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A COUNTEREXAMPLE OF AN
EXTREMELY CHAOTIC FUNCTION

Abstract

We exhibit an example of continuous function f on the interval,
which is extremely chaotic but not transitive, disproving a conjecture
by Bruckner and Hu.

Bruckner and Hu stated the following result: Under the Continuum Hy-
pothesis, a continuous function f defined on Iy = [0,1] is chaotic if and only
if f? is nomadic [1].

Here “nomadic” means transitive and “chaos” means extremal chaos in
the following sense. There is an uncountable set .S such that, for every two
different points x,y € S,

limsup | f"(2) = f"(y)| = 1, (1)
lim inf | f* (x) — f"(y)| = 0. (2)

In this note, we show that the assertion above is not true. Recall, that a
function f on Ij is called d-chaotic, if there exists an uncountable set S such
that

limsup £ () — /" ()] = d (3)
n—oo

and (2) are satisfied for any two different points z,y in S. A basic set for f

is any maximal infinite w-limit set @ of f containing a periodic point. Such a

set is indecomposible if, for every n € N, @ is a basic set of f”.

Lemma 1. A basic set w is indecomposible if and only if for any interval J
such that J N & s infinite there exists W = limy,— 00 f™(J) with W D ©.
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