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Let X(3),i=1,2,---,n, be independent random variables with unknown
distributions P for : < nf and Q for i > nf. We investigate confidence sets for
the unknown change-point # € (0,1), which are based on randomization tests.
In a simple parametric model for P and Q these tests are chosen to be Bayes-
optimal in a certain sense. Then we imitate this method in a nonparameteric
framework. Asymptotic properties of the confidence sets are derived under weak
conditions allowing that 6 tends to zero or one and P is getting closer to Q.

1. Introduction. For each n = 2,3,...let X, = (Xn(1), X5(2),...,
Xn(n)) be a vector of n independent random variables with values in a measur-
able space X. Suppose that X,(7) has distribution P, for ¢ < nf,, and @, oth-
erwise, where P,, @), are unknown, different probability measures on X, and
the change-point 6,, is an unknown number in 0, := {1/n,2/n,...,(n—1)/n}.
The problem treated here is to find a confidence set for 6,,.

There is an extensive literature on this problem for models, where P, and
@Q)n are assumed to be in a specified parametric family of distributions. Sieg-
mund (1988) gives a good overview and references to other related work. Much
less is known about nonparametric confidence sets. One possible method,
which uses bootstrap tests, is described in Diimbgen (1991), but it relies on
asymptotic theory. Alternatively we investigate parametric and nonparametric
confidence sets that are both based on the classical method of randomization
tests; see also Worsley (1986) and Siegmund (1986, 1988): Let P be a class of
distributions containing P, and @,. For each 7 € O, let 580 = S,(ZT)(X,;) be
a sufficient statistic for the restricted model, where 8, = 7 and P,,Q, € P.
Then consider a version IPSLT)(-|3) of ,C(XnIS,(f) = s,0, = 7). For a given test
statistic T,, = T,,(X,), one can compute the p-values p,(7) = pn(7, X,,), where

pu(1,2) i= PO(T 2 To(2)|S1(2)) -
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Then R R
Cn = Cu(Xyn) = {7' € Oy : Pu(T) > a}
defines a confidence set for 6, with level o € (0,1/2). Note that this set is not

necessarily an interval. Now the problem is to find suitable test statistics T,
and to study asymptotic properties of the corresponding sets C,,.

Most papers on estimators or confidence sets use restrictive conditions
on P, — @), and 6,. One typical assumption is that 6, is bounded away from
0 and 1, while P, — @, stays fixed or tends to 0 at a slow rate. A goal of the
present paper is to relax such restrictions.

In Section 2 we consider a simple normal shift model and derive a par-
ticular class of confidence sets, which are Bayes-optimal in a certain sense.
Various asymptotic properties of these sets are presented.

Motivated by the parametric methods in Section 2, we propose nonpara-
metric confidence sets in Section 3. They are based on permutation tests and
use a formal Bayes-test statistic. The validity is now guaranteed without any
restrictions on P, and @),. These sets have similar asymptotic properties as
the parametric confidence sets of Section 2. An interesting reference in this
context is Romano (1989), who discusses permutation tests of the hypothesis
P, = Qn

The results of Sections 2 and 3 are proved in Section 4.

2. The Simple Normal Shift Model. In this section we assume that
P, = N(pn,1) and @, = N(vs,1) with unknown means p,,v, € R. Thus
X, has an n-variate Gaussian distribution A'(m,I) with mean vector m =
m(Or, pin,vy) and identity covariance matrix I; generally m(7,a,b) denotes
the vector in R™ with the first nT coordinates equal to ¢ and the remaining
n — nT coordinates equal to b.

At first let us discuss briefly what can be expected from any confidence
set Cp, = Cp(Xy) with level a, where the size of C), is measured by

dist(Chr,0,) := %g)n( [t — 6, .

For any fixed 7 € ©, one can view 1{r ¢ C,} as a test of the hypothesis
6, = 7. Thus IP{7 ¢ C,} can not exceed the power of the Neyman-Pearson
test of (7,a,b) vs. (0, pin, Vs ) with level @, which is given by

<I>([|m(0n,yn,1/.n)—m(r,a,b)||+<I>‘1(a)) < (I>(||m(0n,un,vn)—m(r,a,b)“) ,
for any fixed a,b € R (® is the cdf of A(0,1)). But with
A, = \/';;('u'n _Vn)
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and k(s,t) := s At — st, k(t) := k(t,t) for 0 < s, < 1 one can show that the
minimum of ||m(6, gn,vs) — m(r, a,b)“2 over all a,b € R equals
k(o’n) A?I. ’
|7 = 0nlk(r) " h(T, 0n) A7 <
IT - onl A121 :

Therefore a necessary condition for dist(Cy,6,) to tend to 0 in probability is
given by
k(6,) A2 — .

Furthermore the best possible result (in terms of rates of convergence) one can
expect is that

dist(Cp,0,) = Op(AZ?) .

Note that this lower bound for the size of C,, does not depend on 8,,. Another
interesting conclusion for #C),, the cardinality of C,, is that

]E(#Cn) > (n— 1)@(—k(0n)1/2lAn|) :

Therefore, if A2 — oo, a necessary condition for IE(#C),) to be of order
O(nA;?) is given by

k(6,) A2 /log(1/k(6,)) > 2 + o(1).

This follows from the known asymptotic expansion ®(—z) = exp(-z2/2)/z(1+
o(1)) as ¢ — oo.

Now we derive an explicit version of C,. With Sn(t) == Xicicnt Xn(3),

the statistic S\ := (Sn(T), Sn(1) = Sn(r)) is sufficient and complete for the
restricted model, where 8, = 7. Therefore any confidence set C,, with exact
level a satisfies the condition

/l{r € Cn(2)} P{)(dz|s) = 1—a for Lebesgue — almost all s € R?.
We want to minimize the Bayes-risk
RONC) = / 1{r € Cu(z)} MD(d)
among all confidence sets with exact level a, where
M) = /N(m(t,a + (1= 0)b,a— 1), 1) 1{t # 7} Uy (dt) H(da) db

for some finite measure H on the line and U, := n~1 Ete@),. 6¢. In other words,
H is a prior for the mean O,u, + (1 — 6,)v, of n=15,(1) (which provides
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no information about 6, ), U, (restricted to ©, \ {r}) is a prior for 6,, and
Lebesgue measure is a noninformative prior for y, — v,. This Bayes-risk is
finite, which is not obvious but can be shown quite easily. The density f of
M(") with respect to N'(0,I) exists and has the form

f(Xn) = Thg(S{)

for some function g > 0, where
T, := /k(t)’l/2 exp(W, (1)) 1{t # 7} U,(dt) ,

Ty := / k(t)Y/% exp (W, (1)) Un(dt) ,
Wi(t) == k(t) 1 Da()?/2 ,
Di(t) := va~ (Sa(t) — t5.(1)) -

Furthermore, since

T 0
N(0,I) = /IPQT)(-IS)N<0,<O 1_T))(dS),

the Bayes-risk R(")(C,) can be written as

T 0
[ [Tienis € ca@}pasls) g(s)N(o,(O 1_T))(ds)-

Therefore the confidence set 6*n, which is defined as in Section 1 with the
particular test statistic 7}, above is Bayes-optimal among all confidence sets
with exact level o (note that T, and T, differ by a function of S,(f) only).

In the above derivation one could certainly replace U, with any other
finite prior for 8,. From now on we consider the test statistic

T, := / k(t)? exp (Wo(t)) Un(dt) ,
where £ is any fixed number in [—1, 00). The resulting confidence sets C, have
the following asymptotic properties:
THEOREM 1A. Suppose that
k(8,) A2/loglogn — oo if f=-1,
k(6,) Ai/log(l/k(0n)) — oo iff>-1.

Then ~
dist(Ch, 0,) = O,,(Ar‘f) .
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There are two interesting special cases: Suppose first that p, — v, =
const # 0. Then dist(Ch, ,) is of order Op(n~1), provided that

((n6,) A (n —nb,))/loglogn — oo if B=-1,
((nB,) A (n —nb,))/logn — oo if B> 1.

If §, — 6 € (0,1), then dist(Cy, 8,) is of order O,(A;2), provided that

A,Zl/loglogn - o0 fp=-1,
A2 5 o ifB>-1.

The limiting behavior of C. can be described as follows: Let Pn(r):=0
for r € [—00,0] U [1,00] and pn(r) := pn([nr]/n) for r € [0,1] (the same type
of extension is used for any other process on ©,). Further let (Z(r))r cr Pe
a two-sided Brownian motion on the line; i.e. (Z(r)), ., and (Z(-7))

r>0 3T€
two independent Brownian motions. -

r>0

THEOREM 2A. Suppose that the assumptions of Theorem 1A hold with
fn — vy — 0. Then the process

(f’n(on + A;ZT))

r€[—00,00]

converges in distribution in D[—00,00] to the process

(ﬁ(’r))TE[—oo,oo] 9

where p(—o0) := p(00) := 0, and

ir) = H (exp (-W(r) [exp(W(0) )

H(r):= IP{/exp(W(t)) dt > r} ,
W(r):=Z(r)—|r|/2 forr €R.

An explicit formula for H is given by Siegmund (1988). For our purposes
one only needs to know that H is continuous.

If ptn — v — 6 # 0 one can obtain a similar result for the process (p, (6, +

j/n))j=0,d:1,:|:2,...' Here the corresponding limit process (ﬁ*(j))jzo,jﬂ,;kz,... has
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the form

7() = H*(exp(-W*(5) Y exo(W(D))

—00< <00

H*(r):= IP{ Z exp(W*(i)) > 7'} ,

—00<1< 00

W*(j) = 82(5) - 6*|51/2 .

Hence C‘n behaves similarly as the optimal shift equivariant confidence set C
in Siegmund (1988).

3. Nonparametric Confidence Sets. Here we make no parametric
assumptions on P, and @,. Similarly as in Section 2 define

Sa(t) == Y Sx0) -

1<i<nt

Again the statistic s{) = (8n(7), Sn(1) = Sn(7)) is known to be sufficient
for the restrlcted model when 6, = 7 and P,, (), are arbitrary. An explicit
version of P ( IS ) can be described as follows: For r € O, let I\ be
uniformly distributed on the set of all permutations 7 of {1,2,...,n} such
that 7(2) < n7 for all ¢ < n7, and let 115{) and X, be independent. Then

L(XnlS$, 0, =1) = LI XA Xn)

where II{) X, := ( X (I(1)), .. (H(T)(n)))
As for the choice of Ty, let || - |ln be a seminorm on the space of finite

signed measures on X, which can be a function of the random measure 5,(1).
Then we define

T, = / k(1) exp(Wa(t)) Un(dt) ,
Wa(t) := k(1) IDn(t)II7/2
Dn(t) := \/ﬁ_l (Sa(t) = tSu(1))
for some fixed 8 > —1.

An essential technical requirement is that ||-||, is bounded by a Kolmogorov-
Smirnov type norm || - || £:

|-lln < |l-ll7 almost surely .

More precisely, ||m||F := supfe}-lm( f)l, where F is a countable family of
measurable functions f : X — [0,¢], 0 < ¢ < oo, and there are constants
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A, B > 0 such that the covering numbers
. . . . 2 2
min{k € {1,2,...} : 3fs,.., fi with min, P((f = f)") Sw* V[ € ]-'}

are bounded by Au~2 for all u € (0,1] and arbitrary probability measures P
on X. Different examples for ||- ||, and ||-||+ can be found in Diimbgen (1991).
When X = R one might take

Imllp = |V3 [ m(z)n715,(1)(de)

(proposed by Darkhovskiy, 1976), where m(z) := m(—o0,z) — m(z,00) is a
symmetrized cdf of m. This seminorm || - ||,p is bounded by /12 times the
usual Kolmogorov-Smirnov norm on the line.

The nonparametric confidence sets én have similar asymptotic properties
as the parametric ones of Section 2. With

A, = \/E(Pn - Qn)
the following result holds:

THEOREM 1B. Suppose that

k(8,)||An)|2/loglogn —, oo if B=-1,
k(0,) |Anl|%/ log(1/k(8n)) —p 00 if B> 1.

Then
dist(Cn,6n) = Op(||Anll7?) -

Note that ||Ap||» is random in general. But it can often be approximated
by a nonrandom number. For instance it follows from Tshebyshev’s inequality
that

V3 / An(z)n15,(1)(dz) = 6, + Op(1), (1)
where

0p = ﬁ/An(x)Pn(dw) .

Here is a result about the limiting distribution of C,, for the particular semi-
norm || - ||np. The proof in Section 4 could be extended to other seminorms;
see also Diimbgen (1991).
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THEOREM 2B. Suppose that P,, ), converge weakly to a common con-
tinuous distribution P on the real line and

k(0,)82/loglogn — oo if B=-1,
k(8,)62/log(1/k(8,)) — oo if B> —1.

Then the process (ﬁn(0n+6;2r))re[_oo o] CONVerges in distribution in D[—00, ]

to the process (p(r)) defined in Theorem 2A.

r€[—00,00]

In particular suppose that P,, @, are normal distributions as in Sec-
tion 2, where y, — v, tends to zero. Then n~1(u, — v,)~26%2 — 3/7 ~ 0.955.
Consequently the nonparametric p-values p,(6, + r) behave asymptotically as
the parametric p-values p,(68, + 3r/7).

4. Proofs. One can prove the preceding results in a common framework:
The quantities pyn, Py, Vn, Qn, A, as well as the random variables S, (t), D, (1)

are viewed as points in a normed linear space (B, || - ||). In the normal shift
model B=R and || - || := || - || := | - |, whereas in the nonparametric model
B is the space of bounded functions on F and || - || := || : [|#. In order to

distinguish between the cases § = —1 and 3 > —1 we use superscripts (-)(=)
and (-)>) respectively for T;, and other related quantities.

4.1. Auxiliary results, I. In this part we regard || - ||, and D,(6,) as fixed
and write

Dn(t) = k(t,0,)Yn + Zn(t) , Y, := k(6,)"'Dn(6),

so that Z,(6,) = 0. The following quantities play a crucial role:

-1 9
Ln = max (k(1)loglog(1/k(1)))  |1Z:(0II*,

M, (0):= o~ 1/2 Z.(t d
(0):=0 . A |Zn(t)]] an

N, (o) := o/? t—0,|"YZ. ()| £ >0.
(0):=0 te@nI:II;E);nIZal |7 Za(®)]] for o

Here is a crude but useful bound:

ProposITION 1. If L, = Op(1), then

1) = 0,((ogn)ir* exp(2Wa(6,)))

n

and

T = 0, (k(8,) T+ 4 exp(2Wa(8)) + exp(4k(6,)/2Wo(61)) )
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ProoF oF PropPosITION 1. One can write
Wa(t) = [|o(t,0.)Yn + k(&) 2 Za(0)]2 /2,
where
p(t,6) = k(&) V2k(t,6) = [(1-0)(t/(1-1)"*| A [8((1- /)] .

The function p(-,#) is strictly increasing on (0,6] and strictly decreasing on
[8,1) with p(8,8) = k()'/2. By the triangle inequality,

Wat) < p(t, 022l Yal2 + loglog(1/k(8) In V1€ O, .  (2)
In particular,
Wa(t) < 2Wa(0) + loglog (L/k(t) Ln < 2Wa(6,) + loglog(2n)L, ,
and thus
() < / k()™ Uy (d2) (log(2n))"" exp (2Wa(61)
= O(log ) (log(2n)) "™ exp (2W,(6,,)) -

On the other hand one can easily show that p(t,8,)? < 2k(8,)%/2, if 6, < 1/2
and t > k(8,)'/2, or, if §, > 1/2 and t < 1 — k(6,,)'/2. Consequently,

1) < [ (1) 0g(1/K0) " exp (o(t, 0 1Yal2) U ()
< 0,(1) [ KOV exp(p(t, 02 1Yo 2) o 1)

< 0,(1) K0P U (dt) exp(2Wa(62))

©nn [0,k(6n)1/2]
+0,(1) [ /Uy (d) exp(2b(6,)° a2
= Op (k(6,)P+V/4) exp (2W,,(6,)) + Op(1) exp(4k(6,) W, (6,)). B
The bounds in Proposition 1 are useful for small values of k(6,) and

moderate values of W,(68,). However, if W,(6,) is sufficiently large, one can
approximate W,(t) — W,(6,) by

Wa(t) = |Yallal[£(62)Yn — 272t = 0|Yn + Za(2)||., — £(62)]|Yall2
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and T,, by k(8,)P W, (6,) ! exp(Wy(8,)) times

To o= IVl [, exo (Falt) Un(dt)/2

where ) := {teO,:|t—0,] <2k(6,)}:

PROPOSITION 2. Suppose that L, = Op(1), My(0,) = Op(1) and Np(0n) =
O,(1) for any fixed sequence of numbers o, > 0. Further suppose that

k(8,)||Yxl%2/loglogn — oo if f=-1,
k(0n)||Yn||,21/log(l/k(On)) — oo if B>-1.

If n1||Yn||Z — oo, then
T, = n 'k(8,)° exp(Wa(8s)) (1 + 0,(1)) .
On the other hand, if n™||Y,||2 = O(1), then

T, = 0,(1) , Tn_l = 0,(1) and
T, = k(0,)PH Wy (8,) ! exp(Win(6n)) T (1 + 0,(1))

PROOF OF PROPOSITION 2. At first some useful inequalities are listed that
can be proved with elementary calculations: For arbitrary ¢,0 € (0,1),

|k(t) - k()] < [t-4],
p(8,0) — p(t,0) < k(0)"Y%t—6] and (3)
|0(8,6) — p(t,0) — k(6)™/?|t — 0]/2| < k(8)™*/*|t—6|”.

Further, let
n = (tVO(1-tAB)/(tA1-tVE) > 1.
Then,

p(t,6) = 77k(0), 1-n"' < KO t—-6 < n—1,

7 < KOTRGLE) < 1 and 17t < kO)TKE) < 5. )

Now let A > 1 and 7,7, > 0 be arbitrary fixed numbers such that v, —
oo. The set ©, is split into the two subsets ©,(A) and O, \ ©,()), where
0,(A) is the set of all ¢ € ©,, such that

A< (1(1-0,))/ (ba(1-1) < A
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Then (2) and (4) imply that

/ k(t) " exp(Wo(t)) Un(dt) < O, ((log n)n+l exp (ZA‘IWn(On)))
©r\On ()

/ K(1)° exp(Wa(1)) Un(dt) = Oy (exp(2X "W (6,))) for > —1 .
©,\0,(N) (5)

Furthermore

2 [|Da(t) = k(t,6)Yall = O (B(8:)7?) . (6)

For D,(t) — k(t,6,)Y, equals Z,(t), and ||Z,(?)|| is not greater than
(A = 1)2k(6,)"/2 My (A = 1)k(65))

for all t € ©,(A), by (4).

Now the set ©,()) itself is split into two subsets ©,(A,5) and ©,(A)\
0,(),7), where ©,(),7) is the set of all t € ©,()) with [t — 6,] < F||Yall72.
On the one hand,

Wa(t) = Wa(8n) < =t = 6n| 271 (14 0p(1)) I Yall7/2

Vte G')n()‘) \ @n(’\, 7n) . (7)

For W,(t) — Wy(6y) is not greater than

(Pt )1 Yalln + k@) 211 Za()lln)*/2 = k(6:)Yall2/2
- 2
< (p(t,6n) + k(D) 7V2[t = Onlen) IYall2/2 — K(62)I1Yall2/2
= —lt = Ol (k(£) 7 k(t, 8n)(1 — 2€n) — k() 7|t = nley ) [ Yalln /2
< =t = 6aA7TH(1 — 260 = N20)||Ynlln/2

for all t € ©,(A) \ O,(A, ), provided that €, := 7;1/2Nn(’yn“Yn||;2) < 1/2;
the last displayed inequality is a consequence of (4). In particular, if k, :=
A1 = 2¢, — A%2)/2 > 0, then

/ k(t)P exp(Wy(t)) Un(dt)
On(M)\On (A7)

< VK8 exp(Wa(8n) [ exp(—inlt = On[[Yal2) Un (dt)
On(M\On(An)

< 2X°k(8,,)P exp (Wi (65)) exp(—ynkn)n ™ (1 — exp(—nnn"l”Yn”fl))—l i
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Consequently,
/ K(1)P exp(Wa(2)) Un(d2)
©n(A\On(A7n) ®)
= o, (k(o,,)ﬁ (1Yall2 Am) ™" exp(Wn(Hn))) .

For the moment suppose that n=!||Y,||2 tends to infinity. 7, is obviously
not smaller than

n " k(6,)P exp(Wn(8n)) -

The bounds in (5) are of smaller order than that, provided that A > 2. To-
gether with (8), where v, := n7!||Y,||2/2, one can deduce that T, is not
greater than n~1k(6,,)" exp(W,(6,)) (14 0,(1)). This establishes the first part
of Proposition 2, and for the rest of this proof we assume that n=!||Y,||2 is
bounded.

As for the approximation Tn, note first that
(o) % 5 -1 /9\"1
0n(3)C O and ©,(00,9) C On((1 - FWa(6:)71/2) ")

whenever 0 < 4 < 2W(0,,). This is a direct consequence of (4). In particular,
Op(,7) C 0% for sufficiently large n. Now one can show that

Il [ exp(Wa(0)) Un(dt) = o0,(1) and
0 \@n(c0,7n)
+1 (9)
w2 [ exp(Wu(0) Uh(d) | = O,(1).
0O (cory)

For [Wi(t)+1t =85 [|Yx|[2/2| is not greater than [|Yy||n]| Zn(t)]] for all £ € O,
and

l n ! n

In particular, (9) implies the boundedness of T,, and T71.

Finally,

te@l)l:?:\),{%)|Wn(t)—Wn(0n)—Wn(t)| = op(1) if Y2W,(6,)"1 0. (10)
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For W,,(t) — Wy(6,) — W, (t) can be written as

KO Yalln ([lo(t: 0)Yn + k()2 Z0(0)]|, -
1£(8)"/2Ys, — 27 k(80) /2|t — B[V + k(6) V2 Za(t)], )

¥ (o020 + O Zu(0)], — RO ¥alln) /2,
and thus its absolute value is not greater than

k(gn)l/ZHYn”?x IP(env gn) - P(t’ ON) - k(on)_l/zlt - 0n|/2|
+ Yol [£(8)"Y2k(8) 12 = 1] | Zn(t)|In
+ (p(62,6n) — p(t,6:))*[Yall2 + k()71 Za(®)]2

< (1 4+ M2, + 14 Ae2)72k(6,) Y| Yall2

where €, 1= 7;1/2 M (7n||Ynll2); see (3) and (4). One can use (10) for showing
that
[ P exa (o) tn(at) (11)
@n(Ay'Yﬂ)
= k(8,)P Y1 W,,(8,) 7 exp (Wi (8,)) T (1 4 0p(1))  if v2W,,(8,)7 —

For ©,,(c0,75) is a subset of ©,(\,), where Ay := (1 —'ann(On)‘l/Q)_1 -1
in particular, ©,(A,v,) = On(00,75) C 0 for sufficiently large n. Thus

k(t)P exp(Wa(t) — Wn(6,)) = k(6,)° exp(Wa () (1 + ma(2)) ,

where max;ce,, (1) |rn(t)| = 0p(1), by (4) and (10). Finally, k(On)ﬁ exp (Wn(t))
can be written as (6, )Wy, (6,)~1||Yy |12 exp(Wn(t)) /2, and one can deduce
(11) from (9).

The inequalities (5), (8) and (11) with A > 2 yield the last assertion in
Proposition 2. ]

Here is a result that can be used to verify the assumptions about L,,, M,,
and N,, in Propositions 1 and 2:

LemMa 1. Let (V(t)) be a B-valued stochastic process such that

t€O,

712
P{ max (VO 27} < Kexp(~Lo™?) ¥o,1>0,
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where K > 1, L > 0. Then

-1/2 .
t )| >nt < CKexp(~Ln?/C) and
‘P{tee.,.t“z%i‘p(_@(“"gl°g<1/ NV 20} < CKexp(-Ln?/C) an

P{o!/? max V) >n} < CK exp(~Li?/C)

for all o,n > 0, where C > 0 is a universal constant.

ProoF oF LEmMMA 1. The function h(t) := (tloglog(l/t))l/2 is nonde-

creasing on (O,exp(—2)]. Therefore ]P{maxtegn:tSexp(_z) RV > n}
is not greater than

max V > g
] {tGGn:2‘<nt<2i+1 V(I > h(2 /n)n}
0<i<(logn—2)/log 2 <nt<

<K Z exp(—anh(2i/n)2n2_i_1)
0<i<(logn—2)/log2
=K Z (logn — ilog 2)_1;7'2/2

0<i<(logn—2)/log2

logn 2
< K(log2)™ g~ 12 gy
2-log 2
< K(2/log2 — 1)(Ln?/2 - 1)7Y(2 - log 2)"L7*/2 |

provided that Ln?/2 > 1. This yields the first assertion. As for the second
part,

1 > -1/2
S

; {teen za<t<(,+1) ”V(t)” > 7,0-1/2 }
Z (=Lén?/(i + 1))
(eXp(Ln2/2) _1). .

4.2. Auxiliary Results, II. The p-values p,, can be represented as follows:

For each 7 € O, let D{”) = (D(T)(t))te@" be a stochastic process defined on
the same probability space as X,, such that

D{)(r) = Da(r) and L(DD|X,) = PO(D,ST). (12
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For any statistic G, = G(Dp,0,) let Gg) = Gn(D,(f),T). Then
pa(r) = P(T) > T|X,) .

Explicitly, in the normal shift model let B be a Brownian bridge, which
is independent from X,. Then D, =, (k(t, 6,)An + B(t)) and one may
define

t€EO,’

DO(t) = k(r)"Y(t,7)Dn(r) + Z(t) = k(t, 7)Y + Z2()(2)
where Z(")(t) := B(t) — k(7)"'k(t,7)B(r). The validity of (12) follows essen-
tially from the fact that B(r) and Z(7) are independent.

In the nonparametric model let D) be defined as D,, with IV X,, in
place of X,,.

The following two results are essential in the proof of Theorems 1A-B
and 2A-B:

||(n0n)—15n(0n) — P,V ||(n - nOn)"l (Sn(l) - Sn(on)) - @n
= Op(\/ﬁ_lk(an)_l/z)

(in the normal shift model P, and @, stand for p, and v, respectively).

Moreover, there is a function b : (0,00) — [0, 1] such that (for suitable versions
of IP(:|X5,))

(13)

P(LO) 2 1[X0) VP (MO(0) 2 1[Xa) VP (VE(0) > n]Xn)

14
< b(n) VreO®, VYo,n>0 andb(n)— 0asn— oco. (14)

In the normal shift model, (13) is obvious, while (14) can be easily derived
from Lemma 1. For it is well-known that the Brownian bridge B satisfies the
assumptions of Lemma 1, and the process Z(7) can be represented as

(Z(T)(tr))

with two independent Brownian bridges B(!) and B(®.

= r1/2g01) (Z(T)(T—l—t(l—r))) = (1-7)/2B® (15)

tefo,1] tefo,1]

In the nonparametric model, (13) follows from a maximal inequality for
empirical processes such as in Alexander (1984); see also Diimbgen (1991,
Lemma 1). (14) follows from Lemma 1 and Lemma 2 below. Just note that

conditional on S\ the two processes (Z,(f)(t)) tco,t<cr and (Z,(LT)(t))
are independent and behave similarly as the processes (Tl/ 2Bnr(t/7))

and (1= 7)Y2Bpnr (¢~ 7)/(1 - 7))

are defined as follows:

tEOn:t>T
tEOn:t<T

respectively, where B, Bs, ...
tEOQu:t>T
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Let z, = (:z:n(l), .. .,xn(n)) be a fixed point in X", let R, :=n~! 1
6zn(i)> and let II, be uniformly distributed on the set of all permutations of
{1,...,n}. Then define

nt
Bn(t) = \/7_7'—1 Z(aﬂnzn(i) - Rn) .
i=1

LEMMA 2. There are constants K, L > 0 depending only on F such that

> g1/2 < K T2 )
P{, max [1B.(0)llr 2 0/*n} < Kexp(~Ln®) Yo,n>0

PROOF OF LEMMA 2. Since (Bn(t)),cq. = (=Ba(l—1)),co,

1/2 1/2
P{max||Ba(0)lr > o1} < 2P {max |B.(0)]x > o/}

Hence one may assume without loss of generality that o € ©, N [0,1/2]. Now

define € := 01/2 and

A= (max| B0l 2 <}
A¢ = {||Bn(t)||7 > € and ||Bn(s)||7 < e for s < t} .
Then,
P(A) S P{IBa()l= 2 ¢/4}+ Y P{An {IBalo)ll= < e/4}}
tEO,: <o

and one can show with the triangle inequality that A, N {||Bn(0)||x < €/4} is
a subset of

AN {|| (Ba(0) = Ba(t)) = (1 =)™ (0 — t)(Ba(1) - Bn(t))”}_ > 6/4} .

The event A; is measurable with respect to II,(1),...,II,(nt), and conditional
on II,(1),...,II,(nt) the random measure (By(c) — Bn(t)) — (1 —t)~'(0 —
t)(Bn(1) — Bn(t)) behaves similarly as (1 —)Y/2B,_n; ((0 — t)/(1 - t)). Con-
sequently the asserted inequality follows via Tshebyshev’s inequality from the
following one:

There exist K', L' > 0 depending only on F such that
16
E(exp(xt-1||Bn(t)||2f)) 1+ KNI =NV, A€ (0,I)Vico, 9
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The aforementioned maximal inequalities for empirical processes imply that
(16) is true, if B,(t) is replaced with

nt

gn(t) = \/ﬁ_l Z(‘SX.' - Rn) ’

=1

where X3,..., X,; are independent with distribution R,. But

B(h(Ba(t)) < E(h(Ba(t))

for arbitrary convex functions h on the linear span of 6;,,(1), - - -, 6z,(n), accord-
ing to Theorem 4 of Hoeffding (1963); see LeCam (1986, Lemma 16.7.2) for
an elegant proof. ]

4.3. Proof of Theorems 1A-B. For any fixed number ¢ > 0 let A, be
events in the underlying probability space such that IP(A4,) > 1 — € + o(1).
All subsequent statements are meant to hold along (A,),. According to (13),
the A, can be chosen such that (Y} ), meets the requirements of Proposition 2
and

| () 51(00)- P = oy |Aull)

V“(n—an)_l(Sn(l)—Sn(Hn))—Qn

in particular, ||Y,—Ay|| = o(||Ax||n). Hence one has to show that dist(Ch, 0,) =
O(||Yxll7?). In addition one may assume that the following four conditions
hold:

for some 7, > 0 (by (14));
To 2 k(@) (I¥all7 A n) ™" exp(Wa(6n) (18)

for some 7, > 0 (by Proposition 2);

-1 () _ -1
LJax [Valln lIYa™ = k(7)7k(7,0a)Ynl] — 0, (19)

for any fixed A > 4 (by (4) and (6));
Wn(T) = Wn(8:) < —m3|7 = alYnllz V7 € On(X)\ On(A,74) (20)

for some 73,74 > 0 (by (7)).

Note that én is a subset of {‘r € Oy : Gu(1) > Tn}, where §,(7) stands
for the quantile max{r € R : ]P(T,(f) > r|X,) > a}. According to (14) one
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may apply Proposition 1 to all processes D,(f), T € O,. Together with (2) this
implies that

G(7) < s (k(r)**+D/ exp (20 (7)) + exp (4k(r)/2W(7)) )

< s (K(r)P* 410g(1/k(r))™ + exp (4mik(r)/21og log (1/K(r)) ) )

- exp(2p(7, 0r)*(|Ynll7)
< neexp (20(7,6,)*(|Yu|7) and

§5)(1) < ms(logn)™ exp (2Wn(T))
< ne(logn)™ exp (2P(T’ on)2”Yn ”?z)

for some 75,76 > 0 and for all » > n; with a fixed integer n,. Together with
(4) and (18) this implies that

C. C 0,(A) Vn>ng

for a suitable ny > ny. But (19) and (4) show that one can apply Proposition 2
to all D,({r), T € O,(), simultaneously for proving that

Gn(7) < k()P (IVD)2 A ) ™" exp(Wa(r))
< ngk(8,)° (IIYnll2 An) " exp(Wa(r)) V7 €OL(A) Vn>ns

for some 77,7 > 0 and some n3 > ne. Hence
C,.n 0,.(A) C 0, ()\, Vv (17{3'1 lOg(’ﬂg/T]z))) Vn>ns,

according to (18) and (20). |

4.4. Proof of Theorems 2A-B. For an arbitrary fixed € > 0 let the events
A, be as in Section 4.3, and again all subsequent statements are meant to hold
along (A, ),. According to (1) one may assume that

62 Anllz — 1, (21)

where 6, := A, in the normal shift model and 6, := V3 J An Py(dz) in the
nonparametric model. In particular, ||6;1Y,||2 — 1. The proof of Theo-
rems 1A-B shows that

IrrI1>ax Pn(On + 6;27') — 0 whenever v, — o .
T|IZ2Yn

Hence it suffices to show that (pn (6, + 6, %r))
to (ﬁ(r))re[_,y ) for any fixed v > 0.

converges in distribution
r€[-vn]
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Let A, := (1 — 'yk(on)’l&;z)'l. Then 1 < A, — 1, and ©,(A,) contains
all 7 € @, with |1 — 8,] < 76;2. It is shown below that the (A,), can be
chosen such that

LI((WT(LT)(T +6720), epon Xn) e L((W(r))re[_w)
uniformly in (u.i.) 7 € ©,(),) V4 > 0.

(22)

Further one may assume that

T, = k(0,)° ' Wo(8,) "  exp(Wn(8,)) Tn (1 + 0(1)) ,
W) = Wa(8,) = Wo(r) — 0 uwi. € 0,(\s),

according to Proposition 2 and (10). It follows from (4) and (19) that

k(T)/k(8,) — 1, Wio(r)/Wn(6,) — 1 and ||67Y,)2 - 1

(23)
wi. 7 € O,(Ap).

Consequently p,(7) can be written as

IP(exp(—Wn(T))k(T)'ﬁ“lwn(r) T > exp(—Wn(T))Tn(l + 7a(T))

Xn) :

where 7,(7) — 0 wi. 7 € O,(\,;). But now one can apply Proposition 2,

(9), (22) and the Continuous Mapping Theorem to all processes D,, D%T),
T € On(A,), for showing that

_~ _2 T
(exp( Wn(6n + 6, r))Tn)re[—'yrv]

—c (exp(—W(r)) /exp(W(t)) dt)

re[_'Yy’Y]

and

£ (exp (~Wa(r)) k() B~ Wo(r) T

Xn) —w E(/ exp (W(t)) dt)
wi. 7 € O,(X,). Since H is continuous, this implies that p,(7) can be uni-
formly approximated by H (exp(—wn(r))fn), and the desired result follows.

It remains to prove claim (22). For notational convenience we first con-
sider the normal shift model: Here

W@ = KON kY + 20(0) - YOl - l/2] — k()Y
=Yz - vt - 1)/2,
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provided that
YDz - Yt~ 7l/2| < k(Y2
But min,ee"()\n) k(‘l’)Y,ET)2 — 00 and

¥ 2000 Y - /2]
<F26 Y MG + 56,7702
= 0()M{D(76;%) +0(1)
YD Z0(8) - Yt - 71/2 = 6,2(t) + 6nlt — 7/2]
<FV6 Y - 1 MPD(56;%) + 76,7V 07~ 1)/2
= o(1)M7(56;%) + o(1)
for all t € @, with |t — 7| < 96, 2%; see (23). Together with (14) it follows that

one may replace W,gT)(t) with &, Z,(,T)(t) — 62|t — 7|/2 when checking (22). But
one can deduce from (15) that for any fixed ¥ > 0,

(6:280(7 4 83°0)) ceros) —& (2(0) reponn

wi. 7 € 0,(Ay), and (22) follows for the normal case.

As for the nonparametric model, note first that

-1 B -1 _ _
Tergj()/(\n) (nT)™"8p(T) P“V"(n nt) "1 (Sn(1) = Sn(7)) P” — 0, (24)
where || - || stands for the Kolmogorov-Smirnov norm times 1/12. For ||(n7')"1

Sn(T) — P“ can be approximated by

[(R7)"180(7) = (1) 8n(Bn)|| = VA ' ||(1 = MY = (1= 6.)Ya)|

and one can easily show that the right hand side tends to zero u.i. 7 € 0,(A,);
see (19). The measure (n — n7)~!(S,(1) — S,(7)) can be treated analogously.

Similarly as in the normal shift model one can show that Wér)(t) may be
replaced with

6,73 / Z{)(t)(2) Ralds) — 82Jt — 7]/2

when checking (22); here R, denotes n~18,(1). One can write

Ent<i$n7‘ H7(1T)$£1,T)(7f) ift<r s
Dnr<i<nt HsuT)mszf)(i) ift>r

/ Z{0)(8)() n71S(1)(da) = {
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Ro(Xn(i)) = (7)™ X jcnr Bn(Xa(5)) ifi<nr ,

nz()(5) =
Ve {—l‘ln(Xn(i))+(n—nr)'1 Y ionr Ba(Xa(3))  if i > nr.

These vectors z7) have coordinates in [—\/ﬁ_l , \/ﬁ_l] ,and both ) a:s:)(i)
and ) is,, xsf)(i) are zero. Moreover one can deduce from (24) that both
™Y icnr z7()? and (1 - 7)1 Yisnr 27()? converge to 1/3 wi. T €
©,(\n). Thus Lemma 3 below implies that the conditional distribution of

i<nT

(63 [ 200 + 8721)(a) R(de))

TE[_:Yy;ﬂ
given X, converges weakly to E((Z(r))re[_,y :y]) w.i. 7 € Op(A) for any fixed
4> 0. |

In order to formulate Lemma 3 let the random permutation II,, be as
in Section 4.2, and let z, = (zn(1),...,2n(n)) be a vector in R™ such that
Y 2n(i)=0and YO, z,(:)? = 1. Then define

ba(t) = Y Taan(i), te[0,1].

1<i<nt

LEmMMA 3. Suppose that maxi<i<n 1z, (¢)2 — 0, where v, > 0 are
constants such that v, — 0 and ny, — co. Then

(77:1/2bn(7‘7n))7‘€[0','7] —L (Z(T))TE[O,’Y] V‘? > 0.

This can be proved with the techniques of Billingsley (1968, chapter 4).
For a different method of proof see Diimbgen (1993, Theorem 3).
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