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§1. Introduction 

Let k be an algebraic number field of finite degree, and (5 its absolute 
Galois group. Let L/k be a finite Galois extension with Galois group G, 

and ( E:) : 1 --+ A --+ E ~ G --+ 1 a group extension with an abelian kernel 
A. Then an embedding problem (L/k, 1::) is defined by the diagram 

~1 
(1::) : 1 ----+ A ----+ E _.i___,, G ----+ 1 

where cp is the canonical surjection. When ( E:) is a central extension, we 
call (L/k, 1::) a central embedding problem. A solution of the embedding 
problem (L/k,1::) is, by definition, a continuous homomorphism '1/J of (5 
to E satisfying the conditions j o 'ljJ = cp. We say the embedding problem 
(L/k,1::) is solvable if it has a solution. The Galois extension over k 
corresponding to the kernel of any solution is called a solution field. A 
solution '1/J is called a proper solution if it is surjective. The existence of 
a proper solution of (L/k,1::) is equivalent to the existence of a Galois 
extension M/L/k such that the canonical sequence 1--+ Gal(M/L)--+ 
Gal(M/k)--+ Gal(L/k)--+ 1 coincides withe. 

Let S be a finite set of primes of L. An embedding problem with 
ramification conditions (L/k, E:, S) is defined by the diagram ( * ), which 
is same to the case of (L/k,1::). A solution '1/J is called a solution of 
(L/k,1::,S) if M/L is unramified outside S, where Mis the solution 
field corresponding to '1/J. We remark that these definitions are a little 
different from those in [3] and [8], but essentially of the same nature. 
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§2. Central embedding problems 

In this section, we quote some well-known results about central em
bedding problems without proofs. General studies on embedding prob
lem are in Hoechsmann[5] and Neukirch[8]. 

Let k be an algebraic number field, and (L/k,c) a central embedding 
problem defined by the diagram ( *) with a finite abelian group of odd 
order. 

Fact 1. If L / k is unramified or ( c) is split, then ( L / k, £) is solv
able. 

Fact 2 (Ikeda(6]). If (L/k,c) is solvable, then (L/k,c) has a pro
per solution. 

We remark that Fact 2 is always true in case A is abelian not nec
essary ( c) is central. 

For each prime q of k, we denote by kq (resp. Lq) the completion of 
k (resp. L) by q (resp. an extension of q to L). Then the local problem 
(Lq/kq,Eq) of (L/k,c) is defined by the diagram 

<!5q 

'Pie q 1 
( ) A ilEq G 
c q : 1 ------+ ------+ Eq ------+ q ------+ 1 

where Gq is the Galois group of Lq / kq, which is isomorphic to the de
composition group of q in L / k, <!5q is the absolute Galois group of kq, 
and Eq is the inverse of Gq by j. 

In the same manner as the case of (L/k,c), solutions, solution fields 
etc. are defined for (Lq/kq,cq)-

Let p be an odd prime. 

Fact 3. Let (c) : 1 --t Z/pZ --t E --t Gal(L/k) --t 1 be a central 
extension. If (Lq/kq,Eq) is solvable for every prime q, then (L/k,c) is 
solvable. 

Fact 4 (Neukirch(8]). Let (c): 1 --t Z/pZ --t E --t Gal(L/k) --t 1 
be a central extension, and assume that (L/k,c) has a solution. Let T 
be a finite set of primes of k, and M(q) be a solution field of (Lq/kq, cq) 
for q ofT. Then there exists a solution field M of (L/k,c) such that the 
completion of M by q is equal to M(q) for each q of T. 

By using this fact, we can construct a good solution of (L/k,c). 
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§3. Main theorem 

Let L / K be a Galois extension of an algebraic number field K. We 
denote by P1 (L/K) (resp. P 2 (L/K)) the set of primes of L which is 
ramified in L/ Kand not lying above p (resp. lying above p). Let T be a 
finite set of primes of k, and denote by Bk(T) the set {a E k*l(a) = aP 
for some ideal a of k, and a E kl for every prime q of T}. 

The following is a main theorem of this article. 

Theorem. Let p be an odd prime, and L / K / k a Galois extension 
such that L/ K is a p-extension and that the degree [K : k] is prime to 
p. Let S be a finite set of primes of L, which contains the set A(L/ K) 
and disjoint to Pz(L/K), and (c) : 1---, Z/pZ---, E---, Gal(L/k) ---, 1 
be a non-split central extension. Assume that the following conditions 
(Cl), (C2) and (C3) are satisfied. 

(Cl) The embedding problem (L/k, c) has a solution. 
(C2) For every prime p of k lying above p, the local problem (Lp/kp, 

Ep) has a solution '1/)p such that Mp/ Lp is unramified, where Mp is a 
solution field corresponding to '1/Jp . 

(C3) Bk(S0 ) = k*P, where S0 is the set of prime q of k such that q 
is the restriction of some prime contained in S. 

Then, (L/k, E, S) has a proper solution. That is to say, there exists 
a Galois extension M / k such that 

(i) 1---, Gal(M/L)---, Gal(M/k)---, Gal(L/k)---, 1 coincides with 
(c), and 

(ii) M/L is unramified outside S. 

Remark. (1) There does not always exist a non-split central ex
tension (c): 1---, Z/pZ---, E---, Gal(L/k)---, 1. The existence is equiva
lent to the non-vanishing of the cohomology group H2 (Gal(L/k), Z/pZ). 

(2) If k is the rational number field Q and L/ K is unramified, then 
the conditions (Cl), (C2) and (C3) are satisfied. 

As a simple case of the main theorem, we have the following. We 
treat the sketch of the proof of the following instead of the main theorem. 
For details, see [10] and [13]. 

Proposition 1. Let p be an odd prime, and L / K / Q a Galois ex
tension such that L/ K is an unramified p-extension and that the degree 
[K: Q] is prime top. Let (c) : 1---, Z/pZ---, E---, Gal(L/Q)---, 1 be a 
non-split central extension. 

Then there exists a Galois extension M / Q such that 
(i) 1---, Gal(M/L)---, Gal(M/Q)---, Gal(L/Q)---, 1 coincides with 

(c), and 
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(ii) M / L is unramified. 

(sketch of the proof.) In this case, by using the general theory of 
embedding problems, we can easily see that the problem (L/Q,c) is 
solvable. By virtue of Fact 2 we can take a solution field Mi/ L/Q such 
that every prime ~ of L lying above p is unramified in Mi/ L. Let .Q be 
a prime of L ramified in Mi/ L, and q the prime number below .Q. Then 
q = 1 mod p. Hence there exists a field F such that Q C F C Q( (q) and 
that [F : Q] = p. Let M 2 be the inertia field of .Q in M 1F / L, then M2 
is also a solution field of (L/Q, c). And the number of primes ramified 
in M 2/ L is less than that of in Mi/ L. By repeating this process, we can 
take a required extension. 

§4. Applications 

Let D be the group defined by 

< x, y, z I xP = yP = zP = 1, yxy-1 = xz, zx = xz, yz = zy > . 

This is a non-abelian p-group of order p3 • 

Proposition 2. Let K be a quadratic field, and assume that the p
rank of the ideal class group of K is greater than or equal to 2. Then there 
exists a Galois extension M / K such that the Galois group. is isomorphic 
to D and that M / K is unramified. 

( sketch of. the proof.) Let L / K be an unramified extension such 
that the Galois group Gal(L/ K) is isomorphic to Z/pZ x Z/pZ. Then 
the Galois group Gal(L/Q) is isomorphic to 

< a, b, c I aP = bP = c2 = 1, ab= ba, cac-1 = a-1 , cbc-1 = b-1 > . 

Let E =< x,y,z,tlxP = yP = zP = t2 = 1,y-1xy = xz,zx 
xz, yz = zy, t- 1xt = x-1 , t- 1yt = y- 1 , tz = zt >. 

Then 1 -+< z >-+ E ~ Gal(L/Q) -+ 1 is a non-split central 
extension, where j is defined by x -+ a, y -+ b, t -+ c. 

Since the Sylow subgroup of Eis isomorphic to D, then by applying 
Proposition 1, we can take a required extension. 

Let K1 be the Hilbert p-class field of K, and K 2 the central p-class 
field of Ki/ K. The following proposition is obtained by Miyake. 

Proposition 3 (Miyake[7]). Let K be a quadratic field. Then the 
Galois group Gal(K2/K1) is isomorphic to Gal(Ki/K) I\ Gal(Ki/K), 
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where I\ denotes the exterior square. Further assume that the p-Sylow 
subgroup of the ideal class group of K is isomorphic to Z/pe1 Zx Z/pe2 Zx 
· · · X Z/perz (1::::; e1::::; e2::::; ···::::;er)-

Then the Galois group Gal(K2 / K) is isomorphic to 

< ai, ci,j Ii= 1, 2, · · · , r, j = i + 1, · · · , r >; 

aiPe; = Ci,jpe; = 1, [ai, a 1] = Ci,j, [ai, Cm,n] = [ci,j, Cm,n] = 1, 

i = 1, 2, · · · , r,j = i + 1, · · · r, 1 ::::; m < n::; r. 

Let (2p be the p-rank of the unit group of k and Clk the ideal class 
group of k. 

Proposition 4 (Nonmra[13]). Let p be an odd prime, and L/ K/k 
a Galois extension such that L/ K is an unramified p-extension and that 
the degree [K : k] is prime to p. If p-rank of the cohomology group 
H2 (Gal(L/k), Z/pZ) is greater than (2p+p-rank Clk, then the class num
ber of L is divisible by p. 

(sketch of the proof.) There exists a finite set S0 of primes of k 
satisfying the conditions : (i) S0 does not contain any prime lying above 
p, (ii) Bk(So) = k*P, (iii) ISol = (2p + p-rank Clk. 

Indeed, let F = k( {fa; a E Bk(f/J)). Then the Galois group 
Gal(F/k((p)) is an abelian p--group and isomorphic to (Z/pZ)m, where 
m = (2p + p-rankClk. By Chevotarev's density theorem, there exist 
primes q1 , q2, · · · , qm such that the Frobenius automorphism of qi (i = 
1,2,··· ,m) generate Gal(F/k((p)). Then S0 = {q 1 ,··· ,qm} is a re
quired set. 

Let S be the set of primes of L which is an extension of q E S0 . For 
each (c:) : 1-----, Z/pZ-----, E-----, Gal(L/k)-----, 1, let ME be a Galois exten
sion corresponding to a proper solution of (L/k, E, S). Let M be the com
posite field of ME for all E. Then the Galois group Gal( M / L) is isomor
phic to (Z/pZ)m, where mis equal to the p-rank ofH2 (Gal(L/k), Z/pZ). 
For q E S0 , denote by M(q) the inertia field of q in M/L, where q is 
an extension of q to L. Since Gal(M/L) is contained in the center of 
Gal(M/k), M(q)/ L/k is a Galois extension. Then every prime of L lying 
above q is unramified in M(q)/ L. Let M* be the intersection of M(q) 
for all q of S0 . If m > ISol, then M* /Lis a non-trivial p-extension. 
Hence the class number of L is divisible by p. 

Proposition 5. Let p be an odd prime, and L the Hilbert p-class 
field of k. Assume that the p-rank of the ideal class group of k is greater 
than (l + Jl + 8ep)/2, then the class number of L is divisible by p. 
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(proof.) Since Gal(L/k) is abelian, the p-rank of H2 (Gal(L/k), 
Z/pZ) is equal to n(n + 1)/2, where n is the p-rank of the ideal class 
group of k. By using Proposition 4, we have thus proved the proposition. 

We investigate an application to the Boston's question, which is 
related to the Fontaine-Mazur conjecture. For the Fontaine-Mazur con
jecture, see [1], [2] and [4]. 

Conjecture (Fontaine-Mazur). Let Kur be the maximal unram
ified extension of an algebraic number field K. For any K, positive 
integer n and representation p : Gal(Kur / K) - GLn(Qp), the image 
of p is finite. 

Let p be an odd prime. A pro-p group G is called powerful if G/GP 
is abelian, where the line denotes topological closure. 

In [1] Boston introduced the following, which is equivalent to the 
above conjecture. 

Conjecture (Fontaine-Mazur~Boston). For any algebraic number 
field K, there does not exist an unramified pro-p extension k / K such 
that the degree [k : K] is infinite and that the Galois group is powerful. 

Boston pointed out that this conjecture is closely related to the 
existence of unramified p-extensions of a certain type, and introduced 
the following question. 

Question (Boston). Let K be a number field, pan odd prime, and 
K(p) its p-class field. Suppose that the class number of K(p) is divisible 
by p. Then is there always an everywhere unramified extension M of 
degree p of K(p) such that Mis Galois over Kand exp(Gal(M/K)) = 
exp(Gal(K(p)/K))? The "exp" stands for the exponent of the group. 

Remark (Boston). (1) The truth of the Fontaine-Mazur conjec
ture implies an affirmative answer, when K has an infinite p-class field 
tower. 

(2) Lemmermeyer noticed that the answer to this question is in the 
negative in general. He pointed out an example, due to Scholz and 
Taussky(14]. The Galois group of the maximal unramified 3-extension 
of Q( J-4027) is isomorphic to < x, y I y<x,y) = y- 2 , x 3 = y3 >. This 
group has a non-abelian subgroup of order 27 and exponent 9. Let K 
be the corresponding intermediate field, its 3-class field is an elementary 
abelian extension of degree 9 contained in no larger unramified extension 
with Galois group of exponent 3. Since the class field tower of K is finite, 
this is not a counter example of Fontaine-Mazur conjecture. 
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We produce some sufficient conditions for the answer to Boston's 
question for K and p is affirmative. For detail and other results, see [11] 
and [12]. 

Proposition 6. (1) Let l and p be odd primes such that the order 
of p mod l is even. Assume that K/Q is an abelian l-extension and 
the class number of K is divisible by p. Then there exists an unramified 
non-abelian p-extension M / K such that the exponent of Gal(M / K) is p, 
and therefore the answer to Boston's question/or K and p is affi:rmative. 

(2) Let p be an odd prime, and K a quadratic field. Then the answer 
to Boston's question for K and p is affirmative. 

( sketch of the proof.) ( 1) There exists a Galois extension L / K / Q 
such that L/ K is an unramified abelian p-extension of exponent p. Un
der the assumption of p and l, the cohomology group H2 (Gal(L/Q), 
Z/pZ) is non-trivial. Hence there exists an non-split central extension 
(c) : 1 ---+ Z/pZ ---+ E---+ Gal(L/Q) ---+ 1. By Proposition 1, there ex
ists a Galois extension Mi/ L/Q such that M 1 gives a proper solution 
of (L/Q,c) and that Mi/L is unramified. By group theoretical con
siderations, the p-Sylow subgroup Ep of E is a non-abelian p-group of 
exponent p, and the Galois group of Mi/ K is isomorphic to Ep. Then 
M1 • K(p) gives an affirmative answer to Boston's question for Kand p. 

By using Proposition 2, we can easily prove (2). 
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