusion” arrow f, has

If. )~ yl=[x~yla,.

Exgrcise 6. (I) Prove that s; =s.

(i) Let f, :A, >~ B be constructed from the set s; corresponding to a
monic f:A>->B as above. Then A has the same collection of elements
as B. Define g:A— A, by

[e(x)=yl=[fGx)=yl
Show that g is iso in £2-Set and that

commutes. O

The import of this exercise is that subobjects A >>B of B are uniquely
determined by subsets B — 2 of B. The latter in fact form the power
object P(B) of B. To define this, let S(B) be the collection of all subsets
s:B— Q of B. Then %(B) comprises S(B) with the equality

[s=tlpw=T1 (s(x) < t(x))

xeB

(cf. “for all xe B, xe S iff xet”).

Exercisk 7. [s=~tlp@ =T iff s=t (i.e. s and t are the same function).
ExERrcisk 8. [Eslpm=T |
Exercisk 9. [x e slmls =tI=[x e¢] O

Now the function e: A X S(A) — 2 having e({x, s)) = s(x) satisfies (viii)
and (ix), and so is a subset of the Q-set AX%P(A). The corresponding
subobject f, is precisely the membership relation € , >> AX%P(A) on A.
The definition of e thus gives that ‘“(x, s) belongs to €, to the same
extent that x belongs to s”.
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SuBOBJECT CLASSIFIER: The arrow true :1—  has
[true(0)=~pl=I[p~=Tla

(“p is true to the extent that p equals ‘(”) and so
[true(©)=pl=(p o T)=p.

Now let f: A — D be a monic, with corresponding subset s; : D —  of D.
The character x; :ID — Q of f has

[x;(d) = pl=[Edlpmls;(d)~pla
i.e. “x;(d) equals p to the extent that d exists and p is the truth-value of
‘Cd ef(A))’ 7’.
Exercise 10. Show that this construction satisfies the (2-axiom.

Exercisi 11. [false(0)=pl=[p= Llo=(p & 1)=—p

Exercise 12. The truth arrows ~, u have

[prng=rl=lprg)~rla
Exercisk 13. [pug=rl=[(puq)=rla

Exercise 14. Show that the r.p.c. operation = : 2 X2 — 2 on the HA Q
is a subset of ) X in the sense of (viii) and (ix) and that the correspond-
ing subobject is ©>—>Q X Q. Show that the character of the latter, i.e.
the implication arrow =>':Q xQ — Q has

[p=>'a=rl=@=> g9 or=lp=>q) ~rla O

Object of partial elements

In Set, a “‘singleton” is a set with exactly one member. In the present
context of partial elements we are more interested in sets with at most
one member. Formally a subset (extensional, strict function) s: A — 2 of
A is a singleton if it satisfies

(%) [x e slmlly eslcx =yl
i.e. “elements of A belong to s only to the extent that they are equal”.
ExampiE 1. If a € A, then the map {a}: A — Q that assigns to x€ A the

degree [x=al] of its equality with a is a singleton in this sense, with

[x e{al=[x~adl.
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ExaMPLE 2. Suppose A is the 2-set (with 2 =%(I)) of all local sections of
some bundle over I, as considered earlier. Included in A is the empty
section @ ,, the unique section whose domain is the empty subset of I. For
any other section x, we have [x =@, ]=0. Generalising to an arbitrary Q
and arbitrary 2-set A, the map {#,}: A — Q assigning | to each x€ A is
a singleton, with [xe{@ }]= L. O

Exercise 15. If s is a singleton

[xe s]]; [y eslelly =xI)
Exercise 16. {a}={b} iff [a = B]] =[Ea]=[Eb].

Exercise 17. Let s€S(A) and p e Q. The restriction of s to p is the
function s | p: A —  assigning s(x)rp to x. Show that s | p e S(A) and
that s | p is a singleton if s is. (]

Now the object A is to be regarded as the Q-set of all subsets of A that
are singletons in the present sense. Thus A is to be thought of as itself
being a subobject of %?(A) and hence corresponds to a function
sing : S(A) — . The formal definition, for s € S(A), is

[sesingl= I (xeslnlyes]l=>[x=yD

X, yEA

(cf. “for all x, ye A, if x and y belong to s then x =y”.)
The inclusion arrow mn,:A >> A of A into A has

[na(a) =sl=[Eal, s ~{a}ls,
(“na(a) is s to the extent that a exists and s is {a}”).v
Exercise 18. [s e singl=T iff s is a singleton.
Exercisk 19. [{a}=s]c[s e singll. O
Now we know that each bundle over I gives rise to an {2-set, where
0 =2P(I), whose elements are the partial sections of the bundle. Con-

versely, given an arbitrary P (I)-set A, each i €I determines an equival-
ence relation ~; on the set

A, ={xeA:ic[Ex]}
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that is defined by
x~y iff ielx=yl

We then obtain a bundle over I by taking the quotient set A;/~; as the
stalk over the point i. These constructions may be used to establish that
the categories Bn(I) and %(I)-Set are equivalent. They can also be
adapted to the case of sheaves of sets of germs, showing that Top(I) is
equivalent to @-Set, where O is the CHA of open subsets of a topological
space I. These facts are a special case of a result of D. Higgs [73] to the
effect that 2-Set, for any CHA (2, is equivalent to the category of
“sheaves over (2. Precisely what that means will be explained in Chapter 14,
where we shall see also that (2-Set is equivalent to a subcategory of itself
in which arrows A—B may be identified with actual set-functions
A —B.

Elementary Logic in -Set

We have been interpreting the operations [ | and || informally as
universal and existential quantifiers in order to understand the construc-
tions that define 2-Set. When we come to interpret a first-order language
in this topos, these same operations may serve to give meanings to the
formal symbols V and 3. Moreover, instead of assigning a formula an
arrow of the type A — Q, we may work directly with functions of the
form A — (2, and take advantage of the presence of the extents [Ea] of
individuals to formalize the principle that quantifiers are to range over
existing individuals. .

To illustrate this approach, suppose that our language £ has a single
two-place relation symbol R. Our basic alphabet is presumed to include
the existence predicate E and the identity (equality) symbol =. The
symbol = for equivalence is introduced according to clause (iii) at the
beginning of this section. Alternatively, = may be defined in terms of =
by (iiia).

For this language, a model in Q-Set is a pair A =(A, r) comprising an
-set A and a subset r: A XA — Q of AXA. (By Exercise 6, r corres-
ponds to a unique subobject of A X A, hence to a unique arrow A XA —
Q, and so this approach accords within the definition of “model” in
§11.4). We then extend & by adjoining an individual constant ¢ for each
element ce A. A truth-value [pli,€ 2 can then be calculated for each
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sentence ¢ by induction as follows:

Atomic Sentences:
[e~dl=lc~dl,
E@= [Ecla
[eRd]y = r({c, d))

Propositional Connectives:

A, V, D, ~ are interpreted by M, L1, =, —1in Q.
Quantifiers:

Voely = CI;L (E(e) > ¢ (v/0)])
(“@(c) holds for all existing c¢”’)

[Foel = l;L (E() A ¢ (vie))
(“@(c) holds for some existing c”).

Satisfaction: For a formula ¢(v,,...,v,) we define AFo[cy,..., ],
where c,, ..., c, €A, to mean that [¢(v,/cy, . . ., v,/¢,)ly =T. Then truth-
A ¢@-of ¢ in A can then be defined as usual by

Akelcy,...,c,] forall cq,...,c,€A.

Exgercise 20. Show that the following are true in :
(t=u)re(v/u)= @ (v/t)
Vo, (v, =v) =, =) 2 (v =1vy)
Ve AE(1) 2 @ (v/t)
e(/t) AE(t)  Tue
E(t)=3v(v=1t)
Fow=t)=Jv(v=t)
Vo, Vo, (v, = v) = (v, = 1))
Voe =Vu(E(v) > ¢)
Fue=Fv(EM®)A @)
VvE(v)
(E(v) VE(@) 2 (v =v;) 2 (v, =v;)
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ExXercISE 21. Show that the following rules preserve truth in U:
From o AE(w)D ¢ infer ¢ >Voy
From y AE(v) D¢ infer oD

provided in both cases that v is not free in . (]

This semantical theory will be used in Chapter 14 to define number-
systems in (2-Set. We will find it convenient there to have available the
following result, which simplifies the calculation of the truth-value of
quantified formulae in some cases by allowing the range of quantification
to be further restricted.

We say that a subset C of A generates the (2-set A if for eachac A,

[Eals= LI la=cls

ceC

ExEercise 22. If C generates A then

Voely = rlc ([(E(c) 2 o (v/0)])

and

Bl = UC (ME(c) A @ (v/e)]y) O

11.10. Higher-order logic

In closing this chapter on quantificational logic we mention briefly the
study that has been made of the relationship between higher order logic
and topoi.

Higher order logic has formulae of the form (VX)¢ and (3X)¢, where
X may stand for a set, a relation, a set of sets, a set of relations, a set of
sets of sets of . . ., etc. So for a classical model A =(A, ...) the range of X
may be any of P(A), P(A"), P(P(A")), etc. Analogues of these exist in
any topos, in the form of Q¢ Q¢ etc., and so higher order logic is
interpretable in €. In fact the whole topos becomes a model for a many
sorted language, having one sort (infinite list) of individual variables for
each &-object. Given a theory I” (i.e. a consistent set of sentences) in this
language, a topos & can be constructed that is a model of I". Conversely
given a topos & a theory Iy can be defined whose associated topos &r, is
categorially equivalent to &. These results were obtained for the logic of
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partial elements by Fourman [74] and subsequently for the other ap-
proach to free logic by Boileau [75]. They amount to a demonstration
that the concept of ‘“‘elementary topos” is co-extensive with that of
“model for many-sorted higher-order intuitionistic free logic”’, and hence
provide a full explication of Lawvere’s statement in [72] that ‘“‘the notion
of topos summarizes in objective categorical form the essence of ‘higher-
order logic’.”” The work of Fourman incorporates a number of interesting
and unusual logical features, which we will outline briefly.

Firstly, as already noted in §11.8, variables are to be thought of as
ranging over, and constants denoting, potential elements of an &-object a.
Thus a formula is interpreted by an arrow of the form [e]:(a)" — £,
corresponding to the subobject of all n-tuples of potential elements that
satisfy ¢.

Next, the system includes a theory of definite descriptions as terms of
the formal language. A definite description is an expression of the form
lve, which is read ““the unique v such that ¢”’. The expression serves as a
name for this unique v whenever it exists. The basic axiom governing this
descriptions-operator is

Vu((u=lve(v)) =Vo(e(v)=(v=u))

which has the reading ““‘an existing element u is equivalent to the element
lve(v) iff u is the one and only existing element satisfying ¢ (recall that
quantifiers range over existing elements).

To interpret a definite description semantically in € suppose, by way of
example, that the &-arrow [¢]: @ — 2 has been defined, where ¢(v) has
index 1. Let f:1— Q°® be the name of the arrow [ple n,:a — Q2 (cf
§4.1). (In Set, f corresponds to the element

lol={x€a: ¢(x)}
of the powerset of a, i.e. the subset of a defined by ¢).
Form in € the pullback

b——1

| |

{1a

a —=25 0
of f along the “singleton arrow” {-},, that was defined in §11.8. (In Set
we may regard g as the inclusion b <> a, with b =|¢| if |¢| is a non-empty
singleton, i.e. if |¢| ={x} for some x € a, and b = otherwise). Notice that
g:1~a, ie. g is a partial element of a, and so corresponds to an arrow
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g:1—>a. We take this § to be [lvp]. (In Set, taking @ as aU{*}, &
corresponds to the element x of a if || ={x}, and is the “null entity” *
otherwise.)

Of course the description operator and its semantic interpretation can
be developed in the context of first-order logic. In higher order logic it
becomes particularly useful, in that is provides simple and straightforward
ways of expressing both the Comprehension Principle, and the operation
of functional abstraction, the latter being the process of defining a term
that denotes a function whose graph is specified by a formula.

To consider Comprehension, suppose by way of example that ¢(v) has
a single free variable whose range is a collection of entities of a certain
level, or type, in a higher-order structure comprising subsets, sets of
subsets, sets of sets of subsets etc. In a higher-order language there will
also be variables w that range over the subsets of the range of v. Then the
sentence

ElwVu(e(v)=w())

asserts the actual existence of the unique set whose elements are precisely
those entities that satisfy .

If instead ¢(v, w) has two free variables, it defines a relation when
interpreted. We denote by ¢’(v) the term

Iwe(v, w).

If the interpretation of ¢ is a functional relation (one with the unique
output property) then this term will provide a notation for function
values. Functional abstraction may now be performed by forming the
expression

luVoVw(u(v, w)=¢’(v)=w)

(which is abbreviated to Av - ¢’(v)), where u is a variable that ranges over
the relations from the range of v to the range of w. The expression
Av - @’(v) may be read “the function which for input v gives output
@’(v)”.

The details of this higher-order language and its use in characterising
topoi as models of higher-order theories may be found in Fourman’s
article “The Logic of Topoi” in Barwise [77]. This work is important for a
broad understanding of the structural properties of topoi. It offers a
different perspective to the one we are dealing with here. Our present
concern is to develop the view of a topos as a universe of set-like objects
and hence, qua foundation for mathematics, as a model of a first-order
theory of set-membership. We take this up in earnest in the next chapter.



