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A TREE-LIKE TSIRELSON SPACE

GIDEON SCHECHTMAN

An example is given of a reflexive Banach space X such
that ( I ® I ® ® X\n, n = 1,2, , are uniformly isomor-
phic to X. Some related examples are also given.

1* Introduction* In [4] Lindenstrauss observed that a Banach
space X such that ( X φ X φ φ X ) ^ is isometric to a subspace
of X for every n must contain an isometric copy of lt. This gives
a very simple proof to the fact that there exists no separable
reflexive Banach space which is isometrically universal for all the
separable reflexive Banach spaces. Lindenstrauss asked whether the
isomorphic version of this result is true; i.e., does the fact that X
contains uniformly isomorphic images of ( I φ l φ φ l ) ^ ,
n = 1, 2, , imply that X contains lx isomorphically? An affirmative
answer would give an alternative proof to the nonexistence of an
isomorphically universal space in the family of all separable reflexive
spaces as well as in the family of all spaces with a separable dual.
(The nonexistence of these spaces was proved by W. Szlenk [8] by
a completely different method.) Unfortunately the answer to
Lindenstrauss' question is negative in a very strong sense.

THEOREM. Let 1 :g p :g oo and λ > 1. There exists a Banach
space X with a 1-unconditional basis {e£}Γ=i with the following pro-
perties:

(a) X is reflexive.
(b) X does not contain a subspace isomorphic to lp (c0 in the

case p = oo).

For every n = 1, 2, there exist n disjoint subsequences of
the natural numbers Nlf N2, , Nn such that

(c) {^iϊteNjΊ is isometrically equivalent to {eJΓ=i,
(d) If xj e [e<]<e^ ; 3 = 1, 2, , n then

l/p

Σ«y MΣI
i/p

( λ ~ 1 m a x \\Xj\\ ^ *ΣiXj ^ λ m a x \\xs\\ if p = oo ) .

(e) There exists a K < oo such that X is K-isomorphic to
( I φ l φ 0 X)ς for every n.

The construction uses ideas from [9] and [1] as well as the basic
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