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RESOLUTION OF AMBIGUITIES IN THE EVALUATION
OF CUBIC AND QUARTIC JACOBSTHAL SUMS

RICHARD H. HUDSON AND KENNETH S. WILLIAMS

If p Ξ= 1 (mod 2k) is a prime, the Jacobsthal sum Φk(D)
is defined by

It is shown how to evaluate Φ2(D) and ΦZ{D) for any integer D.

l Introduction* The Jacobsthal sum Φh(D) is defined for primes
p = 1 (mod 2k) by

(1.1) Φk(D) = Σ (* ( a ? > + J ) ) , A; = 2, 8, . . ,
ίc=i \ p /

where ( p ) is the Legendre symbol, and D is an integer not divisible
by p. It is well-known (see for example [8: p. 104]) that

(1.2) Φk(Dmk) = (J^yΛpjXD) , m m 0 (mod p) .
V p I

In this paper, we show how to resolve the sign ambiguities in the
evaluations of Φ2{D) and Φ3(D). (For a discussion of Jacobsthal sums
see, for example, [7], [14], [1].)

2* k = 2. In this case p = 1 (mod 4) and there are integers a
and b such that

(2.1) p = α2 + δ2 , α Ξ 1 (mod 4) , 6 = 0 (mod 2) ,

with α and |6 | unique. Relation (1.2) gives in this case

(2.2) Φ2(Dm2) = (—)φ2(D) , m m 0 (mod p) ,
\ p /

so that it suffices to consider Φ2(D) for squarefree D. Choosing m
such that m2 Ξ — 1 (modp) in (2.2), we have

(2.3) Φ*(-D) = (-iy»~ι)/*Φ2(D) ,

so that we may take D positive. Jacobsthal [7: pp. 240-241] has
evaluated Φ2(l). He has shown that

(2.4) Φ8(l) = - 2 α ,

and thus, by (2.2), for any Z? with {Dip) = + 1 , say J9 = J^2 (modp),
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