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EXTENDING HOMEOMORPHISMS

JEROME L. PAUL

Theorem 1 of this paper establishes a necessary and suf-
ficient condition that a locally flat imbedding /: Bk —> Rn of a
/c-cell in euclidean %-space î w admits an extension to a homeo-
morphism F:Rn->Rn onto Rn such that F \ (Rn - Bk) is a
diffeomorphism which is the identity outside some compact set
in Rn. An analogous result for locally flat imbeddings of a
euclidean (n—l)-sphere into Rn is proved. A lemma which ge-
neralizes a theorem of Huebsch and Morse concerning Schoen-
flies extensions without interior differential singularities is
also established.

Let the points of euclidean %-space Rn be written x — (x\ , xn),
and provide R% with the usual euclidean norm \\x\\ ~ [Σix*)2]112. We
set Sr = {x eRn\\\ x || = r}, (and S = S,). If M is a topological (n-ΐ)-
sphere in Rn, we denote the bounded component of Rn — M by JM,
and the closure of JM in Rn by JM. We refer the reader to § 1 of
[2] for the definition of the terms admissible cone Kz, conical point,
axis of singular approach, and cone KZ(Σ), where Σ is a euclidean
(n — l)-sphere in R\

LEMMA 1. Let z be an arbitrary point of S and φ a sense-
preserving homeomorphism into Rn of an open neighborhood N of S
such that φ carries points inside S to points inside φ(S), and
φ\(N— S) is a Cm-diffeomorphism. There then exists a homeomor-
phism Φ of Rn onto Rn and a cone Kz (resp. Kz) with axis interiorly
normal (resp. exteriorly normal) to S at z, such that if X a N is a
sufficiently small open neighborhood of S,

Φ(x) - Ψ{x) [xeX- {KZ(S) U KΛ}\ ,

Φ I (Rn — S) is a Cm-diffeomorphism, and Φ is the identity out-
side some compact set in Rn.

REMARK. We note that a direct application of the proof of Theo-
rem 1.2 of [2] will yield the conclusions of Lemma 1 except for single
differential singularities in each component of Rn — S.

Proof of Lemma 1. The proof of Lemma 1 will be a variation
of the proof of Theorem 1.2 of [2]. We can assume that OeJφ(S).
Let δe(i, 1) be a constant so near 1 that SδaN. Using Theorem 1.1
of [2], there is a homeomorphism /: JS —> Rn into Rn such that
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