
PACIFIC JOURNAL OF MATHEMATICS
Vol. 30, No. 3, 1969

ESTIMATES OF POSITIVE CONTRACTIONS

R. V. CHACON AND S. A. MCGRATH

The purpose of this paper is to obtain an Lp estimate for
the supremum of the Cesaro averages of a certain class of
positive contractions of Lp. Let (X, J^7 μ) be a measure space,
and let T be a linear operator mapping LP(X, J?7 μ) into itself
for p fixed, 1 < p < +oo. If there is a constant c > 0 such
that for each feLp(X,

I sup | / , ( / -

then we say that T admits of a dominated estimate with con-
stant c. In an effort to unify certain results due to A. Ionescu-
Tulcea and to E. Stein, a somewhat more general form of
the following theorem was obtained earlier: If T is a positive
contraction, and if there exists an h > 0 a.e., heLp(X, ^ μ)
and Th = h, then T admits of a dominated estimate with
constant pip — 1. In the present paper, we have extended the
theorem, obtaining a slightly more general form of the fol-
lowing: If T is a positive contraction and if for each positive
integer n there exists an hn > 0 a.e., hne LP(X, ^Γ, μ) and
|| hn || = || Tnhn ||, then T admits of a dominated estimate with
constant pip — 1.

This result is more widely applicable more directly than the pre-
vious theorem, but is not the most general result one might conjec-
ture, that positive contractions admit of a dominated estimate with
no further assumptions. In this direction, we have obtained several
equivalent formulations of the problem which may help to lead to an
answer. In any case, it remains an open problem whether or not
positive contractions of LP{X, J^ μ), 1 < p < + °°, admit of a dominat-
ed estimate without the assumption of additional conditions.

2* Main results* Let (X19 ̂ β\, μλ) and (X2, ̂ Γ, μ2) be two meas-
ure spaces and let T be a linear operator mapping LP(X19 J*\, μd into
LP(X2, ^2*, μ2), p fixed, 1 ̂  p ^ + oo. We say that T is a contraction
if its norm is less than or equal to one. We say that T is positive
if it maps nonnegative functions to nonnegative functions. We shall
omit the phrase almost everywhere, it being understood where ap-
plicable.

DEFINITION 2.1. The range set of T,R(T), is the support of Tf,
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