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Middle convolution for completely integrable
systems with logarithmic singularities along
hyperplane arrangements

Yoshishige Haraoka

Abstract.

The middle convolution for completely integrable systems with
logarithmic singularities along hyperplane arrangements is defined as a
natural generalization of the middle convolution for Fuchsian ordinary
differential equations. Additivity of the generalized middle convolution
is proved. It is observed that the singular locus may increase by the
generalized middle convolution. Examples concerning with hypergeo-
metric series in several variables are given.

81. Introduction

The middle convolution, which is introduced by Katz [7], is an op-
eration for local systems on a punctured complex line, and plays a fun-
damental role in the theory of rigid local systems. By Riemann-Hilbert
correspondence, it induces an operation for Fuchsian ordinary differen-
tial equations, which we also call the middle convolution. In this paper
we extend the latter one to the operation for completely integrable sys-
tems in several variables with logarithmic singularities along hyperplane
arrangements. The extended middle convolution possesses similar prop-
erties as the original one, such as additivity, and, on the other hand,
gives several different features from the original one. In particular, by
combining with the prolongation-restriction process, the extended mid-
dle convolution may change the index of rigidity, which is invariant under
the original one.
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According to Dettweiler—Reiter [1], we give a definition of the middle
convolution for a Fuchsian system

(1) % = (Z xf_l”a) U,

=1
where a1, asg, . ..,a, € C are distinct points, and Ay, Ag, ..., A, are con-
stant nxn-matrices. Take A € C. Define rnxrn-matrices G1,Go, ..., Gy
by

T
G; = ZEZ‘]‘ & (Aj + (5@‘)\) (1 << r),
j=1
where E;; denotes the 7 x r-matrix with the only non-zero entry 1 at
(1, 7)-th position (1 < 4,7 < r). The operation which sends the system
(1) to the system

2 - ()

i=1

is called the convolution with parameter X, and is denoted by cj.
Let K and L be the subspaces of C™ defined by
U1
K= Dl sveKerd (1<i<r) o,
Up
L=Ker(G1 +G2+ -+ G,).
It is easy to see that K and £ are invariant subspaces of (Ci" for (ql, Ga,
..., G.). Then (Gy,Gs,...,G,) induces the action (G1,Ga,...,G,) on

the quotient space C™ /(K + £). The operation which sends (1) to the
system

®) - (Z xf) U

=1

is called the middle convolution with parameter A, and is denoted by
mcey,.

It is shown that the middle convolution keeps the index of rigidity
invariant, and if (1) is irreducible then the middle convolution system
(3) is also irreducible. Moreover, if the residue matrices of (1) satisfies
the conditions

ﬂ Kerd; NKer(4; —¢) =0 (Vi,Vee C)
J#i
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and
> ImA; +Im(A; —¢) =C" (Vi, Ve € C),
J#i

we have the additivity

mco =id, mcey, OMex, = MCx,+x,-

It is also shown that the middle convolution keeps the deformation equa-
tion invariant ([5]).

One of the main result of the theory of rigid local systems is the
following.

Theorem 1.1. ([1, Theorem A.14]) Any irreducible rigid Fuchsian sys-
tem can be obtained from a Fuchsian equation of rank 1 by a finite iter-
ation of middle convolutions and additions.

It is shown in [2] that the middle convolution is analytically realized
in the following way. For a solution U(z) of (1), define rn-column vector
V(z) by

Ux)
5]
Vig)=|""

U(z)

T—ar

Let U(z) be a Riemann-Liouville transform with exponent A of V(x):
0(a) = / V)t - ) dt,
A

where A is an appropriate 1-cycle. Then U (z) makes a solution of the
convolution system (2). Solutions of the middle convolution system (3)
can be obtained from U(x) by the linear transformation induced by the
projection C™ — C™ /(K + L).

We shall use this analytic realization to extend the middle convolu-
tion for completely integrable systems in several variables. This will be
done in Section 2. In Section 3 we show that the additivity of the middle
convolution also holds for the extended case. In Section 4 we give two
examples concerning with hypergeometric series in several variables.

In our previous work [4] we defined the middle convolution for com-
pletely integrable systems of KZ type. The results in the present paper is
a generalization to completely integrable systems with any arrangements
of hyperplanes as logarithmic singularities.
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§2. Middle convolution

We consider an arrangement A of hyperplanes in C!. We fix a co-
ordinate (x1, %2, ...,;) of C'. For each hyperplane H € A, let fi be a
defining linear polynomial for H. For each H € A, we take a constant
n X n-matrix Ag.

We consider the Pfaffian system

(4) du = QU,
where  is a 1-form given by

(5) Q= > Apdlog fu.
HeA

We assume that the system (4) is completely integrable:

QnQ=0.

This condition will be stated in terms of Az in Theorem 2.1 below.
For each i (1 < i <1), we set

Az, ={H € A; (fr)z;, #0}.

Then the system (4) can be written as

(6) 8U _ Z Ag (fH)x’L U

for 1 <4 <. In this paper we call the system (6) the z;-equation.
Take any ¢ (1 <4 <1), and set z; = z. For each H € A, we define

ag by
(7) Ju = (fu)s(z — am)-

Then the z-equation can be written as

® %%=<Z xilIZH>U.

HeA,

Let j (1 £ j < 1) be another index, and set 2; = y. For each
H € Ay, we define by by

fu= (fH)y(y —bm).
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For H,H' € A, such that (ayg — ap+)y # 0, we define cyps by
ag —ap = (ag —an)y(y — cam).
Then obviously
CHH' = CH'H

holds. For H € A, we set

Cry={H € A\ {H}; (aug —an')y # 0}.

Theorem 2.1. The integrability condition QAQ = O for the system
(4) holds if and only if, for any pair (3,7) (1 < 4,75 <) of distinct indices,
by setting x; = = and x; =y, the following conditions hold:

(9) Ay, Z Agr +Ag | =0
H"eCh,y
CHH”ZbH’

for He A;NAy and H € ASNA,y,

(10) ' Ay, Y, Aw/|=0

" .
H"eCp,y
Curu!=CHH'

for H e A, N A, and H' € Cq, such that cap # bk for any K €
ASN Ay,

(11) Apg, Z Agr +Ag | =0
H'eA;NA,

CHH/I:le

for He A, NAj and H' € AN Ay, and

(12) Ag, >, Ami|=0
H'"eAzNA,y
CHH!"=CHH'

for H € A, 0 A} and H' € A, N A, such that cypr # bg for any
KeA;NA,.
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Proof. We regard the coeflicients of the 2-form Q A Q) as rational
functions in xz. The principal part of the Laurent series expansion at
each pole can be regarded as a rational function in y, and then we get
the left hand sides of (9) to (12) as the residue matrices of the poles in
1y, from which the assertion follows. Q.E.D.

Let F be the local system on C\ {am; H € Az} of local solutions
of (8). Let A be a complex number. For each H € A;, we define
VH(:L’l,:Z?Q, . ,:L‘l) by

U(.Tl, e ,Qj‘ifl,t,l‘prl, N ,.’El)(

t— ) dt,
t—aH

(13) VH(xl,xz,...,:cl) :/
A
where A € H1(C\ {an; H € A}, F) and z = ;. We set

(14) V(Z‘l,ﬂ:g, .. 7xl) = (VH(Z‘l,wQ, e 7xl>)H€Aw'

Proposition 2.1. The function V. = (Vg)mea, defined by (13)
satisfies the following systems of differential equations:
For x = x;, the x-equation for V is given by

19)% 1
X r—ag HicA,

For other z;, we sel x; =y. Then the y-equation for V is given by

oV, 1
== = Z (Apr + 0 NV
dy  y—bm Hied,
(16) AH’ AH’
LDl A COR D Dl s
H'eCp,y y HH' H'e AsnA, Yy H

for He Ay, N Ay, and

oV, Agp Agp
(17) *a‘ﬂ = Y "—H’(VH —Va)+ > IZ Vi
y H’EAwﬂ.Ay y CHH' H’eAgﬂAy y.., H’

forHG.AmﬂA;.

Proof. As explained in Introduction, the z-equation for V is nothing
but the convolution of the z-equation for U, and then is given by (15).
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To obtain the y-equation with y = x;, we regard z, (k # 1,7) as a
parameter, and use the notation U (1, z2, ..., 21) = U(z;, z;) = Uz, y).
The partial derivative of Vi with respect to y is

Vg [ OU (t —ax) / \ 0 1 )
5y Aﬁ—y(t’y)t—aH dt + AU(if,y)(t ) 35 \T —an dt.

Note that

If H¢ Ay, ag is independent of y, and hence we have

BVH - .TC))‘
= . dt
2 4 / Y- bH’ t -

H'c A, ag
(fH’)y 1
= A // t,y)(t—=x A . dt
H’egﬂAy " vy ) (fa)e(t—am) t—am
H’EAgﬂAyy_ H' At—aH

A
Yy —bm

Vi,

— Z (fH’)y . A_HC’L (VH N VH’) + Z

H/'€AzNAy (fu)e an H H'eAznA,y
Since (ag)y = 0, we have

(fH’)y . 1 1

(fH’)z Gg — ag’ Y—CHH'

for H € Ay N Ay, and hence we get (17).
If H € A,, there appear the two terms

Ult,y) t—=2)* (r)y Ulty)
/A y—by t—ay dtW/AAH(fH)z (t*aH)z(t ) dt

and

e Uty oy [ Un)y Uy
Gy @b T M= e e




116 Y. Haraoka

in OV /0y. Since A is a twisted 1-cycle, we have

U(t,y) [/ 1 3
/A—(t_aH)z(t-x)*dt_/Aat( t_aH>U(t,y)(t o) dt

Z/A—la—aat(U(t y)(t—z) )dt

- a3 s

and then we get

(fH)y ) U(tay) oV i — (fH)y ) U(t,y) R
S A et e [ (it et
(

Wﬁk{%‘ > (VH—VH/)}.

ag —a
HeAN{H)y H

Thus we have, for H € A, N A,,
Vu _ (fu)yOVu  (fu)y Ap

= (Ve — Var)
dy (fH)ac oz (fH)ac H'e AN H} ag —ag
’ A 1
-
H €A nAN\{H} T OH T 00
Ap
+ > Vir
H'eAgmAy Y= b
= (fH +5HH’)\)VH’
() >
A
-
H €A NAN{HY} H)x/ ©H — CH

(fH)y Ap Ap
 (fa)e Z aH — QG (Ver = Var) + Z y—bg
H € AzNAS H'€ AN Ay
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By the definitions of ay, by and cyg/, we have

(fu)y 1 1

(fe)zx—am  y—by

for H € A, N Ay,

((fH')y (fH)y) 1 1

(fr)z  (fH)a
for He AN A, and H' € Cpy,

(fH’)y (fH)y —

(e (fH)e
for He A, N Ay and H' & Cp, and

(fH)y 1 _ 1

(f)e am—am  y— cam

ag —ang’ Y —CHH'

for H € A, N A, and H' € A, N Aj. Thus we obtain (16).

117

QED.

We see that the systems for V = (Vi )me.a, given in Proposition 2.1

make a Pfaffian system
(18) dv = Qv
with 1-form €2 of the form

Q = Z Gﬁdlogfﬁ,

HcA

where A is the arrangement of hyperplanes obtained from A by adding

the hyperplanes of the form {y — cgg- = 0}.

Definition 2.1. We call the operation which sends the Pfaffian sys-
tem (4) to the system (18) the convolution in z;-direction with parameter

A, and denote it by ¢}*.

Remark 2.1. If there is a pair H, H' € A, such that H' € Cp, and
cam # bi for any K € A5 N A, we have {y —car =0} € A\ A, and
hence A 2 A. Thus the singular locus may increase by the convolution,

which is a different feature from the case of one variable.
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Fig. 1. v
Let K and £ be the subspaces of (C*)A= ~ C"#4+ given by

K ={v=(va)rea,; vy € KerAg},

L={v=(va)gea,; > Amve +lvg =0 (VH € A,)}.
H'cA,

It is easy to see that

L={v=(v); (Z AH>110—|—)\110:0}

HeA,

if A# 0, and

L={v=(vm)gea,; »_ Anvy =0}
HeA,

if A = 0. As mentioned in Introduction, K and £ are invariant subspaces
for the xz-equation of the convolution system (18). For y = z; (j # 1),
we write the y-equation (16) and (17) of the system (18) as

ov
£ Gy)V.

Proposition 2.2. For any z; (j # 1), the subspaces K and L are
invariant for the x;-equation of the convolution system (18). Namely,
by setting x; =y,

GyKck, GyLcck

hold for any value of y.

Proof. Take any v = (vg)mea, € K, and set

G(y)v=w = (WH)HeA, -
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For H € A; N Ay, noting that vy € KerAg-, we have

Wy = . Z (AH’ =+ 5HH’>\)UH’
Y HH’eA
AH/

FY e Y A,

H'eCy.,, HH' HeAsna, Y T VH

)\ A ’ A ’

==+ > —T 4 ¥ —— | v

Yy H H,echyy CHH' H,EAgﬂAyy H'

By using the integrability conditions (9) and (10), we get

A

|
+
(]
o
X
+
]
i
x
e
i
4
S

Agwg =

=0,

and hence wy € KerApy. Similarly, by the help of the integrability
conditions (11) and (12), we get wy € KerApy for H € A, N Aj. Thus
we obtain w € KC.

Next we assume A # 0, and take any v = (vy)mea, € L. Then we
have vy = vo (VH) and (Y e 4. Am)vo + dvo = 0. Set

G(y)v =w = (wH)HeA,-
Then for H € A, N Ay, we have
1

Z (AH/ + 5HH')\)U0
v- b H'eA

D R OEID D

b
H'€Cp HieAina, Y 7 PH

- = fng/

H'€ASNA, Y

wyg =

Similarly, for H € A, N A}, we have

wy = Z A—H(vo—vO)Jr Z Anr Vo

H'eAnA, Y~ CHH' redzna, ¥ T bE

= Z AH’ Vo.

HeAzna, T ba
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Thus, for every H € A,, wy becomes the same vector, which we denote
by Wg.

Take any H' € ASNA,. Let p be an intersection point of H' and a
hyperplane in A,. We denote by B, the set of hyperplanes in A, which
pass through p. Suppose H € B,. If H € A, N A, we have

{H” € CH7y; CgHr = bH’} = Bp \ {H}
If H e A, N Aj, we have
{H" € AuNAy; can =by = By \ {H}.

Thus the integrability conditions (9) and (11) can be written in the same
form as

Am, Z Agn +Ag| =0
H"eB\{H}

for every H € B,, and hence we get
Ay, Z Agr + A | = 0.
H//EBP
Summing up these relations for all H € B,, we get
S i S At | =0
HeB, H'EB,

from which we obtain

Z Ag, A | =O.
HeB,

Since {J, By = A, we have

O:Z Z AH,AH/ = l: Z AHyAH’

p |HEeB, HeA,
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for every H' € A% N A,. Using this relation, we get

(Z AH+A>w0=<Z AH+/\> > A

HeA, HeA, HeAsnd, Y T bu
A
(xS (X )
Yy —bm
H'e AcNA, HeA,
=0,

which shows w € L.
Finally we consider the case A = 0. Take any v = (vg)mea, € L.

Then we have
Z AH’UH =0.

We set
Gy)v=w = (wn)HeA,-

Then we have, for H € A, N Ay,

WH + Z UH —UH/)
H grea, H'eCh y—cum
Amr
+ Z b, CH
HeAsna, Y T VH
AH/ AH/
= > sm—w) s Y S
H'ECh 4 y HH H'e AgnA, Y H
and for H € A, N A7,
AH' AH’
wyg = Z ——_*C——(UH—UHI)-F Z T b VH
Héana, Y T CHH HeAsna, Y T OH

Take any H' € AZ N A,. We calculate the residue of 35 4 Apwpy at
the pole y = bys. By the help of the integrability conditions (9) and
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(11), the residue becomes

E Ag E AH//(UH —UH//)+AH/UH
HeAzNAy H"€eCh,y
CHHN=bH/

+ Z Ag Z Agn(veg —vgr) + Agvg
HeAzNAg H'"eANA,
CHHN=bH/

= Z Z Apgr + A | Agvg

HeANA, \ H'eCr,

CrE!" :bH/
— E AH E AHH’UH//
HeANA, H'eCy
Cr gt :bH’
+ E g Agn + A | Agog
HeANAS \ HeA,nA,
Crrprr=bgr
— E AH E AH//UH//
HEA;NAS H'eANA,
Ccy g =bg

= Z Z AH// AHUH

HeA:NA, H'"eCr,y

Crrpr=bgs
— E AH E AH// UH//
HeAzNA,y, H"eCry
CpH :bH’

P D, Aw | Agvn
HEALNAS \ H"cA,NA,
CHH”:bH’

- E AH E AH//’UH//.
HeAzNAg H"eA.NAy
CHH”:bH’
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In the last hand side, the coefficient of Agvy for H € Az N Ay is

> Apv - > Agr— Y Apr =0,

H"€Cu,y H'eCh ynAN{H} H"€A;NA;
CHH”:bH’ CHH”:bH’ CHH”=bH’

and that for H € A, N A is

S Ap— Y Am=o.

H'"€eANA,y H'"eAzNA,
CHH/IZbH/ CHH”ZbH’
Thus the residue at y = by is O. In a similar way, we see that the

residue of ) HeA, Agwg at y = cgys which does not coincide with any
br (K € ASNAy) is also O. Hence we have

Z AH’LUH == O,

HeA,

which shows w = (wi)mgea, € L. Q.ED.

Thanks to Proposition 2.2, we can derive from the convolution sys-
tem (18) a Pfaffian system

(19) v = a7

on the quotient space (C™)%« /(K + £). The matrix 1-form € is induced
from 2 as the action on (C™)4=/(K + L).

Definition 2.2. We call the operation which sends the Pfaffian
system (4) to the system (19) the middle convolution in x;-direction
with parameter A, and denote it by mc5’.

Theorem 2.2. Let A be an arrangement of hyperplanes in C!, and,
for each H € A, Ag be an n x n-constant matriz. Define the 1-form Q
by (5). Assume that the Pfaffian system (4) is completely integrable.

Then for any i (1 < i <) and X € C, the middle convolution system
(19) of (4) in x;-direction with parameter A is completely integrable, and
admits an integral representation of solutions of the form

V(Z‘l,mz, . ,.73[)

(20) ZQ </ U(l‘l,...,xi_l,t,JLH_l,...,xl)(t_xi)/\dt) 7
A

t—am HEA,,
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where U(x1, T2, ..., x1) is a solution of (4), Q a constant linear transfor-
mation, and A a twisted 1-cycle. If the x;-equation of (4) is irreducible,
the middle convolution system (18) is also irreducible.

Remark 2.2. The linear transformation @ is given as follows. We
set N =n-#A,, and M = dim(K+L). Let P be an N x N non-singular
matrix whose first M columns make a basis of X+ £. Then we can take

Q= (On—mrar, In—ar)P7h

Proof. By the construction, solutions V' = (Vi) me4,, of the convo-
lution system (18) are given by the integral (13). This implies that the
convolution system (18) is completely integrable. The complete integra-
bility of the middle convolution system (19) follows from Proposition
2.2.

Let P be as in the above Remark. Then, thanks to Proposition 2.2,
the Pfaffian system of differential equations for P~'V becomes of block
upper triangular form, and the solutions V of the middle convolution
system are related with V by

PV = (V> .

V = (On_mam, In_a) PV = QV,

Thus we have

from which the expression (20) follows.

Since the z;-equation of the middle convolution system (19) is just
the middle convolution of the x;-equation of (4) as ordinary differential
equations, the irreducibility follows from the result by Katz [7, Theorem
2.9.8]. Q.E.D.

To illustrate the results in this section, we give an example. Let
Aq, Asg, ..., As be constant m X m-matrices. We consider the Pfaffian
system

dz d dx d
(21) dU = A1—+A2—y—y‘—A3 + Ay Y

T Y rz—1
which is called of KZ- type. We assume that the system (21) is com-
pletely integrable. The corresponding arrangement is A = {Hy, Ha, ...,

U,
y—1 Ty

le{SL‘:O}, HQZ{yIO}, I‘.’gz{l‘zl}7
Hy={y=1}, Hs = {z =y}
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Then we have
Ay ={H1,Hs,Hs}, A, ={H>, Hy, H5}.
When we consider the (middle) convolution in z-direction, by the defi-
nition we have
ag, =0, ag, =1, by, =0, by, =1,
cm s =0, caam, = 1.

The z-equation of the (middle) convolution of (21) in z-direction is noth-
ing but the (middle) convolution of the z-equation

oU (A A A
—(—1+ L 5>U

or \ =z z—1 x—y

of (21) as a system of ordinary differential equations, which is explained
in the Introduction. To write down the y-equation (16) and (17) of the
convolution in this case, we note that the unknown vector is given by
V= t(VHl,Vﬂs, Vi, ), and that

AN A, = {Hs}, Cu,y=0.

Then the y-equation of the convolution of (21) in z-direction with pa-
rameter A is given by

Vg, A A A
—'—H—:—_S(th _VH5)+_2VH1+ : VHl?
Jy Y Yy y—1
Vhy, A Ay Ay
By ~y_1(VH3 Vits) = Vi + = Vi,
oV 1 A A
= (A1Vir, + A3V + (As + NVi) + 22V, + —2 Vi,
dy y—z Y y—1

An explicit example will be given in the last section.

§3. Additivity of the middle convolution

We regard C™ as {Apg ; H € A}-module, and denote it by V. When
we regard C™ as {Ay; H € A, }-module, we use V, instead of V. Then
the convolution and the middle convolution can be understood as oper-
ations for V or V,.

We assume

(22) ﬂ KerAg NKer(Ay —c) =0 (VH € A;,¥c e C)
H'€e AN{H}
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and

(23) Z ImAg +Im(Ag —¢) =C* (VH € A;, Ve e C).
H'€AN{H}

Then, as is mentioned in Introduction, we have the additivity
(24) meo(Vz) = Vi,  mex, omexn, (Ve) = mex, ix, (Va)-

We shall show that the additivity also holds for the middle convolution
in z;-direction.

Theorem 3.1. Let i be an index (1 < ¢ <), and assume the
conditions (22) and (23) with ¢ = ;.
Then we have

(25) mcg (V) =V, mey; ome{ (V) = me}] 4, (V).

Proof. Set z; = x. First we note that mc3(V;) = mexa(Vy). Then,
thanks to (24), there exist the isomorphisms (25) as vector spaces. It
remains to show that these isomorphisms are compatible with the action

As is shown in [1], the isomorphism mco (V) =~ V, is induced from
the homomorphism

¢1 : Co (Vx) — Vm

(vm)mea, — Y, Anva.
HeA,

Take any j # ¢, and set z; = y. Let us write the y-equation of V as

oU

8_y =g(y)U,
and that of ¢§(V) as

oV

£l 14
In order to show the compatibility of mcf (V) ~ V, it is enough to check
(26) p10G(y) =g(y) o b1

for any value of y.
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Take any v = (vg)mea, € (C™)A=, and set G(y)v = (Wi )Hea,-
Every wy can be calculated by using (16) with A = 0 and (17), and
then by the help of Theorem 2.1 we have

¢1 0 G(y)v
= Y Anun
HeA,
- 3wl
HeAzNAy H'eA
Ag
I S R S
H'eCh.y CHH' HeAina, Y~ OH
Agr
+ D> An| Y. ———(m—ww)
HeAzNAS H'eAzNAy y HH
Am
Loy A y,,)
measna, Y T H
An
- Z b ¢1(v)
HeAmAyy H
A ’ A ’
DN (D O T D M Ty
" , Y — CHH' , = Yy — bm
EA:NAy \H'ECh 4 H'€e ASNA,
A
Ay Y A,
HI'eCyr Y — CHH'
A ’ AH/
__A Agv
+ Z ( Z Y — HUH + Z o HVH
HcANAS \H'€A;NA,y, H'e AcNAy
A ’
T A
HeAna, Y~ CHH'
Ang
= o1 (v
> T

HEANA,

T . ( S gt Y AH'UH)

H/€AZNA, y— b HEALNA, HEA,NA
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- Y A Y s

HeAna, ? b Hedena, Y7 b
A
= > _IZ ¢1(v)
HeA Y H
= g(y)¢1(v).

This shows (26).
The isomorphism mex, © mex, (Vz) = mea, 4+, (Vs) is induced from
the homomorphism

P2 00 (VCE) A OVED P (Vﬂc)

(bm)aea, '+ Y. Gudm,
HeA,

where Gy (H € A,) are the residue matrices of the z-equation

v Gy
%w<z J}—CLH>V

HeA,

of ¢§ (V). We set the y-equations of ¢ (V), ¢} ., (V) and c§, oc (V)
as

oV Gy
7y _ Z v,
0y Heﬂyy‘bH

v _ 5 G|y

0y Heﬁyy—bH
v Gy \ -
7o)
%y He.»iyy_bH

respectively, where A is the arrangement of hyperplanes corresponding
to the Pfaffian system (18) of 5 (V). Then, to prove the compatibility
of mey! omeyt (V) = mex! \, (V), it is enough to check

Gy e
(27) Rl DI B DD o R
HeA, HeA,

Note that the y-equation of ¢§ (V) (resp. ¢, ,,,(V)) can be obtained

by replacing A by A; (resp. A1 + A2) and Ay by A, in (16) and (17).
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Then in particular we have
Gy =Gy

for any H € AS N A,. Similarly, the y-equation of g, o ¢, (V) can be
obtained by replacing A by A, A, by A, and Ay by Gy in (16) and
(17).

Take any 0 = (0g)Hea,, and set

Gu \. .
> s by | 0= Wmnea..
HeA, "

Then, for H € A, N fly, we have
1

Wy = —— 5 Z (Gar + 0am A2) 0
Yy~ YH H'eA
. Guar
+ Z (o — @) + Z . vH
H'eCy,y y—cum H'cAcnA, yoomw

and for H € A, N f{; we have

R Ga . . Gu .
wyg = g — (g — o) + E Uy .
_ Y —CHH oy —bg
H'€A;NA, H'eASNA,

By using them, we get

HeAy HeA,
Gu .
-y Gsmen X G
HeAq HEAmﬂ./iy H

By (15), we see that

= > Bum @ (A +6umh)
H'€A,

for H € A,. Then, if we set g = (vgkr)Kea,, We have

Ggig = FEg ® < Z Argvakx + )\1UHH) ,
KeA,
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where Ex denotes the unit vector in C*« with the only non-zero entry
1 in the H-th position. Moreover we have

Gu2(0n) = En ® (Ag + A1) ( > Axvnk + >\1UHH> .
KeAy
Thus, for H € A, N ./Zly, we have

Gud2(?) + MoGrtyg = Eg @ (Ag + A1 + A2) ( Z Arxvar + )\171HH>
KeA,

= G ¢2(0).

As noticed before, for H € AS N A, we have Gy = G';. Hence we get

Gu | . _ b X
so| T o= T G en
Hed, HeA,

which proves (27). Q.E.D.

It follows from Theorem 3.1 that the middle convolution in ;-
direction is invertible as a homomorphism of {Ay; H € A}-modules.
Then combining with Theorem 1.1, we get the following assertion.

Theorem 3.2. Assume that, after a linear transformation of coordi-
nates of C! if necessary, for some index i (1 <i <), the z;-equation of
the Pfaffian system (4) is irreducible and rigid as an ordinary differential
equation. Then the system (4) can be obtained from a Pfaffian system
of rank 1 by a finite iteration of middle convolutions in x;-direction and
additions.

84. Examples

Lauricella’s hypergeometric series Fp is expressed by the integral
1 n
Fp(21,22,...,2,) = C/ gt — 1) H(t — ;)% dt
0 ;
=1

with some constant C. A Pfaffian system in n variables for Fp can be
obtained by the middle convolution in the following way.
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We consider the function

n
u(zy, o, ..., xy) = 1% (21 — 1)™ H(ml — )b,
Jj=2

where ag,a1,bs,...,b, € C. This function satisfies the Pfaffian system
(28) du= | apdlogzy + a1dlog(z; — 1) + Z bjdlog(zy —z;) | u
=2

of rank 1. The singular locus of this system is given by the arrangement
.A = {Ho, Hl, ey Hn}, where

HO:{-’IH:O}, le{ﬂilzl}, Hj:{a:l:xj} (ZSJSn)

The middle convolution of the system (28) in z;-direction with param-
eter b; makes a Pfaffian system

(29) dv = QV,
which is a Pfaffian system for Fp.

The singular locus of (29) is obtained as follows. Take any j (2 <
j <n). For each Hy (0<k <mn,k#j), we have

CHk,wj = {HJ}
and
0 (k=0),
CHuH; = 4 1 (k=1),
Ty (2§k_<_n,k7éj)

Then the singular points of the z;-equation of (29) is given by
=z, ¢, =0, 2;=1, zj =2 (2<k<n, k#j).

Hence the singular locus of the system (29) is given by the arrangement
A=AU{Hj;;2<j<n,0<k<n, k#j}, where

Hjo = {z; =0}, Hjy = {x; = 1}, Hj, = {z; =z} (2<k<n, k#j).
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/L __________ I

1 =0zxz1=121 =22 =1=2 T =Ty

Fig. 2. Singular locus in z12;-plane

We have another example related to Appell’s hypergeometric series
F4. We quote the results from our previous work [4].

We consider the KZ-type system (21) of rank 4, where A1, As, ..., As
are given by

0 1 0 0 0 0 1 0
10 1—-v4 0 0 {0 0 € 1
A=y ¢ o 1 |0 2100 1—v 0 |

0 0 0 1—+ 0 0 0 1—7
0 0 0 0
| —ap = € 0
Ads=1 0 0 0 |’
0 —(a+e)(B+e) —v
0 0 0
0 0 0 0
A4_ _Oéﬁ € _,_Y/ 0 ’
0 —(a+eB+e 0 -
0 O 0 0
0 € —e O
A5 = 0 — € 0}’
0 0
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o, B,7,7" € C, and

e=v++y —a-0-1

This system is obtained by Kato [6] as a transform of a Pfaffian system
for Appell’s Fy. The restriction of the system to the singular locus x = y
becomes a system of ordinary differential equations of rank 3, which is
explicitly given by

du_ Cl CQ
(30) d—m_(?—’_az—l)u
with
0 2 0
01: 0 ’)/—CE—,B 1 y
0 0 2(1—7)
0 0 0
Co=-af y—a-p-1 0

0 —2Ac+a)eth) —2

We see that the index of rigidity of the restriction is 0.
The middle convolution of (21) in z-direction with parameter A\ #
0, a, B gives the system

d d d d d(z —
(31) dW:[Blf—i—Bg?erngx Gl ) |

-1 y—1 r—y
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with the same singular locus, where

A+1—7x 0 -1 € €
0 A+l—ny 0 -1 0
B, = 0 0 0o 0 of,
0 0 0 0 O
0 0 0 0 0
€ (a+€)(B+e€ 0 0 —€
0 1=~ 0 0 0
By = 0 0 0 af++e 0 ,
0 0 0 1-—n 0
y—1+e¢ (a+e)(B+e) 0 0 l—y—e
0 0 0 0 0
0 0 0 0 0
By=|af+(1—-7) (1 —=7)ve A=y 0 e
€ (a+e)(B+e)+(1—7) 0 A=~ —e¢
0 0 0 0 0
0 0 0 0 0
-1 -y 0 0 0
Bs=1]0 0 0 —v'e —'e |,
0 0 -1 —+e €
0 0 1 —e — —€
0 0 0 0 0
0 0 0 0 0
By = 0 0 0 O 0
0 0 0 0 0
l—v—¢ —(a+e€)(B+e) -1 € A+2€

As a restriction of (31) to the singular locus = y, we get a system of
ordinary differential equations of the rank 4. The explicit form is given
by

(32) 2o (22

dz T rz—1
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where
)\+1—C+6 1—;’)/——6 —1_7_6 O
0 1—7 0 0
Dy =
! 0 af ++'e 0 0 ’
0 —(a+1—17) 0 A+2(1—7)
_,yl — € _1_;_6 1
Dy — —(A+ 2¢)e )\+2(6—7'l—2%
A+ 29)(aB+(1—7)y)  —dedirl-ih-d
+1=
(A+29)(a+1-7) S
14’1ny 0
 1—y—2¢ _ B+ (1-7)
Bive (BnvGasra
A + 18:’1: L lz'yﬂe =
_ofloy (a+1—7)(B+1—7)
1—~—e 1—vy—e

We observe that the index of rigidity of the last system is —2 unless
A =2y —2or A =27, in which cases we have the index of rigidity 0.
This is remarkable, because the index of rigidity is invariant under the
middle convolution for ordinary differential equations.

The system (30) appears in the conformal field theory [3], and the
system (32) appears in the theory of Heckman—Opdam hypergeometric
systems [8]. These systems may also be related to special solutions of
difference Painlevé equations. Thus, we expect that the combination
of prolongation-restriction process and the middle convolution will be a
good tool which relate several interesting equations in various areas of
mathematics and physics.
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