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A Weight Basis for Representations
of Even Orthogonal Lie Algebras

Alexander I. Molev

Abstract.

A weight basis for each finite-dimensional irreducible represen-
tation of the orthogonal Lie algebra 0(2n) is constructed. The basis
vectors are parametrized by the D-type Gelfand-Tsetlin patterns.
The basis is consistent with the chain of subalgebras g1 C -+ C gn,
where g = 0(2k). Explicit formulas for the matrix elements of gen-
erators of 0(2n) in this basis are given. The construction is based on
the representation theory of the Yangians and extends our previous
results for the symplectic Lie algebras.

§1. Introduction

In their pioneering works [3] and [4] Gelfand and T'setlin proposed a
combinatorial method to explicitly construct representations of the clas-
sical Lie algebras. For each finite-dimensional irreducible representation
of the general linear Lie algebra gl(/N) and the orthogonal Lie algebra
o(V) they gave a parametrization of basis vectors and provided explicit
formulas for the matrix elements of generators of the Lie algebras in
the basis. Derivations of the matrix element formulas in the orthogonal
case are given in [14, 17]; see also [5]. A number of different approaches
to the problem of constructing representation bases for simple Lie alge-
bras has been developed; see [9] for more references. Note also recent
results by Donnelly [2] and Littelmann [6]. In {2] explicit combinatorial
constructions of the fundamental representations of the B and C se-
ries Lie algebras and of their g-analogs are given; in {6] monomial bases
parametrized by patterns of Gelfand-Tsetlin type are constructed for
all simple complex Lie algebras. In [9] an analog of the Gelfand—Tsetlin
basis for the symplectic Lie algebras sp(2n) is constructed and explicit
formulas for the matrix elements of generators of sp(2n) in this basis
are given. Bases for the finite-dimensional irreducible representations
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of the classical Lie algebras of B, C, and D series can be constructed
in a uniform manner with the use of the representation theory of the
Yangians, as in [9]. Here we extend the results of [9] to the case of the
D series and hope to treat the remaining B series case in a forthcoming
publication.

Our basis for 0(2n) is different from that of Gelfand and Tsetlin [4].
Their basis is consistent with the chain of subalgebras

0(2) C o(3) C--- Co(N).

The reductions o(k) | o(k — 1) are multiplicity-free which makes the
basis orthogonal with respect to a natural contravariant bilinear form.
However, the basis vectors are not weight vectors with respect to the
Cartan subalgebra of o(N). To get a weight (although non-orthogonal)
basis we consider the following chain instead:

0(2) Co(4) C--- Co(2n)

so that all the subalgebras belong to the D series.

The reduction 0(2n) | 0(2n — 2) is not multiplicity free. This means
that the subspace V(A)} of o(2n — 2)-highest vectors of a weight u
in an 0(2n)-module V() is not necessarily one-dimensional. However,
this space turns out to possess a natural structure of an irreducible
representation of a large associative algebra Y*(2) called the twisted
Yangian (introduced by Olshanski in [13]) and can also be equipped
with an action of the gl(2)-Yangian Y(2). This allows us to construct
a Yangian Gelfand-Tsetlin basis in V()A)} associated with an inclusion
Y(1) C Y(2); see [7, 11, 12, 15).

Our calculations are based on the relationship between the twisted
Yangian Y*(2) and the transvector algebra Z(gn,gn—1), 8n = 0(2n).
The transvector algebras (they are sometimes called the Mickelsson al-
gebras or S-algebras) are studied in detail in [18, 19].

Although the constructions of the bases are very similar for the
orthogonal and symplectic cases, there is a slight difference in the cal-
culation of the matrix elements of generators of the Lie algebras in the
basis. The Lie algebra sp(2n) contains the “second diagonal” generators
F_px = 2E_j 1 where the E;; denote the standard generators of gl(2n)
(see Section 2 below). The action of these elements in the basis is rather
simple and can be easily found. However, their counterparts do not exist
in the orthogonal case. Instead, there are second degree elements ®_j,
of the universal enveloping algebra U(g,,) which belong to the centralizer
of gr—1 in U(gx) and play the role similar to that of the elements F_j
in the symplectic case.
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§2. Notations and preliminary results

We shall enumerate the rows and columns of 2n x 2n-matrices over
C by the indices —n,...,—1,1,...,n. We let the E;;, i,j = —n,...,n
denote the standard basis of the Lie algebra gl(2n). We shall also as-
sume throughout the paper that the index 0 is skipped in a sum or in a
product. Introduce the elements

(2.1) Fij=Ej;—E_j .

We have F_; _; = —F;;. In particular, F_;; = 0 for all . The orthog-
onal Lie algebra g, := 0(2n) can be identified with the subalgebra in
gl(2n) spanned by the elements Fj;, 4,j = —n,...,n.

The subalgebra g,_; is spanned by the elements (2.1) with the in-
dices %, j running over the set {—n+1,...,n — 1}. Denote by h = b,
the diagonal Cartan subalgebra in g,,. The elements Fi,..., F,, form
a basis of b.

The finite-dimensional irreducible representations of g,, are in a one-
to-one correspondence with n-tuples A = (Ay,...,A,) where all the en-
tries \; are simultaneously integers or half-integers (elements of the set
% + Z) and the following inequalities hold:

=A== > A

Such an n-tuple A is called the highest weight of the corresponding rep-
resentation which we shall denote by V()). It contains a unique, up to
a multiple, nonzero vector £ (the highest vector) such that Fj; £ = A €
fori=1,...,nand Fj;{=0for n<i<j<n.

Denote by V(\)*t the subspace of gn,—1-highest vectors in V/()):

VIt ={ne V()| Fin=0, —n<i<j<n}

Given a gn—i-highest weight p = (p1,...,n—1) we denote by V(A)}
the corresponding weight subspace in V(A)*:

VO ={neVW)" | Fuin=pin, i=1,...,n—1}
Consider the extension of the universal enveloping algebra U(g,,)
Ul(gn) =U(gn) ®u(p) R(h),

where R(b) is the field of fractions of the commutative algebra U(h).
Let J denote the left ideal in U’(g,) generated by the elements F;; with
—n<i<j<n. Set
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Then Z(gn,9n—1) is an algebra with the multiplication inherited from
U’(g,). We call it the transvector algebra; see [18, 19] for further details.
Set

fi=Fy;~i+1, foi=—fi

for i = 1,...,n. Let p denote the extremal projection for the Lie algebra
gn-1; see [1, 19]. The projection p naturally acts in the space U’(g,)/J
and its image coincides with Z(gn, gn—1). The elements

pFia, a=-n,n, i=-n+1,...,n—1

are generators of Z(g.,gn—1) [19]. They can be given by the following
explicit formulas (modulo J):

1
pFi, = Fy Fyy- Fy, i, F, ,
“ i>1ﬁ1>--z>:’i.g>—n e o a(fi_fh)"'(fz’—fis)

where s = 0,1,... (it is assumed that index O is excluded in the sum).
We shall use the normalized generators of Z(gy,, gn—1) defined by

——

(2.2) Zia = PFia(fi — fi-1) - (fi = f=i) -+ (fi = f-n31),
Zai = PFai(fi — fir1) -+ (fz—/T—z‘) o (fi = faz1),

where the hats indicate the factors to be omitted if they occur. We
obviously have z4; = (—=1)""%z_; _,. The following equivalent formula
holds for zg;:

(2.3) zai = (fi — fix1)--- (fi_/T—i) o (fi = fa1)

1
x Foi,Fiviy - Fi_,i Fii.
R D ey A e ey A R

The elements z;, and z,; naturally act in the space V(\)* and are

called the raising and lowering operators. One has for i =1,...,n — 1:
Zig : V()\);r — V(/\):Hi, Zai V()\);f - V()‘)Z-J,-’

where p 4 §; is obtained from y by replacing p; with u; + 1.
Note the following relations between these operators; cf. [19]. For
a,b € {—n,n} and i + j # 0 one has

Zajzei(fi — f5 + 1) = zbizag(fi — f) + Zaize;-



A Weight Basis for Orthogonal Lie Algebras 225

In particular, z,; and 2z,; commute for ¢ + j # 0. One easily verifies that
Zgi and zp; also commute for all a,b. We shall use the following element
which can be checked to belong to the algebra Z(g,,, gn—1)

(2.4)
Zmm = 3 FoisFas, - Fi, (fn — fj1)2'J'c' (fn — fjk),
n>i > >i,>—n n
where s = 1,2,... and {j1,...,7%} is the complement to the subset
{#1,...,3s} in {-n+1,...,n — 1}. There is an equivalent formula for

Zn,—n Which can either be proved directly (cf. [9, Section 2]) or can be
deduced from (4.6) below (use the fact that Z, _,(gn) = Zn,—n(—gn)):

Zn,—n =

’
g FnilFi1’iz "'Fis,—n

n>i>->is>-—n

(f—n _fjl _1)"'(f—n—'fjk _1)
Qf—n"‘ .

This formula together with (2.3) is used in the derivation of the following
relations from (2.2) {cf. [9, Proposition 2.1]): for a = —n,n

n—1
1
(2.5) Fo1.= E Zn-1,i %ia H =7
t=—n+1 j=—n+1, j#+1 B J

where z,_1,,—1 := 1 and the equalities are considered in U’(g,) modulo
the ideal J.
Let us now introduce the gl(2)- Yangian Y(2) and the (orthogonal)

twisted Yangian Y+ (2); see [10] for more details. The Yangian Y(2) is

the complex associative algebra with the generators tflb),tfb), .. where

a,b € {—n,n}, and the defining relations

(26)  ltab) tea®)] = —— (teb(W)tadle) ~ tes(o)taa(w))
where
tap(t) i=8ap + t DUt + 1 D02 4. e Y(2)[[u .
Introduce the series sqp(u), a,b € {—n,n} by
Sab() = tan(Wt—_b,—n(—t) + ta,—n(W)t—b,n(—u).

Write sgp(u) = dap + s( )y —1 + 3(2) =2 4 ... . The twisted Yangian
Y*(2) is defined as the subalgebra of Y(2) generated by the elements
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sflt) , sﬁ), ... where a,b € {-n,n}. Note that Y*(2) can be equivalently
defined as an abstract algebra with these generators and certain linear
and quadratic defining relations; see [10, Section 3].

The Yangian Y(2) is a Hopf algebra with the coproduct
(2.7) Altab(u)) = tan(u) ® tnp(u) + ta,—n(u) @ t_np(u).
The twisted Yangian Y+ (2) is a left coideal in Y(2) with
(2.8) Asap(w) = > tac(u)t_b—a(—u) ® sca(w).

c,de{—nn}

Given a pair of complex numbers («, 3) such that « — 8 € Z, we
denote by L(a, 8) the irreducible representation of the Lie algebra gl(2)
with the highest weight («, ) with respect to the upper triangular Borel
subalgebra. We have dim L(«a, 8) = a — 8+ 1. We may regard L(a, )
as a Y(2)-module by using the algebra homomorphism Y(2) — U(g{(2))
given by

(2.9) tab(u) — dap + Eau™?!, a,be {-n,n}.

The coproduct (2.7) allows one to construct representations of Y(2) of
the form

L=L(a1,B1) ® - ® L(ag, Bk)-

For any v € C denote by W(v) the one-dimensional representation of
Y*(2) spanned by a vector w such that

u+ ' u—-v+1
snn(u)w = ut 1’}/2 w, s_n,_n(u)w = T’ylﬂ w,
and sq,_q(u)w = 0 for @ = —n,n. By (2.8) we can regard the tensor

product L ® W () as a representation of Y*(2). Representations of this
type essentially exhaust all finite-dimensional irreducible representations
of Y*(2) [8]. The vector space isomorphism

(2.10) Lo W(y) — L, VW v, vel

provides L @ W(«y) with an action of Y(2).
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§3. Construction of the basis

Introduce the following series with coefficients in the transvector
algebra Z(g,, gn—1): for a,b € {—n,n}

n—1
(B0 Zutw) = ( - (ww—n+3/2)+ Fa) [] )
t=—n+1
n-1 n—1
U+ gj 1
Z Zaizib (U + g—s) H ___) ’
i=—n+1 jmnt 1 i 98 T Y 2u+1

where g; := f; +1/2 for all 4.

As we shall see below (Corollary 3.3) the space V(A\)/ is nonzero
only if there exist v1, . .., vp—1 such that the inequalities (3.10) hold. We
shall be assuming that this condition is satisfied.

Proposition 3.1. (i) The mapping
(3.2) sap(u) — —2u2"+2 7, (u), a,be {—n,n}

defines an algebra homomorphism Y1 (2) — Z(gn, gn—1)-
(ii) The representation of Y*(2) in the space V()| defined via the
homomorphism (8.2) is irreducible.

Proof. We use the same arguments as for the proof of the corresponding
statements in the symplectic case; see [9, Section 5]. So we shall only
give a few key formulas; the details can be restored by using [9)].

Introduce the 2n x 2n-matrix F = (F;;) whose ijth entry is the
element F}; € g, and set F(u) = 1+ F(u+1/2)~. Denote by F(u) the
corresponding Sklyanin comatriz; see [8, Section 2]. (More precisely, one
first considers the twisted Yangian Y1 (2n) for the Lie algebra g,, = 0(2n)
and the corresponding S-matriz S(u) {10, Section 3]. The Sklyanin
comatrix S(u) is defined by the relation sdet S(u) = S(u)S(u—2n+1),
where sdet S(u) is the Sklyanin determinant of S(u); see [10 Section 4]
for its definition. Then F(u) is defined as the image of S (v) under the
algebra homomorphism Y*(2n) — U(g,) such that S(u) — F(u); see
[8, Section 2] for more details.) The mapping

(3.3) sap(u) — c(u) F(—u+n—1)g,  a,be {-n,n},

where

n—1

c(w) = [J(1 - (k- 1/2)*u7?),
k=1
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defines an algebra homomorphism from Y+ (2) to the centralizer C,, of
¢n_1 in U(gy,) [8, Proposition 2.1]; cf. [13]. Further, a slight general-
ization of [9, Proposition 3.1] 1mphes the following expression for the

ab-entries of the matrix F(u + 1/2):
- oo
Fu+1/2)a = (m -3 FP u-k> - sdet F(=D (y — 1/2).
k=1

Here sdet F("~1)(4) is the Sklyanin determinant of the matrix obtained
from F(u) by deleting the (£n)th rows and columns {10, Section 4], and

(k) ..
ab - an 1,11,2 zk 1b?

summed over the indices i,, € {-n +1,...,n — 1}. Finally, calculating

the images of F b) and sdet F(™~1(u) with respect to the natural ho-
momorphism 7 : C, — Z(gn, 9n-1) (cf. [9, Section 5]), we find that the
composition of 7 and (3.3) yields (3.2). Q.E.D.

The next theorem provides an identification of the Y (2)-module
V(AL

Theorem 3.2. We have an isomorphism of Y1 (2)-modules
(B4) VL =L(a,$1)® - ® L(en—1,6n-1) ® W(~0)
where oy = min{—|M1{, —|m|} —1/2, @0 = a1+ |A1 + 1],
o; = min{ )\, u; } — i+ 1/2, i=2,...,n—1,
Bi = max{\iy1, pis1} — 4 +1/2, i=1,...,n—1
with i, := —0o. In particular, V(N)} is equipped with an action of Y(2)
defined by (2.10).
Proof. Consider the following vector in V/(A)}

n—1
(3‘5) 5;1 = H (zmax{)\um} #1zmax{)ml-h} i .

P n ,—Nn )
Repeating the arguments of the proof of Theorem 5.2 in [9] we show
that &, is the highest vector of the Y*(2)-module V())}. That is, &,
is annihilated by s_, »(u), and £, is an eigenvector for s,,(u). Namely,
Spn(w)éy = p(u)€,, where the highest weight p(u) is given by

(36) pu)=Q0—-0apu™l)---(1—ap_ju?)

X (14 A=) - (1 + fogu= D)1 + ~u=1)1,

2
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This is proved simultaneously with the following relations by induction
on the degree of the monomial in (3.5): fori =1,...,n—1

Zmﬁuz—(mrl—al+1)---(m¢+ai+1)---(mi+an_1+1) ‘
X (mi_ﬁ0+1)"'(mi_ﬂn—l+1)£;L+5i7

and

Z—mfu = _(mi - a1) T (mz‘ - an—l)
X (i + Bo) -+ (i + Bioa) -+ (mi + Ba1) umses
where we have used the notation
m; =i —i+1/2, i=1,...,n—1,
a; = min{Ay, p1} —1/2, Bo = max{A, u1} +1/2,

(note that {&1,—0Go} = {@,21}). On the other hand, it follows from

[8, Corollary 6.6] that the tensor product in (3.4) is an irreducible rep-

resentation of Y*+(2). Its highest weight can be easily calculated and is

given by the same formula (3.6). Q.E.D.
Set

Tup(u) = u™ L tgp(u), a,be {-n,n}.

By (2.7) and (2.9), Tas(u), as an operator in V/(A)}, is a polynomial in
u:

(3.7) Top(u) = Sapu™ ' + tum=2 4o £ 071,
By (2.6), (2.8) and (3.2) we have an equality of operators in V' (A)}:

(3.8)

Zn,—n(u) — (u— aO)Tn,—n(‘u)Tnn(u) + (u+ O‘O)Tn,—n(u)Tnn(—u) ‘

(-1)"2u

Therefore, Z,,,_n(u) is a polynomial in u? of degree n — 2. On the other
hand, we find from (3.1) that Z, _,(—9;) = 2nizi,—n. Thus, by the
Lagrange interpolation formula, Z, _,(u) can also be given by

n-1 n—1 u2 . gZ_
(39) Zn,_n(u) = Z Zni%i,—n H —,‘;———‘5
i=1 =152 % 79
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Remark. To make the above evaluation Z,, _,(—g;) well-defined we agree
to consider the series Z,p(u) with a,b € {—n,n} as elements of the right
module over the field of rational functions in g1, ..., gn, u generated by
monomials in the z;,. O

Theorem 3.2 implies that basis vectors of V(A)} can be naturally
parametrized by (n — 1)-tuples (v1,...,¥n—1), Where all the entries are
simultaneously integers or half-integers together with the A; and the y;,
and the following inequalities hold:

Az x> >A3 2> 2 A1 2 V-1 2 Ap,

(3.10)
—|lm|lZn2p2>2ve > p3 >0 2 ppo1 > Vp-1.
For i > 1 set

Yi =v; —i+1/2, Li=X—1i+1/2.

Introduce the vectors
n—1
o = H Zn,—n(')’i -1)--- Zn,—n(ﬁi + 1)Zn,—n(ﬁi) Eu
i=1

Using (3.9) we can write an equivalent expression; cf. [9, Section 6]:

77111

(3.11) Hz"’ N ] Zn-alk)€

k=l,+1

where v := max{Ay, u1}. The vectors &, with v satisfying (3.10) form
a basis of the space V(X)}; see [9, Proposition 6.1]. We shall use the
following normalized basis vectors

Cop = H (=% = %) €vp

1<i<j<n—1

The generators of the Yangian Y(2) act in the basis {Cuu} by the rule:
fori=1,...,n-1

Tnn(u) CV/J. =uw+7) - {u+Yn-1) Cops

(3.12) Tn,—n(=%) G =

Cl/+5i,#)
Yi — Qo

n—1 n—-1

T——n,n("'Yi) CV[J. = H(ak - %+ 1) H(/Bk - 'Yi) CU—&,IA;

k=0 k=1
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cf. [9, Proposition 4.2]. The action of T_, _,(u) can be found by using
the gquantum determinant

(3.13) du) =T p,—n(u+ 1)Thn(u) — Tn—n(u+ 1)T-p n(u)
(3.14) =T pn(WThn(u+1) = T_pn(w)Th —n(u+1);

see, e.g. [10, Section 2]. The coefficients of the quantum determinant
belong to the center of Y(2) and so, d(u) acts in V(\)} as a scalar which
can be found by the apphcatlon of (3.13) to the hlghest weight vector
€,. So, we have

du)p=(u+ar+1)---(u+an-1+1)
X (u+pB1) - (u+ Bn-1) lvu-

Now, using (3.12) and (3.14) we obtain

ai +1)(u + Bi)

(3.15) T_p,—n(u)lup = H (u+u+’)’z’+1

i=1

Cup

n—1 1

+ llz—[l m T_nn(uw)T, n,— —n(u+1) Cop-

The operators T_,, n(u) and T, _,(u) are polynomials in u of degree
< n —2; see (3.7). Therefore, their action can be found from (3.12) by
using the Lagrange interpolation formula.

The following branching rule for the reduction g,, | g,—1 is implied
by Theorem 3.2; cf. [9, Corollary 5.3].

Corollary 3.3. The restriction of V() to the subalgebra g,,—1 is iso-
morphic to the direct sum @ c(u)V'(u) of finite-dimensional irreducible
representations V'(u) of gn-1 where the multiplicity c(p) equals the num-
ber of (n — 1)-tuples v satisfying the inequalities (3.10).

Proof. We have c¢(p) = dimV(\)}. By Theorem 3.2,

n—1

dim V() = JJ (e = B8 + 1),

=1

if there exists v satisfying (3.10). Otherwise, the space V() is trivial.
This is proved by comparison of the dimensions of V' (A) and @@ c(u) V' ()
with the use of [16, Chapter VII, Section 9. Q.ED.
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Applying the above construction of the vectors (,,, to the subalge-
bras of the chain

g1 Cg2C - Cgn, gk = 0(2k)

we obtain a basis of V' (\) parametrized by the D-type Gelfand-Tsetlin
patterns (cf. [6]) which we denote by A:

)‘nl )‘n2 o Arm
1 ’
n—1,1 e n—1,n—1
’\n—l,l T )‘n—l,n-—l
A21 )‘22
14
11
A11

Here the upper row coincides with A, all the entries are simultaneously
integers or half-integers and the following inequalities hold

! ! 7
=l = Ao 2 M2 2 Xm0 = 2 Akt X A1 ko1 2 Mk
I 7 !
=M1l = X110 2 Apm12 2 X122 2 Aps ke 2 Apo1 k-1

for k=2,...,n. Set
(3.16) I, =AMy —i+1, Uy =Ny —0+1, 1<i<k<n

and introduce the vectors

€r =
- k—1 N \ X N Ue—1,k—1—1 1
k—1,i—1"Mk—1,3 k—1,i—1" ki
11 Zhs %% I Z-xla-35))¢
k=2,...n \i=1 q=l,+1

with A} _; o = max{A;;, A\;_; ;}. Finally, set

n—1
Ca = Npéy, Ny = H H (=i — U +1)!

k=2 1<i<j<k
The following proposition is implied by Corollary 3.3.

Proposition 3.4. The vectors , parametrized by the Gelfand-Tsetlin
patterns A form a basis of the representation V(\). O
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§4. Matrix element formulas
Introduce the following elements of U(g,,):

k-1
k= ZF—k,z’Fika k=2,...,n.

i=1

We shall find the action of ®_j x in the basis {(,}. This will be used
later on. Since ®_j; commutes with the subalgebra gi—; it suffices
to consider the case k¥ = n. The image of ®_, , under the natural
homomorphism 7 : C,, — Z(gn,gn-1) coincides with the coefficient at
u?"~* of the polynomial Z_,, ,(u); see the proof of Proposition 3.1. The
following analog of (3.8) is obtained from (2.6), (2.8) and (3.2):

Z_pp(u) =
(u = 00)T—n,—n (=) T_nn(u) + (u + a0)T_pn,—n(W)T—nn(-u)
(=) 2u '
Therefore, we have an equality of operators in V()\)l'f:
(41) (D‘n,n = _t(—zr)z,n + t(—lr)L,nt(—lr)z,—n + (1 + ao) t(—lr)L,n'

The image of ssll,z under the homomorphism (3.3) is Fy,n,. On the other
hand, by (2.8) we have

s =+ D 6y —1/2,

—n,—n

as operators in V(A)}. Therefore, (4.1) can be written as

tD) — (F,n +3/2) tY)

—n,n*

(D_n’n — _t(z) _I_ t(l)

—n,n —-n,n
Finally, relations (3.12) imply that

n—1

(4.2) D_pnlop = D _ 0i (Fn — % +3/2) {uesis

i=1
where

n-—1 n—1 n—1

0; = — H(ak —v+1) H(ﬂk - i) (v =)™
J=1,j#1

k=0 k=1 1
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Using (2.2) one easily computes the action of Fy,, in V/(A)} so that

n—1 n n—1
FonGou = (2 Sovi—Y X Zui) Co-
=0 =1 i=1

Remark. One can introduce the elements ®; _j by

k-1
Q= ZFkiFi,—k-

=1

The action of ®, _, on V(A)I is found in the same way as that of ®_,, ,:

n, nCuu Z H

i=1 j=1, ];éz

although this will not be used. (1

The operator F,,_1,_, preserves the subspace of g,,_2-highest vectors
in V(X). Therefore it suffices to calculate its action on the basis vectors
of the form

(4.3) Evpr = X vy

where X,,,» denotes the operator

Cu+6i,uv

n-2 , Vo1~
_ Vic1—H; Vi1 Hi
Xy = H Zn—1,i %i,—n+1 ° H Zn-1,-n+1(a),
=1 a=mnp_1+1

V' and p’ are (n — 2)-tuples of integers or half-integers such that the
inequalities (3.10) are satisfied with X, v, u respectively replaced by p, v/,
w's we set v, = v/ —i+1/2 and vy = max{uq,p}}. The operator F,_1 _p
is permutable with the elements 2,1 ;, 2, —n+1 and Z,_1,—pn+1(u) which
follows from their explicit formulas. Hence, we can write

(44) Fn—l,—n guuu’ = X;uz’ Fn—l,-—n 61/;;-
By (2.5) (with a = —n) we need to express
(4.5) Xpuv' 2n—1,i%i,—n Eups t=-n+1,...,n—-1

as a linear combination of the vectors .. If i # +1 then the calcula-
tion is exactly the same as in [9, Section 6] where one uses the relations

(4'6) Zn,—n(—gn) = Zn,—n» Zn,—n(_gi) = Znili,—n,
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which follow from (2.4) and (3 9). Now consider (4.5) with i = —1. We
have

X;.w’ 2p—1,-12-1,—-n guu = _X;u/’ Z1,—n+12n1 €up,-
If Ay > py then zp1 &y = & u—s, while for Ay < p1 we derive from (4 6)
that

n—1 n-1

m3 'Y
Znl1 guu = Z H 1 = €V+5z,u 61
i=1 a=1, a#i 7’ 7‘7‘

Similarly, if pj > p1 then X, 21 _ny1 = Xpu—s,,» while for p) < g
one has

’7
X nv’ 21 ,—n+l1 = Z H —a X —81,0 46,
r=1a=1, a#r 77’ ’y“

Finally, take i = 1 in (4.5). If Ay < py then 21 _n &, = & uts,, and if
A1 > pp then

. B n—-1 n-1 (ml +1) "/a
Lnbu =, [ Tt st
i=1 a=1, a#t ’y" 'Ya

Similarly, if pj < pg then X, 2n—1,1 = Xpu4s,, and if pj > py then

n-2 n-—2 2 2
x _ (m1+1)%— Ya x
pv' Zn—1,1 = T2 a2 Aptb v+
r=1a=1, asr r Yo

The action of the elements F,,_; , on the vectors (4.3) can be ex-
pressed in two different ways. First we sketch a calculation similar to
the one used above which leads to (rather complicated) explicit formu-
las for the matrix elements. Then we give slightly less explicit but more
convenient formulas where F,,_1, is represented by a commutator-like
expression of simpler operators.

We have the following analog of (4.4):

(4'7) Fn-—l,n guuu’ = X;w’ Fn—l,n &uu-

Now use (2.5) with @ = n. Here we need to calculate z;, £, instead of
Zi,—n &uu in the previous case. Suppose that ¢ > 1. We have

Zin §Vu = ZinZni 5u,y+5i = Z_n,—if—i,—n €V7M+5i = Z—n,—n(—g—i) 5V,H+6i;
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see (3.1). However,
—g-i gu,u+5i = (mi + 1) €V,u+5i-

To calculate Z_, _n,(m; + 1)§, u4s, we use the following equality of
operators in V(A)}:

Z _p,—n(u) =
(u— 0) T (w)Th,—n(—u) + (u+ o + 1)T—p,—n(u) Tnn(—u)
(=)™ (2u+1)

b

see (2.6), (2.8) and (3.2); and then apply formulas (3.12) and (3.15).
To calculate z_; , €, we first permute z_; , with the generators z,;
and z; _, with j =1,...,7 —1 in (3.11). Further, we use the relation

Z_inZi—n = (—1)n—iz—n,izi,—n = (_l)n_iZ—n,—n(_gi)

and complete the calculation in a similar manner. To find 241, &, We
need to consider a few different cases which depend on the relationship
between the parameters A1, ¢1 and ) and then proceed exactly as above
in the calculation of the action of F,_1 _p,.

We now give an alternative way of computing the action of Fy,_1 .
The basic idea is to replace the operator z;, in the above calculation of

Zin & by the following expression: for i = —n+1,...,n -1
4.8) Zim = 24—y ] e
. in t,—N) X ~n,n .fi +an

and then use the formulas for the action of z; _,, and &_,, ,; see (4.2).
More precisely, we regard (4.8) as a relation in the transvector algebra
Z(gn,9n—1) which can be proved as follows. First, we calculate the
commutator [F; _n, ®_, »] in U(gy,) then consider it modulo the ideal J
and apply the extremal projection p (see Section 2).

We have ®_,, nFrp = (Fun +2) ®_,, » and so, (2.5), (4.7) and (4.8)
imply that

(4.9)
Fn—l,n gu;w’ = X;w’ (Qn—l,—n(z) (I)—n,n - (I)—n,nq)n—l,—n(o)) guu,a

where

P,1,-n(u) = Z Zn—1,i Zi,—n H . .
i=—n+1 a=-n+1,a#+i fi=fa utfit Fnn



A Weight Basis for Orthogonal Lie Algebras 237

The action of ®,,_1,_,(u) is found exactly as that of F,,_; _,. Note that
the operators X,,,» and ®_, , commute.

Remark. The operator ®,_1, _n(u) is a rational function in u which can
have singularities at the values © = 0 and v = 2 in (4.9). However, the
operator

<Pn—l,—n(u + 2) (I)—n,n - (p—n,nq)n—l,-—n(u)

is regular at u = 0 and coincides with F,,_; . Note the similarity with
the symplectic case [9], where the corresponding generator Fi 1, is
expressed as a commutator: 2F; _ , = [Fy_; _,,F’ ] O

The elements F_; _,, Fk_l’k with k = 2,...,nand Fy, F 5,
generate g, as a Lie algebra. Summarizing the above calculations we
obtain the following formulas for the matrix elements of the generators.
Given a pattern A we use the notation (3.16) and set for 1 <i < k < n:

Api = 1:[

. ( + lk~l,a)(m - l;c—l,a + 1)

k)
1k— lk l,a

Il

Bkz(ﬂi)

! 7 )
a=1, aski k-t,a 7 ‘k-1L,

and

Cri = (max{Agy, Ng_y 1} + U1 — D(min{h g, Ny} =Gy + 1)
k k-1 k-1 .

o | (CHRUEER V) | [P ARTES VI | 7
a=2

L
a=2 a=1,a;£i k—l,a lk—l,’i

We denote by A+4,, and A+6;, the arrays obtained from A by replacing
A and A, by A, &1 and A}, & 1 respectively. Consider the basis {(,}
of the representation V()); see Proposition 3.4. We shall suppose that
¢ = 0 if the array A is not a pattern.

Theorem 4.1. The action of the generators of the Lie algebra o(2n)
in the basis {(,} is given by the following formulas.

k k k-1
Fr. Ca = (2 Z )‘;c-—l,z'—l - Z Aki = Z )‘k—l,i) Cas
i=1 i=1 i=1
k-1

Fr 1,k Ca :ZAki (CF (K, 1) — 5 (K,9)) -

=1
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Here

k—1
CA(kz
1

Jj=

k—2
Z Bk](lk 1 z)Bk 1 m(lk 1 z) <A+5k 1,58 1, oL 2m
m=1

fori=2,...,k—1; and for i =1 if Ag—1,1 < Ag1, Ak—2,1. Otherwise,

X (k1) = CA+8,_y 4
if Ak—1,1 = Ak1, Ae—2,1,

k-1
X (k1) = Bij(lk-11) Cavsy_, 45, ,
j=1
if Ar—2,1 < Ae—1,1 < g,
k—2
CX(k 1) Z Bi—1,m(lk—1 I)CA+¢S,c 11+6%_2.m
m=1
if M1 < Ako1,1 < g2,
Furthermore,

CX (k,’L) = CA—&k_l,i

fori=2,...,k—=1;and fori =1 if Ag_1,1 < Ap1, Ak—2,1. Otherwise,

¢y (k1) = ZB"J (lk=1,1 — )CA—{—&;C 15011

if A< Adp—11 < Ag—2,1,

k—2
Ca (k1) =" Br1m(lk-11— 1) s
m=1

k—1,1+6;c—2,m
if Ar—2,1 < Ag=1,1 < Mg,

k—1 k-2
Y > Biillk-1,0 = V)Br-1m(lk-11 — Dnrsy P ST

j=1m=1
if Ar—1,1 > A1, Ak—2,1.

The action of Fy,_; ; is found from the relation

Fy 1= [‘I>k-1,—k(u +2) @ gk — ‘I’—k,kq)k—l,-—k(u)] o’
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where
k-1
Sk G = Y Chi (Frp — i1 +2) CA-8,_,
=1
and

T A ! Gt ky) — . G (ki) ).
= Ut By =174 Ul g+ By — 1747

Ezample. Let n = 2. We have 291 = Fyy, 21,2 = F) _5 and Z3 _»(u) =
F5 F} _5. Therefore, the basis vectors are given by

! ! _
Ca = Fz)‘lm—/\npﬁl—oz An (1:1211:‘1,—2)'\,“—)‘22 &,

where A}y = max{)\y;,A;;}. The Lie algebra o(4) is isomorphic to the
direct sum of two copies of sl(2) and the action of their generators in
the basis {¢,} is easily found. The resulting formulas also hold for the
action of the elements of the subalgebra go C gy, in the basis {(, } of the
gn-module V(X). O
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