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SPECTRAL THEORY FOR A FIRST-ORDER
SYMMETRIC SYSTEM OF ORDINARY

DIFFERENTIAL OPERATORS

SORRELL BERMAN

For a symmetric differential expression associated with a
first order system

Ao(t)x' + A(t)x, a<t<b

where Ao and A are n x n matrices and x is an n X 1 vector,
a spectral decomposition will be developed. That is, if S is a
closed symmetric differential operator determined by the dif-
ferential system, the explicit nature of the generalized resolu-
tions of the identity for all the self-adjoint extensions of S
in any Hubert space will be determined in terms of a funda-
mental matrix and spectral matrices associated with these
extensions. An important aspect is that these self-adjoint ex-
tensions may be defined in Hubert spaces larger than the
natural one Sίf in which the operator $ is defined.

The development proceeds as in Coddington [5]; however, the con-
sideration of systems of differential equations introduces matrix tech-
niques and notation. It is hoped that this formulation will have appli-
cation to such problems as open end (infinite time) control theory
problems, and facilitate the canonical formulation of the associated
spectral analysis.

Preliminary definitions* Let §ίf be a Hubert space with an

inner product (,).

(1) Generalized Resolution of the Identity. Let F = {F(X)} be a
family of bounded self-adjoint operators in <%?y depending on real λ,
such that:

( i) F(X) ^ F(β), X > μ,
(ii) F(X + 0) = F(X),
(iii) F(X) -»I, as λ -> + oo,

F(X) —> 0, as λ -> - oo,
then F is a generalized resolution of the identity.

The family F is said to be associated with a symmetric operator
Z (or F is a ''spectral function" for Z, Naimark [7]) if

(Zu, v) = \xd(F(X)u, v),

and
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